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Chapter O 


Prelude 


0.1 About this Book 


THE AIM OF THIS Book 

Mathematics knows two directions - analysis and algebra - and any mathematical discipline can be 
weighted how analytical resp. algebraical it is. Analysis is characterized by having a notion of conver- 
gence that allows to approximate solutions (and reach them in the limit). Algebra is characterized by 
having no notion convergence and hence allowing finite computations only. This book now is meant to 
be a thorough introduction into algebra. 

Likewise every textbook on mathematics is drawn between two pairs of extremes: (easy understand- 
ability versus great generality) and (completeness versus having a clear line of thought). Among these 
contrary poles we usually chose (generality over understandability) and (completeness over a clear red 
line). Nevertheless we try to reach understandability by being very precise and accurate and including 
many remarks and examples. 

At last some personal philosophy: A perfect proof is like a perfect gem - unbreakably hard, spotlessly 
clear, flawlessly cut and beautifully displayed. In this book we are trying to collect such gemstones. And 
we are proud to claim, that we are honest about where a proof is due and present complete proofs of 


almost every claim contained herein (which makes this textbook very different from most others). 


THis Book 1s WRITTEN FOR 

many different kinds of mathematicians: Primarily is meant to be a source of reference for intermediate to 
advanced students, who have already had a first contact with algebra and now closely examine some topic 
for their seminars, lectures or own thesis. But because of its great generality and completeness it is also 
suited as an encyclopedia for professors who prepare their lectures and researchers who need to estimate 
how far a certain method carries. Frankly this book is not perfectly suited to be a monograph for novices 
to mathematics. So if you are one we think you can greatly profit from this book, but you will prob- 


ably have to consult additional monographs (at a more introductory level) to help you understand this text. 
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PREREQUISITES 

We take for granted, that the reader is familiar with the basic notions of naive logic (statements, implica- 
tion, proof by contradiction, usage of quantifiers, ...). We sketch some naive set theory (Cantor’s notion 
of a set, functions, partially ordered sets, equivalence relations, Zorn’s Lemma, ...) but a thourough 
introduction would have to start with mathematical logic. We will present a short introduction to classes 
and the NBG axioms when it comes to category theory. Further we require some basic knowledge of 
integers (including proofs by induction) and how to express them in decimal numbers. We will sometimes 
use the field of real numbers, as they are most probably well-known to the reader, but they are not 


required to understand this text. Aside from these prerequisites we will start from scratch. 


Topics CovERED 

We start by introducing groups and rings, immediately specializing on rings. Of general ring theory we 
will introduce the basic notions only, e.g. the isomorphism theorems. Then we will turn our attention 
to commutative rings, which will be the first major topic of this book: We closely study maximal ideals, 
prime ideals, intersections of such (radical ideals) and the relations to localization. Further we will study 
rings with chain conditions (noetherian and artinian rings) including the Lasker-Noether theorem. This 
will lead to standard topics like the fundamental theorem of arithmetic. And we conclude commutative 
ring theory by studying discrete valuation rings, Dedekind domains and Krull rings. 

Then we will turn our attention to modules, including rank, dimension and length. We will see that 
modules are a natural and powerful generalization of ideals and large parts of ring theory generalizes 
to this setting, e.g. localization and primary decomposition. Module theory naturally leads to linear 
algebra, i.e. the theory of matrix representations of a homomorphism of modules. Applying the structure 
theorems of modules (the theorem of Prifer to be precise) we will treat canonical form theory (e.g. Jordan 
and Smith normal form). 

Next we will study polynomials from top down: That is we introduce general polynomial rings (also 
known as group algebras) and graded algebras. Only then we will regard the more classical problems of 
polynomials in one variable and their solvability. Finally we will regard polynomials in several variables 
again. Using Grébner bases it is possible to solve abstract algebraic questions by purely computational 
means. 

Then we will return to group theory: Most textbooks begin with this topic, but we chose not to. Even 
though group theory seems to be elementary and fundamental this is not quite true. In fact it heavily 
relies on arguments like divisibility and prime decomposition in the integers, topics that are native to 
ring theory. And commutative groups are best treated from the point of view of module theory. Never the 
less you might as well skip the previous sections and start with group theory right away. We will present 
the standard topics: The isomorphism theorems, group actions (including the formula of Burnside), the 
theorems of Sylow and lastly the p-g-theorem. However we are aiming directly for the representation 
theory of finite groups. 

The first part is concluded by presenting a thorough introduction to what is called multi-linear algebra. 
We will study dual pairings, tensor products of modules (and algebras) over a commutative base ring, 


derivations and the module of differentials. 
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Thus we have gathered a whole bunch of separate theories - and it is time for a second structurisation (the 
first structurisation being algebra itself). We will introduce the notions of categories, functors, equivalence 
of categories, (co-)products and so on. Categories are merely a manner of speaking - nothing that can be 
done with category theory could not have been achieved without. Yet the language of categories presents 
a unifying concept for all the different branches of mathematics, extending far beyond algebra. So we 
will first recollect which part of the theory we have established is what in the categorical setting. The 
categorial language is the right setting to treat chain complexes, especially exact sequences of modules. 
Finally we will present the basics of abelian categories as a unifying concept of all those separate 
theories. 

We will then aim for some more specialized topics: At first we will study ring extensions and the 
dimension theory of commutative rings. A special case are field extensions including the beautiful topic 
of Galois theory. Afterwards we turn our attention to filtrations, completions, zeta-functions and the 
Hilbert-Samuel polynomial. Finally we will venture deeper into number theory: Studying the theory of 


valuations up to the theorem of Riemann-Roche for number fields. 


Topics NOT COVERED 

There are many instances where, dropping a finiteness condition, one has to introduce some topology in 
order to pursue the theory further. Examples are: Linear algebra on infinite dimensional vector-spaces, 
representation theory of infinite groups and Galois theory of infinite field extensions. Another natural 
extension would be to introduce the Zariski topology on the spectrum of a ring, which would lead to the 
theory of schemes directly. Yet the scope of this text is purely algebraic and hence we will usually stop 


at the point where topology sets in (but give hints for further readings). 


THE Two Parts 

Mathematics has a peculiarity to it: There are problems (and answers) that are easy to understand but 
hard to prove. The most famous example is Fermat’s Last Theorem - the statement (for any n > 3 there 
are no non-trivial integers (a,b,c) € Z° that satisfy the equation a” + b” = c”) can be understood by 
anyone. Yet the proof is extremely hard to provide. Of course this theorem has no value of its own (it 
is the proof that contains deep insights into the structure of mathematics), but this is no general rule. 
E.g. the theorem of Wedderburn (every finite skew-field is a field) is easy and useful, but its proof will 
be performed using a beautiful trick-computation (requiring the more advanced method of cyclotomic 
polynomials). 

Thus we have chosen an unusual approach: We have separated the truth (i.e. definitions, examples 
and theorems) from their proofs. This enables us to present the truth in a stringent way, that allows the 
reader to get a feel for the mathematical objects displayed. Most of the proofs could have been given 
right away, but in several cases the proof of a statement can only be done after we have developed the 
theory further. Thus the sequel of theorems may (and will) be different from the order in which they are 
proved. Hence the two parts. 

The easiest way to deal with this is the following: As you probably read the pdf of this text anyway, 
just open up two copies - one for the theorems and one for the proofs. Then you can easily switch 


between back and forth from the claim and its proof. 
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Our Best Apvice 

It is a well-known fact, that some proofs are just computational and only contain little (or even no) 
insight into the structure of mathematics. Others are brilliant, outstanding insights that are of no lesser 
importance than the theorem itself. Thus we have already included remarks of how the proof works in 
the first part of this book. And our best advice is to read a section entirely to get a feel for the objects 
involved - only then have a look at the proofs that have been recommended. Ignore the other proofs, 
unless you have to know about them, for some reason. At several occasions this text contains the symbols 


(}) and (Ml) . These are meant to guide the reader in the following ways: 


(<>) As we have assorted the topics covered thematically (paying little attention to the sequel of proofs) 
it might happen that a certain example or theorem is far beyond the scope of the theory presented 
so far. In this case the reader is asked to read over it lightly (or even skip it entirely) and return 


to it later (after he has gained some more experience). 


(Ml) Onsome very rare occasions we will append a theorem without giving a proof (if the proof is beyond 
the scope of this text). Such an instance will be marked by the black box symbol. In this case we 
will always give a complete reference of the most readable proof the author is aware of. And this 
symbol will be hereditary, that is once we use a theorem that has not been proved any other proof 


relying on the unproved statement will also be branded by the black box symbol. 
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0.2 Open Publication License 


|. COPYRIGHT 
The copyright to each Open Publication is owned by its author(s) or designee. 


Il. Scope OF LICENSE 
The following license terms apply to all Open Publication works, unless otherwise explicitly stated in the document. Mere 
aggregation of Open Publication works or a portion of an Open Publication work with other works or programs on the same 
media shall not cause this license to apply to those other works. The aggregate work shall contain a notice specifying the 
inclusion of the Open Publication material and appropriate copyright notice. 

Severability: If any part of this license is found to be unenforceable in any jurisdiction, the remaining portions of the license 
remain in force. 

No Warranty: Open Publication works are licensed and provided "as is" without warranty of any kind, express or implied, 
including, but not limited to, the implied warranties of merchantability and fitness for a particular purpose or a warranty of 


non-infringement. 


Ill. REQUIREMENTS ON BOTH UNMODIFIED AND MODIFIED VERSIONS 
Any publication in standard (paper) or any other (e.g. electronic) form shall require the citation of the original publisher and 
author. The publisher and author's names shall appear on all outer surfaces of the book. On all outer surfaces of the book the 


original publisher's name shall be as large as the title of the work and cited as possessive with respect to the title. 


IV. REQUIREMENTS ON MopiFieED WoRKS 
All modified versions of documents covered by this license, including translations, anthologies, compilations and partial docu- 


ments, must meet the following requirements: 
e The modified version must be labeled as such. 
e The person making the modifications must be identified and the modifications dated. 


e Acknowledgement of the original author and publisher if applicable must be retained according to normal academic 


citation practices. The location of the original unmodified document must be identified. 


e The original author's (or authors’) name(s) may not be used to assert or imply endorsement of the resulting document 


without the original author's (or authors’) permission. 


V. Goop-PRACTICE RECOMMENDATIONS 


In addition to the requirements of this license, it is requested from and strongly recommended of re-distributors that: 


e If you are distributing Open Publication works on hard-copy or CD-ROM, you provide e-mail notification to the authors 
of your intent to redistribute at least thirty days before your manuscript or media freeze, to give the authors time to 


provide updated documents. This notification should describe modifications, if any, made to the document. 

e All substantive modifications (including deletions) be either clearly marked up in the document or else described in an 
attachment to the document. Finally, while it is not mandatory under this license, it is considered good form to offer a 
free copy of any hard-copy and CD-ROM expression of an Open Publication-licensed work to its author(s). 

VI. LicENSE OPTIONS 
Distribution and derivative of the work for commercial purposes is prohibited, unless prior permission is obtained from the 
copyright holder in written form. The work may be distributed without prior permission from the copyright holder, for purely 


educational purposes, that are completely free of charge, provided the Good-Practice Recommendations are fulfilled. 
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0.3 Notation and Symbols 


Preliminaries 
We now wish to include a set of the frequently used symbols, conventions and notations. In particular 


we clarify the several domains of numbers. 


e First of all we employ the nice convention (introduced by Halmos) to write iff as an abbreviation 


for if and only if. 


e We denote the set of natural numbers - i.e. the positive integers including zero - by N := 
{0,1,2,3,...}. Further for any two integers a,b € Z we denote the interval of integer num- 
bers ranging from a to bbya...b:={keEZla<k<b}. 


e We will denote the set of integers by Z = INU(—NN), and the rationals by Q = {a/b| a,b€ Z,b 40}. 
Whereas Z will be taken for granted, Q will be introduced as the quotient field of Z. 


e The reals will be denoted by R and we will present an example of how they can be defined (without 
proving their properties however). The complex numbers will be denoted by C = {a+ib|a,beE R} 


and we will present several ways of constructing them. 


e (<%) We will sometimes use the Kronecker-Symbol 6(a, b) (in the literature this is also denoted by 
da,p), which is defined to be 


In most cases a and b € Z will be integers and 0, 1 € Z will be integers, too. But in general we are 
given some ring (R,+,-) and a, b € X will be elements of an arbitrary set X. Then the elements 
0 and 1 € R on the right hand side are taken to be the zero-element 0 and unit-element 1 of the 


base ring R used. 


e We will write A C X to indicate that A is a subset of X and A C X will denote strict inclusion 
(ie. A C X and there is some x € X with « ¢ A). For any set X we denote its power set 
(i.e. the set of all its subsets) by P(X) :={A]|A C X }. And for a subset A C X we denote the 
complement of Ain X by CA:= X \ A. 


e Listing several elements x1,...,% € X of some set X, we do not require these x; to be pairwise 


distinct (e.g. x1 = x2 might well happen). Yet if we only give explicit names x; to the elements of 


some previously given subset A = { 21,...,2%,} C X we already consider the x; to be pairwise 
distinct (that is x; = x; implies i = 7). Note that if the x; (not the set {2 ,...,%, }) have been 
given, then { 21,...,%n } may hence contain fewer than n elements! 


e Given an arbitrary set of sets A we define the grand union |J.A and the grand intersection (A to 


be the set consisting of all elements a that are contained in one (resp. all) of the sets A € A 


JA 
()A 
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|SACA:ac A} 
|\VWAEA:aec A} 


{a 
{a 


Note that ().A only is a well-defined set, if A 4 is non-empty. A well-known special case of 
this is the following: Consider any two sets A and B and let A:= {A,B}. Then AUB=UA 
and AN B =[)A. This notion is just a generalization of the ordinary union and intersection to 


arbitrary collections A of sets. 


If X and Y are any sets then we will denote the set of all functions from X to Y by F(X,Y) = 
Y* ={f|f:X —Y}. And for any such function f : X ~ Y: a2 f(a) we will denote its 
graph (note that from the set-theoretical point of view f is its graph) by 


Pf) := {(e,fla))|ceX} C XxY 


Once we have defined functions, it is easy to define arbitrary Cartesian products. That is let J 4 0) 


be any non-empty set and for any 7 € J let X; be another set. Denote the union of all the X; by 


X = JX = {2| Fier: 2e Xj} 
tel 
Then the Cartesian product of the X; consists of all the functions x : J + X such that for any 2 € I 


we have x; := (i) € X;. Note that thereby it is customary to write (a;) in place of x. Formally 


][% = {@:ToxX:inag|Viel:a,€ X;} 
wel 


If I #0 is any index set and A; C X is a non-empty A; 4 @ subset of X (where i € J) then 
the axiom of choice states that there is a function a : I — X such that for any 7 € I we get 
a(i) € A;. In other words the product of non-empty sets is non-empty again. It is a remarkable 
fact that this seemingly trivial property has far-flung consequences, the lemma of Zorn being the 
most remarkable one. 

[[%i 40 — viel: xX, 49 

tel 
Let X 4 — be a non-empty set, then a subset of the form R C X x X said to be a relation on 
X. And in this case it is customary to write «Ry instead of (x,y) € R. This notation will be used 


primarily for partial orders and equivalence relations (see below). 


The following concepts will be addressed in section 0.4 in greater detail. We just want to summarize 
the most important results for quick reference: Consider any non-empty set X 4 @ again. Then 
a relation ~ on X is said to be an equivalence relation on X, iff it is reflexive, symmetric and 


transitive. Formally that is for any x, y and z © X we get 


awT~y = Yrs 


LNYY, Yrs = @re 
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And in this case we define the equivalence class |x] of x to be the set of all y € X being 
equivalent to z, that is [7] := {ye X|axa~y}. And the set of all equivalence classes is denoted 
by X/~ := { [a] | a © X }. Example: If f : X — Y is any function then we obtain an equivalence 
relation ~ on X by letting x ~ y := => f(x) = f(y). Then the equivalence class of x € X is just 
the fiber [x] = f-1(f(z)). 


e Consider a non-empty set X 4 @ once more. Then a family of subsets P C P(X) is said to be a 
partition of X, iff for any P, Q € P we obtain the statements 


, a 2 
P # O 
P4Q = PnQ=d 


Example: If ~ is an equivalence relation on X, then X/~ is a partition of X. Conversely if P is a 


partition of X, then we obtain an equivalence relation ~ on X by lettingr~y :== JPeEP: 
x € P and y € P. Hence there is a one-to-one correspondence between the equivalence relations 


on X and the partitions of X given by ~+> X/~. 


e Consider any non-empty set J 4 0, then a relation < on J is said to be a partial order on J, iff it 


is reflexive, transitive and anti-symmetric. Formally that is for any 2, 7 and k € I we get 


And < is said to be a total or linear order iff for any 2, 7 € I we also get i < 7 or j < i (that is 
any two elements contained in J can be compared). Example: For any set X the inclusion relation 
C is a partial (but not linear) order on P(X). If now < is a linear order on J, then we define the 


minimum and maximum of i, 7 € I to be 


— iifi< =) ite jifis) 
Ng 3= Vg 3= 
gg Se iifj <i 


e Now consider a partial order < on the set X and a subset A C X. Then we define the set A, of 


minimal respectively the set A* of maximal elements of A to be the following 


A, 
A* 


{a,€ A|VaEA:a<a, = a=a, } 


{a EA|VaEA:a* <a = a=a‘*} 


And an element a, € A, is said to be a minimal element of A. Likewise a* € A”* is said to be a 
maximal element of A. Note that in general it may happen that A has several minimal (or maximal) 
elements or even none at all (e.g. IN. = {0} and IN* = @). For a linear order minimal (and maximal) 


elements are unique however. 
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e Finally < is said to be a well-ordering on the set X, iff < is a linear order on X such that any 


non-empty subset A C X has a (already unique) minimal element. Formally that is 


YVOAA CX Aa,€ A suchthat Vac A:a.<a 


e Let X be any set, then the cardinality of X is defined to be the class of all sets that correspond 
bijectively to X. Formally that is 


|X| := {Y|dw:X -Y bijective } 


Note that most textbooks on set theory define the cardinality to be a certain representative of 
our |X| here. However the exact definition is of no importance to us, what matters is comparing 


cardinalities: We define the following relation < between cardinals: 


|X| < |Y| <== Je: XY injective 


dna:Y — X surjective 


—= 
|\X| = |Y| <== dw:xX-Y bijective 
> | Xl 1¥ | and ||¥|<-)X) 


Note that the first equivalence can be proved (as a standard exercise) using equivalence relations 
and a choice function (axiom of choice). The second equivalence is a rather non-trivial statement 
called the equivalence theorem of Bernstein. However these equivalences grant that < has the 


properties of a partial order, ie. reflexivity, transitivity and anti-symmetry. 


e Suppose 21, %2,...,2, are pairwise distinct elements. Then the set X := {27,...,%, } clearly 


has n elements. Using cardialities this would be expressed, as 


Rea  e a = [1...n 


In this case 1...n <> X :2++ a; could be used as a bijection. Yet we also introduce less 


cumbersome notation - if x1, 72,...,%p are pairwise distinct (that is 7; = 2; — > i=) we let 


PL Tipe ta Se 


In particular #0 = 0. Hence for any finite set X we have defined the number of elements #.X. A 
set that is not finite is said to be infinite (see below). And in this case (if we don’t care just how 


infinite X is, countable, uncountable or whatever) we write 


#X := OO 


e Thereby a set X is said to be finite iff there is some n € IN such that X «<> (1...n), that is iff 
#X =n €NN. And we usually denote the set of all finite subsets of X by 


UX) = {AC X|#A<co} 
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Likewise X is said to be infinite, iff IN can be embedded into X, formally IN <> X or in other 
words |IN| < |X|. Note that thereby we obtain a rather astounding equivalency of the statements 
(a) X is infinite 
(b) |X] =|X x | 
(c) |X] =|Q(%)| 
e If X and ¥Y are finite, disjoint sets, then clearly #(X UY) = (#X)+(#Y). Likewise for any finite 
sets X and Y we have #(X x Y) = (#X)- (#Y), #P(X) = 2** and #F(X,Y) = (#Y)**. 


We will use these properties to extend the ordinary arithmetic of natural numbers to the arithmetic 


of cardinal numbers, by defining 


IX|+|¥| = |Xuy| 

[X|-|¥| s= [Xx Y| 
giXl :— |P(X)| 
[Vl ce [ACY 


for arbitrary sets X and Y. Note that U refers to the disjoint union of X any Y, that is X UY := 
({1}x X)U({2}x Y). This is not necessary, if X and Y are disjoint, in this case we could have 
taken X UY. However in general we have to provide a way of seperating X and Y and this nicely 
performed by X LLY. It is a non-surprising but also non-trivial fact, that the power set of X is 
truly larger that X 

IX] < |P(X) 


e (<) We will introduce and use several different notions of substructures and isomorphy. In order 
to avoid eventual misconceptions, we emphasize the kinds of structures regarded by applying sub- 
scripts to the symbols < and < of substructures and = of isomorphy. E.g. we will write R <, S 
to indicate, that R is a subring of S, a <i R to indicate that a is an ideal of Rand R = S to 
indicate that R and S are isomorphic as rings. Note that the latter is different from R =, S (R 
and S' are isomorphic as modules). And this can well make sense, if R <, S is a subring, then S 
can be regarded as an R-module, as well. We will use the same subscripts for generated algebraic 


substructures, te. (e), for rings, (e ); for ideals and (e¢)m for modules. 


0.3 Notation and Symbols 15 


Notation 
A,B,C 


D, E, F 
G, H 
I,J, Kk 
L,M,N 
P,Q 
R, S,T 
U,V,W 
X,Y,Z 


a,b, ¢ 
d, € 
e€ 

fig h 

i,j, k,l 
m,n 
ee 
r, 8 

St, @ 

u, V, W 


X,Y, z 


matrices, algebras and monoids 

fields 

groups and monoids 

index sets 

modules 

subsets and substructures 

rings (all kinds of) 

vector-spaces, multiplicatively closed sets 


arbitrary sets 


elements of rings 

degree of polynomials, dimension 

neutral element of a (group or) monoid 
functions, polynomials and elements of algebras 
integers and indexes 

natural numbers 

residue classes 

further elements of rings 

polynomial variables 

elements of vector-spaces 


elements of groups and modules 


multi-indexes 

(canonical) monomorphisms 
eigenvalues 

valuation or Euclidean function 
(canonical) epimorphisms 
permutations 

homomorphisms 

isomorphisms 

(fixed) finite set 


ideals 

other ideals 

prime ideals 
other prime ideals 
maximal ideals 


fraction ideals 


(ordered) bases or families of sets 
more (ordered) bases 


(canonical = Euclidean) bases 
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0.4 A Primer on Sets 


In this book we assume that the reader already is familiar with naive set theory, nevertheless we will 
present the most frequently used notions here. If you had troubles understanding the concepts in the 
previous section this will surely help, but we will not cover set theory in any depth. 

It all began with Cantor’s notion of a set: A ‘set" is a gathering together into a whole of definite, 
distinct objects of our perception or of our thought. True to this concept Cantor wrote x € M if the object 
x belongs to the set M (he said is an element of M) and x ¢ M if not. For example "Tuesday" is an 
element of the set of days in a week. Or the reader is an element of the set of all beings that are able 
to read English. Sets can even be infinite: A line is the set of all points that lie on it. 

Though this may not be entirely satisfactory from a formal point of view this concept sustained 
mathematics for centuries. We will even refine this concept by presenting a list of axioms (that is 
statements, that we agree upon as being true, without question) that completely describe what we may 
safely do with sets. This list of axioms will be (ZFC) [an abbreviation for Zermelo, Fraenkel plus the 
axiom of choice] that modern mathematics almost always uses. 

This also is the way formal set theory took: Hereby it is not explained what a set is. It just picks up 
a formal language containing the relation symbol € and deduces all the other theorems from (ZFC). It is 
thereby completely defined, what we may do with sets, but not what a set is. In this context a set is just 
a variable symbol of the formal language speaking of sets. 

Later in this book (when we come to category theory) we will also use classes. Naively speaking a 
class is just an arbitrary large collection of sets. Thereby it may well happen, that a certain class is a 
set again (if it contains not too many sets), but we have to separate these notions in order to avoid the 
contradictions, a devious mind may come up with. Again we will present a list (NBG) of axioms (which 
abbreviates Neumann, Bernays, Godel) that describe how to deal with classes. 

From a formal point of view we have a two-sorted language - one sort for sets and the other sort 
for classes. Then all the other theorems are deduced from (ZFC) appended by (NBQ). So again formal 
mathematics does not answer what a class is but evades the necessity to do so. Note that we will not 
say a word about naive or formal logic, but take this for granted. Our main focus are relations: Partial 
orders, equivalency relations and functions. But beforehand let us give an example of the workings of 


sets, that we will require later on, anyway: 


(0.1) Example: 
Consider finitely many sets B,,...,B, and let A := B, 1 BoN---NB,, be the intersection of all of them. 


Then the following two statements are equivalent: 
(a) A= Bon-:-NB, 
(b) Bon:::-N By, C By 


Prob (a) == (b) is easy: Ifb € BgN---NB, = Awe findbe€ A= ByN---NB, C By, by construction of 
A. Conversely for (b) == (a) we directly see A= ByN---NB, C Bon---ABy. For Bon---AB, C A 
consider any a € BoN---A B, C B. Thena € By N(B2N-:--N Bg) = A. 
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Relations and Functions 


(0.2) Definition: 
If X and Y are any sets, then a relation R between these sets is just a subset of the Cartesian product 
of X and Y, formally 

Be SS. LAK 


We say that the elements x € X and y € Y are related under R, if the ordered pair (x,y) € X x Y is 


contained in R. In this case we write xRy. 


ehy: i: Gyre R 


(0.3) Remark: (viz. 544) 
The Cartesian product X x Y is thought to be the set of all pairs (a,y) where x € X andy € Y. 
Formally we could define (x,y) to be 


(wy) = {a,{a,y}} 


Using this construction it can be proved (distinguishing 8 cases and using the axiom of foundation) that 


for any u, x € X and any v, y € Y we have the desired property of ordered pairs 


Gh) = 4a SS Se anid) Sy 


(0.4) Definition: 
If X and Y are any sets again, then a partial function f is a relation between X and Y that is right 


unique in the following sense: For any « € X and any yi, y2 € Y we have the implication 


xfy, and sfy2 — y= y 


In this case we will write f : X — Y and given x € X and y € Y we will often rewrite the relation f 
in the following form 
fitrhy <> «fy 


We will denote by f(a) the unique element y € Y such that xfy (if this exists). And we define the 
domain of f to be the set of all x © X that are assigned some value y € Y 


dom(f) «= {wex |aye Ys afy} 


And a partial function is said to be a function, iff it is left total in the following sense: For any x © X 


there is some y € Y such that fy. Thus a function f is a relation that satisfies 


VaexX AlyeY : afy 
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In other words again that is dom(f) = X. Thereby a partial function f : X > Y always is a function 
f : dom(f) + Y. The set of all functions from X to Y will be denoted by 


F(X,Y) = ¥* = {f CX xY | fis a function} 


If now A C X and B C Y are any subsets of X and Y respectively then we define the image of A and 
preimage of B under f to be the following sets 
f(A) = {f@)|eeA} CY 
f\(B) = {weX|f@)eB} CX 


(0.5) Remark: 

Intuitively speaking a function is a black box, that assigns every x © X some value y = f(x) € Y. To 
use a relation as the general framework just is a neat trick to pull functions back into the concept of sets. 
In fact this notion is so predominant that one oven introduces a symbol to get f back from f: The graph 
of f is defined to be 

Mf) = {@yeXxYly=f@e)} = f 

We will often encounter the following situation: Given sets X, Y and some x € X we define some f(z). 
Then we need to prove that f : X > Y with f:2+> f(x) is a well-defined function f : X — Y. This is 
to say we have to check the following properties: (1) First of all for any « € X the element f(x) needs 
to be an element of f(x) € Y. And (2) if 21 and x2 € X such that x; = x2 then we need f(x1) = f(22). 
This is the right uniqueness of f. That is we have a partial function f :— Y. If we made no restriction 


as to what x € X we take, f already is a function from X to Y. 


(0.6) Proposition: (viz. 545) 
Let X and Y be arbitrary sets, A C X and B C Y be subsets and consider a function f : X — Y, 


then we get 
A f" (f(A) 


f(X)NB = f(f-*(B)) 
X\f(B) = f(v\B) 


IN 


If now A= { A; |i € I} is an entire collection of subsets A; C X and B= { B; | j € j } be a collection 


of subsets of Y, then we further get 


ame eye ea aes) 


jeJd jet 
f* (VB | = Fe) 
jEd jet 


f (U ai = Usa) 
tel tel 
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f (n 4) © ray 


iel tel 


(<>) Note that in the cases where we have an inclusion C only, then equality need not be true in general. 


However if f is injective, then in both cases we have the equality of sets 


A = f*(F(A)) 
(M4 = ()f(Ai) 
ie. ael 


(0.7) Definition: 
Let now X, Y and Z be sets, A C X be a subset and consider the functions f: X > Y andg: Y > Z. 


First of all we define the restriction of f to A to be the following function 


fl, = {(@y)|2eA, y= f(a)} 


In particular the restriction f|4 is a function of the form A — Y given by f\4: 2+ f(x). And we also 


define the composition gf of g after f to be the following function 


Of 2— t{lae.2yVeX *Z aye Y <= F@) and2—a(y)} 


In particular gf is a function of the form X — Z that takes x © X to y = f(x) € Y and further on to 
z=4g(y) € Z. That is we can write 


gf : XAZ: 2 + g(f(2)) 
(0.8) Remark: 


Note that thereby the composition of maps is associative: That is for any chain of functions f:U > X, 
g:X > Y andh:=Y —> Z we get (hg) f = h(gf) as for any u € U we have 


(ha) f)(u) = ho(f(u)) = h(g(f(u))) = h(gf(u)) = (hGA))@) 


(0.9) Definition: (viz. 547) 
Let X and Y be arbitrary sets, f : X — Y be a function from X to Y. Then f is said to be injective, iff 


it satisfies any one of the following four equivalent properties. And in this case we write f: X @ Y. 


(a) The function f admits a left-inverse that is there is some function g : Y — X such that the 


composition satisfies 


(b) Speparate points of X will be assigned seperate points in Y: That is for any u, « € X we obtain 


the following implication 
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(c) For any subset A C X the preimage of the image of A is just A again 


FU(F(A)) = A 


(d) Every fiber of f contains at most one element: That is for any y © Y 
#f"({y}) <1 


And f : X — Y is said to be surjective, iff it satisfies any one of the following four equivalent properties. 


Likewise we introduce the notation f : X —» Y to abbreviate (emphasize) this case. 


(a) The function f admits a right-inverse that is there is some function g : Y — X such that the 


composition satisfies 


(b) The function f reaches the entire set Y, that is the image of f is Y 


TA) Ae 


(c) For any subset B C Y the image of the preimage of B is just B again 


f(f-(B)) = B 


(d) Every fiber of f contains at least one element: That is for any y © Y 
#f"({y}) 2 1 


Finally f : X — Y is said to be bijective, iff it satisfies any one of the following four equivalent properties. 
And in this case we write f : X <> Y. 


(a) The function f is a one-to-one correspondence between the elements of X and the elements of Y, 


that is for any y € Y there is a uniquely determined x € X such that y = f(x). Formally 


VyweY alee xX sy = fle) 


(b) The function f has a uniquely defined inverse function f~! : Y +X whose compositions satisfy 


f'f =x and ff-t = ly 


(c) The function f admits both, a left-inverse function @: Y — Randa right-inverse function r : Y + X 


that is @ and r satisfy the properties 


lf = ly and fr = lly 


(d) The function f is both: injective and bijective. 
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(0.10) Remark: 

For the time being f~! is just a peculiar name for the inverse function of f. It has the advantage of 
designating the function f it came from however. This is useful as [due to the symmetry of property (b)| 
f is the inverse function of f—!. Later we will denote the inverse element of some element x € G of a 
group G by xt. This is consistent, as f~! is precisely the inverse element of f in the group of bijective 


functions from X to Y. 


Equivalence Relations 


(0.11) Definition: 

Let X be a set and consider an arbitrary collection A = { A; |7 © JI} of subsets A; C X. Then we say 
that A is a partition of X iff the A; € A are non-empty, pairwise disjoint and X is the grand union of 
A. That is we get the following properties 


(1) VA;,EA : A FO 


(2) V Aj, Aj EA : AN A; ) A; Aj 
(3) xX = UA 
wel 


And a relation of the form ~ C X x X is said to be an equivalence relation iff it is reflexive, symmetric 
and transitive. That is for any x, y and z € X we find the following properties for ~ 

(1) LYE 

(2) ae a 

(3) a~yyre = tre 
If ~ is an equivalency relation on X and x € X is any element, then we define the equivalency class of 


x to be the following subset of X 
[z] := {uEexX|lu~z} 


And the collection of all equivalency classes of ~ will be denoted as (note that the definition of this set 


may contain redundancies [wu] = [z]) 
Xf, = ([a]|2ex} 


(0.12) Lemma: (viz. 548) 
If X 4 is a non-empty set then there is a one-to-one correspondence between the partitions of X and 


the equivalency relations on X. That is if we denote the sets 


part(X) := {A C P(X) | Aisa partition } 


equi(xX) := {~C X x X |~ is an eqivalence relation } 


then the following map from the set of equivalence relations on X to the set of partitions of X is 
well-defined and bijective 
equi(X) <-> part(X) :~H A hx 
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Thereby the inverse function of this map is given by the following construction: If A is a partition of X 


and u, x € X we define the relation 


uvrar => JAEA: {uz} CA 


(0.13) Example: 
If X and Y are sets, f : X — Y is any function, then we obtain an equivalency relation ~f of X by 
defining (for any u, y € X) 

unypo se flu) = f(x) 


It is clear that this relation is reflexive, symmetric and transitive (as the equality relation = satisfies all 


these properties). And for any « € X the equivalency of x is precisely the fiber of f(x) € Y, that is 
[7] = f({f@)}) © x 


(0.14) Remark: 
If ~ is an equivalency relation on the set X, then the set X/ ~ of equivalency classes is a partition of 
X. In particular any A € X/ ~ is non-empty and hence the axiom of choice guarantees, that there is a 


set R C X such that we have a one-to-one correspondence 
Rc Bs oe [sz] 


Such a set R is called a system of representants of the relation ~. And with such a system we have 


(without redundancies this time) 
X/. = {[el|eeR} 


Partial and Total Orders 


(0.15) Definition: 
Let X be aset and <C X x X bea relation on X. Then we say that < is a partial order on X, iff 
it is reflexive, transitive and antisymmetric. That is for any xz, y and z € X we find the the following 


properties for < 


A partial order < is said to be a total order or alternatively linear order, iff it satisfies the following 
fourth property 
(4) Va,yEx : «<yory<e 


If < is a partial [resp. total] order, then the pair (X, <) is called a partially ordered [resp.totally ordered] 
set. In the literature this is sometimes abbreviated as poset or toset respectively. In any case a subset 


N C X is said to be a net in (X,<) iff every two elements of N have a common greater element, that is 


Va,yEeN 3zE€N : xw2sSzandy<z 
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And a subset C C X said to be a chain in (X, <) iff is a totally ordered set under the order < inherited 


from X. That is iff for any two elements of C’ we can decide which one is the greater, formally 
Va,yEeC :a<yoy<e2z 


Let us denote the set of all nets, resp. of all chains resp. of all finite chains in (X,<) by N(X,<), 
C(X,<) and Co(X, <), that is we denote the following collections of subsets of X 


N(X,<) = {NC X|C net} 
C(X,<) := {CC X|C chain} 
Col X;%). = 1:C-C X)| OC chain, 40 < cat 


Any chain already is a net [given x, y € C just let z := max{ x,y} then x < z and y < z are obvious], 


therefore these sets satisfy the inclusions 


Finally if A C X is any subset and (X,<) is a partially ordered set again, then we define the following 


notions concerning elements of X 


(i) An element g € X is called the greatest element of A iff g © A and for any a € A we have a < g. 


If it exists the greatest element of A is uniquely determined and will be denoted 
max(A) := g 


An element ¢ € X is called the least element of A iff 2 € A and for any a € A we have ¢ < a. If it 


exists the least element of A is uniquely determined and will be denoted 
min(A) := &@ 


Prob suppose both g and g/ are greatest elements of A. As g € A and g/ is a greatest element 
we have g < g’. Vice versa we have g’ < g. So by anti-symmetry of < we find g = g’. The same 


reasoning can be applied to the least elements of A. 


(ii) An element m € X is called a maximal element of A iff m € A and for any a € A we have the 
implication m <a =>» a=m. The set of maximal elements of A (can be empty, but) will be 
denoted by 

A* := {meA|VaEeA:m<a => a=m} 


Likewise an element m € X is called a minimal element of A iff m € A and for any a € A we have 
the implication a <m = > a=™m. The set of minimal elements of A (can be empty, but) will be 
denoted by 

A, := {méeA|VaecA:acm = a=m} 
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(0.16) Remark: 


(i) Let X be any set, recall the definition of the power set to be the set of all subsets of X, that is 
P(X) = {A|AC X} 


A special case is the power set of the empty set, which is P(0) = {0}. And e.g. for X = {1,2,3} 


the power set is given to be 


P(X) = {0 {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, x} 


In general P(X) contains 2!*! elements. Thereby (P(X), C) is a partially ordered set for any set 
X, however C is not a total order. This can already be seen in the example here: The subsets 
{1,2} and {1,3} of X are not comparable under C, as we neither have {1,2} C {1,3} nor 
{1,3} C {1,2}. Thus C is not a total order on X. 


ti ,<) is a partia resp. tota ordered set an € is a subset, then the restriction 
If (X p lly p lly] ordered dA xX b h h 
(< NAx A) C Ax Aisa partial [resp. total] order on A. By abuse of notation we write < for 


the restricted order as well, that is (A, <) is a partially [resp. totally] ordered set again. 


(iii) In particular any collection A C P(X) of subsets of an arbitrary set X is partially ordered under 
inclusion C again, that is 


(A, C) is a partially ordered set 


(iv) Let us continue with the example X = { 1, 2,3} in (i) and regard the collection A := P(X)\{0,X } 
of subsets of X, explicitly 


A= {1} {23,433,412}, {1,3} ,12,3}} 


Then A has 3 maximal elements, namely {1,2}, {1,3} and {2,3}. That is the set of maximal 


elements of A is given to be the following subset of A 
A® = {{1,2},11,3},12,3}} 


(v) (Ml) Probably the most important example of all are the natural numbers IN. They admit an ordering 
min => Jke€N:m+k =n that even is a well-ordering. That is any non-empty subset 


N C N has a least element. The reader is asked to consult any textbook on "numbers' for a 


construction of IN and a proof of this theorem. 
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(0.17) Proposition: (viz. 549) 
If (X,<) is a partially ordered set and F C X is a non-empty, finite subset of X, then F’ contains at 


least one maximal and one minimal element 
F* AQ and FAO 


If (X,<) is a totally ordered set and F C X is a non-empty, finite subset of X, then F’ has both a 


greatest and a least element 


d!g,2€F : max(F)=g and min(F) = ¢ 


(0.18) Proposition: (viz. 549) 
If (X,<) is a totally ordered set and x1,...,2%, € X are finitely may elements of X (where 2 <n € N), 


then the minimum and maximum of { 71,..., Zn } can be evaluated sequentially. Formally this means 
MCN} IU ee oR Pay Se MOY eh ot page MN MN ee Se ht 
max (Mat wis ayant fea b SMa Bie Gey} =" Snax ea mint £3,.2..50—n FF 


Nota if we denote the minimum of two elements xz, y © X by x A y := min{ x,y} € X and likewise the 


maximum, by « V y := max{ z, y }, then in particular we find the associativity of the operations A and V 


(wAy) Az = a (yAz) and (~Vy)Vz = tv (yV 2) 


(0.19) Proposition: (viz. 550) 
If (X,<) is a partially ordered set and for any i € I we consider a chain C; € C(X,<) (where I # 0) is 


an arbitrary index set), then their intersection is a chain in X again 


(Gi € e(X,s) 


tel 


Now suppose the C; not only are chains, but that { C; | i € I} also is a net under inclusion [i.e. it is a 


net in the partially ordered set (P(X), C)] then their union is a chain in X, as well 
Ua € e(xX,s) 
tel 
Galois Connections 
If (X,<) and (Y,<) are partially ordered set then a function f : X — Y is said to be monotonous, iff 
x < yimplies f(x) < f(y). In other words f is order-preserving. |f conversely x < y implies f(x) > f(y), 


then f is said to be antitonous or order-reversing. The following situation (this might come as a surprise) 


is rather commonplace - we will encounter it several times: 
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(0.20) Definition: (viz. 550) 
Let (X,<) and (Y,<) be two partially ordered sets and let f : X — Y andg: Y — X be two 


order-reversing functions, that is for any x, x’ € X and any y, y’ € Y we have the implications 
Poe SS Of se fle) 
ysy = gly’) < oly) 


Then the following three statements are equivalent. And in this case we say that (f,g) is a Galois 
connection between (X,<) and (Y,<): 


(a) Vane X,VyEeY : egy) = yK< f(z) 
(b) Vne X,VyeY : «<af(x) and y < f(y) 


(c) For any x € X the element f(x) € Y is the greatest element of Y, that satisfies x < g(y) and 
likewise for g. That is (for any x € X and any y € Y) we have 


Ss 
— 
8 
~~" 
I 


max{ ye Y |x < g(y)} 
gy) = max{xeX|y< f(x) } 


And in this case these maps satisfy fgf = f and gfg = g. In other words the functions f and g give 


rise to a one-to-one correspondence between their respective image sets. The following map is bijective: 


gY) <> F(X) 
Lo 
H 


g(y) 


(0.21) Example: 

The properties fgf = f and gfg = g alone do not suffice for a Galois connection however. As an 
example take X := {1,2,3} and Y := {1,2} under the natural order of IN. Then define f by f(1) := 2, 
f(2) := 1 and f(3) := 1. Likewise g(1) := 2 and g(2) := 1. Then straightforward to check that we get 
the one-to-one correspondence { 1,2} <—> {1,2} but gf(3) = 2 does not satisfy 3 < gf(3), that is (b) 


is not satisfied. 


(0.22) Remark: 
The above version of a Galois connection is contravariant. There also is a covariant version, in which 
f :X 3 Y and g:Y — X are two order-preserving functions, that is for any x, 2’ € X and any y, 


y’ € Y we have the implications 


= f(z) < fi’) 
ysy => oly) < gy) 


8 
IA 
BL 
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Then the following three statements are equivalent. And in this case we say that (f,g) is a Galois 
connection between (X,<) and (Y,<): 


(a) Va EX, VyEY: f(xr)<y — «eK<gly) 
(b) VaeX,VyeY : x <gf(x) and fgoly) <y 


(c) For any x € X the element f(x) € Y is the least element of Y, that satisfies x < g(y) and g(y) is 
the greatest element of X, that satisfies f(a) < y. That is (for any x € X and any y € Y) we have 


Ss 
— 
8 
~~" 
I 


minfy€Y |a< g(y) } 
= max{xe X | f(x) < y} 


Ss 

— 

< 

wa 
| 


And in this case these maps satisfy fgf = f and gfg = g. In other words the functions f and g give 


rise to a one-to-one correspondence between their respective image sets, just as in the contravariant case. 


Chain Conditions 


(0.23) Definition: (viz. 551) 
Let (X,<) be a partially ordered set, then we say that (X,<) satisfies the ascending chain condition 


(which we will always abbreviate by ACC), iff it satisfies one of the following two equivalent properties 


(a) Any non-empty A #4 @ subset A C X of X has a maximal element. That is there is some a* € A 
such that 
VaE€E A: axa => a=a 


(b) Any ascending chain within X stabilizes, that is for any (a,) GC X (where k © IN) such that 


Lo <4 <2 <<... we have 


JsENVie WN : ae; = 2s 


In complete analogy we we say that (X,<) satisfies the descending chain condition (which we will 


always abbreviate by DCC), iff it satisfies one of the following two equivalent properties 


(a) Any non-empty A 4 @ subset A C X of X has a minimal element. That is there is some a, € A 
such that 
VaE€EA:ta<a=> ad= ax 


(b) Any descending chain within X stabilizes, that is for any (a,) CG X (where & € NN) such that 


L0 > 41 > 22>... we have 


JsENVieE N : &e4i = 25 
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(0.24) Lemma: (viz. 551) 
Let (X,<) be a partially ordered set and recall that C(X,<) denotes the set of all chains, Co(X, <) 


denotes the set of finite chains of (X,<). Then the following three statements are equivalent 
(a) (X,<) satisfies both ACC and DCC 
(b) (Co(X,<), C) satisfies ACC 
(c) Every chain in (X, <) is finite, that is the have the equality of the sets 


C(X, <) = Co(X, <) 


And in this case any chain in (X,<) can be refined to a maximal finite chain, that is: If C C X isa 
chain in (X,<), then there is some C* € Co(X, <) such that C C C* and 


VDeC XS) 2 -C CD C* = D 
The Lemma of Zorn 
(0.25) Theorem: (viz. 552) 


Hausdorff's Maximum Principle: Let (X,<) be a partially ordered set, then there is a chain maximal 


M C X in X (ie. a maximal element of C(X,<) orderes under inclusion): 


VCECE SS) <M CC C=M 


(0.26) Corollary: (viz. 555) 

Lemma of Zorn: Let (Z,<) be a partially ordered set, such that the following two properties are satisfied 
(1) Z £0 is non-empty and (2) every chain in Z has an upper bound, that is: For any C C Z there is 
some u € Z such that for any c € C we have c < u. Then Z already has a maximal element, that is: for 


some m € Z any z € Z satisfies m< z = > m= z. Formally: 


if VCO EC(Z,<)dJueZ:VceeC:cx<u 


then mE ZVz2ELZ:m<z = z=m 


(0.27) Remark: 

We will mostly use the following special case of Zorn’s Lemma: Let X be any set and Z C P(X) be 
a non-empty Z # @ family of subsets of X such that with any chain inC C Z the union UC € Z is 
contained in Z as well, then Z has a maximal element: That is there is some MM € Z such that for any 
Z€EZwehave MC Z => Z= M. Formally again 


if vCec(zZ,c):Jcez 


then SMeEZVZEZ:MCLZ=—> Z=M 
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Prob (Z, C) is a partially ordered set, such that Z AQ ifnowC C Z is a chain, then we let U := UC. 
By assumption we have U € Z and C’ C U for any C € C is clear. Then the lemma of Zorn yields M € Z. 


We will use the lemma of Zorn to prove the existence of maximal ideals and modules with all kinds of 
properties. It can also be used to construct partial functions with maximal domain and so on. It is the 
single most powerful tool at or disposal! But though it is easy to use and very versatile (due to its 
generality) it only grants the existence of a maximal element. It does neither tell us how to find nor how 


to construct it. All we know, is that there is some. 


(0.28) Theorem: (viz. 555) 

Well-ordering Theorem: Let X be any set, then there is a total order < on X that even satisfies the 
following well-ordering property: For any non-empty subset A C X, A # @ there is a least element 
m € A, formally that is 


meEA : VaceA: m<a 


(0.29) Remark: 

These are the three basic theorems of set theory. And if we take a close look at the proofs [the reader 
is not required to do so, in order to be a good mathematician, but an understanding of the content 
of the theorems is required] we see that Hausdorff's maximum principle is derived from the axiom of 
choice, Zorn’s lemma is derived from the maximum principle and the well-ordering theorem is derived 
from Zorn’s lemma. We just want to sketch the idea that we can go full circle: The axiom of choice can 
be derived from the well-ordering theorem easily: Given an arbitrary collection A = { A; |ie¢ JI} of 
non-empty sets A; 4 @ we can construct a choice function in the following way: Let A := LU, A; and 
X :=U,{i} x A; C P(x A) be the disjoint union of the A;. Now install a well-ordering < on X, 
then we may define a choice function f : A > A by letting f(A;) := 2; where x; is the minimum of 
the set {i} x A; C X under <, formally (7,7;) = min({z} x A;). Therefore these three properties 
are equivalent on the basis of the other axioms of set theory. It is a different story, that they even are 
independent of the other axioms of set theory, that is they can neither be proved nor falsified. But this 


result requires much more effort in formal Logic. 
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0.5 A Primer on Classes 


Let us begin this section with a list of the different axioms of set theory in commented form, hoping that 


the interested reader can thereby get an idea how Cantor's notion can be formalized. At times this will 


require to give two formulations: One of naive set theory and the other in (almost) formal logic. Later on 


we will sketch how to extend these axioms to handle classes: 


(0.30) Remark: (ZFC) 


(1) Axiom of Extensionality: Using Cantor's notion of a set it is clear that any sets X and Y are equal, 


if and only if they contain the same elements. That is why we can prove X = Y by proving X C Y 


and Y C X separately. The first axiom formalizes this property, its formula reads 


VXAVY 2x = Y += Va@ex — wey) 


(2) Axiom of Union: Given any collection of sets A = { A; |i€ I} we often use the grand union 


(3 


) 


— 


A =, Ai of these sets. Then a is an element of A if and only if a € A; for some i € J. The 


following axiom guarantees that the set A truly exists 


VAIA : Va(aeA <=> JA; : (A; € A and a € A,)) 


Axiom of Power Set: For any set X there is a set containing all the subsets of X. This is called 
the power set P(X) ={A|A C X} of X. The following axiom guarantees that the power set 
truly exists 

VXIP : VA(ACP = AC X) 


thereby the inclusion of sets 4 C X is an abbreviation for another formula: A C X is defined, 
as Va(ae A = > a€ X). For those versed in formal logic: We enrich the language of sets by 


picking up © asa relation symbol and define its meaning by this formula. 


Scheme of the Axioms of Separation: Given a set X and a predicate y on X (this is a function 
yp: X — {true, false } of X we would like to pick up the set {x € X | y(x) } that consists of 
all the elements x € X such that y(a) = true. For Cantor the existence of this set is evident, in 
formal set theory the purpose of the list of axioms is to pin down what we take for granted. Thus 


for every predicate y~ we allow 


VXIA: Va (ce A — (a € X and ¢(z))) 


So what is a predicate in the context of this scheme of axioms? Of course is a formula in the 


formal language of sets. And this formula has to contain z as a free variable, that is x is a variable 


symbol that is not bound by a quantifier V or 3 already (a notion that is best defined by recursion 
on the setup of the formula). For this scheme we require that xz is the one and only free variable 


symbol of ¢. 
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(5) Axiom of Infinity: It is possible to construct the natural numbers JIN in terms of set theory: We start 


(7 
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with 0 := @ and iteratively define n +1 to be the set nU{n}. Then WN is the set containing 0, 
1=0+1, 2=1+1 and so on and it can be shown that any other set N that is generated by a 
succession function N + N:n++ n* from a starting element has an order-preserving bijection to 
IN. In this sense the natural numbers are unique up to isomorphy. The natural numbers are such 
a basic notion that nobody would doubt them, but in formal set theory we have to guarantee their 


existence by an axiom: 


IN (€@€NandVn(neN = nU{n}eEN)) 


In order to break this formula down into the language of formal set theory we have to make several 
replacements: The empty set @) is defined by E=@0 => Va(a Ee — > x #2) Thus instead of 
 € N we would have to write JE(E = @ and E € N). The existence of @ is guaranteed by (4), 


just take the predicate » = (x 4 x). So it remains to define n* = nU{n}: Clearly a € nt iff 


aénora=n. Thus we lets=n*? — > Va(ae€nora=n). Therefore n* needs to be replaced 


by 4s(s = nt and s € N). The resulting formula is far too long to be captured in one line and 


hence we will abstain from providing it here. 


Scheme of the Axioms of Replacement: If f : X — Y is a partial function and A C X is a subset 
of X, then we would like to map A (that is the part of A inside the domain of f) to Y. If ae Ais 
mapped under f then the element b = f(a) € Y is uniquely determined. Therefore we will get a 
subset B = f(A) = { f(a) |ae€ ANdom(f)} C Y. Let us make the existence of f(A) an axiom: 


Vf (f:X 3 Y —> VAIBVb(beE B = be f(A))) 


where be f(A) := = Ja(ae Aand b= f(a)) 


It requires some effort to formulate this in the language of sets. First of all we have to replace the 
partial function f: Let y be a formula in the language of sets having the the free variables x and 
y [refer to (4) for this]. If now a and 6 are any variable symbols, then y(a : a,y : 6) denotes the 
formula where every free occurence of x is replaced by a and any free occurence of y is replaced 
by b. We now recall how we introduced functions as sets: We defined b = f(a) by afb. Thus we 
replace b = f(a) by y(x: a,y: 6). Consequently f : X — Y has to be replaced by 


VaV b1 V be ((p(x :a,y:b,) and g(x: a,y: b2)) => b= ba) 


It remains to replace the quantifier V f, as we replaced f by a formula y. Hence we take this 
formula as an axiom for every formula y that has the free variables z, y and s1,..., 5, (n € IN) but 


no others. Then we replace V f by Vs; ... Vs, and are finally done. 


Axiom of Foundation: Cantor would say that no set can satisfy X € X, by the following reasoning: 
In order to build up the set X we need to know all its elements. So X cannot be on of its own 
elements, since by the time we think of the set X the element X is incomplete. For the same 
reason there can be no circle of sets X, € Xo, Xo © X3 and so on Xn_1 € Xp with Xp, € Xy 


again. 
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In formal set theory one usually takes a little stronger property to be an axiom: Every non-empty 


set X contains an element d, that is disjoint to X, as a formula: 


VX (X #0 =» Ad(dé€ X anddnX =9)) 


In the formal language we only have to make little adjustments: X 4 @ needs to be reformulated 
as Juue X and dN X = 9 has to be replaced by Vu(u € x andvu Ee X = > v Fv). It is easy to 


deduct the non-existence of circles from this axiom (see below). And using the axiom of choice we 


can also deduct this formula from the non-existence of circles of sets. 


Prob Suppose we had a circle of sets 71,...,2%, such that x, € @p41 and x, € x1. Then we 
consider X := {21,...,2%n } and choose some d € X such that dM X = 0. By construction we 
have d = x, for some k € 1...n. Thus x1 € d or x, € d for k = 1. That is x; € d for some 
i€1...n. But then x; € dA X in contradiction to dn X = 0. 


Axiom of Choice: This has often been stated: Given an arbitrary collection of sets A = { A; |i eI} 
such that A; 4 @ is non-empty (for any i € J) there is a set A = { a; | i © I} such that for any 
i € I the element a; is taken from a; € A;. We say that A is a choice from A. 


In fact it suffices to claim a little less: If P is a partition of some set X then there is a set A C X 
such that for any a € A there is exactly one P € P such that a € P. (see below). We will now 


formalize this property as an axiom: 


VP (P partition =— > JA : Achoice from P) 


Of course "P partition" abbreviates a formula in the language of sets, namely 0 ¢ P and (VPVQ...) 


where ... is given to be the following 


PéePandQe€ P and Jax (x € Pandze Q) = P=Q 


Likewise "A choice from P" abbreviates another formula, this time 


VP (PEP = J!a(aé Aanda€ P)) 


Prob Let us define P; := {i} x A; and X := UP, Then it is clear that P:={P,|ielI}isa 
partition of X. Thus there is some P C X such that for any p € P there is a unique P; € P with 
p © P;. By construction p is of the form p = (,a) for some a € A;. Now define 7: X > LU; A; by 
(i,a) + a. Then A := 7(P) is a choice from A. 


Intuitively speaking classes are collections of sets that are just too large to be a set themselves. E.g. if 


we denote Y/ the collection of all sets (sometimes also called the universe) and would think that this 


could be a set, then we would have U/ € U which we shun. As we wish to address such constructions, 


we need a new term for these, in order to avoid contradictions. This new term is class, that’s all. In fact 


there are classes, that can well be sets, these classes are called small, but the interesting classes are not. 


0.5 A Primer on Classes 33 


Warning: The rest of this section will advance set-theory by introducing classes, as a second, funda- 
mental concept. This will definitely not be needed prior to chapter 11 where we proceed on to categorial 
algebra. And even there a naive understanding of classed is all that is required. Do not venture on 
with this section, unless you have a solid working knowledge of set theory and feel comfortable with the 
axioms of ZFC. And if you are interested in standard algebra, skip this section entirely. You will not miss 


a single thing. 


From a formal point of view we extend the language of sets (with only one sort of variable symbols, which 
we interpret as sets) to a language of sets and classes (with two sorts of variable symbols, one for sets 
and one for classes). Most textbooks try to avoid this by introducing two predicate symbols one saying 
! am a set and the other saying / am a class, but accepting the two sorts is the natural way to go. Thus 


in this two-sorted language we will have separate quantifiers for the different sorts: 


universal quantifier | existential quantifier 


sets Vs a5 


classes Ve = 


For example the formula V; X 4. C : X =C says: For every set X there is a class C that is equal to X. 
This will even be the first of our axioms for classes. So here comes the rest: A commented list of (NBG) 
!! NBG axioms !! 
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The Truth 


Chapter 1 


Groups and Rings 


1.1 Defining Groups 


The most familiar (and hence easiest to understand) objects of algebra are rings. And of these the easiest 
example are the integers Z. On these there are two operations: an addition + and a multiplication -. 
Both of these operations have familiar properties (associativity for example). So we first study objects 
with a single operation o only - monoids and groups - as these are a unifying concept for both addition 
and multiplication. However our aim solely lies in preparing the concepts of rings and modules, so the 
reader is asked to venture lightly over problems within this section until he has reached the later sections 


of this chapter. 


(1.1) Definition: 
Let G 4 & be any non-empty set and o a binary operation on G, ie. o is a mapping of the form 
0:GxG—>G: (z,y) + «xy. Then the ordered pair (G,o) is said to be a monoid iff it satisfies the 


following properties 


(A) Va,y,z€G : x(yz) = (ry)z 


(N) SeeG VeeG 276. a = er 


Note that this element e € G whose existence is required in (N) then already is uniquely determined 
(see below). It is said to be the neutral element of G. And therefore we may define: A monoid (G0) is 


said to be a group iff any element x € G has an inverse element y € G, that is iff 


(l) V~EeG 34yEG: avy =e = yz 


Note that in this case the inverse element y of x is uniquely determined (see below) and we hence write 


x! := y. Finally a monoid (or group) (G,0) is said to be commutative iff it satisfies the property 
(C) Va,yEeG : ry = yx 


(1.2) Remark: 


e We have to append some remarks here: First of all we have employed a function o: Gx G—>G. 


The image 0(z, y) of the pair (2, y) € G x G has been written in an unfamiliar way however 


ry := o(2,y) 
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If you have never seen this notation before it may be somewhat startling, in this case we would 
like to reassure you, that this actually is nothing new - just have a look at the examples further 
below. Yet this notation has the advantage of restricting itself to the essential. If we had stuck to 
the classical notation such terms would be by far more obfuscated. E.g. let us rewrite property (A) 


in classical terms 


o(z, oly, 2)) = o( 0 (x,y), 2) 


e It is easy to see that the neutral element e of a monoid (G,o) is uniquely determined: Suppose 
that another element f € G would satisfy V2 €¢ G: xf = ax = fa, then we would have ef = e 
by letting x = e. But as e is a neutral element we have ef = f by (N) applied with « = f. And 
hence e = f are equal, ie. e is uniquely determined. Hence in the following we will reserve the 
letter e for the neutral element of the monoid regarded without specifically mentioning it. In case 


we apply several monoids at once, we will name the respective neutral elements explictly. 


e Property (A) is a very important one and hence it has a name of its own: associativity. A pair (G, o) 


that satisfies (A) only also is called a groupoid. We will rarely employ these objects however. 


e Suppose (G,o) is a monoid with the (uniquely determined) neutral element e © G. And suppose 
x € Gis some element of G, that has an inverse element. Then this inverse is uniquely determined: 
Suppose both y and z € G satisfy ry = e = yx and xz = e = za. Then the asociativity yields 


y = Z, aS we may compute 
=] ge = ye) =n) = er. =z 


e Another important consequence of the associativity is the following: Consider finitely many elements 
L1,.-+;%n € G (where (G,0o) is a groupoid at least). Then any application of parentheses to the 


product 7122 ...Zp produces the same element of G. As an example consider 


@1(%o(agr4)) = x1 ((Lov3)a4) = (21 (QH3))e4 = ((2122)U3)x4 


In every step of these equalities we have only used the associativity law (A). The remarkable fact 
is that any product of any n elements (here n = 4) only depends on the order of the elements, not 


on the bracketing. Hence it is costumary to omit the bracketing altogether 
L12Q...E2n I= (2122) : oe EG 


And any other assignment of pairs (without changing the order) to the elements x; would yield the 
same element aS 21 22...2p. A formal version of this statement and its proof are given in chapter 16 
of this book. The proof clearly will be done by induction on n > 3, the foundation of the induction 


precisely is the law of associativity. 


e Suppose (G,o) is any groupoid, x € G is an element and 1 < k& € NN, then we abbreviate the 


k-nary product of x by 2*, ie. we let 
a* := aa...2 (k— times) 
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If (G,o) even is a monoid (with neutral element e) it is customary to define 2° := e. Thus in this 
case «* € G is defined for all k € IN. Now suppose that x even is invertible (e.g. if (G,o) is a 
group), then we may even define x* € G for any k € Z. Suppose 1 < k €N,, then 


pea) 


In a commutative groupoid (G,o) we may even change the order in which the x1,...,%n € G are 


multiplied. l.e. if we are given a bijective map 0: 1...n <—> 1...n on the indexes 1... we get 


To(1)%a(2) see To(n) = @€%Q...Uy 


The reason behind this is the following: Any permutation o can be decomposed into a series of 
transpositions (this is intuitively clear: We can generate any order of nm objects by repeatedly 
interchanging two of these objects). In fact any transposition can be realized by interchanging 
adjacent objects only. But any transposition of adjacent elements is allowed by property (C). A 


formal proof of this reasoning will be presented in chapter 16 again. 


(1.3) Example: 
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The most familiar example of a (commutative) monoid are the natural numbers under addition: 
(IN, +). Here the neutral element is given to be e = 0. However 1 € IN has no inverse element (as 


for any a € IN we have a+ 1 > 0) and hence (IN, +) is no group. 


The integers however are a (commutative) group (Z, +) under addition. The neutral element is zero 


again e = 0 and the inverse element of a € Z is —a. Thus N is contained in a group IN C Z. 


Next we regard the non-zero rationals Q* := {a/b|0#a,b€ Z}. These form a group under 
multiplication (Q*,-). The neutral element is given to be 1 = 1/1 and the inverse of a/b € Q* is 


its sweep break b/a. 


Consider any non-empty set X #4 J. Then the set of maps from X to X, which we denote by 
F(X) := {a|o0:X — X }, becomes a monoid under the composition of maps (F(X), 0°) (as the 
composition of functions is associative). The neutral element is the identity map e = Ix which is 


given to be ly : area. 


Consider any non-empty set X #4 @ again. Then Sx := {0 : X + X | a bijective} C F(X) the 
set of bijective maps on X even becomes a group under the composition of maps (Sx,0). The 
neutral element is the identity map e = lly again and the inverse of o € Sx is the inverse function 


a . This will be continued in the next section. 


(<>) A special case of the above is gl,,(E£) := { A € mat,(£) | det(A) 40} the set of invertible 
(n x n)-matrices over a field (E,+,-). This is a group (gl,,(£),-) under the multiplication - of 
matrices. Symmetries in E” are subgroups of gl,,(£) and representation theory will be concerned 


with regarding any group G as some subgroup of gl,,(£). 
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(1.4) Remark: 
Consider a finite groupoid (G,o), that is the set G = { 1,..., 2p } is finite. Then the composition o can 


be given by a table of the following form 


fe) LY x2 Gr en 

Hy | 1X, LXj{XQ = ... LX{Mn 
Z2 | QV, XOX ... ULIWn 
In | In®¥1 UnTQ «... UWnIny 


Such a table is also known as the Cayley diagram of G. As an example consider a set with 4 elements 
K := {e,x,y,z}, then the following diagram determines a group structure o on & [what we do not want 


to prove here] ((,o) is called the Klein 4-group). 


ole 2 y Zz 
ele £ Yy 2 
zl|ux ez y 
Y|Y @ x 
z|z y © e 


(1.5) Proposition: (viz. 559) 
Let (G,o) be any group (with neutral element e), z, y € G be any two elements of G and k, | € Z. Then 
we obtain the following identities 


In particular the inversion i: G + G:a2++ 27! of elements is a self-inverse, bijective mapping i = i~! 


on the group G. If now xy = yx do commute then for any k € Z we also obtain 


cy=ye => (ay) =a*y* 


(1.6) Definition: 
If (G,o) and (H, 0) are any two groups, whose neutral elements are e € G and f € H respectively, then 


a map »: G — H is said to be a homomorphism of groups or group-homomorphism, iff it satisfies 


Va2,yeG weget (ry) = v(z)yly) 
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And in this case y already links the neutral elements and maps inverse elements to the inverse, that is 


it satisfies y(e) = f and [the proof will be given shortly] 


VaeG weget y(x) = v(x)! 


Let us introduce the set of all group-homomorphisms from G to H, which we will denote as 
ghom(G, H) :-= {y:G>H|Va,y eG: play) = v(x)ely) } 


Prob clearly y(e) = y(ee) = y(e)y(e) but as H is a group we may multiply by y(e)~! to find f = y(e). 
Therefore we have f = y(e) = y(xa~!) = v(x) p(a7!). And likewise we get f = y(a~')y(ax) and hence 
y(x+) = v(x) as we had claimed before. 

(1.7) Proposition: (viz. 560) 

Let (G,o) be a group with neutral element e € G, then a subset P C G is said to be a subgroup of G 
(written as P <g G) iff it satisfies 


€ € P 
zyeEeP = «weEeP 
reP = w«'teP 


In other words P C G is a subgroup of G iff it is a group (P,o) under the operation o inherited from G. 


And in this case we obtain an equivalence relation on G' by letting (for any x, y € G) 


1 


r~yy <= y «EP 


And for any a € G the equivalence class of x is thereby given to be the coset xP := [x] ={axp|pe P}. 
We thereby define the index [G : P] of P in G to be the following cardinal number 


Jp = 


er] = |r] 


And thereby we finally obtain the following identity of cardinals which is called the Theorem of Lagrange 
(and which means G <—> (G/P) x P) 


(1.8) Proposition: (viz. 561) 
Let (G,0) be any monoid with neutral element e and X C G be any subset of G. Then the intersection 


of all submonoids of G that contain X is a submonoid of G again 


Oe 2S GP eed OS Dh ey 
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We call (X ), the monoid generated by X C G. And letting X. := X U{e} we can even give an explicit 
description of (X ), to be the following set 


(Mig = Aa ey.| we een] Xe} 


If G even is a group, then we can regard the intersection of all subgroups of G that contain X and this 


is a subgroup of X again 
(aq (PBs | XO PE <3 


Likewise we call (X ), the group generated by X C G. And letting Xz := XU{e}Uf{a!|re x} 


we can even give an explicit description of (X )g to be the following set 


(X )g = {2122...%,|neEN, Highs s Gay Ade} 


(1.9) Proposition: (viz. 561) 
If (G,o) is a group and x € G is any element of G, then the above proposition tells us that the subgroup 


generated by z is given to be 
(4 = he | keZh 


If now G is finite, that is n := #G € NY, then (a), (being a subset) is finite too. In particular we may 


define the order of x to be number of elements of (2). And thereby we find 
ord(@a) “= Fie) = min{ 1<keN|2* = e} 


That is k = ord(zx) is the minimal number 1 < k € IN such that «* = e. And the theorem of Lagrange 
even tells us that k& divides n, that is 


ord(x) | #G 
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1.2 Permutations 


In this section we will study the most important and most general example of groups: permutations. 
Permutation groups will not become important until we reach determinants in chapter 4. So a novice 
might well skip the entire section and return to it only later. In fact we even recommend this approach, 
as we deem the basics of ring theory to be easier than the basics of group theory. Also we will use 
some notation (namely products and the faculty) that will only be introduced in sections 1.3 and 1.5 
respectively. 

Later in section 9.2 we will introduce group actions, that are a generalization of the permutation 
action. Also permutations are used to study conjugation in a group and they are occasionally useful in 


other areas as well. In fact they will be applied in Galois, representation and invariant theory. 


(1.10) Definition: (viz. 562) 
If X #4 is any non-empty set then we define the group Sx of permutations of X to be the set of all 
bijective maps on X, that is 

Sx := {0:X—>X |< is bijective } 


Thereby Sx truly becomes a group (S'x,0°) under usual the composition o of functions. An in case of 


X =1...n we will write 


Sn i= {a:(1...n)— (1...n) | a is bijective } 


(1.11) Remark: 
If 0A X C Y is a non-empty subset of some set Y, then it is clear that the permutations on X can be 


regarded as a subset of the permutations on Y. That is we get the following monomorphism of groups: 
Sx 3 Sy : THT 


where 7: Y — Y is defined by 7(x) := a(x) for any x € X and 7(y) := y for any y € Y \ X. The image 
if this monomorphism is just the set of all o € Sy that fix all the elements of Y \ X, formally again: 


Sx +> {cE Sy|VyEY\X:a(y)=y} 


(1.12) Proposition: (viz. 562) 


(i) If X is a finite set, n := #X © then the group (Sx, °) is finite again, in fact it contains precisely 
n! elements, formally that is 


#Sx = (#X)! 


(ii) Fix any 1 <n € WN and [the set X := 1...(n+1)] and denote the subgroup of all permutations 
0 € Sp41 = Sx that fix n +1 by 


So:= {c0 €Sayi|o(ntl1)=n4+1} 
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(iii) 


And for any k € 1...(n +1) denote 7 := (k n+ 1) the transposition of k and n+ 1, te. the 
permutation that only interchanges these two numbers. Then we will prove that the following 


subsets of S,,41 are identical 


To = { 7,7 | x € Si, } 
= {0 €Sn41|o(n+1) =k} 


And thereby S;,41 can be written as the following disjoint union (disjoint is to say, that for any 
iA# 9 €E1...(n+1) we have 7,57,17;5), = 0) 


n+1 


/ 
Snt1 c= LU mS, 
k=1 


If (G,o) is any group, then G can be embedded into (Sg,°). To be precise the following map is 
well-defined and injective 

Ler GS Set ge Lg 

Lg Ge Oe ee Oe 
and a homomophism of groups, that is: Le = Ig and for any g, h € G we get Lg, = LgLn. Nota 


in this sense the permutation groups Sx are the most general groups whatsoever. 


(1.13) Definition: 


Fix n € IN with n > 1 and consider the perumation group (S,,,0). Then, for any permutation o € S,, and 


any i € 1...n, we define 


#cyc(<, 7) 


Thereby fix(c) is called the fixed point set of o and its complement dom(c) is called the domain of o. 


Also cyc(o,7) is called the cycle of i under o and &(a,7) is said to be the length of that cycle. 


(1.14) Proposition: (viz. 563) 


Fix n € IN with n > 1 and consider the permutation group (S,,,0). Then, for any permutations @ and 


a € S, and anyi € 1...n, we find the following statements 


(i) As {ot |keE Z } is a subgroup of the finite group S;, we find that the cycle cyc(a, 7) if finite, more 


precisely we have 
f(0,i) < ord(a) < a! 
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(iit) The domain of o is stable under a, that is for any a € dom(c) we find that o(a) € dom(c) again, 
such that in the end we get 
a(dom(c)) = dom(c) 


In particular, if 7 € dom(c) is contained in the domain of o, then o*(i) is contained in the domain 


of o, for any power k € WN, such that 
cyc(o,7) C dom(c) 


(iii) If @ and o share a common domain D C 1...n and agree on D, then they already are equal. 


Formally that is the equivalence of 


(iv) If the domains of @ and a are disjoint, then @ and o commute, formally again 


dom(g)Ndom(c) = 0 = eo = ae 


(1.15) Definition: 


Fix n € IN with n > 1 and consider an ¢-tuple (i1,...,%¢) of natural numbers 7, € 1...n that are pariwise 
distinct (that is i; =i, = * j =k). Then the tuple (i1,...,i¢) gives rise to a permutation ¢ € S;, by 
letting 
aifae CL eee Cig ok ete y 
Gla): = ipnai ifa =i, forsomekE1...2—1 
14 ifa= dg 


This permutation ¢ € S, is called a cycle of length ¢ and (by slight abuse of notation, as n is not 
specified) we will denote this cycle by the symbol 


(i, ig... ig) c= 


A cycle of length 2 is said to be a transposition of S;,. And by definition it interchanges two numbers 


i #j. That is, if 7 = (2 7) then 7(2) = 7 and r(j) =i and 7(a) =a for any other a € 1...n. 


(1.16) Remark: (viz. 564) 


e The notation of cycles is ambigious as it is of no effect with which element the cycle starts, as long 


as the ordering of elements is not changed. That is (#1 ig ... ig) and (ig 73 ... ig 41) and so on 
until (ig 71 22 ... ig_1) all yield the same permutation. In particular we have (i 7) = (j 2) for any 
transposition. 


e Any cycle ¢ can be written as a composition of transpositions. Let us be explicit: Given the cycle 


(i, ig ... ig) we can rewrite this one, as 
(ix tg... ig) = (61 ig) (in ipa)... (G1 i) 
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e Any transposition can be written as a composition of transpositions of adjacent elements. To be 


precise given any 7, 7 € 1...n with 2 < j we can rewrite 
@ i) = @ t4+)DG41 142)...G-1 J)G-2 7-1)... 141) 


e lf ¢ = (4 tg ... ig) € Sy is a cycle of length Z, then for any other permutation o € S;, the conjugate 


1 


aGo ~ is another cycle of length @. In fact we get 


ofa! = (a(é1) o(i2) ... oie) 


(1.17) Proposition: (viz. 565) 
Fix n € IN with n > 1 and consider the perumtation group (S,,0). If now o € S, is any permutation 


with o ¥ Il then the following five statements are equivalent: 


(a) o is a cycle, that is there are some ¢ > 2 and some pairwise distinct 71, 72,...,%¢ € 1... [which 


is to say is 14; =i, = > j =k] such that 
C= (21 tg shu Op) 


(b) Any two elements a, b € dom(c) in the domain of o are linked in the following sense: There is 
some k € IN such that b = o*(a). 


(c) For any element 7 € dom(c) the domain of o already is generated by the orbit of ¢ under o, that is 
dom(a) = { o*(i) |keE wn} 

(d) There is some 7 € 1... such that the domain of c is the orbit of 2 under a, that is 
dom(a) = { o*(i) |keE wn} 


(e) If 2 := ord(a) denotes the order of o, then there is some i € 1...n such that the domain of o is 
given to be 


dom(c) = { o(i) |ke0...(¢-1)} 


And in this case the length @ of the cycle o = (71 ig ... tg) is precisely the order of o, that is we get the 
following equality in (a) 
ord(o) = & in (a) 


(1.18) Proposition: (viz. 566) 
Fix n € IN with n > 1 and consider the permutation group (S,,°). Remember that a cycle is special 
permutation o € S,, that satisfies any of the equivalent properties in (1.17). Then, for permutation a € S, 


and any i € 1...n, we find the following statements 
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(i) We obtain an equivalency relation on 1... by letting 2 ~ 7 if and only if there is some k € IN 


such that 7 = o*(i). And the equivalence classes under this relation are precisely 


ih = seye(o) = {i,o(i),-..,0% a } 


where k(z) := €(0,7) — 1. In particular cyc(o,7) is o-invariant, formally that is o(cyc(a,i)) = 


cyc(o,7). Let us now regard 


a(a) if a € cyc(o,i 
G:il...nol...n (a) y(o 4) 
a if a ¢ cyc(o, 7) 


That is ¢; acts as o on the cycle [i] but acts as the identity outside this cycle. Then ¢; is precisely 


the cycle induced by o oni € 1...n, formally again 


And if 7(1),...,%(7) is a system of representative of dom(c) under the relation ~, that is dom(c) is 
the disjoint union of the cycles cyc(o,7(1)) to cyc(o, i(r)), then o can be written as the composition 


of the cycles ¢j;) to Gi) (in any order, as all the cycles are mutually commutative) 


dom(c) = L cyclo, i(7)) er NOs Iléw 
j=l j=l 


(ii) Let G1,...,¢% € Sn and &1,...,& € Sp be two sets of cycles, with pairwise disjoint domains, i.e. 


i#AGE1...k = > dom(G)Ndom(G) = 
r#sE1...t = > dom(€,) MN dom(é,) = 


If now the compositions ¢1...¢x = €1...& are equal, then we already get k = ¢ and there is some 


permutation a € S, such that for any i € 1...k we get Gi = Eq) 
Il _ Ilé SS NGS Uke Geis 


(iii 


na 


For any permutation o € S,, with o ¥ Il there is a uniquely determined cyclic decomposition. That 
is there are uniquely determined cycles ¢1,...,¢, € Sn with pairwise disjoint domains (for any 7, 
jel1...rthat isi A 7 = > dom(G) 1 dom(¢;) = 9), such that o can be written as a composition 
of these cycles 


OF = I[¢ 
i=l. 
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(iv) Any permutation o € S,, is a product of transpositions of two adjacent numbers. That is there are 


finitely many io,...is € IN such that for any j € 1...r we get |é; — 4;-1| = 1 and also 


s 


a= Ga.) 


j=l 


(v) Two permutations @ and o € S;, share the same cyclic structure if and only if they are conjugates 


of each other. Formally that is the equivalence of the following two statements 


(a) If we decompose 9 = ¢,...¢, anda = &,...& into cycles, ¢; and &, respectively, with pairwise 
disjoint domains (as in (ii)), then we get k = t and these cycles are of the same lengths. That 


is there is a permutation a € S; such that 
Viel...k : ord(¢;) = ord(€,q)) 


(b) There is some permutation 7 € S;, such that o = ron7!. 


(1.19) Example: Cyclic Decomposition: 
Let us present a short example of a cyclic decomposition in 1...9. To define or permutation 7 € Sg we 
present a short table 
i ji[2}3[4|5|6]7/8|9 
o(i)|3/4]1]8]7/6]9|[2]5 


First of all it is clear that 6 is fixed under o, hence it will not appear in our cyclic decomposition (it would 
yield a cycle of length 1, namely (6)). Now begin by 1 and extract its cycle. We see that 1++ 31+ 1 so 
our first cycle is (1 3). The next number not dealt with is 2, which is cycled like 21> 4++ 81+ 2. So 
the second cycle is (2 4 8). As 3 and 4 occured in the first and second cycles respectively, we continue 
with 5 which is moved like 5+» 7++ 9++ 5. Thus the third cycle is (5 7 9). As 6 is fixed and 7...9 have 


already been taken care of we have exhausted the whole domain of o. Altogether we have seen that 
o = (13)(248)(579) 


Note that these cycles are uniquely determined even if there are several ways of putting them, e.g. (2 4 8) = 
(4 8 2) = (8 2 4). Also it is possible to commute these cycles arbitrarily, without changing o. Finally 
we know, that any other permutation 9 € So is conjugated to o, if and only if it consists of 3 cycles of 


lengths 2,3,3 respectively. 


(1.20) Definition: 
Fix any n € IN with n > 1. If now a is any permutation then we define the signum of this permutation 


to be the following number 


sgn(c) = II o(j) — a(%) 


isicjcn I 
It will turn out that the signum is contained in sgn(o) € Z* = {—1,+1}. A permutation o with 


sgn(o) = 1 is said to be even, whereas a permutation with sgn(a) = —1 is said to be odd. The set of 
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all even permutations will be denoted, by 


An := {oa €S,,|sgn(o) =1} 


(1.21) Remark: 

The product, that has been used to define the signum of a might be a little obfuscated at a first glance. But 
in fact the indexes simply run over the set A := { (i,j) € (1...n)? |i <j}. And as the multiplication 
in Q is commutative the ordering of this set A has no effect on the result of the product. In yet other 


words we have 


n-l on . : 
son(o) = TT J] M2 
i=1 j=itl 


As an example let us consider the case 7 = (1 3) € Sy. Then the signum of the transposition 7 can be 


computed, as 


(1.22) Proposition: (viz. 570) 


(i) If 7 € S, is any permutation, then the signum of o can be evaluated by counting the number of 


inversions of o. That is the signum is given to be sgn(a) = (—1)!(7) where 
I(o) := #{(i,9) €(1...n)? [i<j and o(i) > o(j) } 


(ii) Let o € S;, be a permutation and o = ¢)...¢, be its decomposition into cycles with pairwise 
disjoint domains. Let @(i) := ord(¢;) be the length of the i-th cycle. Then the order of @ is the 


least common multiple of the @(i) and we can easily compute the signum of o as well 
ord(a)) = len). 0G) 
sgn(o) = [J(-1) 


i=1 


(iii) If oc € S;, is decomposed into the transpositions 7; that is 0 = 7172...7; where (for any2z€1...7r) 


7; is a cycle of length 2, then the signum of a is just 
sgn(o) = (-1)" 


(iv) For any n € IN with n > 1 the signum is a group homomorphism of the form sgn: S,, — Z*. That 
is for any 9, o € S, we get 
sgn(o) = sgn(a)-sgn(o) 


(v) () For any n € N with n > 2 we find that A, <, S;, is a normal subgroup of S,, that has precisely 


half as many elements, as S,, does, that is 
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1.3. Defining Rings 


In the previous section we have introduced an atomic component - groups (and their generalizations 
monoids and groupoids). We have also introduced some notation, that we employ whenever we are deal- 
ing with these objects. We will glue two groupoids over the same set R together - that is we consider 
a set equipped with two binary relations + and - that are compatible in some way (by distributivity). 
Note that we again write a + b instead of +(a,b) and likewise a- 6b (or shorthand ab only) for -(a, b). 
These objects will be called rings and we will dedicate the entire first part of this book to rings and the 


structure they may have. 


(1.23) Definition: 

Let R # @ be any non-empty set and consider two binary operations + called addition and - called 
multiplication on R. And the ordered tripel (R,+,-) is said to be ringoid iff it satisfies both of the 
following properties (A) and (D), where 


+: RxROR : (a,b) a+b 
RxR>R : (a,b) a-b 


(A) (R,+) is a commutative group, that is the addition is associative and commutative, admits a neutral 
element (called zero-element and denoted by 0) and every element of R has an additive inverse. 


Formally that is 


Va,bhcE€R : at(b+c) = (atb)+c 
VabeR : a+b = b+a 
JOERVaAER : at+0=a 
VG Ran ens ¢-n. = 0 


Note that the zero-element 0 thereby is already uniquely determined and hence the fourth property 
makes sense. Further, if we are given a € R, then the element n € R with a+ n = 0 is uniquely 


determined, and we call it the negative of a, denoted by —a := n. 


(D) The addition and multiplication on R respect the following distributivity laws, ie. Va,b,c © R we 


have the properies 


a-(b+c) = (a-b)+(a-c) 
(a+b)-c = (a-c)+(b-c) 


As is the structure of a ringoid is very general and hence hard to pin down. We will consider rings and 
commutative rings only, where the multiplication also is a (commutative) monoid. The prominent examples 
of matrix algebras and the integers are of this kind and we will see, that in this case we can tell a lot 


about the structure of such rings. 
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(1.24) Definition: 
In the following let (22,+,-) be a ringoid, then we consider a couple of additional properties (S), (R) and 
(C), that R may or may not have 


(C) The multiplication - on R is commutative, that is we have the property 


Va,bhcER : a-b=b-a 


(S) The multiplication - on R is associative, that is we have the property 


Va,b,cER : a-(b-c) = (a-b)-c 


(R) The multiplication - on R admits a neutral element 1, that is we have property 


J1E€RVaER: l-az=a=ael 


Note that the neutral element 1 of the multiplication of R already is uniquely determined and will 


be called the unit-element of R. 


(F) Let us assume that R satisfies properties (S) and (R), then we define property (F): Every non-zero 


element R has an inverse element, that is 


VO4AacCRAECR : aci=l=i-a 


Note that 1 is given by (R) and due to (S) the element 7 € R is uniquely determined by a. We call 


i the inverse of a, denoted by a! := 4. 


Using these properties we define the following notions: Let (R,+,-) be a ringoid, then (R,+,-) is even 


said to be commutative resp. called a semi-ring, ring, skew-field of even field, iff 


commutative = (C) 
semi-ring — (S) 
ring —_> (S) and (R) 
commutative ring :<=> (S), (R) and (C) 
skew-field = (S), (R), (F) and 0 A 1 
field <=> (S), (R), (©), (F) and 0 A 1 


Nota in the mathematical literature the word ring may have many different meanings, depending of what 
topic a given text pursues. While some authors do not assume rings to have a unit (or even not be 
associative) others assume them to always be commutative. Hence it also is customary to speak of a 


non-unital ring in case of a semi-ring and of a unital ring in case of a ring. 
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(1.25) Remark: 


Let (R,+,-) be a ringoid, then we simplify our notation somewhat by introducing the following conventions 


e The zero-element of any ringoid R is denoted by 0. If we deal with several ringoids simultaneously 


then we will write 0g to emphasize, which ringoid the zero-element belongs to. 


e Analogously the unit element of any ring R is denoted by 1 and by 1p if we wish to stress the ring 


R. For some specific rings we will use a different symbol than 1, e.g. 1 or I. 


e In order to save some parentheses we agree that the multiplication - is of higher priority than the 


addition +, e.g. from now on ab +c shall abbreviate (a- b) +. 


e The addition of the additive inverse is sometimes used just like a binary operation itself, ie. a — b 
stands shortly for a + (—b). 


e We have introduced the multiplicative inverse a~' of a and we use the convention that the inversion 


is of higher priority, than the multiplication itself, ie. ab~! stands shortly for a- (b~'). 


e If aj,...,@ € R are finitely many elements of R, then we denote the sum and product of these to 


be the following element of R again 
So ai = ((a1 +02) +...) tan 
[a = ((ar-a2) +...) +n 


e For some integer k € Z we now introduce the following abbreviations 


k 
Sa for k > 0 
i=l 


ka = 0 for k =0 
—k 
S-(-a) fork <0 
i=1 


k 
[[¢ for k>0 
i=l 


ako= 1 fork =0 
—k 
[Ie fork <0 
i=l 


For the definition of a* we, of course, required R to be a ring in the case k = 0 and even that a is 


invertible (refer to the next section for this notion) in the case k < 0. 
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(1.26) Remark: 


e Consider any ringoid (R,+,-), then the addition + on R is associative by definition. Hence the 
result of the sum a; +---+ a, € R does not depend on the way we applied parentheses to it 


(cf. (1.2)). Therefore we may equally well omit the bracketing in the summation, writing 
arts: +an = So ai 
i=1 


The same is true for the multiplication - in a semi-ring (2,+,-). So by the same reasoning we omit 


the brackets in products, writing 


n 
G4 ay Og T= [[« 
i=1 


e By definition the addition + of a ringoid (R,+,-) also is commutative. Thus the sum a,+---+a, € R 
does not even depend on the ordering of the a; (refer to (1.2) again). Now take any finite set Q 
and regard a mapping a: (2 + R. Then we may even define the sum over the unordered set 22. To 


do this fix any bijection of the form a: 1...n <—> Q (in particular n := #Q). Then we may define 
0ifO=0 


2a J a(o(i)) f240 


i=1 


The same is true for the multiplication - in a commutative semi-ring (R,+,-). So givena:Q>4R 


and o as above we define (note that the case 2 = @) even requires R to be a commutative ring) 


1ifQ=0 


e If J is infinite but the set 2 := {i € I | a(i) £0} is finite still we write an infinte sum over all 
i € I, that actually is defined by a finite sum 


Sa), = SQ) 
iel iEQ 
If R is a commutative ring and analogously 2 := {7 € I | a(z) £1} is finite then the same is true 


[[e@® = [[e® 


ieL tED. 


for the infinite product 
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1.4 Examples 


(1.27) Example: 


e The most well-known example of a commutative ring are the integers (Z,+,-). And they are a most 
beautiful ring indeed - e.g. Z does not contain zero-divisors (that is ab = 0 implies a = 0 or b = 0). 
And we only wish to remark here that Z is an UFD (that is any a € Z admits a unique primary 


decomposition) - this will be the formulated and proved as the fundamental theorem of arithmetic. 


e Now regard the set 2Z := {2a|ac€ Z} of even integers. It is easy to see, that the sum and 
product of even numbers again is even. Hence (2Z,+,-) is a (commutative) semi-ring under the 
operations inherited from Z. Yet it does not contain a unit element 1 and hence does not qualify 


to be a ring. 


e Next we will regard a somewhat strange ring, the so called zero-ring Z. As a set it is defined to 
be Z := {0} (with 0 € Z if you wish). As it solely contains one point 0 it is clear how the binary 
operations have to be defined 0+ 0 := 0 and 0-0 := 0. It is esy to check that (Z,+,-) thereby 
becomes a commutative ring in which 1 = 0. We will soon see that Z even is the only ring in which 


1 = 0 holds true. In this sense this ring is a bit pathological. 


e Now consider an arbitrary (commutative) ring (R,+,-) and a non-empty set J 4 @. Then the set 
R! of functions from J to R can be turned into another (commutative) ring (R/,+,-) under the 


point-wise operations of functions 
R' := {f|f:I17R} 


f+tg: IOR: i f(i)+gq(i) 
f-g:IAR: iv f(i)-g9() 


e Let X be any set and denote its power set by P(X) := {A| A C X}. And for any subsets A, 
B C X we define the symmetric difference as AA B := (AUB)\(ANB) = (A\B)U(B\A) C X. 
Thereby (P(X), A,M) becomes a commutative ring with zero-element @ and unit element X. And 
if A C X is any subset, then the additive inverse of A is just —A = A again. 


e The next ring we study are the rationals (Q,+,-). It is well-known that Q even is a field - if 
a/b #0 then a 4 0 and hence (a/b)~! = (b/a) is invertible. We will even present a construction 


of Q from Z in a separate example in this section. 


e (<%) Another well-known field are the reals (IR,+,-). They may be introduced axiomatically (as 
a positively ordered field satisfying the supremum-axiom), but we would like to sketch an alge- 
braic construction of IR. Let us denote the sets of Cauchy-sequences and zero-sequences over the 


rationals Q respectively 


Vk EWN An(k) EN 
Ym,n>n(k) : \dn —dm| < 1/k 
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Vk € NIn(k) EN 


§ = { CQ Vn >n(k) : lan| <1/k 


Then C becomes a commutative ring under the point-wise operations of maps, (pn)+(dn) := (Pn+4n) 
and (pn)(dn) ‘= (Pngn). And § <i C is a maximal ideal of C (cf. to section 2.1). Now the reals can 


be introduced as the quotient (cf. to section 1.6) of C modulo 3 


R= &, 


As § has been maximal IR becomes a field. Thereby Q can be embedded into R, by virtue of 
Q — R: q+ (q). And we obtain a positive order on R by letting (pn) +%§ < (dn) +3 iff 
dime NVn>m: pn < qr. Note that this completion of Q (that is Cauchy-sequences modulo 


zero-sequences) can be generalized to arbitrary metric spaces. Its effect is that the resulting 
space becomes complete (that is Cauchy sequences are already convergent). In our case this also 


guarantees the supremum-axiom. Hence this construction truly realizes the reals. 


Most of the previous examples have been quite large (considering the number of elements involved). 
We would now like to present an example of a finite field consisting of precisely four elements 


F ={0,1,a,6}. As F is finite, we may give the addition and multiplication in tables 


+/0 1a 6b 
0;0 1a ob 
1}/1 0 ba 
aja b6 0 1 
b\}b a 1 O 

0 1a ib 
0/0 0 0 0 
1/0 1 ab 
a|0 abil 
6/0 6b 1a 


(1.28) Example: 

Having introduced Z, Q and the reals R we would like to turn our attention to another important case 
- the residue rings of Z. First note, that the integers Z allow a division with remainder (cf. to section 
2.7). That is if we let 2 <n € IN and a € Z then there are uniquely determined numbers g € Z and 
r €0...(n—1) such that 


a = qn+r 


Thereby r is called the remainder of a in the integer division of a times n. Formally one denotes (which 


is common in programming languages) 
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a div n 


II 
2 


amodn := r 
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And by virtue of this operation "mod" we may now define the residue ring (Z,,+,-) of Z modulo n. First 
let Z, := {0,1,...,2—1} as a set. And if a, b € Z,, then we define the operations 


a+b := (a+b) modn 
a:b := (a-b)modn 


Thereby (Zp, +,-) will in fact be a commutative ring. And Z,, will be a field if and only if n is a prime 
number. We will soon give a more natural construction of Z,, as the quotient Z/nZ, as this will be far 


better suited to derive the properties of this ring. 


(1.29) Example: 
Let (R,+,-) be an integral domain, that is R 4 0 is a non-zero commutative ring such that for any two 


elements a, b € R we have the implication 


ab = 0 a=O0orb=0 


Then we take to the set X := R x (R\ {0}) and obtain an equivalence relation ~ on X by letting 
(where (a,w) and (b,v) € X) 
(a,u)~ (bv) <=> av=bu 


If now (a, u) € X then we denote its equivalence class by a/u, and let us denote the quotient set of X 


modulo ~ by Q. Formally that is 


{(b,v) € X | av = bu } 


ie | a,be R, b40} 


O €/8a 
li 


Thereby Q becomes a commutative ring (with zero-element 0/1 and unit element 1/1) under the following 


(well-defined) addition and multiplication 


aa av + bu 
T — 
uU UU 
aa ab 
Uw wu WU 


In fact (Q,+,-) even is a field, called the quotient field of R. This is due to the fact that the inverse of 
a/u # 0/1 is given to be (a/u)~! = u/a. This construction will be vastly generalized in section 2.10. 


Note that this is precisely the way to obtain the rationals Q := Q by starting with R = Z. 


(1.30) Example: 

Consider an arbitrary ring (R,+,-) and 1 < n € N, then an (n x n)-matrix over R is a mapping of 
the form A: (1...n) x (1...n) — R. And we denote the set of all such maps by mat,,(A) that is 
mat,(R):={A|A:(1...n) x (1...n) > R}. Usually a matrix is written as an array of the following 
form (where a,j; := A(i, j)) 


a1 ‘t* Ain 


A = (as) = 
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Qn *°* Ann 


And using this notation we may turn mat, into a (non-commutative even if R is commutative) ring by 


defining the addition and multiplication 


(ai3) + (4) = (ai, " big) 
(ai) (0.1) = (= is bs) 


It is immediately clear from the construction, that the zero-element, resp. the unit-element are given by 


the zero-matrix and unit-matirx respectively 


Oo sae (6 
0 = 

0... 0 

1 0 
fi = 

0 1 


(1.31) Example: (<>) 
Let (R,+,-) be an arbitrary ring, we will later employ the opposite ring (2, +,-)°? of R. This is defined 
to be Ras a set, under the same addition + but with a multiplication that reverses the order of elements. 
Formally 

(R,+,:)°? := (R,+,0) where aob:=b-a 


Note that thereby (R,+,-)°? is a ring again with the same properties as (R,+,-) before. And if (,+,-) 
has been commutative, then the opposite ring of F is just R itself (even as a set), i.e. (2, +,-)°? = (R,+4,-). 


(1.32) Example: 
Let now (R,+,-) be any commutative ring, the we define the (commutative) ring of formal power series 
over R, as the following set 

Ri] :-= {f|f:N-R} 


And if f € Rt] then we will write f[k] instead of f(k), that is f : k++ f[k]. Further we denote f as 


(note that this is purely notational and no true sum) 


And thereby we may define the sum and product of two formal power series f, g € Rit], by point-wise 
summation f+g:k +> f[k|+g|k] and an involution product f-g: kt f[O]g[k]+f[l]g[k—1]+- --+f[A]g[0}. 
In terms of the above notation that is 


f+9 = > (SIR + afk) e 
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(oe) 


fg = Sol YS fliglil | 


k=0 \itj=k 
An elementary computation (cf. section 7.3) shows that (R[t],+,-) truly becomes a commutative ring. 
The zero-element of this ring is given by 0 : k +> 0 and the unit element is 1 = ¢9 : k + 6(k,0). The 
element t : k ++ 6(k,1) plays another central role. An easy computation shows that for any n € IN we 


get t” : k++ d(k,n). If now 0 4 f € Rit] is a non-zero formal power series we define the degree of f 
deg(f) := sup{keN| f[k]} 40} € NU{c} 


That is deg(f) < 00 just states that the set {k € IN| f[k] 40} is a finite subset of IN. And thereby we 
define the polynomial ring over R to be 


Rit] = {f € Rl] | deg(f) < co} 


By definition R{t] C RIt] is a subset, but one easily verifies, that R[t] even is another commutative ring 
under the addition and multiplication inherited from R[¢]. Further note that every polynomial f € Rit] 
now truly is a finite sum of the form 
f= Do flke 
k=0 
If f € Rit] the highest non-zero coefficient of f will be called the leading coefficient of f, denoted by 
lc(f). And f is said to be a monic polynomial, iff f 4 0 and its leading coefficient is le R 


Ic(f) i= eG - 


Oif f=0 


(1.33) Example: (<>) 

The next example is primarily concerned with ideals, not with rings, and should hence be postponed until 
you want to study an example of these. Now fix any (commutative) base ring (R,+,-) and a non-empty 
index set I 4 (. We have already introduced the ring S := R! = F(J, R) of functions from I to R under 


the point-wise operations. For any subset A C I we now obtain an ideal of S by letting 
(A) := {feS|VaEA: f(a)=0} 

And for any two subsets A, B C I it is easy to prove the following identities 
(A) 0(B) = 0(A)NX(B) = 0(AUB) 


(A) +0(B) = 0(ANB) 


Clearly (if J contains at least two distinct points) S contains zero-divisors. And if J is infinite then S is 
no noetherian ring (we obtain a strictly ascending chain of ideals by letting a; := D(J \ { a1,...,a% }) 


for a sequence of points a; € J). In this sense S is a really bad ring. 
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On the other hand this ring can easily be dealt with. Hence we recommend looking at this ring when 
searching for counterexamples in general ring theory. Finally if A C I is a finite set then the radical of 


the ideal )(A) can also be given explicitly 


VJv(A) = {fES|VaeA: f(a) € NIL(R) } 


Prob in the first equality (A) M(B) = )( AUB) is clear and the containment (A) 2(B) C 2(A)N2(B) 
is generally true. Thus suppose h € 0(AU B) 


Ho OifacA tt aha OifaEeB 
mon ieee ia, oe ee Gens eae 


then f € p(A) and g € 0(B) are clear and also h = fg. Thus we have proved (AU B) C 0(A) 1 0(B) 
and thereby finished the first set of identities. In the second equality 0(A) + %(B) C (AN B) is clear. 
And if we are conversely given any h € 0(AM B) then let us define 


a OifacA - h(a)ifae A\B 
ial h(a) ifag A Heh OifagA\B 


thereby it is clear that f € )(A) and g € 0(B) and an easy distinction of cases truly yields h = f +g. 
Now consider some f € S with f* € (A). That is for any a € A we get f(a)* = f*(a) = 0. In other 
words f(a) € NIL() for any a € A. Conversely suppose that A is finte and that for any a € A we 
get f(a) € NIL(R). That is for any a € A there is some k(a) € IN such that f*(a) = 0. By taking 
k := max{ k(a) | a € A}, we find f* € (A). 


(1.34) Example: 
The complex numbers (C,+,-) also form a field (that even has a lot of properties that make it better- 


behaved than the reals). We want to present three (isomorphic) ways of introducing C now: 


(1) First of all define © := R? to be the real plane. For any two complex numbers z = (a,b) and 


w = (c,d) we define the operations 
a c a+ec 
()+() = (Ce) 
a c ad — be 
(;) | ({) = ten a) 
The advantage of this construction is, that it is purely elementary. The disadvantage is that one 
has to check that (C,+,-) truly becomes a field under these operations (which we leave as an 
exercise). We only present the inverse of (0,0) 4 z = (a,b) € C. Define the complex conjugate of 
z to be Z := (a, —b) and let v(z) := zz = a2 +B? E R, then z! = (av(z)—, —bv(z)“1). Let us 
now denote 1 = (1,0) and i = (0,1) € C, then it is clear, that 1 is the unit element of C and that 
5D ces 


i —1. Further any z = (a,b) € C can be written uniquely, as z = al + bi. It is customary to 


write z = a-+ 7b for this however. 
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(2) () The next construction will imitate the one in (1) - yet it realizes (a,b) as a real (2 x 2)-matrix. 


This has the advantage, that addition and multiplication are well-known for matrices 


c= (2.2) [sem 


It is straightforward to see that C thereby becomes a field under the addition and multiplication 


of matrices, that coincides with the one introduced in (1) (check this, it’s neat). Note that thereby 
the determinant plays the role of v(z) = det(z) and the transposition of matrices is the complex 


conjugation Z = 2”. 


e third method implements the idea that 2 is introduced in such a way as to 2* = —l. We 
(3) (}) The third hod impl he id h duced h y 2 W 


simply force a solution of t? + 1 =0 into C 


c= RM spy 


Comparing this construction with the one in (1) we have to identify (a,b) with a+ bt + (t? +1)R{t]. 
In particular i = t + (t? + 1)R[t]. Then it again is easy to see, that addition and multiplication 
coincide under this identification. The advantage of this construction is that it focusses on the idea 
of finding a solution to t? + 1 = 0 (namely 7), that C immediately is a field (as t? + 1 is prime, 
R{[t] is a PID and hence (t? + 1)R{¢] is maximal). The disadvantage is that it already requires the 


algebraic machinery, which remains to be introduced here. 


(1.35) Example: (<>) 
Now fix any square-free 0 4 d € Z (d being sqare-free means that there is no prime number p € Z such 


that p divides d). Then we define the following subset of the (reals or) complex numbers 
Z[Vd] := {a+bva| a,be zs 


Note that Z[V/d] is contained in the reals if and only if 0 < d, and in the case of d < 0 we have 
Vd =i/—d€ ©. In any case Z[Vd] becomes a commutative ring under the addition and multiplication 


inherited from C 


(a + bVd) + (e+ fv 4d) (at+e)+(b4+ f)Vd 
(a+bVd)-(e+fvd) = (ae+dbf) + (af +be)Vd 


It will be most interesting to see how the algebraic porperties of these rings vary with d. E.g. for d € 
{ —2,-1,2,3} Z[Vd] will be an Euclidean domain under the Euclidean function v(a+bvd) := |a? —db?|. 
Yet Z[Vd] will not even be an UFD for d < —3. 
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(1.36) Example: 

We have just introduced the complex numbers as a two-dimensional space R over the reals. The next (and 
last sensibly possible, cf. to the Theorem of Frobenius) step in the hierarchy leads us to the quaternions 
HH. These are defined to be a four-dimensional, space H := R* over the reals. And analogous to the 


above we specifically denote four elements 


1 := (1,0,0,0) 
i := (0,1,0,0) 
j := (0,0,1,0) 
k := (0,0,0,1) 


That is any element z = (a,b,c,d) € H can be written uniquely, in the form z =a+ib+jc+kd. The 
addition of elements of H is point-wise and the multiplication is then given by linear expansion of the 


following multiplication table for these basis elements 


Ai At pe «Tk 
Bliss a fe. 2 
fide Se at 
Rik jf tA 


For z=a+ib+ jc+kd and w=p+iq+ jr+ks € H these operations are 


Z+w 


(at+p)+i(b+q)+j(c+r)+k(d+s) 


Zw (ap — bq — cr — ds) + i(aq + bp + cs — dr) 


+j(ar — bs + cp + dq) + k(as + br — cq + dp) 


Xl 


As with the complex numbers we define a conjugation on H by letting 7 := a — ib— jc— kd. We 
also define v(z) = 2% = a? + b? +c? + d? € R and the real and re(z) := a € R and imaginary part 


im(z) := (b,c, d) € IR? of z. Then the inverse of any z 4 0 can be computed as 
mea 1) ae (om —by(z)~1, —ev(z)“", —dv(z)"") 


Yet IH clearly is not commutative, as 77 = k = —ji. Thus the quaternions form a skew-field, but not a 
field. Using the complex numbers C we may also realize the quaternions as (2 x 2)-matrices over C. 
Given a+ib+ jc+kd € H we pick up the complex numbers z = a+7b and w = c+ id € C and identify 
a+ib+jce+ kd with a (2 x 2)-matrix of the following form 


re (4 t) 
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et us analyze the multiplication a little further: For a € and u = Cc € et us denote 
(>) L ly h ltipl little furth F R and (b, c, d) R? | d 


(a,u) :=a+ib+jco+kd © H. Likewise we get w = (p,v) for v = (q,r, 5). Then the conjugation of z is 
just Z = (a, —u) and the multiplication of quaternions can be expressed using the scalar and the wedge 
product of R® 


(a,u)-(p,v) := (ap — (u,»), av + pu+uv) 


(1.37) Example: (<>) 
Let us now present an example of an infinite commutative group, that is a subgroup of the multiplicative 


group C* of the complex numbers. Fix any prime number 2 < p € Z, then we let 


re 
Ty, c= { ex ( om) | mnew} 
p 


Thereby the operation of I’, is just the multiplication of complex numbers (as I’, is a subgroup of C*). 


For the inverse of an element in I’,, choose some k € IN such that kp” > m, then 
sAy i n ; 
Ge (=) a Ge - mt) 
Pp Pp 
(1.38) Example: 


Sometimes it is helpful to introduce infinity as a number. In this example we want to present how this 


can be done formally. The advantage of this construction is the formal ease by which infinity can be 


handled, the disadvantage is that the extensions loose may important algebraic properties. 


(i) Arithmetic in IN := INU {co}: The set IN of natural numbers is well-know. We now pick up a new 
symbol oo, which we call infinity, and extend the natural order on IN by declaring oo to be the 


maximal element of IN. That is we define 
VEEN : k<w 


Also we can extend the usual addition + and multiplication - on IN by defining the addition and 


multiplication with any a € IN to be 


a+mo = w+a = OC 


Cie 


ano = w-a 
O0ifa=0 


Thereby IN doesn’t loose much properties of IN, still (IN, +) and (IN,-) are commutative monoids, 
and we also retain the distributivity law between addition and multiplication (it is straightforward 


to check all this), ie. for any a, b and c € N we get: 


a: (b+c) a-b+a-c 


(a+b)-c 


a:c+b-e 
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ma 


The extended set IN is mainly used as an index set, if we want to handle finite cases of any finite 
size and the countably infinite case simultaneously. The next construction has a similar origin: 
Limits of sequences in R and volumes in space may be infinitely large. Hence in analysis and 
measure theory it is nice to have an easy way of dealing with the concept of infinity (without 


bothering with just how infinite exactly the object is, this is left to cardinality in set theory): 


(}) Arithmetic in R := RU {00,—oco}: The field R of real numbers has been introduced earlier 
in this section and is probably well-known to the reader already. Again we pick up a new symbol 
oo, which we call infinity, and extend the natural order on R by making oo a maximal and —oo a 
minimal element: 

Wael. s: Oar wand’ t= 6 


Again we extend the usual addition + and multiplication - by defining the addition and multiplication 


with oo resp. with —oo 


VaeRU{co} : ato = wt+a = © 
YVaeRU{-co} : a-wo = -w+a := —0O 

co ifa>0 
VaeR\{0} YG OSes" OG. a= 

—oo ifa < 0 

—oo ifa>0 
VaeR\{0} : a-(—oo) = (-oo)-a := 

oo ifa<0 


Note that we did neither define 00 + (—oo) nor did we define 0-00. Hence the set R is no algebraic 
structure, as the operations + and - are not fully defined! In fact any such definition would only 
result in contradictions: Suppose we had co — oo = 0, as could have been expected, then since 
1-co = c = 2-0 we had o0 = (2—1):c = « — cw = 0. Hence oo = 0 wouldn't be a new 
element. In conclusion we just cannot define oo + (—co) or 0-00, these terms have to be evaded - 
that is they may not occur within a computation. This is tho one and only reason why computations 


with infinity have to be handled with great care. 


The reason behind this is an analytic one: We would like to write (n) — 00, as the sequence (n) C 
R does not converge in R but increases strictly monotonous. Yet the difference of two determined 
divergent sequences can be just about anything: For any a € R we get (n +a) — (n) = (a) >a, 
whereas (n2) — (n) — oo. Thus the result of 00 — oo is completely arbitrary, as anything might 


occur. 
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1.5 First Concepts 


Some Combinatorics 

In the following proposition we want to establish some basic computational rules, that are valid in 
arbitrary rings. But in order to do this we first have to recall some elementary facts from combinatorics: 
First consider a set containing 1 < k € IN elements. If we want to put a linear order to this set, we have 
to choose some first element. To do this there are k possibilities. We commence by choosing the second 
element - now having (& — 1) possibilities, and so on. Thus we end up with a number of linear orders on 


this set that equals k! the faculty of k, that is defined to be 


kl := #{0:1...k-1...k| o bijective } 
= k-(k—1)---2-1 


If k = 0 we specifically define 0! := 1. Next we consider a set containing n € IN elements. If we want 
to select a subset J of precisely k € 0...n elements we have to start by choosing a first element (n 
possibilities). In the next step we may only choose from (n — 1) elements and so on. We end with the 
k-th choice, for which we still have n — k + 1 numbers to choose from, left. But as a subset does not 
depend on the order of its elements we still have to divide this by k! - the number of linear orders on I. 


Altogether we end up with 


i) = CLC lvatl4er=h 
nn-l n—-k+1 


a | 
n! 
ki (n—k)! 


Note that this definition also works out in the case n = 0 and k = 0 (in which the binomial coefficient 
(n k) equals one. That is we get (n 0) = 1 = (nn). Also it is clear (by looking at the formular above), 
that (n k) is just the same, as (n n—k). This makes sense: To gather J you can either pick out the 
elements of J or take away all k ¢ J, so that only J is left. Furthermore the binomial coefficents satisfy 


a famous recursion formula, which is the reason behind Pascal's triangle 


ce) - + (23) 


Finally consider some multi-index a = (a1,...,a%) € IN*. Then it will be useful to introduce the 
following notations (where the latter will only be used, for n := |a}) 

la] f= ay Pe ay 

al =. Cex!) (az!) 
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(1.39) Proposition: (viz. 578) 


e Let (R,+,-) be any semi-ring and a, b € R be arbitrary elements of R. Then the following 


statements hold true 


0 = —0 
a0 = 0 = Oa 
(—a)b = —(ab) = a(—d) 
(—a)(—b) = ab 


-,4m € Rand b,.. 


obtain the general rule of distributivity 


If now ay,.. ., Mn € R are finitely many, arbitrary elements of R, then we also 


ye So aij 


i=1 j=1 


And if J(1),...,J(m) are finite index sets (where 1 < n € IN) and a(i,j) € R for anyi ec l...n, 
j € J(i) then we let J := J(1) x --- x J(n) (and j = (j1,.--, jn) € J) and thereby obtain 


I] So eG i) = So [eG a) 


i=1 j,€J(i) jeJ i=1 


Now suppose (R,+,-) is a ring, n € IN and a, b € R are elements, that mutually commute (that is 


ab = ba), then we get the binomial rule 


(a +)" 


And if (R,+,-) even is a commutative ring 


then we even get the polynomial rule 


(a + +++ + ax)” 


(en 


k=0 
aj,...,a, € R are finitely many elements and n € IN 
n 
- re 
a 
|o|=n 


where the above sum runs over all multi-indexes a € IN¥ that satisfy Ja] = a1 +--+» +a, =n. And 


a® abbreviates a® := (a1)°! «++ (az). 


(1.40) Remark: 


Thus there are many computational rules that hold true for arbitrary rings. However there also are some 


exceptions to integer (or even real) arithmetic. E.g. we are not allowed to deduce a = 0 or b = 0 from 


ab = 0. As a counterexample regard a = 2+ 6Z and b = 3+ 6Z in Ze. A special case of this is the 


following: We may not deduce a = 0 from a = —a. As a counterexample regard a = 1+ 2Z in Zo. 
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(1.41) Remark: 
An exceptional role pays the zero-ring R = {0}, it clearly is a commutative ring (under the trivial 
operations) that would even satisfy condition (F). But it is the only ring in which 0 = 1. More formally 


we've got the equivalency 
RSA ee . Geil 


[as == is clear and in the converse direction regard a = la = 0a = Oj. This equality 0 = 1 will lead 
to some peculiarities however. This is precisely why we required 0 ¥ 1 for skew-fields and fields. And 


several theorems will require R to be not the zero-ring, which we will abbreviate by R ¥ 0. 


(1.42) Remark: (viz. 581) 
As a neat little application of the binomial rule let us present a generalization of the recursion formula 
for the binomial coefficients: Regarding the expression (x + y)” = (a + y)*(a + y)"-* in Z[x,y] and 


comparing coefficients, one easily verifies, that for any k, n € IN and any r € 0... we get 
; a r—4 ce 
i=0 

(1.43) Definition: (viz. 581) 


Let (R,+,-) be any semi-ring and b € R be any element of R. Then we define the sets zpo(R) of 


zero-divisors, NzD(f) of non-zero-divisors, the nil-radical Nit() and the annihilator ann(b) of 6 to be 


z(R) := {ae R|AbER: bF andab=0} 
NzD(R) := {ae R|VbER: ab=0 = b=0} 
NIL(R) := {aeR|akeN : at =o} 

ann(b) := {ae R|ab=0} 


We sometimes also write annr(b) instead of ann(b) to emphasize the ring annr(b) C R is taken in. An 
element a € NIL(2) contained in the nil-radical is also said to be nilpotent. If now R even is a ring we 


define the set R* of units (or invertible elements) and the set R® of relevant elements of R 


R* 
R* 


{aE R|AbER: ab=1=ba} 
R\ ({O}UR*) 


The following Venn-diagramm illustrates the situation how these sets relate to each other. Algebraically 


this will be formulated and proved in (1.45) 
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And (R,+,-) is said to be integral, iff it does not contain any non-zero zero-divisors, that is iff it satisfies 


one of the following five equivalent statements 
(a) z0(R) = {0} 


(b) for any a, b and c € R such that a £ 0 we get ab=ac = > b=c 


(b’) for any a, b and c € R such that c 4 0 we get ac= be => a=b 


(c) for any a, b € R such that a £0 we get ab=a = > b=1 


(c’) for any a, b € R such that b #0 we get ab=b => a=1 


Now (R,+,-) is said to be an integral domain, iff it is a commutative ring that also is non-zero R 4 0 
and satisfies zo(R) = {0}. 


(1.44) Remark: 
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e Consider any semi-ring (R,+,-), two elements a, b € R and a non-zero-divisor n € NzD(R). Then 


a = 6 is equivalent to na = nb, formally 


a=b na = nb 
Prob the direction "== " is clear, and if na = nb then n(a — b) = 0 which implies a — b = 0 (and 
hence a = 0), since n is a non-zero-divisor. 


Let (R,+,-) be a ring, a € R be any element and n € NzD(R) be a non-zero-divisor. Then we 


obtain the implication 


na=1 an=1 


Prob since n(an) = (na)n = n and hence n(an — 1) = 0. But as n is a non-zero-divisor this 


implies an — 1 = 0 and hence an = 1. 


Consider a commutative ring (R,+,-) and a1,...,a, € FR finitely many elements. Now let u := 


a1...@n € R, then we obtain the implication 
uE€ RX = a,...,an, € R* 


Prob choose any j € 1...n and let @j := [lees Qi, @.g. @1 = a2...Gn. Then by construction we 


Spd ae an re * with j -1_-1-. 
get l= u “(a1 ... dn) = (u“@;)aj. And hence we see a; € R* with inverse aj" = u~°G;. 


(<>) For an R-module M over a ring (R,+,-) we will generalize this concept in the following way: 
We will define the set of zero-divisors of M to be the set of all a € R that turn x € M with x 40 


into ax = 0 under scalar multiplication 


zr(M) := {ae R|icxeM : c#0andar=0} 


Then zDr(R) = zp(R) if we consider R as an R-module. And if a <j R is an ideal, if we consider 
M = R/Q as an R-module, we find zDR(R/d) = {ae R| 4be€ Rb¢a and ab EQ} such that 
zo(R/a) = {a+a|a€ zdpR(R/a) }. Refer to (2.85) for more comments on this. 


1 Groups and Rings 


e If (R,+,-) is a skew-field, then R already is integral (i.e. zo(R) = {0 }) and allows division: That 
is for any a, b € R with a £0 we get 


Jluyve R : ua=b and av=b 


Prob since a £ 0 and R is a skew-field there is some 2 € R such that at = 1 = ia. Now suppose 
ab = 0, then b = (ta)b = i(ab) = 0 and hence a € NzD(R). This proves zo(R) = {0}. Again, 
given a, b € R with a £ 0 choose 7 € R such that a2 = 1 = za and let wu := bt and v := ib. Then 


ua = (bi)a = b(ia) = b and av = a(ib) = (ai)b = b. Now suppose wu’, v’ € R with ua = b = ua 
and av = b= aw’. Then a(v — v’) = 0 but as a £ 0 we have seen that this implies v — v’ = 0 and 


hence v = v’. Likewise (wu — u’)a = 0 implies u = uw’. 


The sets of zero-divisors zD() and of relevant elements R® rarely carry any noteworthy algebraic 
structure. Yet the units R* form a group, the non-zero-divisors NzD() are multiplicatively closed, the 
nil-radical NIL(F) is an (even perfect) ideal of R and the annihilator ann(b) of some element b € R is 
a submodule. Though we have not introduced these structures yet, we would like to present a formal 


proposition (and proof) of these facts already. 


(1.45) Proposition: (viz. 580) (}) 


(i) Let (R,+,-) be any semi-ring, then F is the disjoint union of its zero-divisors and non-zero divisors, 
formally that is 
Nzo(R) = R\zo(R) 


(ii) In any non-zero (R 4 0) ring (R,+,-) the nilradical is contained in the set of zero-divisors. And 


the zero-divisors are likewise contained in non-units of R. That is we've got the inclusions 
NIL(R) C zo(R) C R\R 


(iii) Let (R,+,-) be any semi-ring, then the set NzD(R) C R of non-zero-divisors of R is multiplicatively 
closed, that is we get 
1 € Nzp(R) 


a,b€nzv0(R) = > abe nzpo(R) 


(iv) Consider any ring (2,+,-), then (R*,-) is a group (where - denotes the multiplicaton of R), called 
the multiplicative group of R. 


(v) If (R,+,-) is any ring then R is a skew-field if and only if the multiplicative group of R consists 


precisely of the non-zero elements 
R skew-field <> R*=R\{0} 
(vi) If (R,+,-) is a commutative ring, then the nil-radical is an ideal of R 
NIL(R) <i R 


1.5 First Concepts 67 


(vii) Let (R,+,-) be any ring and b € R an element of R. Then the annihilator ann(b) is a left-ideal 
(i.e. submodule) of R 
ann(b) <m R 


(viii) Let (R,+,-) be a commutative ring and u € R* be a unit of R. Then u+nit(R) C R*. To be 


precise, if a € R with a” = 0 then we get 


(uta)! = So(-1)haku 


(1.46) Example: 
We present a somewhat advanced example that builds upon some results from linear algebra. Let us 
regard the ring R := mate(Z) of (2 x 2)-matrices over the integers. We will need the notions of the 


determinant, trace and adjoint matrix of a matrix 


wa (" :) = ad—bec € Z@ 
c ad 

a b 
t — +de€eZ 
(! :) a 

f 
a b = ad —bd 
c ad a —c a 


Then we can explicitly determine which matrices are invertible (that is units), which are zero-divisors 


and which are nil-potent. We find 


Re = {AE R|detA=+1} 
zD(R) = {Ae R|detA=0} 
NIL(R) = {AE R|detA=trA=0} 


(}) Prob first note that an easy computation yields AA = (detA)l = A*A. Hence if A is invertible, 
then A~! = (detA)~!A*. Thus <A is invertible if and only if detA is a unit (in Z), but as the units of 
Z are given to be Z* = {+1} this already is the first identity. For the second identity we begin with 
detA = 0. Then AA* = (detA)1l = 0 and hence A is a zero-divisor. Conversely suppose that A € zp(R) 
is a zero-divisor, then AB = 0 for some B 4 0 and hence (detA)B = A*AB = 0. But as B is non-zero 
this implies detA = 0. Finally if detA = 0 then an easy computation shows A? = (trA)A, thus if also 
trA = 0 then A? = 0 and hence A € NiL(R). And if conversely A € NiL(R) C zp(R), then detA = 0 
and hence (by induction on n) A” = (trA)""1A. As A is nilpotent there is some 1 < n € WN such that 
0 = A” = (trA)"—!A and hence trA € NiL(Z) = {0}. 


(<>) The following proposition is a classical topic, called partial fraction decomposition of rational frac- 
tions f/g € E(t) over some base field EF. It only is loosely connected to the rest of this text and uses 
some notions, that probably are known to the reader, but - from a formal point of view - will be introduced 


in chapter 7 only. So you might want to skip it, for now. 
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(1.47) Proposition: (viz. 660) 
Let (E,+,-) be any field, consider two polynomials f and g € E|t] and denote the quotient field of E/t] 
(called the field of rational fractions) by E(t) [refer to (1.29) for a construction] 


(i) If « € E is not a root g(x) #0 of g, then there are a constant c € EF and a polynomial h € E/t] 
such that for any k € IN the following equality in E(t) holds true 


f@) a felt h(t) 
(t — x)* g(t) (¢—a)F © (t—x)F-19(£) 


Thereby the constant c and the polynomial h are uniquely determined, to be the following [note 


that t — x divides f(t) — cg(t) such that h is a polynomial not only a rational fraction] 


ft) = eg(t) 


c= fleg(x)! and h(t) = “= 


(ii) Suppose that g splits over E, that is g # 0 and there are pairwise distinct roots x; € E and powers 
1 < k; € N, such that letting b := lc(g) we can write g in the form 


gt) = b(t=a,)"...¢—2,)" 


Further assume that f is of lesser degree deg(f) < deg(g) than g, then there are uniquely deter- 
mined coefficients c,; € E (wherei€1...r and j € 1...k;) such that in E(t) we get 


Nota let n := deg(g), then clearly { f(t)/g(t) | f € Elt],deg(f) <n} C E(t) is an E-vector 
space. And its canonical basis is given to be { x*/g(t) | k € 0...n}. Now (ii) can be reformulated, 
as: Also {1/(t—;)/ |i €1...17,7 © 1...h; } is a basis of this vector space. 

Nota if deg(f) > deg(g) we may use division with remainder - refer to (2.64) - first, to write 
f(t) in the form f = gg+-r for some polynomials q(t), r(t) € Et] with deg(r) < deg(g). Then 
f/g =a +1r/g and we may apply (ii) here to r/g to finally get 


gt) ®+E> Gay 


w=1 7=1 
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1.6 


Ideals 


(1.48) Definition: 
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Let (R,+,-) be a semi-ring and P C Ra subset. Then P is said to be a sub-semi-ring of R 
(abbreviated by P <, R), iff for any a, b € R we get 


(1) 
(2)ab€P = at+beP 
3) 

4) 


0O€ P 


(3)aEeP = -aeEP 

(4)a,b€P = abeP 

And if (R,+,-) is a ring having the unit element 1, then a subset P C R is called a subring of R 
(abbreviated by P <, R), iff we have 


(S) P <, R 


(5) <e. 
Finally if (R,+,-) even is a (skew)field, then a subset P C R is said to be a sub-(skew)field of R 
(abbreviated P <; R), iff for any a € R we get 

(R);.P se 

()0AcaeP = ateP 
Let (R,+,-) be a semi-ring again, then a subset a C R is said to be a left-ideal (or submodule) 
of R (abbreviated by @ <m R), iff for any a, b € R we get 
1 
2 
3 
4 


OeEa 
a bea = a+bea 


(1) 
(2) 
(3)aeqa = -aeEead 

(4)acqagbeR = baea 

And a C R is said to be an ideal of R (abbreviated by a <j A), iff for any a, b € R we get 
(M) @ <m R 

(5)aEeagbeR = abea 


We will sometimes use the set of all subrings (of a ring A), the set of all sub(skew)fields (of a 
(skew)field R), resp. the set of all (left-)ideals (of a semi-ring R) - these will be denoted, by 


Subr(h) <=] {PC R| P< RY} 
Subf(R) = {PC R|P < R} 
Subm(R) := {aC R]a <, R} 
Ideal(R) := {aC Ria sy R} 
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(1.49) Remark: 


e Consider any semi-ring (R,+,-) and a sub-semi-ring P <,; R of R. Then we would like to 
emphasize, that the notion of a sub-semi-ring was defined in such a way that the addition + and 


multiplication - of R induces the like operations on P 


+|p : PxPoOP : (ab) a+b 
PxP—>P : (a,b) ab 


And thereby (P, +| ps |p) becomes a semi-ring again (clearly all the properties of such are inherited 
from R). And in complete analogy we find that subrings of rings are rings again and sub(skew)fields 


of (skew)fields are (skew)fields again, under the induced operations. 


Nota as ae and ‘|p are just restrictions (to P x P) of the respective functions + and - on R, we 
will not distinguish between Als and + respectively between lls and -. That is we will speak of 
the semi-ring (P,+,-), where + and - here are understood to be the restricted operations +] ,, and 
lis respectively. 

e Beware: It is possible, that a sub-semi-ring P <, R is a ring (P,+,-) under the induced 
operations, but no subring of R. E.g. consider R := Z x Z under the point-wise operations and 
P:=Zx{0}C R. Then P <, Ris a sub-semi-ring. But it is no subring, as the unit element 
(1,1) € R of R is not contained (1,1) ¢ P in P. Nevertheless P has a unit-element, namely 
(1,0) € P and hence is a ring in itself. 


e If (R,+,-) is a ring, then property (3) of left-ideals is redundant, it already follows from property 
(4) by letting 6 := —1. We only require (3) in case of a semi-ring R. 


e Let (R,+,-) be a semi-ring, then trivially any left-ideal a of R already is a sub-semi-ring. Formally 
put for any subset @ C R we get the implication 


ax, R = a<,R 


e Consider a commutative semi-ring (R,+,-), then the property (4) of left-ideals already implies 
property (5) of ideals, due to commutativity. That is in a commutative semi-ring R we find the 


following equivalency for any subset a C R 


a<,R = asR 


e Now let (R,+,-) be any ring and leta <, FR be a left-ideal of R. Then clearly clearly 1 € @ is 
just the same, as a = R. Some authors call d a proper left-ideal, iff a # R. Formally put 


qa=R <= 1eE9 


Prob "==> "is clear, as 1 € R and if conversely 1 € @ then due to property (4) we have a= al € a 
for anya eR. Hence R C a C R, such that d= R. 
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e Consider any semi-ring (R,+,-) and some element a € R. Then we obtain a left-ideal Ra in R 


(called the principal ideal of a), by letting 
Ra := {ba|bER} <m R 


Prob clearly 0 = 0a € Ra and if ba and ca € R, then we see that ba + ca = (b+ c)a € Ra and 
—(ba) = (—b)a € Ra. Finally we have c(ba) = (cb)a € Ra for any c € R. 


In a commutative semi-ring (,+,-) (where a € R again) we clearly get Ra = aR, where the latter 


is defined to be the following subset, which already is an ideal of R 
aR := {ab|beER} SG R 


And as R is commutative Ra = aR already is an ideal of R. And it is customary to take to aR 
instead of Ra, in this case. We will later see (cf. section 2.7), that Z is a PID - that is every ideal 


of Z is of the form aZ for some a € Z. Formally that is 


Ideal(Z) = {aZ|aeEZ} 


In any semi-ring (2,+,-) we have the trivial ideals {0} and R <j R. If R is a skew-field, then 


these even are the the only ideals of R. 
Rskew-field = > Subm(R)={{0},R} 


Prob let @ <, R& be any left-ideal of FR, if there is some 0 # a € a then a! € Rand hence 
1=a~‘'a €a. And from this we get a = R, by the reasoning above. 


Now consider some non-zero (R 4 0) commutative ring (R,+,-). Then we even get: RF is a field if 


and only if the only ideals of FR are the trivial ones. That is equivalent are 
Rfield <=> Ideal(R)={{0},R} 


Prob " => " has already been shown above, for "<=" regard anyO Aae€ R, thenaR <j Ris an 
ideal of R. But as aR # {0} this only leaves aR = R and hence there is some 7 € R such that 


ai = 1, which means i = a~!. Altogether R is a field. 


We could have introduced a dual notion of a left-ideal - a so-called right-ideal. This is a subset 
a C R such that the properties (1), (2), (3) and (5) of (left-)ideals hold true. That is we have 
replaced (4) by (5). However this would lead to a completely analogous theory. Also refer to 


section 3.1 for a little more comments on this. 
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(1.50) Lemma: (viz. 600) 
For the moment being let x abbreviate any one of the words semi-ring, ring, skew-field or field and let 
(R,+,-) be a x. Further consider an arbitrary family (where i € I #0) P; C R of sub-xs of R. Then 


the intersection P; is a sub-* of R again 


(ie C R is asub-« 
ier 
Likewise let us abbreviate by * the word left-ideal or the word ideal. Now suppose (R,+,-) is a semi- 
ring and consider an arbitrary family (where i © J AQ) a; C R of xs of R. Then the intersection of the 
a; is a * of R again 
(a: C R isax 
iel 
The proof of this lemma is an easy, straightforward verification of the properties of a (sub-)x in all the 
seperate cases. But though this is most easy it has far-reaching consequences. Whenever we are given a 
subset X C R we may consider the smallest x of R containing X. Just take the intersection over all «s 
containing X (this is possible since at least R is a x with X C R). The following definition formalizes 
this idea. And it is not much of a surprise, that this smallest « then can be described explictly by taking 


all the elements of X and performing all the operations allowed for a x. 


(1.51) Definition: 
Let now (R,+,-) be a semi-ring and consider an arbitrary subset X C R of R. Then the above lemma 
allows us to introduce the sub-semi-ring, left-ideal, resp. ideal generated by X to be the intersection of 


all such containing X 


Coa al Gl Ca Se lp ee aacow 
(X)m <= []{aoR|X Ca <p, R} 
(Xj = [(\{acR| xX cas R} 


Likewise if R even is a ring (or (skew)field) we may define the subring (or sub-(skew)field respectively) 


to be the intersection of all such containing X 


IN 


COR t= (PCRS Ps: RF 


(VPS eee Pe) 


— 
os 
os 


Nota in case that there may be any doubt concerning the semi-ring X is contained in (e.g. X C RC S) 
we emphasize the semi-ring R used in this construction by writing (X C R)j or (X ), Si Ror even R(X );. 


(1.52) Remark: 
In case X = 0) it is clear that {0} is an ideal containing X. And as 0 is contained in any other ideal 


(even sub-semiring) of R we find 


(0)s = (O)m = (O)i = {0} 
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The case of the subring resp. sub(skew)field generated by @ usually is less trivial however. Let us regard 
the case R = Q for example. As any subring has to contain 1 and allow sums and negatives, we find that 
Z = (0), © Q. And as a subfield even allows to take inverses we find Q = (0); C Q. However in C we 
also get Q = (0), C C only. Hence the intersection of all subrings resp. all sub(skew)fields deserves a 


special name, it is called the prime-ring resp. prime(skew)field of R 


ne 


O) = (\{PCR|P < BR} 


ha. 
S 
~~" 
I 
IM 


R|P <, R} 


a) 


(1.53) Proposition: (viz. 601) 
Consider a ring (R,+,-) and a non-empty subset 0 4 X C R. Then we can give an explicit description 
of the (left)-ideal generated by X. It turns out, these are given to be 


(X )m — { doen 
i=1 


1<neEN, %€ X, wer} 


Cin = S° ajx 5d; 
i=1 


Suppose F is any semi-ring and denote +X :={x|xeX}U{-—«| ax € X } then we can also give an 


1<neEN, %E X, cane r| 


explicit description of the sub-semiring of R generated by X (and if R is a ring also of the subring of R 
generated by X) 


m n 


(X )s = Sy Tse l<mneN, be ose, 
j=1 j=l 


(X), = (XU{1})s 


Finally suppose that FR even is a field, refering to the generated subring we can also give an explicit 


description of the subfield of R generated by X 
(X)y = {ab"!|a,be (X),, b#0} 


Ideals have been introduced into the thoery of rings, as computations with ordinary elements of rings may 
have very strange results. Thus instead of looking at a € R one may turn to aR <j R (in a commutative 
ring). It turns out that it is possible to define the sum and product of ideals, as well and that this even 
has nicer properties than the ordinary sum and product of elements. Hence the name - aR is an ideal 
element of R. Nowadays ideals have become an indispensable tool in ring theory, mainly because they 
will turn out to be kernels of ring-homomorphisms. Let us turn our attention on computations with ideals 


now: 
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(1.54) Proposition: (viz. 603) 
Consider any semi-ring (R,+,-) and arbitrary ideals a, 6 and¢ <j, R. Then we can use these to introduce 


the following subsets of R, which will always be ideals of R again 


anb = {aeR|aedandach} 
a+b := {a+b|acea,beb} 


ab := {Some 
i=1 


Note however that @UD need not be an ideal of R (it will generate the ideal a +5, see below). And 


IcneNoeanest 


thereby we have the following chains of inclusions of subsets of R 


ab Cc anb c aub c a+b 


(1.55) Proposition: (viz. 603) 
Let (R,+,-) be any semi-ring, then the compositions M, + and - of ideals are associative, that is if a, b 


andc¢ <j R are ideals of R, then we get 


(anb)nc = an(bnc) 
(a+b)+¢ = a+(+40) 
(ab)c = a(bc) 


Further M and + are commutative, and if R is commutative then so is the multiplication - of ideals, 


formally again (with a and 6 <j; R) we get the identities 


anb = bna 
a+b = b+a 
ab = ba 


Recall that the last equality need not hold true, unless R is commutative! Addition + and multiplication 


- of ideals even satisfy the distributivity laws, that is for any ideals a, 6 and ¢ <, R we get 


a(b +¢) 
(a+b)c 


ll 
Za aD 
2 a 
a b=») 
~" Sead: 
+ + 
ae 
SF. OS 


(1.56) Remark: 

It is clear that for any ideala <,; R we getamR=a. Thus (Ideal(R),M) is a commutative monoid 
with neutral element R. Likewise we get 0+ 0 = 4 for any ideal a <i, R and hence (Ideal(R), +) is 
a commutative monoid with neutral element 0. Finally dR = 4 = Ra for any ideal a <j R and hence 
(Ideal(2),-) is a monoid with neutral element R, as well. And if R is commutative, so is (Ideal(),-). In 
this sense it is understood that a? := R and a’ :=@...@ (i-times) for 1 <i € NN. 
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(1.57) Proposition: (viz. 603) 
Now consider a ring (R,+,-) and two arbitrary subsets X and Y C R. Leta=(X), andb = (Y); be 
the ideals generated by these. Then the sum a+) is generated by the union X UY, formally that is 


a+b = (xuY), 


And if R is commutative, then the product a0 is generated by the point-wise product X Y of these sets, 
that is X Y := {xy |ae X,y € Y } and thereby we get 


ab = (xY); 


(1.58) Remark: (viz. 604) 


(i) Due to (1.57) it often makes sense to regard sums 4+) or products @b of ideals. And in (1.64) 
we will also the notion 6/a of a quotient of ideals. Thus one might also be led to think that there 
should be something like a difference of ideals. A good candidate would be the following: Consider 
the ideals a C 6 <i Rin some semi-ring (R,+,-). Then we might take (b\a); to be the difference 


of 6 minus a. Yet this yields nothing new, since 


ach = b=(6\a); 


(iit) Let (R,+,-) be a ring again and q),...,d, <j R be a finite family of ideals of R. Then using 


(1.57) and induction on n it is clear that 


Soa; = {de wen = (Ua) 
i=l i=l 


This property inspires us to define the sum of an arbitrary family (2 € I) of ideals a; <j R of R. 


As it is not clear what we should substitute for the finite sum of elements we instead define 
Ta = (Ua) 


tel tel 


(iii) And thereby it turns out that the infinite sum consists of arbitrarily large but finite sums over 


elements of the @;, formally that is 
S> a; = S> ay 
ie iel 


(s0 


tEQ 


we RET |a 40) < | 


a,E a, ACT, #82 <o0} 


neEN, i(k) ET, ap € su | 
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(iv) Let now b <j R be another ideal of R, then the distributivity rule of (1.55) generalizes to the case 


(xa) « = Sab) 


wel el 


of infinite sums, that is 


(1.59) Proposition: (viz. 605) 
Let (R,+,-) be a commutative ring and consider the ideals a, 6, a1,...,@, and b,...,6, <j R of R (where 
1<k € IN). Then we obtain the statements 


(i) @ and B are said to be coprime iff they satisfy one of the following three equivalent conditions 
(a)a+b=R 


(b) (1+a)nb 40 
(c) Ja ea, 4b EB such thata+b=1 


(ii) Suppose that @ and D are coprime and consider any i, 7 € IN, then the powers a’ and 6’ are coprime 
as well, formally that is 
a+b=R = +W=R 


(iii) Suppose that @ and 6; (for any i € 1...k) are coprime, then @ and b,...6; are coprime as well, 
formally this is 
(vie L...k:0+6;=R) — a4+(6)...)=R 


(iv) Suppose that the @; are pairwise coprime, then the product of the a; equals their intersection, 


formally that is 


(ViAjel...kia+a, = R) — ON---Nd& = %...0% 


(1.60) Definition: (viz. 606) 
Let (R,+,-) be any semi-ring anda <m R be a left-ideal of R, then a induces an equivalence relation 
~ on R by virtue of the definition 

avb :=> a-—-bead 


where a, b € R. And the equivalence classes under this relation are called cosets of a, and for anybe R 
this is given to be 
b+a := [bh] = {b+al|laeca} 


Finally we denote the quotient set of R modulo a (meaning the relation ~) 


R/, = es = {a+al|laceR} 


If a <i R even is an ideal (e.g. when R is commutative) then R/a can even be turned into a semi-ring 


(R/a,+,-+) again under the following operations 


(a +a) + (b+4) 
(a+) - (b+) 


(a+b) +a 
(a-b) +a 
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Thereby (22/a,+,-) is also called the quotient ring or residue ring of R modulo a. Clearly, if R is com- 


mutative, then so is R/d. And if R is a ring, so is R/d, where the unit element is given to be the coset 1+4. 


(1.61) Remark: 

It is common that beginners in the field of algebra encounter problems with this notion. But on the other 

hand the construction of taking to the quotient ring is one of the three most important tools of algebra 

(the others being localizing and taking tensor products). Hence we would like to append a few remarks: 
We have defined R/a to be the quotient set of R under the equivalence relation a— b € a. And 

the equivalence classes have been the cosets b+. Hence two cosets are equal if and only if their 


representatives are equivalent and formally for any a, b € R this is 
a+a=b+a <= + a-bea 


And if a <i R is an ideal of R we even were able to turn this quotient set R/d into a ring again, 
under the operations above. Now don’t be confused, we sometimes also employ the point-wise sum 
A+B:={a+b|aeA,be€ B} and product A- B := {ab|aeA,b€ B} of two subsets A, B C R. 
But this a completely different story - the operations on cosets b + @ have been defined by referring to 


the representatives b. 


(1.62) Example: (viz. 607) 
Let 1 < n € NN be a positive integer and consider the ideal nZ <j; Z. Then we wish to present an 
example of the above remark: If a and b € Z are any two integers, then the following three statements 


are equivalent 
(a) a+nZ = b+nZ 
(b) a mod n = b mod n 


(c) there is some k € Z such that b=a+kn 


(1.63) Remark: 

Intuitively speaking the residue ring R/d is the ring R where all the information contained in a has been 
erased. Thus R/d only retains the information that has been stored in R but not in a. Hence it is no 
wonder that R/d is "smaller’ than R (|R/a| < |R| to be precise). However R/d is not a subring of R! 


Let us study some special cases to enlighten things: 


e In the case d = R the residue ring R/R contains precisely one element, namely 0 + R. Hence 
R/R = {0+ R} is the zero-ring. This matches the intuition all information has been forgotten, 


what remains carries the trivial structure only. 


e The other extreme case is d = {0}. In this case @ induces the trivial relationa~b — = a=b. 


Hence the residue class of a is just a+ {0} = {a}. Therefore we have a natural identification 


Reo B/ gy : ah {a} 


Again this matches the intuition: {0} contains no information hence R/{0} retains all the informa- 
tion of R. In fact we have just rewritten any a € Ras {a} € R/{O}. 
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e Now consider any commutative ring (R,+,-) and build the polynomial ring Rt] upon it. Then the 


ideal d = tR[t] allows us to regain R from Rit]. Formally there is a natural identification 
Rc Flr : ars at? +tR{[t] 


Hence one should think that tR[t] contains the information we have added by going to the poly- 
nomial ring R[t]. Forgetting it we return to R. Further it is nice to note that the same is true for 
the formal power series R[t] instead of R[t]. The same amount of information that has been added 


is lost, by taking to the quotient ring. 


Prob it is clear that R > R[t] : a+ at® is injective and for a 4b € R we even get at® — bt? = 
(a—b)t® ¢ tR{t]. This means that even a +> at? +tR[t] is injective. And if we are given an arbitrary 
polynomial f = ant” +-+»+ait+aot® then f + tR[t] = aot? + tR[t] which also is the surjectivity. 
Note that this all is immediate from the first isomorphism theorem: R[t] > R: f > f[0] has kernel 
tR[t] and image R. 


e Likewise (for any 1 <n € NN) we obtain a natural identification between the ring Z,, (as defined 


in (1.28)) and the residue ring Z/nZ via the isomorphism 


Z/ ig, % i atnZ ++ a mod n 


This example teaches that the properties of the residue ring (here Z/nZ) may well differ from those 
of the ring (here Z). E.g. Z is an integral domain, whereas Z/4Z is not ((2+4Z)(2+4Z) = 0+4Z). 
On the other hand Z/2Z is a field, whereas Z is not. 


Prob first of all ®(a4 + nZ) = a mod n is well-defined and bijective, according to (1.62). The 
inverse map is just the canonical projection o(r) = r+nZ. For the homomorphism property of 
® let us write (by division with remainder) a = pn+r and b = qn+s where r =a mod n and 
s=b mod n. Thena+b=(p+q)n+(r+s) and ab = (pgn+ps+aqr)n+rs. Hence we can 


compute, using (1.62) again 


®((a+nZ)+(b+nZ)) = (a+b) mod n = (r+s) mod n 
®((a+nZ)-(b+nZ)) = (ab) mod n = (rs) mod n 


But by definition of Z,, we have the compositions r+ s = (r +s) mod n and rs = (rs) mod n 


hence ® truly transfers the structure of Z/nZ onto Zp. In particular Z,, is a commutative ring again. 


(1.64) Lemma: (viz. 607) 

Correspondence Theorem: Consider any semi-ring (R,+,-) and an ideal a <j R, then we obtain a 1-to-1 
correspondence between the ideals of the residue ring R/d and the ideals of R containing a. For this 
correspondence let us denote b/a := {b+ a|lbeb }, then we get 


Ideal (#?/g) <+ {64 Rlacb} 
uw, {bEeR|b+aeu} 
O/ uH Oo 
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And this correspondence even is compatible with intersections, sums and products. That is if consider 
any two ideals b andc <; Rwitha C BMC, then we find the identities 


bana = ae 
Hata _ ce 
O/ / a ae 


Finally the correspondence also is compatible with the generation of ideals. That is consider an arbitrary 
subset X C R and denote its set of residue classes by X/a := {x +a] a © X }. Then we obtain another 


identity, namely 
+My = (A/a) 


(1.65) Remark: 
The following graphic is supposed to illustrate the situation: Going from R to R/d all the ideals below a 
are deleted, while those ideals 6 <; R witha C Bb are preserved. Those ideals that were not comparable 


to d are lost entirely, their algebraic structure defaced: 


Roeseeseseste: Ra 
a --------- > 
ach 
other Qo sos eee bees 0 
ieals erased 
ach ideals 
bca 
0 


(1.66) Remark: 
Let (R,+,-) be a semi-ring and a, 6 <j R be two ideals, such that a C b. As above let us denote the 
ideal of R/a induced by b by 


b/y = {dtalbeb} a R/, 
Then it is easy to see that for any x € R we even get the following equivalence 
reb =< > r+de OG 


Prob if z € b then x +a € /a by definition. And if conversely x + a € b/a then there is some b € b such 
that 2 +4=b+4. That is x—bea C Bb and hence x +6 =b+6=0+6 again. But the latter already 


means x © b. 
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(1.67) Remark: 
We will soon introduce the notion of a homomorphism, an example of such a thing is the following map 


that sends b € R to its equivalence class b+ 4 
o:R—> we : b> b+a4 


It is clear that this mapping is surjective. And by definition the preimage of any subset U C R/@ is just 
o '(ul)={beE R|b+aQ Eu}. Finally it also is clear that for any ideal 6 <; R witha C 6 the image 
of 6 under g is given to be 

ob) = {b+a|beb} = ¥/, 
Altogether that is: The above correspondence of ideals is just given by @ acting on certain subsets of R 
(to be precise: on the set of ideals 6 of R that contain a). That is using these concepts, we could have 


written the correspondence theorem of ideals in terms of b+> o(6) and UH o !(U). 


(1.68) Example: 

Let us give a well-known, neat little application of the theory: The usual way of denoting integers a € Z 
is using the decimal representation, e.g. 273 = 2-100+7-10+3-1. Generally we write a = an... a1a9 
iff a, € 0...9 and 


n 
a= Sax aK Na 
k=0 


As 2 divides 10 we get a+ 2Z = ap + 2Z and hence it is clear that 2 divides a if and only if 2 divides 
ag (the same holds true if we replace 2 by 5) 


Das ee DG 


Also it is customary to define the cross-sum of a to be the sum of the digits a, in the decimal representation 


of a, formally that is 
n 
g(a) := So ax e WN 
k=0 
E.g. the cross sum of 273 is 2+7+3 = 12. Now, as 10 = 3-3+1 we have 10+ 34 = 1+ 38Z, and 


thereby 10° + 3Z = (10+ 3Z)* = (1+3Z)* = 1+3Z. This enables us to compute 


n n 
So ax: 10° +3Z = S~ag- (10* + 3Z) 
k=0 k=0 


So ay: (1+3Z) = Soa, + 3Z = G(a) +32 
k=0 k=0 


a+3Z 


That is a+ 3Z = ¢(a) + 3Z and in particular we have 3 | a if and only if d(a) + 3Z =a+3Z =0+4+3Z 
which is equivalent to 3 | ¢(a) again. That is we can check whether a is divisible by 3 just by checking 


whether the cross-sum ¢(a) of a is divisible by 3. 
3,a <— 3] da) 
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E.g. $(273) = 12 is divisible by 3 and hence 273 is divisible by 3, as well - in fact 273 = 3-91. 
We can even iterate the cross summation, e.g. ¢(¢(273)) = 3 which is easier to divide by 3. Also, as 


10+ 9Z =1+9Z as well, the same reasoning holds true if we replace 3 by 9. 


(1.69) Remark: (<) 
Actually we have already shown some further statements in the proof of (1.64) concerning notions, that 
have to be introduced, yet: Let (R,+,-) be a commutative ring, then the above correspondence of ideals 


also interlocks maximal ideals, prime ideals and radical ideals, that is: 


Ideal (#/q) «+ {be ldealR|a C6} 
Srad RJ) as reside 264 


( 
Spec (#?/,) + {pe Spec(R)|a Cc p} 
( 


VU VU 


Ha) <> {meSmax(R)|a Cc m} 


That is the ideal 6 <; R witha C 0 is radical if and only if the corresponding ideal b/a <j; R/a is 
radical, too. Likewise a C b <i R is prime (maximal) iff 6/a <; R/a is prime (maximal). In fact we even 


have the following equality of radical ideals for any b <; R witha C 6 


b/, _ wi, 


(1.70) Example: (<>) 

Consider the ring (Z,+,-), as Z is an Euclidean domain all its ideals are of the form aZ for some a € Z 
(confer to section 2.7 for a proof). We now fix some ideal d := aZ, then aZ C bZ is equivalent, to the 
fact that b divides a (see section 2.5 for details). Hence by the correspondence theorem the ideals of 


Za = Z/aZ are precisely given to be 


ea (®/az) = ("uz | 010} 
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1.7 Homomorphisms 


(1.71) Definition: 
Let (R,+,-) and (S,+,-) be arbitrary semi-rings, a mapping y : R > S is said to be a homomorphism 


of semi-rings (or shortly a semi-ring-homomorphism) iff for any a, b € RF it satisfies the properties 
(1) plats) = (a) + (6) 
(2) pla-b) = (a): p(b) 


And if R and S even are rings having the unit elements 1p and 1g respectively, then ¢ is said to be a 


homomorphism of rings (or shortly a ring-homomorphism) iff for any a, b € RF it satisfies the properties 
(1) plats) = (a) + lb) 
(2) p(a-b) = (a) - 9(b) 
(3) y(lr) = ls 


And we denote the set of all semi-ring-homomorphisms respectively of all ring-homomorphisms (as such, 
these are subsets of F(R, S')) from R to S by 


shom(R, S) 
rhom(R, 5) 


{y:R— S| (1) and (2) } 
{y:R— S| (1), (2) and (3) } 


And if y : R > S is a homomorphism of semi-rings, then we define its image im(y) C S and kernel 
kn(y~) C R to be the following subsets, of the respective semi-rings 


im(y) P(R) = {y(a)|ae R} 
kn(y) := (0s) = {a€R| (a) =0} 


(1.72) Remark: 

In literature it is customary to only write hom(R,S) instead of what we denoted by shom(R,S) or 
rhom(A, S). And precisely which of these two sets is meant is determined by the context only, not by the 
notation. This ambiguity gets worse with every new algebraic structure introduced and this will be quite 
a lot. In this book we try to increase clarity by adding the letter 's" or "r'. From a systematical point of 
view it might be appealing to write hom, (i, S) for shom(R, S) (and likewise hom,(R,S) for rhom(R, S)), 
as we have already used these indexes with substructures. Yet we will require the position of the index 
later on (when it comes to modules and algebras). Hence we chose to place precisely this index in front 


of "hom" instead. 
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(1.73) Example: 


84 


e The easiest example of a homomorphism of semi-rings is the so-called zero-homomorphism which 


we denote by 0 (clearly another ambiguity) and which is given to be 


0:R>5S : ar 0g 


Let (S,+,-) be any semi-ring and R <, S be a sub-semi-ring of S. Then the inclusion R C S 


gives rise the the inclusion homomorphism 
bs RSS vara 


Clearly this is a homomorphism of semi-rings. And if S even is a ring and R <, Sis a subring of 


S, then z is a homomorphism of rings. In the special case R = S this is 1 = Ip the identity map. 


Now let (22,+,-) be any (semi-)ring and consider some ideal a <i R. Then we already have 
introduced the quotient (semi-)ring R/d in (1.60). And this gives rise to the following homomorphism 


of (semi-) rings (which is called canonical epimorphism) 
o:R-> ae : bbe b+4 


Note that the definition of the addition and multiplication on R/a are precisely the properties of 
g being a homomorphism. And also by definition the kernel of this map precisely is kn(g) =a. Of 


course g is surjective and hence its image is the entire ring im(g) = R/4. 


Consider any (semi-)ring (R, +,-) again and let a, 6 <j R be two ideals of R such that a C 6. Then 
we obtain a well-defined, surjective homomorphism of (semi-)rings by letting (further note that the 


kernel of this map is given to be the quotient ideal b/a) 
ae > Bl :a+ara+b 


Prob ifa+a=b+a4 thena—bea C Bb whence we get a+b = b +B again. This already is the 
well-definedness and the surjectivity and homomophism properties are clear. Further +6 =0+5 
iff b € b which again is equivalent, to b +a € b/a, such that we also find kn(e) = 6/a. 


Finally we would like to present an example of a homomorphism z of semi-rings, that is no homo- 
morphism of rings. The easiest way to achieve this is by regarding the ring R = Z?. Then we may 
take to the projection 

qn: Z?-—+Z? : (a,b) (a,0) 
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(1.74) Proposition: (viz. 620) 


(i) Let (R,+,-) and (S,+,-) be semi-rings and y : R > S be a homomorphism of semi-rings again. 
Then y already satisfies (for any a € R) 


y(-a) = —¢(a) 


(iit) And if (R,+,-) and (.S,+,-) are rings, u € R* is an invertible element of R and yp: R- S isa 


homomorphism of rings, then y(u) € S* is an invertible element of S, too with inverse 


g(u") = vu) 


(iti) Let (R,+,-), (S,+,-) and (T,+,-) be (semi-)rings, py: R— S and w: S — T be homomorphisms 


of (semi-)rings. Then the composition ~ after ~ is a homomorphism of (semi-)rings again 
yp: ROS : av v(y(a)) 


(iv) Let (R,+,-) and (.S,+,-) be (semi-)rings and ® : R > S be a bijective homomorphism of (semi- 


)rings. Then the inverse map ®~! : S + R is a homomorphism of (semi-)rings, too. 


(v) Let (R,+,-) and (S,+,-) be (semi-)rings and y: R > S be a homomorphism of (semi-)rings, then 


the image of y is a sub-(semi-)ring of S and its kernel is an ideal of R 
im(y) <s $ 


kn(y) J R 


(vi) More generally let (,+,-) and (.S,+,-) be any two (semi-)rings containing the sub-(semi-)rings 
P <, RandQ <, S respectively. If now y: R — S is a homomorphism of (semi-)rings, then 
y(P) and ~~ !(Q) are sub-(semi-)rings again 


(vii) Analogously let (2,+,-) and (S,+,-) be any two semi-rings containing the (left-)ideals a <, R 
andb <,, S respectively. If now y : R — S is a homomorphism of semi-rings then y1(6) is a 
(left-)ideal of R again. And if y even is surjective, then (a) is a (left-)ideal of R 


y surjective => y(@) <n R 
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(viii) Let (R,+,-) be a ring again and (.S,+,-) even be a skew field. Then any non-zero homomorphism 


of semi-rings from R to S already is a homomorphism of rings (i.e. satisfies property (3)). Formally 


S skew-field = > shom(R,S) =rhom(R,S)U{0} 


(ix) Now let (R,+,-) be a skew-field and (S,+,-) be an arbitrary semi-ring, then any nonzero homo- 


morphism y : R — S of semi-rings is injective 


Rskew-field = = vy injective or py =0 


(1.75) Proposition: (viz. 621) 
Let (R,+,-) be an arbitrary semi-ring and a <j; R be any ideal in R. Then we regard the canonical 
epimorphism from R to R/d, that is 


0: Ro Ff, :rhert+a 


If now 6 <j R is any other ideal in R then the image of 6 under @ is given to be (a +5)/a and the 


preimage of this set are given to be a+b 


o(b) — a+ ye 
0 '(e(b)) a+b 


(1.76) Definition: 

Consider any two (semi-)rings (R,+,-) and (S,+,-) and a homomorphism y : R — S of (semi-)rings. 
Then vy is said to be a mono-, epi- or isomorphism of (semi-)rings, iff it is injective, surjective or bijective 
respectively. And a homomorphism of the form y : R — R is said to be an endomorphism of R. And y 
is said to be an automorphism of R iff it is a bijective endomorphism of R. Altogether we have defined 


the notions 


y is called iff w is 
monomorphism injective 
epimorphism surjective 
isomorphism bijective 
endomorphism R=S 
automorphism | R = S and bijective 


And if (22,+,-) is any ring, then we denote the set of all ring automorphisms on FR by (note that this is 


a group under the composition of mappings) 


raut(R) := {®:R— R| ® bijective homomorphism of rings } 
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In the case that & : R — Sis an isomorphism of semi-rings we will abbreviate this by writing ®: R =, S. 
And if @ : R — S even is an isomorphism of rings we write ®: R =, S. And thereby R and S are said 


to be isomorphic if there is an isomorphism ® between them. And in this case we write 


II 


= S <> 40: 6:R 
~ S :— 40: 06:R 


Pa) 
eet 


IIe 


(1.77) Remark: 


(i) If (R,+,-) is any ring, the set rend(R) := rhom(R, R) of endomorphisms of the ring R is a monoid 
under the composition of maps. l.e. Il € rend() and if both e and 7: R — R are endomorphism of 
the ring R, then en: R—> R: a+ e(n(a)) is an endomorphism of R, as well. 


— 
=: 
=. 

a 


If ¢ € rend(f) is an endomorphism of R, then im(e) = e(R) <, Ris a subring of R. But the same 


is true for the fixed ring of €, which is defined to be 
fix(e) := {ae R|e(a)=a} <, e&(R) 


Prob As ¢(0) = 0 and e(1) = 1 by assumption we have 0, 1 € fix(e). And as fix(e) = e(fix(e)) 
e(R) = im(e) is clear, this is 0, 1 € im(e). Also, if uw = e(a) and v = e(b) € im(e) then u+v = 
é(a) + e(b) = e(a +b) € im(e) and u- v = e(a)- €(b) = e(a- b) € im(e) again. Thus im(e) <, R 
is a subring of R containing fix(e). Now, if a, b € fix(e) then a+ 6 = e(a) + e(b) = e(a +b) and 
a+b =«(a) cote(b) = e(a-b) such that a+b and a-b € fix(e) again. Thus fix(e) is another subring 


of R, contained in im(e). 


IM 


(iii) Recall the definition of the complex numbers given in (1.34). The classical example of a ring 


endomorphism is the complex conjugation 
&: C>3C: at+ibba—ib 


which is an automorphism of the field C whose fixed ring are the reals fix(k) = R C C. We will 


later see, that & is the only automorphism of C that fixes R, apart from I. 


(iv) Another example of an endomorphism of rings v : Z[t] > Z/t] thrives on the polynomial ring Z/[t] 
introduced in (1.32). We take a look at v(f) := f[0] and see that v neither is surjective nor injective 


and that the fixed ring of v is given to be 


(1.78) Proposition: (viz. 621) 


(i) Let (R,+,-) and ($,+,-) be semi-rings and py: R— S be a homomorphism of semi-rings. Then y 


is injective, iff its kernel is 0 C R, resp. surjective iff its image is S 


yp injective <= kn(y) = {0} 


y surjective <= im(y) = S$ 
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(ii) Let (R,+,-) and (S,+,-) be (semi-)rings and ® : R > S be a homomorphism of (semi-)rings, then 


the following statements are equivalent (and in this case we already get a= 6 = VW = ©!) 


(a) ® is bijective 
(b) there is some homomorphism W : S — R of (semi-)rings such that UV = Ip and ®V = Ils 
(c) there are arbitrary maps a: S > Rand 6: S > R, such that a® = Ir and 66 = lg 


(iii) Let (2,+,-) and (S,+,-) be any two semi-rings and ®: R =, S be an isomorphism between them. 
Then R is a ring if and only if S is a ring. And in this case ®: R =, S already is an isomorphism 


of rings. 


(iv) The relation =, has the properties of an equivalence relation on the class of all rings (and the 


same is true for =, on the class of all semi-rings). To be precise, for all rings (R,+,-), (S,+,-) 


and (7',+,-) we obtain the following statements 
Ip: R& R 


®:RYS = O@':SRR 


®:R= SandVvU:S2]=T = VO:RET 


(1.79) Remark: 

Intuitively speaking two (semi-)rings (R,+,-) and (S,+,-) are isomorphic if and only if they carry 
precisely the same structure. A bit lax that is the elements may differ by the names they are given but 
nothing more. Therefore any algebraic property satisfied by R also holds true for S and vice versa. We 
give a few examples of this fact below, but this is really true for any algebraic property. Thus from an 
algebraic point of view, isomorphic (semi-)rings are just two copies the same thing (just like two 1 Euro 
coins). And the difference between equality and isomorphy is just a set-theoretical one. We verify this 
intuitive view by presenting a few examples - let (2,+,-) and (.5,+,-) be any two semi-rings that are 


isomorphic under ®: R =, S. Then we get 


e In the above proposition we have already shown R is a ring if and only if S is a ring. And in this 


case already ® is an isomorphism of rings. 


e Ris commutative if and only if S is commutative. Prob suppose that R is commutative and consider 
any two elements 2, y € S. Then let a := ® !(x) and b := © +(y) € R and compute ry = 
®(a)&(b) = &(ab) = (ba) = O(b)®(a) = yx. Hence S is commutative, too. And the converse 


implication follows with ® instead of ®7!. 


e Ris an integral domain if and only if S is an integral domain. Prob suppose that S is an integral 
domain and consider any two elements a, b € R. If we had ab = 0 then 0 = (0) = ®(ab) = 
®(a)®(b). But as S is an integral domain this means ®(a) = 0 or ®(b) = 0. And as © is injective 
this implies a = 0 or b = 0. Hence R is an integral domain, too. And the converse implication 
follows with &~! instead of ©. 


e Ris a skew-field if and only if S is a skew-field. In fact for any two rings R and S we even get 
the stronger correspondence 
®(R*) = S* 
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Prob if a € R* is a unit of R then ®(a~') = ®(a)~! and hence ®(a) € S* is a unit, too. 
And if conversely x € S* is a unit of S, then let a := ®-!(x) and b := @-1(2~'). Thereby 
ab = © 1(x)6-! (2-1) = Ol (xa~) = O(1g) = 1p and likewise ba = 1p. Hence we have 
a! =b such that a € R* and x € ®(R*) is the image of a unit of R. 


(1.80) Remark: (<) 

In the chapters to come we will introduce the notion of a category (in our case this would be the collection 
of all semi-rings or of all rings respectively). And in any category there is the notion of monomorphisms, 
epimorphisms and isomorphisms. That is let (R,+,-) and (S,+,-) be two (semi-)rings. Then py: R> S 
will be called a monomorphism in the category of (semi-)rings, iff it is a homomophism of (semi-)rings, 
such that for any (semi-)ring (Q,+,-) and any two homomorphisms a, 8 : Q — R of (semi-)rings we 


would have the implication 


ya = yp a=p 


Likewise y : R — S will be called a epimorphism in the category of (semi-) rings, iff it is a homomophism 
of (semi-)rings, such that for any (semi-)ring (7,+,-:) and any two homomorphisms a, 6 : S > T of 


(semi-)rings we would have the implication 


ap = Bp a=p 


Finally @ : R — S is said to be an isomorphism in the category of (semi-) rings, iff it is a homomorphism 


of (semi-)rings and there is another homomorphism W : S — R of (semi-)rings that is inverse to ® 


JU:S3R : W6=Ipand OV= 1, 


It is immediately clear that an injective homomorphism of (semi-)rings thereby is a monomorphism in 
the categorial sense. And likewise a surjective homomorphism of (semi-rings) is an epimorphism in the 
categorial sense. The converse implications need not be true however. Yet we have seen in the previous 


proposition that the two notions of isomorphy are equivalent. 


(1.81) Theorem: (viz. 622) Isomorphism Theorems 


(i) Let (R,+,-) and (S,+,-) be any two rings, @ <j; R be an ideal of Randy: R— S bea 
homomorphism of rings. If now @ C kn(y) then we obtain a well-defined homomorphism of rings 


by virtue of the following definition 
es the +S : b+ (a) 


Note that in case R and S are semi-rings only and y is a homomorphism of such, then ¢ still is a 


well-defined homomorphism of semi-rings. 
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(ii) 


(iii) 


(iv) 
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First Isomorphism Theorem 
Let (R,+,-) and (S,+,-) be any two rings and y: R > S be a homomorphism of rings. Then the 
kernel of y is an ideal kn(y) <i R of R and the its image im(y~) <, S is a subring of S. And 


finally we obtain the following isomorphy of rings 


ne =, im(y) : a+kn(y) + v(a) 


Note that in case R and S are semi-rings only and y is a homomorphism of such, then we still get 
kn(y) <i R, im(y) <; S and R/a &, im(y). 


Second lsomorphism Theorem 

Let (S,+,-) be a ring, R <, S be asubring of S and} <j S be an ideal of S. ThenObOR <j R 
is an ideal of R, the seth+ R:={b+a|beb,aeR} <, Sisa subring of Sandb 9. 6+R 
is an ideal of b+ R. And thereby we obtain the following isomorphy of rings 


Fly. p % aE: :atbnRvatb 


Note that in case S is a semi-ring and R <, S is a sub-semi-ring of S, then stillb+ R <, S, 
b <j; 6+ Rand we retain the isomorphy R/bN R &, 64+ R/b. 


Third Isomorphism Theorem 
Let (R,+,-) be any ring containing the idealsa C 6 <i R, thenb/a:= {b+a|beb} < R/a 


is an ideal of the quotient ring R/a and we obtain the following isomorphy of rings 
BIO 5 iq S% F/g : (ata) +b/ara+t 


Note in case R is a semi-ring then everything remains the same, except that the above isomorphy 


is an isomorphy of semi-rings (and not necessarily of rings). 
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1.8 Ordered Rings 


In this section we will regard commutative rings that are subjected to a (as we call it) positive order. 
However it is completely independent of the other sections within this book. Its results will neither be 
used nor continued elsewhere. But as it is a nice generalization of the classical examples of rings - 


foremost Z, as these carry a natural order - we chose to include it nevertheless. Enjoy. 


(1.82) Definition: 
Let (R,+,-) be a commutative ring, then a subset C C Ris said to be a positive cone in R, iff it satisfies 


the following three properties 
(C1) 0, le C 

(C2) a,bEC = at+bEeC 
(C3) a,bEC = a-bEC 


Let us denote —C := {—a|aeC} C R, then a positive cone C C R is said to be proper iff it also 
satisfies the following fourth property 


(CP) CO(—-C) = {0} 
And a positive cone C’ C R is said to be total iff it satisfies another property 


(CT) CU(-C) = R 


(1.83) Proposition: (viz. 625) 


(i) Let (R,+,-) be a commutative ring and (C;) be a family (i € J) of positive cones C; C R of R, 


then their intersection is a positive cone in R again 
are C R isa positive cone 
wel 


(ii) Due to (i) we may define the positive cone generated by any subset A C R to be the smallest 


positive cone containing A, that is 


cone(A) := (ic C R|A CC, Cis a positive cone } 


(iii) Let both (R,+,-) and (S,+,-) be commutative rings and y: R— S bea ring homomorphism, then 


we get the following implications: 


C C Rpositive cone = > g(C) C S positive cone 
D C S positive cone = + y '(D) C Rpositive cone 
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(1.84) Example: (viz. 625) 


(i) 


(i 


(iii) 


(iv) 
(v) 


(vii 


a 
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For any commutative ring (R,+,-) the whole set R C Ris acone in R. In fact any subring S C R 
is a cone in R. The difference between these two notions is that a subring S has to be a subgroup 
of the additive group (,+) of the ring, whereas a positive cone C C R only is s submonoid of 


(R,+). In fact subrings yield rather uninteresting positive cones. 


For any commutative ring (2,+,-) and any 1 < k € IN we can interpret & as an element of R as 
kp :=1rg+--:+1p (k-times) and likewise for negative numbers: (—k)rp := —(kr). Then we can 
regard the ring homomorphism ¢ : Z + R: k++ kr. The image of IN under this homomorphism is 
a positive cone in R 

PS {kr | ke N} 


In fact P is the smallest positive cone of R at all [that is P = cone()] and hence also called the 
prime cone of R. The homomorphism has another interesting property: The kernel of ¢ is an ideal 
in Z and hence there is an unique c € WN such that kn(¢) = cZ. This c is called the characteristic 
of R and denoted by 

cHAR(R) := minf{fkeN|ke=0} 


A special case of the above is IN C Z, which obviously is a proper, total, positive cone. Note 


however that IN C Q is a proper, positive cone, that is not total. 
Another well-known example is Rt C C, which is another proper, positive, but not total cone. 


Generally let (,+,-) be a commutative ring under a fixed positive order < (see below), then we 


obtain a proper, positive cone by letting 
RT = {ae€R|a>0} 


If (R,+,-) is any commutative ring, then we obtain a positive cone A on R (not necessarily proper 
nor total) by letting 
a. 3 faj+---+a2|neN, a, € R} 


Let now (R,+,-) be an integral domain under a fixed positive order < (see below) and consider the 
polynomial ring R[x] over R. If OA f € R[z] is any non-zero polynomial, then there are uniquely 
determined & <n € WN such that f is if the form: 


f(z) = ane” +--+ a,a* 


with a, #0 and a, #0. Thereby a,, is called the leading coefficient of f(a) whereas a, is said to 


be the the minor coefficient of f(x) which we denote by 


Lefy =" aie 
mets) <a a 
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And particularly for f = 0 we let lc(0) := 0 and mc(0) := 0. It is well known that both of these 


maps are multiplicative and therefore we obtain two proper, positive cones, by letting: 


Rix]* = {f € Ria] | le(f) > 0} 
Rit] = {f € R[x] | me(f) > 0} 


Note that the order on R[az] induced by the cone R[z]* is non-archimedian as for any 2 <n € IN 


we get x < 1/n. This is not so with the cone R[x]~ however. 


(1.85) Definition: 
Let (R,+,-) be a commutative ring and consider a partial order < on R. That is < is a subset of Rx R 
satisfying the following three properties: 


(01) Va € Rwe have: a < a 
(O02) Va,b € Rwe have: Ifa<bandb <cthena < c¢ 
(03) Va,b € R we have: Ifa< band b <athena = b 


Thereby we already used the customary notation a < b for (a,b) € <. And as usual we write a < b to 


denote that a < b but a# b. Now < is said to be a positive order, iff for any a, b € R we get 
(Ps) 20-52 1 
(P2)a<b = 0<b-a 
(P3) 0<a,b = O0<a+b 
(P4) 0<ajb = O<ab 
A partial order is said to be total iff it further satisfies the following property 
(T) Vae Rwe havea < borb<a 


As usual, in this case, we may define the minimum a A b and maximum aV b of a,b€ Rto beaAb:=a 
ifa<bandaAb:=bitb<a. LikewiseaVb:=bifa<bandaVb:=a if b<a. And we can further 
define the sign sgn(a) € R and absolute value |a| € R of an element ac R 


lifa>0O 
sgn(a) := 0ifa=0 
—lifa<0 
aifO<a 

lal := 
—aifa<0 
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(1.86) Remark: 
If < is a positive order on the commutative ring (R,+,-) then it already satisfies the following, stronger 


properties for anya, bandhe R 
(P5)a<b = 0<b-a 
(P6)a<0 <= O<-a 
(P7)a<b = at+h<b+h 
(P8) a<b,0<h = ah< bh 
(P9) a<bh<0 = ah> bh 


Prob (P5) a < b means a < b but a¥ b. By property (P2) we get 0 < b—a. Suppose 0 = b — a, then 
a = b, which leaves 0 < b—a only. (P6) this is property (P2) applied to b = 0, (P7) if a < b then 
0 < b—a=(b+h)—(a+h) and hence - by (P2) again - a+h < b+h. (P8) ifa < b then 0 < b—aand 
as also 0 < h property (P4) yields 0 < (b— a)h = bh — ah. Now by (P2) again ah < bh. If h < 0 then 
by (P6) we have 0 < —h and hence by (P8) a(—h) < b(—hA) and hence —ah < —bh. By adding ah + bh 
and using (P7) this yields bh < ah. 


(1.87) Proposition: (viz. 626) 
Let (R,+,-) be a commutative ring and < be a total, positive order on R. Then for any a, b € R we get 
the following statements 

() 0 < |a 

(ii) a < [al 


(iii) jal? = a? 
(iv) |a| = sgn(a)a 
Now suppose that R even is an integral domain, then we get the additional properties for any a, b€ R 
(v) Jab] = |al[b| 
(vi) |a+ 4] < lal +4] 
(vii) |[a| — ||| < Ja—9| 
(viii) sgn(ab) = sgn(a)sgn(b) 
(ix) ifa,b>Othena<b = a@<bP? 
(1.88) Remark: 


(i) Due to property (P2) it suffices to designate the positive elements of R, that is those a € R with 
0 <a. This fully defines the order <. Hence we denote the set of positive elements of R by Rt 


Rt := {a€Rl|a>0} 
And as we have seen in the example (1.84) above, the set Rt is a proper positive cone of R. 
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(ii) If < is a total positive order on the commutative ring R, then the positive cone Rt C R already 


contains all the squares of elements of R, that is 
VaeR: a@eRt 


Prob if a > 0 then a? = a-a > 0 is trivial by property (P4). Otherwise (as < is total) we have 
a <0 such that by (P7) we get 0 < —a and hence 0 < (—a)(—a) = a? by (P2) again. Thus a? > 0 


is true in any case, for anya € R. 


(iii) If R #0 is a non-zero ring, that allows a positive order <, then R already is of characteristic 0, 


that is the following map is injective 
Z>R:kwkipe 


Prob suppose there was some n € Z such that nlz = 0, even though n ¥ 0. Then we may take 
n > 1 to be minimal (ie. n generates the kernel nZ = kn(k +> k1p)). As On < 1p we find lr < 2p 
and so on until (n—1)R < nr. Hence Or < 1g < nR = Op, which yields Og = 1p, a contradiction 
to R £0. Hence the kernel of k +> k1p is zero, the map is injective. 


(iv) (©) If R is a commutative ring, < is a positive order on R and M is an R-module, then there is 
the notion of a cone C in M: That is a subset C C M is said to be a cone in M, iff 
(1)0EC 
(2) for alla,ye€ C we getxr+yEC 
(3) for alla € C and alla > Owe getax EC 
If we consider R itself as an R-module then a positive cone C C R in the ring R need not be a 


cone in the R-module R, however. As an example let us regard R = R under the usual order <, 


then C=WN C Ris a positive cone, but not a cone (in the sense of mudules). 


(1.89) Example: (viz. 626) 


(i) If (R,+,-) ts a commutative ring and C C R is a proper positive cone in R, then we obtain a 
positive order on RF by letting: 
ax<b :=— b-aEC 


ii) Let R := Z? be the 2-dimensional lattice under the point-wise operations, that is (a,b) + (c,d) := 
p 
(a+c,b+d) and (a,b)(c,d) := (ac, bd). We install the following partial < order on R. Then < is 


a positive order on R even though RF is not an integral domain. 


(a,b)<(ce,d) <== ax<candb<d 


(iii) The natural order 0 << 1 <2<30n R= Zz is not positive, as we have 2 < 3 but adding 1 > 0 
this turns into 2+1=3>0=3+1. 
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(1.90) Proposition: (viz. 626) 
Let (R,+,-) be a commutative ring, then we obtain a 1-to-1 correspondence between the proper positive 


cones C’ in R and the positive orders < on R, by virtue of 
{C C R|C proper positive cone} <> {< C Rx R| < positive order } 
C wr (a<b = b-a€eC) 


Rt={aeR|a>0} a < 


(1.91) Proposition: (viz. 627) (<>) 
Let (R,+,-) be a commtative ring, < be a positive order on R and let N denote the set of positive 


non-zero divisors of R, that is 
N := {n€R|n>0and Vac R:an=0 = a=0} 


Then JN is multiplicatively closed and we denote the localization of Rin N by Q := N7!R. Thereby we 


obtain a positive order on Q, by letting 


=|s 
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1.9 Products 


(1.92) Definition: 
Let 0 # I be an arbitrary set and for any i € J let (R;,+,-) be a semi-ring. Then we define the (exterior) 
direct product of the R; to be just the Cartesian product of the sets R; 


][2 = fetoUR 


wel 1eL 


vierawer| 


Let us abbreviate this set by ILR for a moment. Then we may turn this set into a semi-ring (ILR,+,-) 
by defining the following addition + and multiplication - for elements a and b € IIR 


> Ia : i+ a(t) + b(2) 
ier 


> IaUR : t+ a(t): b(t) 
ier 


Note that thereby the addition a(z) + b(z) and multiplication a(i)b(i) are those of R;. Further note that 
it is customary to write (a;) instead of a € IIR, where the a; € R; are given to be a; := a(z). And using 


this notation the above definitions of + and - in IIR take the more elegant form 


(ai) + (bi) := (ai + bi) 
(ai) - (bi) == (aa: bi) 
For any 2 € I let us now denote the zero-element of the semi-ring R; by 0;. Then we define the (exterior) 


direct sum of the R; to be the subset of those a = (a;) € ILR for which only finitely many a; are non-zero. 


In formal terms this is 


Dri = {eT 


tel wel 


#{Fe F100) #0} <0} 


Let us denote this set by UF for the moment, then UR <, ILR is a sub-semi-ring. In particular we will 


always understand IIR and SR as semi-rings under these compositions, without explicitly mentioning it. 


(1.93) Example: 


e Probably the most important case is where only two (semi-)rings (22, +,-) and (.S,+, -) are involved. 


In this case the direct product and direct sum coincide, to be the Cartesian product 
ROS = RxS = {(a,b)|aeR, bE GS} 


And if we write out the operations on R@ S explicitly (recall that these were defined to be the 


point-wise operations) these simply read as (where a, b€ Rand r, s € S) 


(a,r) + (0, s) (a+b,r+s) 
(a,r)(b,s) = (ab,rs) 
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Thereby it is clear that the zero-element of R @ S is given to be 0 = (0,0). And if both R and S 
are rings then the unit element of R @ S is given to be 1 = (1,1). It also is clear that R@S is 
commutative iff both R and S are such. The remarks below just generalize these observations and 


give hints how these can be proved. 


e Another familiar case is the following: Consider a (semi-)ring (2,+,-) and any non-empty index 


set I £0). In the examples of section 1.4 we have already studied the (semi-)ring 
Ri = [[R = {fl f:l7 RB} 
tel 
In the previous example as well as in this definition here we have taken the point-wise operations. 
That is for two elements f, g : J — R we have defined the operations 
ftg: IR = iv fii)t+g) 
fg: ISR = i f(t)- g(t) 


And it is clear that the zero-element is given to be the constant function 0: J > R:72++ 0. And if 


R is a ring then we also have a unit element given to be the constant function 1: [> R:ito+ 1. 


e We continue with the example above. Instead of the direct product we may also take to the direct 


sum of R over J. That is we may regard 


R® = CR = {f: 14 R| #Supp(f) < co} 
tel 
where Supp(f) := {7 € I | f(i) 4 O}. It is clear R®! C R! truly is a subset of the direct product. 
But be careful, as in any non-zero ring R 4 0 we have 1 ¥ 0 we find that for infinite index sets [ 
the unit element 1: J + R:i+5 1 is not contained in R®!. That is R® will not be a ring unless 


T is finite, even if R is such. 


(1.94) Remark: 

As above let ) 4 I be an arbitray index set and for any i € I let (Ri,+,-) be a (semi-)ring having the 
zero element 0; (and unit element 1; if any). Then let us denote the direct product of the R; by ILR and 
the direct sum of the R; by &R. Then we would like to remark the following 


e It is clear that (ILR,+,-) truly becomes a (semi-)ring under the operations above. And if we denote 


the zero-element of any R; by 0; then the zero-element of ILR is given to be 0 = (0;). 
Prob one easily checks all the porperties required for a semi-ring. As an example we prove the 
associativity of the addition: Let a = (a;), b = (bj) and c = (cq) € IIR, then ((a+ 6) +c); = 
(a+b; +G=(a@+b)+G=a+ (+e) =a t+ (b+c) = (at (b+ e)). 

e Clearly IIR is commutative if and only if R; is commutative for any 2 € I. And IIR is a ring if and 


only if R; is a ring for any i € J. In the latter case let us denote the unit element of R; by 1;. Then 
the unit element of ILR is given to be 1 = (1;). 
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Prob if any R; is commutative, then for any a = (a;), b = (b;) € IIR we get (ab); = aid; = bia; = 
(ba); which is the commutativity of IIR. And if ILR is commutative, then any R; is commutative, by 
the same argument. If any R; is a ring then for any a = (a;) € IIR we get (1a); = la; = a; and 


(al); = ajl; = a;. And if IIR is a ring, then any R; is a ring, by the same argument. 


e By definition UR C IR is a subset. But UR even is a sub-semi-ring UR <, IIR of IR. Yet UR 


need not be a subring of IIR (even if any R; is a ring), as (1;) need not be contained in UR. 


Prob consider any a = (a;) and b = (b;) € UR and let us denote the set S(a) := {i € I | a; £0; }. 
E.g. we get S(0) = @ and hence 0 € DR. Further it is clear that S(a +6) C S(a) U S(b), 
S(—a) = S(a) and S(ab) C S(a)M S(b). In particular all these sets are finite again and hence 
a+b, —a and ab € &R, which had to be shown. 


e Note that we get UR = IIR if and only if J is a finite set. And in the case of finitely many semi-rings 
Ry,..., Ry we also use the slightly lax notation (note that thereby Ry x---x R, = Ri 6---OR,) 


Rix: x Ry c= le 
1 

RiG:---@®Rn = Dri 
=I 


e It is clear that the product of (semi-)rings is associative and commutative up to isomorphy. That 
is if we consider the (semi-)rings (,+,-), (S,+,-) and (T,+,-), then we obtain the following 


isomorphies of (semi-)rings 
ROS = S@R : (a,b) (b,a) 
(ROS)@T & R@(SOT) : ((a,d),c) & (a, (b,c) 
Prob it is immediately clear that the above mappings are homomorphisms of (semi-)rings by defi- 


nition of the operations on the product. And likewise it is clear (this is an elementary property of 


Cartesian products) that these mappings also are bijective. 


e Note that ILR usually does not inherit any nice properties from the R; (except being commutative 


or a ring). E.g. Z is an integral domain, but Z? = Z x Z contains the zero-divisors (1,0) and (0, 1). 


e For any j € J let us denote the canonical projection from ILR (or SR respectively) by 7;. Likewise 


let 1; denote the canonical injection of R; into ILR (or UR respectively). That is we let 


Tt RS Tig ag) eS Gy 


a; ift=j 
bgt A It ag 
0; fi Ag 


Then it is clear that 7; and v; are homomorphisms of semi-rings satisfying 71; = 11. In particular 
7; is surjective and c; is injective. And we will often interpret R; as a sub-semi-ring of ILR (or UR 


respectively) by using the isomorphism 1; : R; = im(v;). 
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(1.95) Proposition: (viz. 623) (>) 
Let (R,+,-) and ($,+,-) be any commutative rings and consider the ideals a <; Rand} <; R. Then 
we obtain an ideala@b of R@S by letting 


aeb := {(a,b)|aea, beb} 


Conversely let us denote the canonical projections of R@ S to R and S respectively byo: ROS — R: 
(a,b) 4 aando: ROS > S:(a,b) 0b. If now U <i R@S is an ideal then we get the identity 


ue = oe(4) do(u) 


And thereby we obtain an explicit description of all ideals (respecively of all radical, prime or maximal) 
ideals of R@ S, to be the following 


Ideal(R)@S = {a@b],a€ ldeal(R), b € Ideal(s) } 

Srad(R)@S = {a@b],a € Srad(R), 6 € Srad(s) } 

Spec(R)SBS = {Pp@S|pe Spec(R)}U{RSq|q € Spec(S) } 
Smax(R)6@S = {mMeS|meSmax(R)}U{RSN|N € Smax(S) } 


(1.96) Theorem: (viz. 628) 


(i) Consider any commutative ring (R,+,-) and two elements e, f € R. Further let us denote the 
respective principal ideals by @ := eR and b := fR. If now e and f satisfye+ f =1 and ef =0 
then we get a+6 = R andanbdb = {0}, formally that is 


e+f=1, ef =0 a+b=R,anb={0} 


(ii) Now let (R,+,-) be any (not necessarily commutative) ring and a, 6 <; R be two ideals of R 
satisfying a +6 = R and anb = {0}. Then we obtain the following isomorphy of rings 


R& R/yeB/s or (x+,r+b) 


(iii) Chinese Remainder Theorem 
Let (R,+,-) be any commutative ring and consider finitely many ideals a; <j R (where i € 1...n) 


of R, that are pairwise coprime. That is for any 2 #7 € 1...m we assume 
a+a; = R 


Let us now denote the intersection of all the a; by d:=0,M---M4@,. Then we obtain the following 


isomorphy of rings 


n 
ae as DB */a, > ota (4©4+M),...,04+a,) 
i=1 
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(1.97) Remark: 


e Combining (i) and (ii) we immediately see that, whenever we are given two elements e, f € Rina 
commutative ring R, such that e+ f = 1 and ef =0, then this induces a decomposition of R into 
two rings 

RS, F/R ® B/ ep : oH (x+eR,x+ fR) 


e Clearly (ii) is just a special case of the Chinese Remainder Theorem (iii). Nevertheless we gave a 
separate formulation (and proof) of the statement to be easily accessible. In fact (ii) talks about 


decomposing RF into smaller rings, whereas (iii) is about solving equations: 


e Suppose we are given elements a; € R (where 7 € 1...n). Then the surjectivity of the isomorphism 
in (iii) guarantees that there is a solution x € R to the following system of congruences. And if 
x is any solution of this system, then due to the isomorphy in (iii) we also find that the set of all 


solutions is given to be x + Q. 


r+, = aytqy 


LAA, = Gn tM, 


e If a, b € Z are relatively prime (this will be 1 € gcd{a,b}) and n := ab, then aZ+ bZ = Z and 


hence the Chinese Remainder Theorem yields the following, well-defined isomorphism of rings 


Zn “> Za P Zy 2 kK+nZ eH (k+aZ,k + bZ) 


e However if a and b € Z have a common denominator, i.e. d € gcd {a,b} with d > 2 and n := ab 


again, then Z,, is not isomorphic to Z, © Z, (not even as Z-modules). 


Prob Let m := ab/d be the least common multiple of a and 6, as d > 2 we have m < ab. Clearly 
m(k+aZ,k+bZ) =0 € Za Z as both a and b divide m. In particular ord(k+aZ,k+b6Z) <m 
and therefore Z, 6 Z, has elements of order m, at most. On the other hand 1+ nZ € Z,, has 
order ord(1+n7Z) =n =ab>m. That is Z,, has an element of higher order, than any element of 


Za © Zp. In particular Z, and Za & Zy can’t be isomorphic (as Z-modules). 


e (<) Let us consider an example of the above in the integers R := Z. Let a) := 8Z and dy := 15Z. 
As 8 and 15 are relatively prime we truly find 4; +d) = Z. And also 0 = 4) NQ2 = 120Z, since 


the least common multiple of 8 and 15 is 120. It is elementary to verify the following congruences 


105+8Z = 1+82Z 146+8Z = 0482 
105+15Z = 0+15Z 16+15Z = 14152 
Hence if we are given any ay, a2 € Z then we let x := 105a,; + 16a2 € Z to solve the general 


system of congruences 


r+8Z = a,+8Z 
x+15Z = ag+15Z 
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Chapter 2 


Commutative Rings 


2.1 Maximal Ideals 


Non-commutative rings can be tedious. There's quite some theory concerned with rings, that refuse 
commutativity, especially in presence of some further assumptions, e.g. Lie algebras or Jordan algebras. 
But in general its hard to squeeze some general structure from non-commutative rings. Yet in the case of 
commutative rings, the story is quite different. These rings can display astoundingly rich structures that 
allow beautiful classifications. The integers are the classical example, they allow prime factorization due 
to division with remainder. But the same is true for polynomial rings. Here we already see that there 
have to be some underlying reasons for this similarity. 

Historically speaking ideals have been introduced to be ideal numbers that have even better proper- 
ties, than the numbers themselves. And the main reason why commutative rings are better behaved than 
non-commutative is that in the former case any ideal is contained in a maximal ideal. Translated into 
divisibility of numbers this means that any (non-unit) number has a prime divisor. In the non-commutative 
case (in modules) this is not always the case. 

This seemingly insignificant property is the staging area of the vast theory with which we want to 
proceed. So the first task will be to introduce maximal ideals and study their basic properties. To do 


this we recollect and append some notions of section 0.4 in order to apply it to the case of ideals later. 
(2.1) Remark: (viz. 575) 


(i) Let us first recall the definition of a partial order on some non-empty set X 4 ). This is a relation 
< on X [that is a subset of the form < C X x X] such that for any x, y and z € X we get 


[where we already wrote x < y for the formal statement (x,y) € <]. And in this case we also call 


X,<) a partially odered set. And in this case it is also customary to use the notation 
, p Y Y 
Lr<y <=> wxs<yandrFy 
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(iit) And < is said to be a linear order on X (respectively (X,<) is called a linearly ordered set), iff 


< is a partial order such that any two elements of X are comparable, formally 
Va,yeX : x«<yory<y 


And in this case we may define the maximum x V y and minimum of any two elements z, y € X to 


be the following elements of X 


cifa<y yifa<y 
rAY := “Vy = 
yify<2 vify<a 


Example: If S is any set (even S = 0) is allowed), then we may take the power set X := P(X) = 
{A|A C S} of X. Then the inclusion relation C which is defined by 


(iii 


~ 


ACB :<=> (va:zeA —s x € B) 


is a partial order on S. However the inclusion C almost never is a total order. E.g. regard 
S := {0,1}. Then the elements {0} and {1} € X of X are not comparable. In what follows we 
will usually consider some set X C Ideal(R) C P(R) of ideals of a commutative ring R under 


the inclusion relation C. 


(iv) Now let (X,<) be a partially ordered set and A C X bea subset. Then we define the sets A, of 


minimal and A* of maximal elements of A to be the following 


A, 
A* 


{a,€ A|VaEA:a<a, = a=a, } 


{a EA|VaEA:a* <a = a=a‘*} 


And an element a, € A, is said to be a minimal element of A. Likewise a* € A%* is said to be a 
maximal element of A. Note that in general it may happen that A has several minimal (or maximal) 


elements or even none at all. Example: IN. = {0} and IN* = @ under the usual order < on N. 


(v) If (X,<) is a linearly ordered set and A C X is a subset, then maximal and minimal elements of 


A are uniquely determined. Formally that is 


abe AX = a=b 
abe A, = a=b 


Let again (X,<) be a linearly ordered set and A = {a1,...,an } C X be a finite subset of X. 


Then there is a (uniquley) determined minimal element A, (resp. maximal element a*) of A. And 


— 
< 
‘ane 

ma 


this is given to be 


A* = {a*} where a* = ((a1 Vay)... V Gn 


A, = {ax} where a, = ((arAaz)...) Aan 
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(vit) Once again let (X,<) be any partially ordered set and A C X be a subset of X. Then it is clear 
that < induces another partial order <4 on A by restricting 


<a := (<)N(Ax A) 


And we will write < for <4 again, that is we write (A, <) instead of the more correct form (A, <4). 
Now a subset C’ C X is said to be a chain in X iff (C,<) is linearly ordered. Equivalently that 


is iff any two elements of C’ are comparable, formally 


VayeC : x<yory<2 


(viii) Lemma of Zorn: (0.26) Let (X,<) be a partially ordered set (in particular X 4 @)). Further suppose 
that any chain C’ of X has an upper bound u in X, formally 


VOC xX : Cchain = 4auexVeeC:cK<u 


Then X already contains a (not necessarily) unique maximal element 


Ave XVtEX 1: we <r S| t=" 


Nota though it may come as a surprise the lemma of Zorn surely is the single most powerful tool in 
mathematics! We will see its impact on several occasions: E.g. the existence of maximal ideals or 
the existence of bases (in vector-spaces). However we do ask the reader to refer to the literature 
(on set-theory) for a proof. In fact the lemma of Zorn is just one of the equivalent reformulations of 


the axiom of choice. Hence you might as well the lemma of Zorn as a set-theoretic axiom. 


(ix) In most cases we will use a quite simple form of the lemma of Zorn: Consider an arbitrary collection 
of sets Z. Recall that a chain in Z is a subset C C Z such that C 4 and for any A, BEC we 
get A C Bor B C A. Now verify that 


(1) Z #90 is non-empty 
(2) ifC C Z isa chain, then UC € Z again 


Then (by the lemma of Zorn, as any C' € C satisfies C C UC) Z already contains a (not necessarily 
unique) C-maximal element Z € Z*. That is for any A € Z we get 


ZCA A=Z 


(x) Of course the lemma of Zorn can also be applied to find minimal elements. In analogy to the above 


we obtain the following special case: Consider an arbitrary collection of sets Z. Now verify that 


(1) Z #90 is non-empty 
(2) ifC C Z isa chain, then (\C € Z again 
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Then (by the lemma of Zorn, as any C' € C satisfies ()C C C) Z already contains a (not necessarily 
unique) C-minimal element Z € Z,. That is for any A € Z we get 


ACZ ASL 


(2.2) Definition: 
Let (R,+,-) be a commutative ring and 0 4 A C Ideal(R) be a non-empty set of ideals of R. Then we 


recall the definiton of maximal a* € A* and minimal a, € A, elements (concerning the order "C") of A: 


A* = {Ee Al|VOEA:0* Co — a=a"} 
A. = {% €A|VaeA:oCca, — o=a,} 


(2.3) Definition: 
Let (R,+,-) be a commutative ring, then m C R is said to be a maximal ideal of R, iff it is a maximal 


element of the set of all ideals but R, that is iff the following three statements hold true 
(1) Mis an ideal: Mm < R 
(2) Mis proper: MAR 


(3) there is no proper ideal containing M, that is for any ideal d <j R we find the implication 


mca a=mMoraq=R 


The set Smax(J2) of all maximal ideals will be called the maximal spectrum of R and the intersection of 


all maximal ideals will be called the Jacobson radical of R 


Smax(R) := (Ideal(R) \{R}) 
= {mC R| (1), (2) and (3) } 
jacCR) 3= ( )Smax(R) 
(2.4) Lemma: (viz. 698) 


(i) Let (R,+,-) be a commutative ring and @ 4 A C Ideal(R) be a chain of ideals (that is for any 4, 
be Awe havea C borbh c a). Then the union of all the a € A is an ideal of R, formally 


A C lIdeal(R), AAD isachain => JA <i, Ris an ideal 


(iit) Leta <j R be any proper (that is a  R) ideal in the commutative ring (R,+,-), then there is a 


maximal ideal of R containing 4, formally 


R4ad, R = JAmeSmax(R): acm 
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(iii) In a commutative ring (2,+,-) the group of units R* of R is precisely the complement of the union 


of all maximal ideals of R, formally 
iS ae U Smax(R) 
(iv) The zero-ring is the one and only ring without maximal ideals, that is the following equivalency 


R=0 <= > Smax(R)=90 


(2.5) Proposition: (viz. 709) 
Let (R,+,-) be a commutative ring and m <j; R be an ideal of R. Then the following four statements 


concerning M are equivalent 
(a) M is a maximal ideal 
(b) the quotient ring R/mM is a field 
(c) the quotient ring R/M is simple - ie. it only contains the two trivial ideals 


Ga Rly => T={0+m} or G=F/y 


(d) M is coprime to any principal ideal that is not already contained in M, formally that is: For any 
a € R we get the implication 
agm = m+aR=R 


(2.6) Remark: 
In particular the above proposition can be reformulated for the zero-ideal mM = 0. Doing this we find the 


equivalency of the following three statements, for any commutative ring (J, +, -) 
(a) 0 is a maximal ideal of R 
(b) R is a field 
(c) R is simple, that is: Ideal(R) = { 0, R} 

(2.7) Proposition: (viz. 709) 


Let (R,+,-) be any commutative ring, then we can reformulate the jacobson radical of R: For any 7 © R 


the following two statements are equivalent 
(a) j € sac(R) 


(b) Va € R we get 1—aj € R* 
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And if a <j R is an ideal of R, then a is contained in the jacobson radical iff 1 + is a subgroup of the 


multiplicative group. That is we obtain another equivalency of the statements 
(a) ad C Jac(R) 


(5) eae Re 


(Usha uke. ae 


(2.8) Proposition: (viz. 710) 
Let (R,+,-) be a commutative ring, let {m,,...,m, } C Smax(R) be finitely many maximal ideals of R 
and p, q € IN. Then we find the following properties 


a each m+mi=R 


Mmn---AM, = m...M, 


Mm D MMs. DD... D MM...M, 


(2.9) Corollary: (viz. 712) 

Let (R,+,-) be a commutative ring and consider M,,...,M, € Smax(R) finitely many, distinct maximal 
ideals of R (ie. Mm; AM; for any i #7 € 1...1r). Abbreviate their intersection by { :=™,M---7M, then 
we have the following isomorphy of rings 


Fy BM, + eine (a+m) 
sec) = (Mi) = (i 


iel..r} 
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2.2 Prime Ideals 


(2.10) Definition: 
Let (R,+,-) be a commutative ring, then p C R is said to be a prime ideal of R, iff the following three 


statements hold true 
(1) pis anideal: p <i R 
(2) Pis properpAR 
(3) Va,b€ Rwe getabep = acYporbeDP 


And the set Spec() of all prime ideals of R is called (prime) spectrum of &, formally 
Spec(R) := {P © R| (1), (2) and (3) } 


An ideal p, <j Ris said to be a minimal prime ideal of R, iff it is a minimal element of Spec(). That 
is p, € Spec(R) and for any prime ideal p € Spec(R) we get the implication p C p, => p=p,. The 


set of all minimal prime ideals is called the minimal spectrum of R, denoted by 


Sminth): = (Spec(R)) 


* 


(2.11) Proposition: (viz. 710) 
Let (R,+,-) be a commutative ring and p <j R be an ideal of R. Then the following four statements 


concerning ) are equivalent 
(a) p is a prime ideal 
(b) the quotient ring R/P is a non-zero (R/P F 0) integral domain 
(c) the complement U := R\ Pp is multiplicatively closed, this is to say that 


(1) 1leEeU 


Zeyever Saw eu 


(d) p ¢ R is non-full and for any two ideals a, 6 <j R we get the implication 


ab cp acporbcp 


(2.12) Remark: 

At this point we can reap an important harvest of the theory: maximal ideals are prime. Using the 
machinery of algebra this can be seen in a most beautiful way: If mM is a maximal ideal, then R/mM is 
a field by (2.5). But fields are (by definition non-zero) integral domains. Hence M already is prime by 


(2.11). Of course it is also possible to give a direct proof - one of these will be presented for (2.23). 
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(2.13) Proposition: (viz. 711) 
Let (R,+,-) be a commutative ring and p <j R be a prime ideal of R, then 


(i) If a1,...,a, € R are finitely many elements then by induction we obtain the following implication 


a,...€Qh EP = > Fiel...k: aeyp 


(ii) Likewiese let Q),...,0, <j; R be finitely many ideals of R, then by induction we also find the 


following implication 


(iii) prime avoidance 
Consider some ideals by,...,6, <j R where 2 <n €WN such that b3,...,6, € Spec(R) are prime. 


If now a <j R is another ideal, then we obtain the following implication 


n 
ac Lb = Fiel...n:acb; 


(iv) If R # O is a non-zero, commutative ring, then the following three statements concerning the 


spectrum of R are equivalent 


(a) Spec(R) = Smax(R) 
(b) Smin(R) = Smax(R) 
(c) () kdimR = 0 


(2.14) Example: 

In a less formalistic way the prime avoidance lemma can be put like this: If an ideal @ is contained in 
the union of finitely many ideals 6; of which at most two are non-prime, then it already is contained in 
one of these. In spite of the odd assumption the statement is rather sharp. In fact it may happen that a 
is contained in the union of three strictly smaller ideals (which of course are all non-prime in this case). 
Let us give an example of this: Fix the field E := Za and the ideal 0 := (s,t)? = (s?, st,t?); <j Els, ¢]. 


Be fas Fls./ 


Note that any residue class of f € E[s,t] can be represented in the form f +0 = f[0,0] + f[1,0]s + 
f[0,1)t +9. That is R contains precisely 6 elements, namely a+ bs + ct +0 where a, bandce E= Zp. 
Now take the following ideal 


Then the ring in consideration is 


i ee 
= {f+0|f € Els,¢], f[0,0] =0} 
= {0+0,s+0,t+0,s+t+0} 
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On the other hand let us also take the following ideals 6; := (s+0)R, bo := (t+0)R and bo := (s+t+0)R. 
Now an easy computation (e.g. for b; we get (s + 0)(a + bs + ct +0) =as +0) yields 


b, :-= {0+0,s+0} 
b, :-= {0+0,¢+0} 
bs := {0+9,s+t+o} 


And hence it is clear that any 6; C @ is a strict subset, but the union of these ideals is precisely @ again 


q= b, Ub. Ubs 


(2.15) Remark: (viz. 713) 
Let (R,+,-) be a commutative ring again and consider some ideal a <j R. Then we denote the set of 


all prime ideals containing a by 
V@) := {Pe Spec(R) |a Cc Pp} 


If now a; <, Ris an ideal of R for any i €1...n or anyi € I (where J 0 is an arbitrary index set) 
respectively, then 


) = Spec(R) 
V(R) = O 


() Va) 


ie 
LU v(ai) 
i=1 


(}) These simple properties have more impact than one might expect. Let us give a slight glimpse of 
the future, far far ahead of us: These properties state, that the sets V(q) form the closed sets of a 
topology on the spectrum of R. This topology on Spec(R) is called the Zariski topology and it is the 
staging point of both, abstract algebraic geometry and number theory. Some more comments on this 


can be found in remark (2.31). These fields of mathematics deserve a textbook of their own however and 


| 
i 


i=1 


we will not venture into these much further. The following lemma however ensures however, that a ring 
homomorphism ~ : R — S induces a continuous map Spec(y) with respect to the Zariski-topology. So 
going to the spectrum is a contravariant functor from the category of commutative rings to the category 
of topological spaces. 
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(2.16) Lemma: (viz. 713) 


Let (R,+,-) and (S,+,-) be any two commutative rings and denote their prime spectra by X := Spec(R) 
and Y := Spec(S) respectively. Now consider some ring-homomorphism y: R > S. Then induces a 
well-defined map on the spectra of S and R, by virtue of 


Spec(y) : YOX : qu y 14) 


For any a € R let us denote X, := {p © X |a ¢P} and for any ideal A <j R let us denote V(@) := 
{peX|acp}. lfnowae R,a < Randb <; S, then Spec(y) satisfies the following properties 


(Spec(y)) (Xa) = Y;, 
(Spec(y)) (V()) ¢ V(~*6)) 
(Spec(y))* (V@)) = V 


(2.17) Proposition: (viz. 714) 


(i) Let (R,+,-) be a commutative ring and P C Spec(R) be a chain of prime ideals of R (that is 


P #0 and for any p, ¢ € P we have p C g org C P). Then the intersection of all the pc Pisa 
prime ideal of R, formally 


P C Spec(R),P #0 chain => ()P € Spec(R) prime 


(ii) Let P C Spec(R) be a non-empty (P 4 Q) set of prime ideals of the commutative ring (R,+,-) 


and assume that P also contains any prime ideal, that is contained in any of its members 
VpeSpec(R) VGEeP : pCg = peP 
then P already contains a minimal element, formally that is P, 4 0. 


(iii) Let (2, +, +) be a commutative ring and consider an arbitrary ideal a <j R and a prime ideal gq <j; R. 
We now give a short list of possible conditions we may impose and the respective assumptions that 
have to be supposed for @ and q in this case 


assumption | condition(p) 


R#0 none 
nothing pcq 
aZzR acp 


acg acpcegd 


Then there is a prime ideal ) of & that is minimal among all prime ideals satisfying the condition 
imposed. Formally put: If the respective assumption is true, then 


{p € Spec(R) | condition(p)}, A oO 
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(iv) Let (R,+,-) be a commutative ring, a <i R be any ideal and q <j Ra prime ideal witha C 4q. 


Then there is a prime ideal ~, minimal over @ that is contained in g. Formally that is 


dp, € {pe Spec(R)|a Cp}, with aCp, cq 


(v) Let (R,+,-) be a commutative ring, @ <i R be an ideal of Rand U C R be a multiplicatively 
closed set (that is 1 € U and u, v € U implies uv € U). If now ANU = 0 then the set of all ideals 
b <j; R satisfyinga C 6 C R\U contains maximal elements. And any such is maximal element 


is a prime ideal, formally 


0A# {6S RlachCR\U} C Spec(R) 


(2.18) Corollary: (viz. 900) 


(i) Let (R,+,-) be a non-zero R ¥ 0, commutative ring, then any zero-divisor of R is contained in a 
prime ideal that is contained in the subset of zero-divisors. In other words the set of zero-divisors 


of R is the union of all prime ideals of R, that are contained in the zero-divisors 
z0(R) = (J{pe Spec(R) |p © z0(R)} 
(ii) In a commutative ring (R,+,-) the minimal prime ideals are already contained in the zero-divisors 


of R, formally that is 
pe Smin(R) = Yp Cz(R) 
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2.3 Radical Ideals 


(2.19) Definition: 
Let (R,+,-) be a commutative ring, d <i R be an ideal and b € R be an element of R. Then we define 
both the radical \/@ and fraction a : b of a to be the following sets 


va 


a:b 


{aeR|akeN:akea} 
{ae R|abea} 


Now @ is said to be a radical ideal (sometimes this is also called perfect ideal in literature), iff @ equals 


its own radical, that is iff we have 
(jaca R 
(2) a= va 


And we define the radical spectrum Srad(R) of R to be the set of all radical ideals of R, formally that is 


Srad(R) := {a J R\a= va} 


(2.20) Example: 
Consider the integrers Z and some ideal aZ <j Z within, where we take a > 2. If we now pick up 
a prime factorization of a, say a = pr) 2; pe”) 


i479 €1...r), then the radical ideal of aZ is just 


with pairwise distinct prime factors pj; # p; (whenever 


VvaZ = (pi... pr)Z 


Prob Let g = p1 ... py and k = max{ k(1),...,k(r) }. Then it is clear that a | q* and hence q is contained 
in the radical of aZ. Conversely consider any b € VaZ, that is a | b* for some k € IN. Then for any 
i€1...r we have p; | a | b* such that p; | b*. But as p; is prime, this yields p; | b, but as this is true 


for any p; we conclude gq | 6 from this. 


(2.21) Proposition: (viz. 715) 
Let again (R,+,-) be a commutative ring, a <i R be an ideal and b € R be an element of R. Then we 


obtain the following statements 


(i) The fraction @: 6 is an ideal of R again containing 4, formally that is 


(ii) The radical /@ even is a radical ideal of R containing 4, formally again 


a Cc va € Srad(R) 
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(iii) Going to fractions resp. taking to radical ideals is monotonous, concerning the inclusion of sets. 
That is, if a, 6 <i R are ideals and b € R, then we find 


ach = a:bCb:b 


ach = vac vb 
(iv) The fraction ideal @: b is proper if and only if b ¢ 4, that is we find the equivalency 
a:b=R = bea 


In particular, if p <j R even is a prime ideal then we have precisely two cases 


eee 
p:b = 
pifbgp 


(v) The intersection of a non-empty collection A C Srad(R) of radical ideals is a radical ideal again 


AC Srad(R), AZO => [)A€ Srad(R) 


(vi) Let again a; <j, R be an arbitrary family of ideals (i € J 40) and b € R. Then we find the equality 


(2.22) Proposition: (viz. 716) 
Let (R,+,-) be a commutative ring and a <i; R be an ideal of R. Then the following four statements 


concerning @ are equivalent 
(a) Vaca 


(b) a= V@is a radical ideal 


(c) Va€ Rwe get FkEN:a® ea = aea 


(d) the quotient ring R/d is reduced, ie. it contains no non-zero nilpotents 
nun (*/q) = {0+a} 


(2.23) Corollary: (viz. 716) 
Let (R,+,-) be a commutative ring and m, p anda <j R be ideals of R respectively. Then we have 
gained the following table of equivalencies 


m maximal <= > Bly field 
Pprime <=> Ri, non-zero integral domain 


dradical <> Hh reduced 
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where a ring S is said to be reduced, iff s* = 0 (for some s € S and k € IN) implies s = 0. And subsuming 


the properties of the respective quotient rings, we thereby find the inclusions 


Smax(R) C Spec(R) C Srad(R) 


(2.24) Proposition: (viz. 716) 
Let (R,+,-) be a commutative ring once more anda <j R be an arbitrary ideal of R. Then we obtain 


the following additional properties: 


(i) The radical of a is the intersection of all prime ideals containing a. And of course this is just the 


same, as taking the intersection of all prime ideals minimal over a: 


va = (){peSpec(R)|a c p} 


( ){p € Spec(R) |a C p}, 


— 
= 
a) 

~~ 


In particular the nil-radical of R is just the intersection of all (minimal) prime ideals of R 
nu(R) = VO = ( )Spec(R) = ()Smin(R) 


(iii) The map @++ V4 is a projection on the set of ideals of R (ie. it is idempotent). That is for any 


ideal A <j R we find the equality 
Vva = va 


(iv) Given an arbitrary ideal @ <j R and a prime ideal p <j R then for any k € IN we get the following 
implication 


jereva = p=va 
(v) Ifa and b <j R are any two ideals of R, then we find the following identity 


Vvab = Vanb = vanvb 


(vi) And thereby, for any 1 < n € N we find that the radical of the power Q” is just the radical of a 
again, that is the equality of 


var = va 


In particular: If @ € Srad(R) is a radical ideal already and 1 < n € NN, again then the radical of 
any power Q” is just @ again 


Ver = 


(vii) Leta <i R be a finitely generated ideal in the commutative ring (R,+,-). And let b <i, R be 


another ideal of R. Then we get the implication 


acvb = JkeN: ach 
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(viii) Consider an arbitrary family of ideals a; <i R (where i € J and I 4 Q is any non-empty set), then 


we obtain the following two inclusions 


>> va 


C S> a; 
ier ier 
IK) aS () VO; 
ie! iel 
(2.25) Remark: 


Due to (2.21.(v)) the intersection of radical ideals yields a radical ideal. And in (2.23) we have just seen 


Pi 


-) 


that maximal and prime ideals already are radical. Now recall that the jacobson-radical Jac(R) has been 
defined to be the intersection of all maximal ideals. And we have just seen in (2.24.(ii)) above that the 
nil-radical is the intersection of all (minimal) prime ideals. This means that both are radical ideals (and 


hence the word radical in their names) 


iac(R) = (\Smax(R) € Srad(R) 
NIL(R) = ( )Spec(R) € Srad(R) 


(2.26) Example: 
Note however that taking sums and radicals of (even finitely many) ideals does not commute. That is 
there is no analogous statement to (2.24.(v)) concerning sums a+). As an example consider R := E[s, t], 


the polynomial ring in two variables, where (£,+,-) is an arbitrary field. Now pick up 
~p := (s*-t)R and q := tR 


It is clear that Pp and q are prime ideals (as the quotient is isomorphic to the integral domain E[s] under 
the isomorphisms induced by f(s,t) > f(s,s?) and f(s,t) + f(s,0) respectively). However the sum 


~ + q of both not even is a radical ideal, in fact we get 


P+q = s-R+tR C sR+tR = \/pt+q 


Prob We first prove p+ q = s?R+¢tR - thus consider any h = (s? — t)f +tg € p +4, then h can be 
rewritten ash = s*f +t(g—f) € s*R+tR. But conversely t € q C P4+4q and s? = (s*—-t)+tEPpty. 
In particular s is contained in the radical of p+q and hence p+q C sR+tR C P+. As sR+tR is 
prime (even maximal) this implies the equality of the radical ideal. So finally we wish to prove s ¢p+q 
(and in particlar p + q is no radical ideal. Thus suppose s = s”f + tg for some polynomials f, g € R. 
Then (as s is prime and does not divide t) s divides g. To be precise we get g = sh for h = (1—st)/t € R. 
And hence we get s = sf + sth. Eliminating s we find 1 = sf + th, an equation that cannot hold true 
(as 1 is of degree 0 and sf +th of degree at least 1). Thus we got s? ¢ s*R+tR. 
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(2.27) Example: (viz. 718) 
Be aware that radicals may be very large when compared with their original ideals. E.g. it may happen 
that @ = aR is a principal ideal, but /@ is not finitely generated. In fact in the chapter of proofs we give 


an example where there even is no n € NN such that (/@)” C 4, as well. 


(2.28) Remark: 
Combining (2.21.(iii)) and (viii) in the above proposition it is clear that for an arbitrary collection of ideals 


a; <j, R (where i € J) in a commutative ring (R,+,-) we obtain the following equalities 


[S¢ va 
iel 
() Ge = () q; 
ie] \ iel 
(2.29) Example: 


The inclusions in (2.24.(viii)) need not be equalities! As an example let us consider the ring of integers 


R= Z. And let us take J = IN and a; = p’Z for some prime number p € Z. As any non-zero element of Z 
is divisible by finite powers p’ only the intersection of the a; is {0}. On the other hand \/@; = pZ due to 


(2.24.(vii)) and since pZ is a prime (and hence radical) ideal of Z. Thereby we found the counterexample 


[(\a: = V0 =0 Cc pZ= (\pZ = [() Vai 
iEIN 


EIN iE€IN 


(2.30) Proposition: (viz. 719) 
Let now y: R— S be a ring-homomorphism between the commutative rings (R,+,-) and (.S,+,-). And 
consider the ideals a <i; Rand} <j S. Then let us denote the transfered ideals of a and b 


bOR := yp *(b) di Rk 
aS := (y@)i si $ 


Note that in case that vy is surjective (but in generall), we get aS = y(a). Now, using these notions, we 


obtain the following four statements 


(i) Pulling back ideals commutes with taking radical ideals, that is the radical of the pull-back of is 
just the pull-back of the radical of 6 


VonR = VbnR 


(ii) This is not true for the push-out of ideals, here we only find: The push-out of the radical ideal of 


a is contained in the radical of the push-out of 4 


vas Cc vas = \/Vas 
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(iii) Now let us abbreviate by x any of the properties maximal ideal, prime ideal or radical ideal. Then 
we find the equivalencies 


Disax <— bnRisax 


And if ¢: R -» S even is a surjective homomorphism, then we obtain another set of equivalencies 


a+kn(y)isax <= aSisax 


(2.31) Remark: 


Let (R,+,-) be a commutative ring and let us introduce the following maps on the set of ideals of R, 
respectively on the set of subsets of the spectrum of R 


V Ideal(R) — P(Spec(R)) : a ++ {pe Spec(R)|a Cc p} 
()xitx 40 
P(Spec(R)) > Ideal(R) : X¥ 4 
Rifx=0 
Clearly these sets are partially ordered under inclusion, that is (Ideal(R), C) and (P(Spec(R)), C) are 


R 
partially ordered sets. Also it is clear that V and Il are anti-tonous (aka order-reversing), that is for any 
a,6 <; Rand any ¥, Y C Spec(R) we find that 


ach = V(b) 


IM 


v(a) 
XxCY = IQ) CI) 


Recall the notion of a Galois connection introduced in (0.20). In (2.24.(i)) we have seen that (V,IJ) is a 
Galois connection between (Ideal(2), C) and (P(Spec(R)), C), as these maps satisfy 


ac 
xX C VIX) 


[the latter property being trivial, as ()% C for any p € 4’}. As with any Galois connection V and I 
provide a one-to-one correspondence between their respective images, in this case these are 


Srad(R) 
Bp 3S 


Thereby Zp contains V(0) = Spec(R) and V(R) = @ and is closed under finite unions and arbi- 
trary intersections, as we have seen in (2.15). Thereby Zp are the closed set of a topology Or 


{ CV(a) |a <; R} on the spectrum of R. This topology is called the Zariski topology of Spec(R). 
() V(ai) 


i 
1EL ier 


v(As\ — Uva) 


i=1 
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2.4 Noetherian Rings 


In this section we will introduce and study noetherian and artinian rings. Both types of rings are defined 
by a chain condition on ideals - ascending in the case of noetherian and descending in the case of artinian 
rings. So one might expect a completely dual theory for these two objects. Yet this is not the case! In 
fact it turns out that the artinian property is much stronger: Any artinian ring already is noetherian, but 
the converse is false. And while examples of noetherian rings are abundant, there are few artinian rings. 
On the other hand both kinds of rings have several similar properties, e.g. both are very well-behaved 
under taking quotients or localizations. 

Throughout the course of this book we will see that noetherian rings have lots of beautiful properties. 
E.g. they allow the Lasker-Noether decomopsition of ideals. However in non-noetherian rings peculiar 
things may happen. Together with the easy properties of inheritance this makes noetherian rings one 
of the predominant objects of commutative algebra and algebraic geometry. Artinian rings are of lesser 


importance, yet they arise naturally in number theory and the theory of algebraic curves. 


(2.32) Definition: (viz. 833) 
Let (R,+,-) be a commutative ring, then R is said to be noetherian iff it satisfies one of the following 


five equivalent conditions 


(a) R satisfies the ascending chain condition (ACC) of ideals - that is any family of ideals a, <j R of 


R (where k € IN) that forms an ascending chain of ideals 


M Cam CC... © Ap © Agyr © 


becomes eventually constant - that is there is some s € NN, such that the chain actually is 


M Ca CC... © As = Aggy =... 


(b) Every non-empty family of ideals contains a maximal element, that is: Given A C Ideal(R) such 
that A # @) there is some a* € A* (ie Va € Awe get a* Ca => a* =a). 


(c) If (@;) C Ideal(R) is an arbitrary collection (i.e. i € J for an arbitrary set J 4 Q) of ideals of R, 
then there is a finite subset 2 C J such that 


da = DOM 


tel tEQ 


(d) Every ideal of R is finitely generated, formally that is: For any ideal @ <j R there are some 
a1,...,@, € R such that we get 


Q = (a1,...,4,) = aR+---+a,R 


(e) Every prime ideal of R is finitely generated, formally that is: For any prime ideal p € Spec(R) 


there are some ay1,...,a, € R such that 
p= (Qi 5.255. 0% = a,R+-:-+a,R 
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Note that the equivalency of (a) and (b) is true for any partially ordered set (X,<), due to (0.23). So this 
is just the special case of the set of ideals partially ordered under inclusion (Ideal(R), C). Properties 
(c) and (d) are a specialty of ideals in rings however. ACC gives rise to method of proving statements 


that is similar to induction: 


(2.33) Remark: Noetherian Induction: 

Let (R,+,-) be noetherian ring and P be a predicate on the set of ideals of R - i.e. P(a) either is true 
or false. Consider an arbitrary collection A C Ideal(R) of ideals of R. In order to prove that P holds 
true for all a € A, it suffices to prove the following 


VaeA: =P(a) = 3b€A: aC Band =P(b) 


Prob if there was some Qo € A such that P(do) is false, then there was some Q) := 6 € A such that 
Mo C a; and P(Q;) is false again. Then we find 2 := 6 with a, C 2 and —P(d2); continuing this way, we 
would end up with a strictly increasing chain My C @, C 2 C ... of ideals of R, which contradicts ACC. 


The dual property DCC of ACC on ideals gives rise to another interesting notion: Commutative rings 
satisfying DCC on ideals will be called artinian. And again we find an even longer list of equivalent 
statements. The similarity in the definition gives strong reason to study these objects simultaneously. 
But as often only one half of the equivalencies can be proved straightforwardly while the other half 
requires heavy-duty machinery that is not yet available. For a novice reader it might hence be wise to 


concentrate on noetherian rings only, for now. These will be the important objects later on. 


(2.34) Definition: (viz. 736) 
Let (R,+,-) be a commutative ring, then R is said to be artinian iff it satisfies one of the following six 


equivalent conditions 


(a) R satisfies the descending chain condition (DCC) of ideals - that is any family of ideals a, <i R 
of R (where k € NN) that forms a descending chain of ideals 


MG 2M D... D AR, D Agyi DC... 


becomes eventually constant - that is there is some s € IN such that the chain actually is 


GM 24 TD... DAs = Agyi =... 


(b) Every non-empty family of ideals contains a minimal element, that is: Given A C Ideal(R) such 
that A # 0) there is some a, € A, (ie Va € Awe geta C a, => 4=4,). 


(c) R is of finite length as an R-module - that is there is an upper bound on the maximal length of a 


strictly ascending chain of ideals, formally 


Mo,01,...,4 qi R: 
((R) := supi ke N it < 00 
MG Ca Cc... C Ay 
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(d) R is a noetherian ring in which any prime ideal already is maximal, in terms of the spectra of R: 


Smax(R) = Spec(R) 


(e) Ris a noetherian ring whose jacobson radical equals its nil-radical [i.e. ac(R) = NIL(R)] and that 


is semi-local |i.e. #Smax(R) < oc}. 


(2.35) Remark: 
So what does the noetherian resp. the artinian property mean? This can best be seen by considering a 


chain of principal ideals 0, = a, of some commutative ring R. For these an ascending chain 


GM Ca CC... C Op C O41 CC... CR 


is nothing but the chain of divisibilities of the elements a; | ao, a2 | a1 and so on, such that altogether 
we have ... Gei1 | ae | .-. | a2 | a1 | ao. It is well known, that e.g. for the integers R = Z any 
number a = ag € R only has finitely many divisors. Hence the chain of divisibilities has to stabilize 

= ds41 =as | ... | a2 | at | ao at some index s € NN. And this is precisely what the noetherian 


property needs: 


M Ca © ... C As = Aggy =... 


In other words the integers Z are an example of a noetherian ring, since the only ideals of Z are principal 
ideals. It is worth to note, that there are rings that actually contain elements with ininitely many divisors, 


e.g. the ring R{x} of analytic functions over IR allows the decomposition 


found bei Leonhard Euler. In particular R{x} cannot be a noetherian ring. Likewise a descending chain 


of principal ideals a, = a,R 


MM 04 D... DO C Miz DD... CR 


turns into an ascending chain of divivibilities ag | a1 | a2 |... | ax | axzi | .... This is something 
which is easily possible in the integers, polynomials and most other rings - just keep multiplying non-unit 


elements. The numbers a; will get larger, but there is no upper bound. 


In case of an artinian ring however, this chain has to stabilize which means that there is some s € IN such 
that asR = as41R =.... In particular for a, := a® for some fixed a € R we have a® € a®R = a®*!R. 
Thus there has to be some u € R such that a* = a**+u or in other words a®t+!(au —1) = 0. If aisa 
non-zero-divisor, so is a® such that in this case we would have au = 1. For this reason in an artinian 


ring R any non-zero-divisor already is a unit 


Rartinian = > nzo(R) = R* 
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From this it is clear that being an artinian ring already is a really strong property. And it is also clear, 


that it is hard to find examples of artinian rings that are not fields or finite rings. The artinian property 


lies in the zero-divisors of the ring. In consequence artinian rings not only are far less common but they 


also are severely more difficult to handle than noetherian rings. 


(2.36) Example: 
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Any field E is an noetherian and artinian ring, as it only contains the trivial ideals 0 and EF. In 


particular the only chain of ideals with strict inclusions is 0 C E and this is finite. 


Any finite ring - such as Z,, - is artinian and noetherian, as it only contains finitely many ideals 


(and in particular any infinity chain of ideals has to be eventually constant). 


We will study principal ideal domains (PIDs) in section 2.7. These are integral domains R in which 
every ideal d <j R is generated by some element a € R (that is 0 = aR). In particular any ideal 


is finitely generated and hence any PID is noetherian. 


The integers Z form an easy example of a noetherian ring (as they are a PID). But they are 
not artinian, e.g. they contain the infinitely decreasing chain of ideals generated by powers of 2: 
Z>2Z54Z>58Z42>...>H2Z2... 


We will soon see (a special case of the Hilbert basis theorem) that the polynomial ring R = 


E|ti,...,tn] in finitely many variables over a field E is a noetherian ring. And again this is no 


artinian ring, as it contains the infinitely decreasing chain of ideals R D t}R DURD... 


Of course there are examples of non-noetherian rings, too. E.g. let EF be a field and consider 
R:= Eft; | 1 < i € N] the polynomial ring in (countably) infinitely many indeterminates. Then 
R is an integral domain but it is not noetherian. Just let p, := (ti, ta,...,tz)i be the prime ideal 


generated by the first & indeterminates. Then we obtain an infinitely ascending chain of (even 


prime) ideals Pp; C Pp C ... C P, © 


Non-noetherian rings may well lie inside of noetherian rings: As an example regard the ring 
R= Eft; | 1 <7 € NJ again. As R is an integral domain R is contained in its quotient field F’. 


But as F is a field it in particular is noetherian. 


The standard example of an artinian ring in algebraic geometry is the following: Let R be a 
noetherian ring, e.g. R = Elti,...,tn], where E is a field. Now pick up finitely many maximal 
ideals M, to mM, of R and let f := mM, M---MM,. Geometrically speaking any maximal ideal 
corresponds to a point and the intersection to the union of these. Then A := R/{ is an artinian 
ring: It is noetherian since R is and its only has the maximal ideals m;/{. By construction these 
are only finitely many and it satisfies Jac(A) = {/f =0 C nit(A) C Jac(A). Hence A satisfies all 


the properties required in (e). 


As a counterexample consider the maximal ideal m = (t¢; | 7 © IN); in the polynomial ring of 
infinitely many variables R = E[t; | i € IN] over the field E. Then the ring S := R/m? is not 


noetherian but only has maximal prime ideals (it is of krull-dimension 0). 
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e (<) Another example from complex analysis: Let O := { f : C > C | f holomorphic } be the ring of 
holomorphic functions on C [that this is isomorphic to the ring C{z} of globally convergent power 
series]. Now let d, := {fe O|Vk<neEN: f(n) =0}. Clearly the a, <i O are ideals of O 
they even form a strictly ascending chain of ideals (this is a special case of the Weierstrass product 
theorem). Again © is an integral domain (by the identity theorem of holomorphic functions) but - 


as we have just seen, or by the Weierstrass factorisation theorem - it is not noetherian. 


(2.37) Proposition: (viz. 835) 
Let (R,+,-) be a commutative ring and fix « as an abbreviation for either of the words noetherian or 


artinian. Then the following statements hold true: 
(i) Ifa <i R is an ideal and R is x, then the quotient R/d also is a x ring. 


(ii) Let (S,+,-) be any ring and let py: R — S be a surjective ring-homomorphism. If now R is a x 


ring, then S is a x ring, too. 


(iii) Suppose R and S are commutative rings. Then the direct sum R@S is a x ring if and only if both 


Rand S are x rings. 


(2.38) Remark: 

We are about to formulate Hilbert’s basis theorem. Yet in order to do this we first straighten out a few 
things for the reader who is not familiar with the notion of an R-algebra. Consider a commutative ring 
(S,+,-) and a subring R <, S of it. Further let E C S be any subset, then we introduce the R-subring 
of S generated by E to be the following 


ei, m,neéE WN, a; € R, €i,7 € E 
1 


RIE] := a ai | 


4=1. j= 
Nota that 0 € R[X] as m =0 and 1 € R[E| as n = 0 are allowed. And thereby R[E] is a subring of 
S, containing R. In fact R[E] is precisely the R-subalgebra of S generated by E in the sense of section 
3.2. And for those who already know the notion of polynomials in several variables this can also be put 


in the following form 
RIE] = {flei,...,en) | l<neEW, fe Rlt,...,tn], ae E} 
In particular if F is a finite set - say EF = { €1,...,e€n } - we also write R[e1,...,en] := R[E]. And this 


is just the image of the polynomial ring R[t1,...,t,] under the evaluation homomorphism t; +> e;. 


(2.39) Theorem: (viz. 837) Hilbert Basis Theorem 
Let (S,+,-) be a commutative ring and consider a subring R <, S. Further suppose that S is finitely 
generated (as an R-algebra) over R, that is there are finitely many e1,...,e€n, € S such that S = 


Rliei,...,€n]. If now R is a noetherian ring, then S is a noetherian ring, too 
Rnoetherian = S=Rl[ey,...,en] noetherian 
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(<>) An extension of this theorem is the Noetherian Normalisation Theorem, that we will formulate in 
section 8.4. It states that a finitely generated commutative algebra A = F'lej,...,e€n] over a field F 
admits a subring S <, A such that S =, F[ti,...,ta] is isomorphic to a polynomial ring over F’ and 
A is finitely generated, as a module over S. However, for the time being, we have not introduced all the 


ingredients required for this. 


(2.40) Remark: 

The major work in proving Hilbert’s Basis Theorem lies in regarding the polynomial ring S = R[t]. The 
rest is just induction and (2.37.(ii)). And for this we chose a constructive proof. That is given a non-zero 
ideal 0 AU <i S we want to find a finite set of generators of U. To do this let 


M := {le(f)| feu, deg(f) =k} U{O} 


As dy is an ideal of R it is finitely generated, say 0, = (ax1,.. +) Okyn(k) )i where ax; = fri for some 
fri € UW with deg( fei) = k and ap; = le( fr). Further the a; form an ascending chain and hence there 


is some s € IN such that O, = A341 = Qs42 =.... Then a trick argument shows 


U = (fer |kKE0...8,7E1...n(k))i 


(2.41) Definition: 
Let (R,+,-) be any commutative ring and q,, ¢ <j R be a prime ideals of R. Then we say that q, 
lies directly under q if ¢, is maximal among the prime ideals contained in g. And we abbreviate this by 


writing 9, C.» 9. Formally that is 
Jo CoQ i= > gq, € {P © Spec(R)| Pp c q}° 
<= (1) q, © Spec(R) with gq, Cc q 
(2) V pe Spec(R) -g, OPC G = G,=Porp=q 


(2.42) Proposition: (viz. 839) 


Let (R,+,-) be a noetherian ring, then we obtain following three statements 


(i) Any non-empty set of ideals of R contains a maximal element. That is for any 0 4 A C Ideal(R) 
there is some Q* € A such that 


YaecA we get a* Ca a*=a 


(ii) Any non-empty set of prime ideals of R contains maximal and minimal elements. That is for any 
) AP C Spec(R) we get 
P.#0 and P* #0 


(iii) In particular for any two prime ideals p,q <j R with p C q there is a prime ideal q, lying directly 
under q. Formally that is 


q q, € Spec(R) : p = q, Cx q 
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(iv) Let a <i R be any ideal except 4 ¢ R, then there only are finitely many prime ideals lying 
minimally over @. Formally that is 


1 < #{PeSpec(R)|a C Pp}, < co 


(2.43) Proposition: (viz. 734) 


Let (R,+,-) be an artinian ring, then we obtain following seven statements 
(i) An artinian integral domain already is a field. 
(ii) Any artinian ring already is a noetherian ring. 


(iii) In an artinian ring R maximal, prime and minimal prime ideals all coincide, in terms of the spectra: 
Smax(R) = Spec(R) = Smin(R) 


(iv) Any artinian ring already is semilocal, that is it only has finitely many maximal ideals. 


(v) In an artinian ring R the jacobson radical and the nil-radical coincide and are nilpotent, formally 


yac(R) = niL(R) and dne€W: (iac(R))” =0 


(vi) For an artinian ring R the reduction R/NIL(R) is isomorphic to the (finite) direct sum of its residue 


fields. And we can even give the isomorphism explicitly 


Fer u(R) ~ © Bly > a+nit(R) > (a+m) 


m © smax 


(vii) An artinian ring R can be decomposed into a finite number of local artinian rings. That is there 


are local, artinian rings L; such that we get an isomorphy 
R =, Ly Oe: @ L,. 


Nota Thereby r := #Smax(R) is the number of maximal ideals of R and any L; is of the form 
L; = R/m! where n € WN such that (iac(R))” = 0. The isomorphism is natural: a+> (a+m’). 


(2.44) Corollary: (viz. 838) 
Let (R,+,-) be any commutative ring, then R is the union of a net of noetherian subrings. That is there 


is a family (R;) (where i € I) of subrings such that the following statements hold true 
(1) Rj <, Risa subring for any 2 € I 
(2) R; is a noetherian ring for any 7 € I 
(3) R=Uier Ri 


(4) Vi,g el dk € JI such that R; UR; C Ry 
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2.5 Unique Factorisation Domains 


The reader most probably is aware of the fact, that any integer nm € Z (apart from 0) admits a decom- 
position into primes. In this and the next section we will study what kinds of rings qualify to have this 
property. We will see that neotherian integral domains come close, but do not suffice. And we will see 
that PIDs will allow prime decomposition. That is the truth lies somewhere in between but cannot be 
pinned down precisely. 

According to the good, old traditions of mathematics we're in for a definition: A ring will simply said 
to be factorial, iff it allows prime decomposition (a mathematical heretic might object: "If you can’t prove 
it, define it!"). Then PIDs are factorial. And the lemma of Gauss is one of the few answers in which cases 
the factorial property is preserved. 

So we have to start with a lengthy series of (luckily very easy) definitions. But once we have assem- 
bled the language needed for prime decomposition we will be rewarded with several theorems of great 


beauty - the fundamental theorem of arithmetic at their center. 


(2.45) Definition: (viz. 840) 
Let (R,+,-) be a commutative ring and a, b € R be two elements of R. Then we say that a divides b 


(written as a | b) iff one of the following three equivalent properties is satisfied 
(a) be aR 
(b) bR C aR 


(c) SRER: b=ah 


And we define the order of a in b to be the highest number k € IN such that a” still divides b (if a” 
divides b for any & € IN, then the order of a in b is taken to be oo) 


(Osby. = sup{ ke N| be a'r} € NU{o} 


We say that a and b are associated, which we will denote as a ~ b iff there is some unit a@ € R* such 
that b = aa. And if R is an integral domain then a © 0 is true, iff one of the following three equivalent 


properties is satisfied 
(a) aR=bR 


(b) a | bandb|a 


(c) Jae R* : b=aa 


(2.46) Remark: 


(i) By construction * is an equivalence relation on R, that + is a reflexive, symmetric and transitive re- 
lation. And for any a € R the equivalency class of a € Ris given to be [a] = R*a:= {aa| ac R* }. 
In particular we have [0] = 0 and [1] = R*. 
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Prob we have a © a, as a = 1-a and if b = aa for some a € R* then also a = a‘ such that 
a ® b also implies b © a. Finally if a + b and b & « then we have b = aa and c = £b such that 


c = Baa and as Ba € R* (with inverse a !87!) again, this is a ¥ c. 


(ii) If R is an integral domain and a, b € R such that a £0 and a | b then the divisor h € R satisfying 
b = ah is uniquely determined. As we sometimes wish to refer to the divisor, it deserves a name of 


its own. Hence if R is an integral domain, a, b € R witha #0 anda | b we let 


; := h suchthat b = ah 


Prob we have to show the uniqueness: Thus suppose b = ag and b = ah then a(g — h) = 0. And 
as a#0 and Ris an integral domain this yields g — h = 0 and hence g = h. 


(2.47) Example: 
Let (R,+,-) be an commutative ring and a, b € R. Let us denote the ideal generated by a and b by 
a := aR-+bR. Now consider any polynomial f € Rit], 1 < k € WN and let d := deg(f). Then a 


straightforward computation yields 


7 ie 7 d k-1+i om 
flaa® — FO) = (ab) | SFE DO a’ 
i=0 j=0 


A special case of this is the third binomial rule a? — b? = (a — b)(a +b) which is obtained by letting 
f(t) :=t. Thus this cumbersome double sum on the right is the divisor of f(a)a* — f(b)b* times a — b. 
And in the case of an integral domain (and a ¥ J) this even is uniquely determined. And from the explicit 


representation of the divisor one also finds 


d k—147 
CLIO _ S- fli S> aib®-J ec gk 
i=0 j=0 


(2.48) Proposition: (viz. 840) 


(i) Let (R,+,-) be any commutative ring then for any a, band c € R the relation of divisibility satisfies 


all of the following properties 


1 |b 
a | 0 
a | ab 


Oo) he = he 
all = aceR 


| SS ae || be 
(ii) If a, b and wu € R such that u € NzD(R) is a non-zero divisor of R, then we find the equivalence of 
a|b <= > au| bu 
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(iti) If (R,+,-) is an integral domain, then divisibility is a reflexive, transitive relation that is antisym- 


metric up to associativity. Formally that is: For any a, b and c € R we get 


ala 
a|bandb|c = ale 


a|bandb|a => awb 


(2.49) Remark: 
Let (R,+,-) be a commutative ring, recall that we have defined the set of relevant elements of R to be 


the non-zero, non-units of R, that is 
Re = BY (R*U {0}) 


e R* =O is empty if and only if R= 0 or R is a field. 


Prob if R = 0 then trivially R® = 0. Conversely R® = 0 if and only if R = R* U {0} or in yet 
other words, if R* = R\ {0}. And this is just the definition of R being a field. 


e The complement of R® is multiplicatively closed (which means 1 ¢ R® anda, b ¢ R®° = > ab¢ R®) 
R\ R® = R*U{0} is multiplicatively closed 


Prob first of all we have 1 © R*U{0O} = R\ R® (whether R = 0 or not). Now consider a, b € R\ R®. 
If a = 0 or b= 0 then ab = 0 and hence ab € R\ R®. Else if a, b #0 then a, b € R* and hence 


ab € R*, as the inverse of ab can be given, to be bola eR: 


e If Ris an integral domain, then R® is stable under multiplication with non-zero elements: That is, 
ifa,r € R with a #0 andr € R®, then we get ar € R® again. 


Prob if we had ar = 0, then a = 0 or r = 0, as R is an integral domain. But this is not the case. 
Suppose ar € R*, that is aru = 1 for some u € R. Then r(aw) = 1 such that r € R* with inverse 


au. But as r € R® this is untrue, as well, such that ar € R°. 


(2.50) Definition: 
Let (R,+,-) be a commutative ring and p € R be an elements of R. Then p is said to be irreducible if p 


is a relevant element of R but cannot be further factored into relevant elements. Formally iff 
(1) pe R 
(2) Va,be R: p=ab = ac R*orbe R* 


Likewise p € R is said to be a prime element of R, iff it is a relevant element of R such that it divides 


(at least) one of the factors in every product it divides. Formally again, iff 
(1) pe Re 
(2) Va,bEe R: p| ab = plaorp|b 
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(2.51) Definition: 
Let (R,+,-) be a commutative ring and a € R and let x abbreviate either the word prime or the word 
irreducible. Then a tupel (a, p1,..., px) (with k € IN and k = 0 allowed!) is said to be a x decomposition 


of a, iff all of the following three properties are satisfied 
(1) aE R* 
(2) a = ap,...Dr 


(3) Viel...n:p Ee Ris x 


If (a, p1,.--,Pk) at least satisfies (1) and (3) then let us agree to call it a * series. Now two x se- 
ries (@,p1,.-.,Pr) and (8,q1,...,q1) are said to be essentially equal (written as (a,pi,...,DK) © 
(3,q1,---,q1)), iff k = 1, both decompose the same element and the p; and q are pairwise associated. 


Formally that is (a, p1,...,pr) © (8,q1,---,q1) ==> (1), (2) and (3) where 
(yk=l 


(2) ap1...pe = B-..u 


(3) doe Sp: Viel...k: pi ® qo) 


(2.52) Example: (<>) 
Let (R,+,-) be an integral domain and a € R, then the linear polynomial p(t) := t — a € Rit] is prime. 


Note that this need not be true unless R is an integral domain. E.g. for R = Ze we have 
t—1=(2¢4+1)(8¢-1) but t-1/2t+1,t-—1/3t-1 


Prob consider f, g € Rt] such that p | fg. that is there is some h € Rit] such that (t—a)h = fg. In 
particular f(a)g(a) = (fg)(a) = (a — a)h(a) = 0. As R is an integral domain this means f(a) = 0 or 
g(a) = 0. And from this again we get p=t—a| f orp=t—a | g. 

(2.53) Definition: 


e Let (R,+,-) be a commutative ring again and § # A C R be a non-empty subset of R. Then we 


say that m € Ris a common multiple of A, iff every a € A divides m, formally 
Alm :<== VaeEeA:alm 


e And thereby m is said to be a least common multiple of A, iff m is a common multiple that divides 


any other common multiple 


(1) A | m 


(2) VneR: Aln =Smin 


And we denote the set of least common multiples of A by lcm(A) ie. 
lcem(A) := {me R| (1) and (2) } 
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Analogous to the above we say that an element d € R is a common divisor of A, iff d divides every 
a € A, formally again 
d|A :=> VaceA:dla 


And thereby d is said to be a greatest common divisor of A, iff d is a common divisor that is divided 


by any other common divisor 


(1) d| A 
(2) Vee R:c|A=cld 


And we denote the set of greatest common divisors of A by gcd(A) ie. 


gcd(A) := {de R| (1) and (2) } 


Finally A is said to relatively prime, iff 1 is a greatest common divisor of A. And by (2.48) this 


can also be formulated, as 


A relatively prime :<==> 1 € gcd(A) 


= VcE€R: clAsScEeR 


By abuse of notation a finite family of elements aj,...,a, € R is said to be relatively prime, iff 


the set {a1,...,@,} is relatively prime. 


(2.54) Remark: (viz. 842) 


(i) 


(iii) 
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A special case is A = {a} for some a € R. In this case we trivially have a € lcm(A) and 
a € gcd(A). And if R is an integral domain then (2.55.(ix)) tells us that thereby 


lcm(A) = gcd(A) = aR* 
In particular we get lcm(1) = gcd(1) = R* and lem(0) = gcd(0) = {0}. 


If A # Q then picking up 1 does not change the least common multiple and picking up 0 does not 


change the greatest common divisor 


lem(AU{1}) = lcm(A) 
ged(AU{0}) = ged(A) 


In a general commutative ring R for any non-empty subset A 4 @) we find that 0 € gcd(A) is 
equivalent to A = {0} 
0€gced(A) — A= {0} 


And if R is an integral domain and A C R is non-empty and finite, then 0 € lcm(A) also is 
equivalent to to A = {0} 
0€lem(A) — A= {0} 
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(iv) If A is an infinite subset, then lcm(A) may be zero, as well: As an example consider R = Z and 
A=N, then A | k is equivalent to & = 0 and hence lcm(A) = { 0 }. 


(2.55) Proposition: (viz. 840) 


(i) Let (R,+,-) be a commutative ring, p € R be a prime element and aj,...,a, € R be arbitrary 


elements of R. Then we obtain the following implication 


k 
p | [[: => AED AROS | ets 
i=l 
(ii) Let (R,+,-) be a commutative ring and p € R. Then pis a prime element iff p 4 0 and the principal 
ideal pR <, Ris a prime ideal, formally that is 


pEeRprime <— pF0 and pR < R prime 


(iii) Let (R,+,-) be a commutative ring, p € R and a € R* a unit of R. Let us again abbreviate the 


word prime or irreducible by x, then we have the equivalencies of 


pisx — apisx 


(iv) Let (R,+,-) be an integral domain. Then any prime element of R already is irreducible. That is 
for any p € R we find the following implication 


pis prime => pis irreducible 


(v) Let (2,+,-) be an integral domain 0 4 a € R and b € R® be a non-zero non-unit. Then we obtain 


the following strict inclusion of ideals 


(ab)R Cc aR 


(vi) Let (R,+,-) be an integral domain and consider a non-unit f € R\ R* and a prime element p € R. 


If f divides p, then f and p already are associates (and vice versa), which is the equivalency 
Ce a a ccd 


(vii) Let (R,+,-) be an integral domain, consider some elements a, b € R and suppose d € gcd { a,b } 


is a greatest common divisor of a and b. Then the elements a/d and b/d € R are relatively prime 


Qo 


degcd{a,b} => Le gcd & 
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(viii) Let (R,+,-) be an integral domain. Then the set D of all d € R that allow a prime decomposition 
is saturated and multiplicatively closed. That is D := {ap,...pz, | a€ R*, k EW, p; € R prime} 
satisfies the properties 


ak E D 
cde D = cdeD 


(ix) Let (R,+,-) be an integral domain and suppose p1,...,px and q,...,q € R are finite collections 
of prime elements of R (where k, | € IN with k = 0 and / = 0 allowed) and let a, 6 € R* be two 


units of R. Then the prime decompositions are essentially equal, in the following sense 


o € Sz such that 


a Seed — ee rae ; 
Pi... De = BQ---q Viel...k : pi doy) 


(x) Let (R,+,-) be an integral domain and @ 4 A C R be a non-empty subset of R. Further let d, 
m € R be two elements of R, then we find the equivalencies 


meéelem(A) <> lem(A) =mR* 
dégcd(A) <= gcd(A) = dR* 


(2.56) Theorem: (viz. 843) 
Let (R,+,-) be a noetherian integral domain and fix some elements a, b and p € R where p is prime. 


Then we obtain the following statements 
(i) If a € R® then the order in which a divides 6 is finite, formally put that is 


(a|b) € N 


(ii) The order of a prime element p € R has the properties of a logarithm - it turns multiplications into 


additions and powers (n € NN) into multiples 


(p| ab) = (p|a)+ (p|6) 
(p | a”) n+ (p | a) 


(iii) Any a € 0 admits an irreducible decomposition. That is there are some a € R* and finitely many 


irreducible elements p,,...,p% € R such that 
a = Apl..-Dk 


(iv) IfO AP <j Ris any prime ideal of R then p is generated by finitely many irreducible elements. 
That is there are p1,...,px © R irreducible with 


p = DigrernOie i 
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(v) Let P C R® be a set of pairwise non-associate non-zero non-units of R. That is we assume that 
for any p, ge P we get px q => p=gq. Then for any a £ 0 the number of p € P that divide a 
is finite, formally again 

#{peEP|acepR} < o 


(vi) Let 6 € R® be a non-zero, non-unit of R. Further consider a finite collection qi,...,q, € FR of 


prime elements of R that are pairwise non-associate. That is for any 2, 7 € 1...k we assume 
Gg => t=3j 


If now p € FR is any prime element of R then we obtain the following two statements 


Qc Tae | b 
i=1 


b = 
o> = op |] -xor Ave Tec ki ong 
a 


(2.57) Definition: (viz. 846) 
We call (R,+,-) an unique factorisation domain (which we will always abbreviate by UFD), iff R is an 


integral domain that further satisfies one of the following equivalent properties 


(a) Every non-zero element admits a decomposition into prime elements. That is for anyO Aac R 


we get the following statement 


4 (a, p) = (a, p1,.--, Pk) prime decomposition of a 


(b) Every non-zero element admits an essentially unique decomposition into irreducible elements. That 


is for any 0 #a € R we have 


(1) S(a,p) = (a,p1,..., px) irreducible decomposition of a 


(2) (a, p), (6,q) irreducible decompositions of a => (a,p) © ((,q) 


(c) Every non-zero element admits a decomposition into irreducible elements and every irreducible 


element is prime. Formally that is 


(1) VOAaeER FA(a,p) irreducible decomposition of a 


(2) Vpe€ R : pprime <== p irreducible 


(d) The principal ideals of R satisfy the ascending chain condition and every irreducible element is 


prime. Formally that is 


(1) for any family of elements a, € R (where k € IN) of Rsuch thatagR C aR C... C agR © 
Gp41Rk C ... there is some s € IN such that for any 2 € IN we get as4;R =a;R. 


(2) Vpe R : pprime <=> p irreducible 
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(e) Any non-zero prime ideal of R contains a prime element of R, formally 


VYOAPE Spec(R) dpe P prime : peyY 


(f) (%) Let D := {ap,...p, | a € R*, k € WN, p; © R prime} denote the set of all elements d ¢ R 


that allow a prime decomposition again. Then either R = 0 is the zero ring or the quotient field of 


R is precisely the localization of R in D, formally 


quot(R) = D'R 


(2.58) Remark: 
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The zero-ring R = 0 trivially is an UFD. As it does not contain a single non-zero element such 
that condition (a) of UFDs is void (hence true). 


Property (b) guarantees that - in an UFD (R,+,-) - any nonzero element 0 4 a € R admits an 
irreducible (equivalently prime) decomposition a = ap; ...p,z, that even is essentially unique. And 
this uniqueness determines the number k of irreducible factors. Hence we may define the length 


of a to be precisely this number 


f(a) := k where (a,pi,...,p%) prime decomposition of a 


Any field (£,+,-) is an UFD, as we allowed & = 0 for a prime decomposition (a,p1,..., px). To 


be precise if0 A£a € E then a € E* already is a unit and hence (a) is a prime decomposition of a. 


In the next section we will prove that any PID (i.e. an integral domain in which every ideal can be 


generated by a single element) is an UFD. 


If (R,+,+) is a noetherian integral domain in which any irreducible element is prime, then R is an 


UFD. This is clear from property (d). 


If (R,+,-) is an UFD then so is the polynomial ring R[t] (this is the one of the lemmas of Gauss 
that will be proved in (7.37)). 


() If (R,+,-) is an UFD and U C R is multiplicatively closed, then U-!R is an UFD too. In 
fact, if p € R is a prime element then p/1 either is a unit or a prime in U-!R. This will be proved 
in (2.124). 


(}) A subring O <, C of the complex numbers is said to be an algebraic number ring, iff any 
a € O satisfies an integral equation over Z (that is there is a normed polynomial f € Z[t] such 
that f(a) = 0). We will see that any algebraic number ring O is a Dedekind domain. And it is 
also true, that O is an UFD if and only if it is a PID. 


This list of UFDs is almost exhaustive. At the end of this section we will append a list of counter 
examples such that the reader may convince himself that the equivalencies in the definition of an 


UFD cannot be generalized. 
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(2.59) Remark: 
It is often useful not to regard all the prime (resp. irreducible) elements of R but to restrict to a repre- 


sentative set modulo associateness. That is a subset P C R such that we have bijection of the form 
Pes CSTE RDC > ph pR 


Prob this is possible since ~ is an equivalence relation on R& of which the equivalence classes are pre- 
cisely aR* by (2.48). In particular ~ also is on equivalence relation on the subset P of prime elements 
of R. And by (2.55) we know that for any p € P we have [p] = {q € P| p = q} = pR* again. Hence we 


may choose P as a representing system of P/ = by virtue of the axiom of choice. 


(2.60) Example: 


e The units of the integers Z are given to be Z* = {—1,+1}. That is associateness identifies 
all elements having the same absolute value, aZ* = {—a,a}. And thereby we can choose a 
representing system of Z modulo ~ simply by choosing all positive elements a > 0. Thus we find 


a representing system of the prime elements of Z by 


P := {pE€Z\|p prime, 0<p} 


e (%) Now let (£,+,-) be any field and consider the polynomial E[t]. Then we will see that the 
units of E[t] are given to be E[t]* = E* = {at®? |0 A a € E}. Thus associateness identifies all 
polynomials having the same coefficients up to a common factor. That is we get fE|t|* = {af | 
0#a€ E}. Thus by requiring a polynomial f to be normed (ie. f[deg(f)] = 1) we eliminate this 


ambiguity. Therefore we find a representing system of the prime elements of Et] by 


P := {p€ E[t] | p prime, normed } 


(2.61) Theorem: (viz. 847) 
Let (R,+,-) be an UFD, p € R be a prime element and 0 4 a, b € R be any two non-zero elements. 


Then the following statements hold true 


(i) Suppose (a, p1,...,px) is a prime decomposition of a. Then for any prime p € R the order of p in 


a can be expressed as the number of appearances of an associate of p in the decomposition: 
(pla) = #{1€1...k|pxp,} € N 


(ii) (As in noetherian integral domains) the order of a prime element p € R has the properties of a 


logarithm - it turns multiplications into additions and powers (n € IN) into multiples 


(p| ab) = (p|a)+ (p|b) 
(pl a") = n-(p| a) 
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(iii) 


(iv) 


(vii) 


(vii) 
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We can reformulate divisibility like: @ divides b if and only if for any prime p the order of p in a 


does not exceed the order of p in b. Formally that is the equivalency of 


a|b <=> YpeER prime: (p|a) < (p| b) 


If d € R divides ab but a and d are relatively prime, then d already divides b. Formally that is the 
following implication 
d| ab and 1egcd{a,d} = d|b 


Let P be arepresenting system of the prime elements modulo associateness. Then foranyOAaceR 


we obtain a unique representation 


laceR A! n= (n(p)) € PN : a=a]][p™™ 


peP pEP 


and thereby we even have n(p) = (p | a) such that the sum of all n(p) is precisely the length of a 


(and in particular finite). Formally that is 


peP 


Nota that n € @,IN, that is n : P — WN is a map such that the number of p € P with n(p) 4 0 
is finite. And hence the product over all p”) (where p € P) well-defined using the notations of 


section 1.3. 


Let P be a representing system of the prime elements modulo associateness again. And consider a 


non-empty subset @ 4 A C R such that 0 ¢ A. Then A has a greatest common divisor, namely 


[[2" € gcd(A) where m(p) :=min{ (p|a)|ae A} 
peP 


Likewise if A = {a1,...,an} C Ris a non-empty, finite (1 <n € IN) subset with 0 ¢ A then A 


has a least common multiple, namely 


I] pr) € lem(A) where n(p) := max{(p|a)|ae A} 
peEP 


Let A := {a,b} and d © gcd(A) be a greatest common divisor, m € lcm(A) a least common multiple 


of a and b. Then we obtain 


If0 £ a, b,c € Rare any three non-zero elements of R, then the least common multiple and greatest 
common divisor of these can be evaluated recursively. That is if d € gcd{a,b} and m € lcm{a, b} 


then we get the recursion formuale 


gcd{a,b,c} = gcd{d,c} 


lem{ abe} = ‘lem frie} 
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(2.62) Proposition: (viz. 849) (>) 


Any UFD R is a normal domain. Thereby a commutative ring (R,+,-) is said to be normal (or integrally 


closed), iff R is integrally closed in its total ring of fractions. That is R is a normal domain, iff it satisfies 


the following two properties: 


(1) Ris an integral domain 


(2) R is normal, that is: For any a, b € R with a ¥ O we get: If there is some monic polynomial 


f € Rit] such that f(b/a) = 0 € quot(R), then we already had a | 8. 


(2.63) Example: (viz. 850) 


(i) UFDs need not be noetherian! As an example regard a field (E,+,-), then the polynomial ring 


(ii 


(iii 


i) 


a 


in countably many variables E[t; | 7 € IN] is an UFD by the lemma of Gauss (7.37). But it is not 


noetherian (by the examples in section 2.4). 


Noetherian integral domains need not be UFDs! As an example we would like to present the 


following algebraic number ring 
VAR ee {a+ ibv3 | a,be zs ce 


It is quite easy to see that in this ring 2 € Z[/—3] is an irreducible element, that is not prime. 
Hence Z[,/—3] cannot be an UFD. Never the less it is an integral domain (being a subring of C) 
and noetherian (by Hilbert’s basis theorem (2.39), as it is generated by /—3 over Z). 


Residue rings (even integral domains) of UFDs need not be UFDs! As an example let us start with 
the polynomial ring R[s,t] in two variables over the reals. Then R{s,t] is an UFD by the lemma 


of Gauss (7.37). Now consider the residue ring 
a= Ris.tl/, where p := (s?+2?—1)R[s,t] 


Then p(s,t) = s*? +t? —1 € R{s,t] is an irreducible (hence prime) polynomial, such that p is a 
prime ideal. Yet we are able to prove that R is no UFD (in fact we will prove that there is an 


irreducible, non-prime element in a certain localization of A). 
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2.6 Euclidean Domains 


For now we have studied the internal structure of rings. But if we take a look at polynomial ring (we 
have introduced the easiest, but most important case in (1.32)) we see that these feature the degree 
as an external function that neatly defines the structure of the ring. The most noteworthy property of 
polynomials is division with remainder. We already encountered this with the integers Z, as well. In this 
case the external function is the absolute value. So it seems worthwhile to study these external functions 
and their impact on the ring’s internal structure in general. As an instructive example let us stick to the 


polynomials first: 


(2.64) Lemma: (viz. 600) 
Let (R,+,-) be any commutative ring and fix a monic polynomial f € R[t] (ie. lc(f) = 1) over R. Then 
for any other polynomial g € R[t] there are g, r € Rit] such that the following two properties hold true 


(1) g=aft+r 
(2) deg(r) < deg(f) or r =0 


If R is an integral domain, then these polynomials g and r are uniquely determined and it is customary 


to introduce two binary operations, to denote them 


gdiv f := q 
g mod f := r 


(2.65) Remark: 
The proof of the above lemma even provides an algorithm (that we present in pseudo-code here) how to 


iteratively compute these polynomials g and r 


input f € Rit] monic, 
g € Rit] 
initialisation q< 0 
reg 
m + deg(f) 
algorithm while r 4 0 and deg(r) > deg(f) do begin 
n < deg(r) 
pegqtle(r)t?-™ 
q*qtp 
r<er—p-f 
end-while 


output qr 


Let us take the division with remainder property of polynomials as a pattern how to generally define 
what a division with remainder should provide. As an ingredient we need an external function v = deg 


that gives a criterion when the remainder r is smaller than the dividend /. 
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(2.66) Definition: 

Let (R,+,-) be an integral domain and v be a mapping of the form v: R\ {0}— N. Then the ordered 
pair (R,v) is said to be an Euclidean domain, iff R allows division with remainder - that is for any a, 
be Rwith a £0 there are g, r € R such that we get 


(1) b=qa+r 


(2) v(r) < v(a) or r =0 


(2.67) Remark: 


e In this general setting the division with remainder need not be unique. Even in case R = Z of the 
integers we have 7 = 3-2+ 1 but also 7 = 4-2 —1. It does get uniquely determined once we 
impose the additional condition r > 0, as we have seen in (1.28). However we will sometimes want 
to address these elements g and r € R, even if there is no deterministic function to do so. Hence q 
is said to be the quotient and r is said to be the remainder of this operation. And we occasionally 
dare to employ the following notation, even if it suggests a functional correspondence that does 


not exist in the general setting! 


b diva 


II 
2 


b moda := r 


e We will employ a notational trick to eliminate the distinction of the case r = 0 in the definition 


above. To do this we pick up a symbol —oo and set —oo < n for any n € NN. Then we extend v to 
vy: R>NU{-oo} : of 
Thereby the property to allow division with remainder simply reads as: For any a, b € R with 


a #0 there are g, r € R such that we get both of the properties 


(1) b=qat+r 
(2) v(r) < v(a) 


e In an Euclidean domain (R,v) any a € R that satisfies v(a) = 0 already is a unit a € R* of R. The 


converse need not be true however. That is we have the inclusion (but not necessarily equality) 
{aE R|v(a)=0} C R* 


Prob using division with remainder we find g, r € R such that 1 = ga+r and v(r) < v(a) = 0. But 


this can only be if v(r) = —oo and hence r = 0. But this means 1 = ga again and hence a € R*. 


(2.68) Example: (viz. 852) 


(i) If (E,+,-) is a field, then (E,v) is an Euclidean domain under any function v : FE \ {0} > N. 
Because for any 0 Aa € E and b€ E we may let q := ba! and r := 0. 
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(iit) The ring Z of integers is an Euclidean domain (Z, a) under the (slightly modified) absolute value 


(iii 


(iv 
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) 


— 


a as an Euclidean function 
aifa>0 
a:Z4WNU{-co}: an —aifa<0 
—oo ifa =0 
In fact consider 1 < a € Z and any b € Z then for g := b diva and r := b mod a (see below for a 
definition) we have b = aq+r and 0 <r < a (in particular a(r) < a(a)). And in case a < 0 we 
can choose qg and r similarly to have division with remainder. 
bdiva := max{qe Z| aq<b} 
bmoda := b-—(bdiva)-a 


If (E,+,-) is a field then the polynomial ring E[t] in one variable over E is an Euclidean domain 
(E|t], deg) under the degree function 


deg : Eft]\ {0} : fre max{keN| f[k] 40} 


This is true because of the division algorithm for polynomials - see (2.64). Note that the division 
algorithm can be applied as any non-zero polynomial can be made monic, since £ is a field. 
However R{t] will not be a Euclidean ring, unless RF is a field. Also, though the division algorithm 
for polynomials can be generalized to Buchberger’s algorithm it is untrue that the polynomial ring 


Efti,...,tn] is an Euclidean domain (for m > 2) under some Euclidean function v. 


Consider any d € Z that is not the square of another integer, that is Vd ¢ Q. Then we consider 
the subring of C generated by Vd 


ZV] := {a+bvd|abeZ} ce 


Then the representation 2 = a + bV/d € Z[Vd] is unique (that is for any a, b, f and g € Z we get 
at+bV/d= f+gVvd <> (a,b) = (f,g)). And thereby we obtain a well-defined ring-automorphism 
on Z| Vd] by virtue of 7 =a+ b/d @:=a—bVd. Now define 


vy: ZVd]\{O}3N : r=a+bVdH |az| = |a? — db?| 


Then v is multiplicative, that is v(ay) = v(x)v(y) for any x, y € Z[Vd]. And it is quite easy to 
see that the units of Z[Vd] is given to be 


Z[va\* = {cezlvd | v(w) =1} 


We will prove that for d < —3 the ring Z[Vd] will not be an UFD, as 2 is an irreducible element, 
that is not prime. Yet for d € {—2, —1, 2,3}, we find that (Z[Vd], v) is an Euclidean domain. 


2 Commutative Rings 


(2.69) Proposition: (viz. 854) 
Let (R,v) be an Euclidean domain and 0 4 a, b € R be two non-zero elements. Then a and b have a 


greatest common divisor g € R that can be computed by the following (so called Euclidean) algorithm 


input OAa,bER 
initialisation if v(a) < v(b) 
then (f <a, g + b) 
else (f — b, ga) 
algorithm while f 4 0 do begin 
choose q, r € R with 
(9 =af +r and v(r) < v(f)) 
GTi te 
end-while 


output g 


That is given 0 4 a, b € R we start the above algorithm that returns g € R and for this g we get 
g € gcd{a, b}. If now g denotes the greatest common divisor g € gcd{a, b} of a and b, then there are r 
and s € R such that g = ra+ sb. And these r and s can be computed (along with g) using the following 


enhancement of the Euclidean algorithm 


input 04a,bER 
initialisation if v(a) < v(b) 
then (fi <— }, fo <a) 
else (f1 <a, fo <— b) 
algorithm kel 
repeat 
kek+1 
choose gz and fp41 € R with 
(fe—1 = dete + fev 
and v( fri) < v(fr)) 
until frett = 0 
nekg< fn 
rg + 1, s9 + 0 
r3 — —qo, 83 + 1 
for k = 3 to n — 1 step 1 do begin 
Tet — TR-1 — UkTk 
Sk4+1 — Sk-1 — WkSk 
end-for 
if v(a) < v(d) 
then (r <— Tp, § < Sp) 


else (r © Sn, 5 < Tn) 


output g, rand s 
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(2.70) Remark: () 
In the case of R = Z it is well-known, that the units of Z, = Z/aZ are precisely those b + aZ that 


satisfy gcd(a, b) = +1. And thereby the enhanced Euclidean algorithm even provides an efficient way of 
finding the inverse of b+ aZ. Use the algorithm to obtain r and s € Z such that 1 = g = ra+ sb, then 
1+aZ = (bs +aZ) = (b+aZ)(s+aZ). Hence s + aZ is the inverse of b+ aZ. As an example this is 
applied in the RSA algorithm. 


(2.71) Remark: 

Presented in pseudo-code (as we did here) the Euclidean algorithm may seem a little artificial, but 
the idea behind it is quite simple: Given a and b € R we first look for a greatest common divisor g 
of a and b. First we arrange a and b in ascending order, that is we let { f1, fo} = {a,b} such that 
v(f2) < v(fi). Then we use division with remainder successively, denoting q, := f,—1 div f, and 
feta t= fei mod fz. That is the next f,41 is the remainder under the division of f,_1 by f;. Hence 


we get a sequel of equations 


fi = fet fs 
fr a3.f3+ fa 


5 oe = (Preise Pe aa 
pet dnfn +0 


The thing is that at some point n € IN we find the remainder f,+1 = 0, that is fr, divides fn_1. Once we 
have arrived here g := f,, is a greatest common divisor of a and b. In other words: The greatest common 
divisor of a and b is the last non-zero remainder f, in this chain of divisions with remainder. 

But the enhanced Euclidean algorithm yields even more: There are some r and s € R such that 
g = ra+sb. And the idea to find these coefficients r and s is quite simple again: Solve the above 


equations for the respective remainders, that is 


fs = fi-afe 
fa = fo—a3fs 
fs = f3—qafa 


fn = fn—-2 — Qn-1fn-1 


Then we may replace f3 in the equation for f4 using the equation beforehand, resulting in fy = fe — 
q3(f1— qo fe) = (1+42)fe—a3fi. Now fz and f, appear in the equation for fs; again. Replacing both with 
preceeding two equations we find fs = (f1—q2f2)—q4((1+42) fo—aa fi) = (1+9394) fi — (G2 t+44+ 204) fa. 
Continuing like this we finally arrive at some equation of the form f, = Of; + Of. And as g = fp is 


the greatest common divisor and f; and f2 are just a and b this is precisely what we sought. 
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All this can be summarized in the following table: Let us assume v(a) < v(b) and recall the notation 
b div a:=q and b mod a := r where qg and r € R are some (not uniquely determined) elements such 


that b= qa+r and v(r) < v(a). Then we can compute a greates common divisor g € gcd(a, b) 


kK fea tr Frat dk 
2 b a b mod a b div a 
3 a b mod a * * 


Ke pet tr fe-1 mod f, fei div fr 
kt+1 of fr+t fe mod frii fe div feta 


n-1 fn—2 fn-1 g * 
nN fn-1 g 0 fn-1/9 
The expanded Euclidean algorithm appends this table by the columns rz, and s,; in order to compute the 


elements r, s € R such that g =ra+ sb 


k dk Tk Sk 
2 b div a 1 0 


3 x —(b div a) 1 


k fe-1 div fe Tk-2- Qe-1Tk-1 — Sk—-2 — Uk-18k—-1 
k+1 fe div feyt 9 TR-1 — Ok Tk-1 — Uk" k 
n fn-1/9 r 8 
(2.72) Example: 
As an application we want to compute the greatest common divisor of a = 84 and b = 1330 in Z. That 
is we initialize the algorithm with f; := 6 = 1330 and fo := a = 84. Then we find 1330 = 15 - 84+ 70 
(at & = 2), which is gg = 15 and f3 = 70. Thus in the next step (now k = 3) we observe 84 = 1-704 14, 
that is we may choose q3 := 1 and f, := 14. Now (at counter k = 4) we have 70 = 5- 14+ 0 which 
means q4 = 5 and fs =0. Thus for n := k = 4 we have finally arrived at f,41 = 0 terminating the first 
part of the algorithm. It returns g = f, = 14 the greatest common divisor of a = 84 and b = 1330. The 
following table summarizes the computations 
Koofe-a fk feta 
2 1330: -84- °70.- 15 


3 84 70 14 1 
4 70 14 0 s) 


Now in the second part of the algorithm we initialize rp := 1, sg := 0, r3 := —qg2 = —15 and s3 := 1. 
Then we compute rq := rg — q3gr3 = 16 and sq := s2 — q3s3 = —1. As n = 4 this already is r = ry = 16 
and s = s4 = —1. And in fact ra + bs = 14 = g. Again we summarize these computations in 


Kk dk Tk Sk 


2 15 1 0 
3 1 -15 $1 
4 5 16 -1 
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(2.73) Proposition: (viz. 855) 

Consider an integral domain (R,+,-) and let n € IN, then we recursively define a subset R,, of n-th 
level elements of . The 0-th level elements are the units of R. The (n+ 1)-th level elements are those 
a € R, that divide all b € R up to some n-th level element r € Ry. Formally that is 


Ro := R= {ae R|ADER: ab=1} 
Rnui := {aE R\{0} | VOeRAreR, U{0}:a| b-r} 


(i) The sets R, form an ascending chain of subsets of R, i.e. for any n € IN 


Ro: GS URES sea, A US Reed SC 


(ii) If R(,v) is an Euclidean domain that for any n € WN the set of a € R with a £0 and v(a) < nis 


contained in R,, formally that is 
{aE R|v(a)<n} C R,U{0} 


(iii) Conversely if the R, cover R, that is R\ {0} = U,, Rn, then (R, 4) becomes an Euclidean domain 


under the following Euclidean function 
w: R\{0O}: anmin{fne Nl ae R,} 
And thereby we obtain the following two statements for any a,b € R, b #0 
ua) < pad) 
p(b)=p(ab) — ack 


(iv) In particular we obtain the equivalency of the following two statements 


R\{0}= (i) R, <> av: (R,v) Euclidean domain 
nelN 


(v) If (R,v) is an Euclidean domain, then (A, 4) is an Euclidean domain, too and for any a € R we 


get (a) < v(a). That is ys is the minimal Euclidean function on R. 
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2.7. Principal Ideal Domains 


(2.74) Definition: 
Let (R,+,-) be any commutative ring, then an ideal a <j R is said to be principal, iff it can be generated 
by a single element, i.e. d = aR for some a € R. And BR is said to be a principal ring iff every ideal of 


R is principal, that is iff 


Vad Rjaae€R : G=aR 


Finally R is said to be a principal ideal domain (which we will always abbreviate by PID), iff it is an 


integral domain in which every ideal is generated by a single element: 


(1) Ris an integral domain and 
(2) R is a principal ring 
(2.75) Remark: 


e Clearly the trivial ideals d = 0 and a = R always are principal, as they can be generated by the 
elements 0 = OR and R= 1R respectively. 


e If Ris a principal ring and a <j R is any ideal, then the quotient ring R/a is principal, too. Prob 
due to the correspondence theorem (1.64) any ideal U <j; R/a is of the form U = 6/a for some 
ideala C b <j R. Thus there is some b € R with b = bR. Now let wu := b+ 4, then clearly 
u={bh+a|he R}=u(R/Q) is a principal ideal, too. 


e Let Ri,..., Ry be principal rings, then the direct sum R; ®---@ Ry is a principal ring, too. Prob 
by (1.95) the ideals of the direct sum are of the form 0; @--- @4Q,, for some ideals a; <i Rj. 
Thus by assumption there are some a; € R; such that @; = a;R;. And thereby it is clear, that 
0), @--- OA, = (a1,...,An) Ri @- +: ® Ry is principal again. 

(2.76) Lemma: (viz. 856) 

(i) If (R,+,-) is a non-zero PID then all non-zero prime ideals of R already are maximial, formally 

(in a fancier language that is kdimR < 1) that is 


Spec(R) = Smax(R)U{0} 


(ii) If (R,+,-) isa PID then R already is a noetherian ring and an UFD. That is any 0 4a € R admits 
an (essentially unigqe) decomposition a = ap, ... pz into prime elements p; - viz. (2.57). 

(iti) If (R,v) is an Euclidean domain then R already is a PID. In fact if0 Aa <; Ris a non-zero ideal 
then @ = aR for any a € @ satisfying 


via) = min{v(b)|0AbeEa} 


(iv) If (R,+,-) is an integral domain such that any prime ideal is principal, then R already is a PID. 


Put formally that is the equivalency of the statements 


RPID <= > VYVpeSpec(R) IpEeR: p=pR 
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(2.77) Remark: 


e In (2.68.(i)) we have seen that any field & is an Euclidean domain (under any v). Hence any field 
is a PID due to (iii) above. But this is also clear from the fact that the only ideals of a field & are 
0 and E itself. And these are principal due to 0 = OF and E = 1E. Also (i) is trivially satisfied: 


The one and only prime ideal of a field is 0. 


e The items (i) and (ii) in the above lemma are very useful and will yield a multitude of corollaries 
(e.g. the lemma of Kronecker that gives birth to field theory). And (iii) provides one of the reasons 
why we have introduced Euclidean domains: Combining (iii) and (ii) we see that any Euclidean 
domain is an UFD. And this yields an elegant way of proving that a certain integral domain R is 
an UFD. Just establish an Euclidean function v on R and voila R is an UFD. 


e Due to example (2.68.(ii)) we know that (Z,a) is an Euclidean domain. By (iii) above this means 
that Z is a PID and (ii) then implies that Z is an UFD. By definition of UFDs this means that Z 
allows essentially unique prime decomposition. This now is a classical result that is known as the 


Fundamental Theorem of Arithmetic. We have proved an even stronger version, namely 


(R,v) Euclidean domain = > Ris an UFD 


e In the subsequent proposition we will discuss how far a PID deviates from being an Euclidean 
domain (though this is of little practical value). To do this we will introduce the notion of a 
Dedekind-Hasse norm. We will then see that an Euclidean function can be easily turned into a 
Dedekind-Hasse norm and that R is a PID if and only if it admits a Dedekind-Hasse norm. This 


of course is another way of proving that any Euclidean domain is a PID. 


(2.78) Proposition: (viz. 857) 


(i) If (R,+,-) isa PID then R admits a multiplicative Dedekind-Hasse norm. That is there is a function 
6: R— N satisfying the following three properties for anya,be€ R 


(1) d(ab) = 6(a)5(b) 


A601 S0) => c=0 


(3) ifa,b #0 then b€ aR or Sr € aR+ DR such that d(r) < d(a) 


Nota to be precise we may define 5(0) := 0 and for any0 4a € R we let 6(a) := 2" for k := &(a) 


the length of any decomposition of a = ap; ...p x into prime elements. 


(ii) If (R,+,-) is an integral domain and 6 is a Dedekind-Hasse norm on R (that is 6: R > Nisa 
function satisfying (2) and (3) in (i)), then R already is a PID. In fact ifO Aa <j Ris a non-zero 
ideal then we get d = aR for any 0 £a € Q satisfying 


d(a) = min{d(b)|O0AbEa} 
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(iii) 


If (2, v) is an Euclidean domain then we obtain a Dedekind-Hasse norm on R (that is 6: R > IN 
satisfies (2) and (3) in (i)) by letting 


O0ifa=0 


6: RON: an 
via) +1lifa #0 


(2.79) Lemma: (viz. 858) of Bezout 
Let (R,+,-) be an integral domain and § 4 A C R be a non-empty subset of R. Then we obtain the 


following statements 


(i) 


(ii) 


(iii) 


(iv) 


The intersection of the ideals aR (where a € A) is a principal ideal if and only if A admits a least 


common multiple. More precisely for any m € R we obtain the following equivalency 


() aR=mR <— meélcm(A) 
acA 


If the sum of the ideals aR (where a € A) is a principal ideal then A admits a greatest common 


divisor. More precisely for any d € R we obtain the following equivalency 


\ aR=dR => déged(A) 
acA 


Nota the converse implication is untrue in general. E.g. regard the polynomial ring R = Z[t], then 
1 € gcd(2,t) but the ideal 2R + tR is not principal. The converse is true in PIDs however: 


If R even is a PID then the sum of the ideals aR (where a € A) is the principal ideal generated by 


the greatest common divisor of A. More precisely for any d € R we obtain the following equivalency 


SoaR=dR <= dégcd(A) 
acA 


In particular in a PID a greatest common divisor d € gcd(A) can be written as a linear combination 


of elements of a € A, formally this is the property 


A(ba) € R°A sd = Yo aba 
acA 
Nota in an Euclidean ring (R, v) (supposed that A is finite) the Euclidean algorithm (2.69) provides 


an effective method to (recursively, using (2.61.(viii))) compute these elements bg. 


Let R be a PID again and consider finitely many non-zero elements 0 4 aj,...,@n € R such that 
the a; are pairwise relatively prime (that isi Aj €1...n = > 1 € gcd(aj,a,;)). If now b € R then 
there are b;,...,b, € R such that we obtain the equality (in the quotient field quot(R) of R) 


b by bn 


a ,...An ay an 
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In an UFD R any collection 0 #4 A C R of elements of R has a greatest common divisor d, due to 
(2.61.(v)). And we have just seen that in a PID the greatest common divisor d, that can even be written 
as a linear combination d = }°, aba. In an Euclidean domain d and the b, can even be computed algo- 
rithmically, using the Euclidean algorithm. We now ask for the converse, that is: If any finite collection 
of elements of R has a greatest common divisor, that is a linear combination of the collection, can we 


then conclude that R a PID already? The answer will be yes for noetherian rings, but no in general. 


(2.80) Definition: (viz. 858) 
Let (R,+,-) be an integral domain, then R is said do be a Bezout domain iff it satisfies one of the 


following three equivalent properties 


(a) Any two elements a, b € R admit a greatest common divisor, that can be written as a linear 


combination of a and b. Formally that is 


VabeRar,seR : ra+sbegcd{a,b} 


(b) For any a, b € R the ideal aR + dR is principal, that is there is some d € R such that we get 
dR =aR-+ bR. Formally again that is 


Va,b€RAdER : dR=aR+bR 


(c) Any finitely generated ideal a <j R of R is principal, formally that is the implication 


Va <i R_ : finitely generated ==> 1 principal 


(2.81) Corollary: (viz. 859) 


Let (R,+,-) be any ring ring, then the following statements are equivalent 
(a) Ris a PID 
(b) Ris an UFD and Bezout domain 


(c) Ris a noetherian ring and Bezout domain 


(2.82) Example: 


(i) Let R:= Z+ tQ[t] := {f € Qjt] | f(0) € Z} C QJt] be the subring of polynomials over Q with 
constant term in Z. Then R is an integral domain [as it is a subring of QJ[¢]] having the units 
R* = {—1,1} only [as fg = 1 implies f(0)g(0) = 1 and deg(f) = 0 = deg(g)|. However R neither 
is noetherian, nor an UFD, as it contains the following infinitely ascending chain of principal ideals 


1 1 1 


[the inclusion is strict, as 2 is not a unit of R]. (Also the ideal tQ/t] <j; R is not finitely generated, 
as else there would be some a € Z such that atQ|t] C tZ[t], which is absurd). Yet it can be proved 


that R is a Bezout domain (see [Dummit, Foote, 9.3, exercise 5] for hints on this). 
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ii) We want to present another example of a Bezout domain: Fix any field (F,+,-) and let S be the 
Pp Pp y 
polynomial ring in countably many variables S := E/t, | k € IN]. Let us denote the ideal 


Wis (te—-thy|kEN) << S 


Then R := S/W is a Bezout domain (refer to [Dummit, Foote, 9.2, exercise 12] for hints). However it 


is no noetherian ring (in particular no PID), as the following ideal a of R is not finitely generated 


aq i= (t, tU| k EN), qd, R 


(iii) () Let us denote denote the integral closure of Z in C by O: To stay self-contained: Let us 
denote Zit], := {t? + ait” 1+---+a, € Zt] |n € WN, a; € Z}) the set of monic polynomials over 
Z, then O is the set of z € C that satisfy an equation of the form f(z) = 0 for some f € Z[t], 


O = {zeCl|safe Alt : f(z)=0} 


E.g. V2 € O, as V2 satisfies the equation t? — 1, but 1/2 ¢ O, as this would require 2¢ — 1 to 
be a factor of the equation. The integral closure always is a subring (and in particular an integral 
domain, as C is a field). In fact O is a Bezout domain that satisfies Spec(O) = Smax(Q)U {0} (see 
[Dummit, Foote, chapter 16.3, exercise 23] for hints on how to prove this). However © neither is 


noetherian, nor an UFD, as it contains the following infinitely ascending chain of principal ideals 


20 c V20 c ¥20 c... cc MAO Cc NM V20 Cc ... 


Consider w := (1 + iV/19)/2 € € and consider the following subring Z[w] := {a + bw | a,b € Z} 
of ©. Then we obtain a Dedekind-Hasse norm on Z|w] by letting 


(iv 


— 


6: Zlw] > IN : at+bw a* + ab4 5b? 


(this is proved in [Dummit, Foote, page 282]). In particular Z[w] is a PID by virtue of (2.78.(ii)). 
However Z[w] is not an Euclidean domain (under any function v whatsoever). The latter statement 


is proved in [Dummit, Foote, page 277]. 
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(2.83) Remark: 
By now we have studied a quite respectable list of different kinds of commutative rings from integral 


domains and fields over noetherian rings to Bezout domains. Thereby we have found several inclusions, 


that we wish to summarize in the diagram below: 


integral domain 


UFD Bezout domain 


noetherian ring 


PID 


artinian ring 


Euclidean domain 


field 


Note however that every single inclusion in this diagram is strict. E.g. there are integral domains that 
are not Bezout domains and there are PIDs that are not Euclidean domains. The following table presents 


examples of rings R that satisfy one property, but not the next stronger one 


R is is not 
Z[|V—3] noetherian integral domain UFD 
Z + tQ[t] Bezout domain noetherian, UFD 
Q|s, t noetherian UFD Bezout domain 
Z|(1 + V/—19)/2] PID Euclidean domain 
Z Euclidean domain field, artinian ring 
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2.8 Lasker-Noether Decomposition 


Primary decomposition is a very strong property and as such something that is not satisfied often. 
Historically ideals have been introduced by Richard Dedekind to be ideal numbers, that are better 


behaved, than the elements of the algebraic number fields themselves. For example take a look at the 


Z[V/—5] = AUl/ 42 + 5yzie] 


The element x := t+ (t?+5)Z[t] satisfies 7 +5 = 0 and is hence denoted as \/—5 := x. An isomorphic 


realization of this ring is the subring of C generated by the single element x := 5i € C. This element 


following ring 


can be used to present two primary decompositions of 6 that are not essentially equal: 


6 = 2-3 = (1-V-5) (1+ v-5) 


Remember that according to (2.56) in a noetherian integral domain we always have a decomposition of 
an element into irreducible elements - problem is that this decomposition is far from unique. That is 
the reason why we had to regard prime elements instead. In this section we will try to remedy this by 
decomposing whole ideals instead of elements of a noetherian ring. 

It turns out that this decomposition of ideals is closely related to decomposing geometric objects (varieties) 
into smaller parts. That also is the application where the notions of isolated and embedded components 
come from (which will be introduced, later on). But this has to be left for a course in algebraic geometry. 
Note that the noetherian and factorial properties are completely independent of one and another: 
E.g. Z|\/—5] is noetherian, but not factorial, whereas Z/t; | i € IN] is factorial, but not noetherian. 
But we will see, that in case of noetherian UFDs both theories coincide. 

In order to begin by defining the basic notion of a primary ideal we will use the set zD(2) of zero-divisors 
and the nil-radical NiL(R) of a ring R and the set zDR(M) of zero-divisors of an R-module M. This has 
not been introduced yet, but we will only use it in the case MM = R/a. Also we give a survey of these 
notions in the remark following the definition. 

In the definition to come, we will see, that a primary ideal is similar to a prime ideal, but somewhat 
weaker: If a product ab is contained in the primary ideal @ then only one of them needs to be contained 


in a, the other may belong to the radical V/a only: 


(2.84) Definition: (viz. 859) 
Let (R,+,-) be a commutative ring and a <j R be a proper (i.e. d ¥ R) ideal of R. Then @ is said to be 
a primary ideal of R, iff it satisfies one of the following equivalent conditions 

(a) The radical of @ contains the set of zero-divisors of R/a (as an R-module) 


wn(Ha) < v8 


(b) In the ring R/a the set of zero-divisors is contained in the nil radical 


a (S/o) Nea) 
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(c) The set of zero-divisors of R/d (as a ring) equals the nil-radical of R/a 


0 (M/a) = nu ("/a) 


(d) For any two elements a, b € R of R we obtain the following implication 


abed,b¢ga = aeva 


(e) For any two elements a, b € R of R we obtain the following implication 


abead,b¢gVa = aea 


And if @ is a primary ideal, then it is customary to say that a is associated to (the prime ideal) /a. 
Finally the set of all primary ideals of R is said to be the primary spectrum of R and we will abbreviate 
this by Spri(2). And if p € Spec(R) is a prime ideal of R, then we denote the set of all primary ideals 
of R associated to p, by Spriy(2) 


Spri(R) 
Spriy (2) 


{a d R|a# R, (a)} 
{ a € Spri(R) | va=p} 


Nota clearly associateness is an equivalency relation on Spri(). That is for any primary ideals a and 
6 <, Rweletaxbh :— > Va= vb and thereby ~ is an equivalency relation on Spri(R). Further if 
p = V4, then Spriy (2) is precisely the equivalency class of @ under ~&. 


(2.85) Remark: 

In the definition above there already appeared the notion of zero-divisors of a module (which will be 
introduced in 3.2). Thus we wish to shortly present what this means in the context here. Let (R,+,-) be 
a commutative ring and a <j, R be an ideal [and M be an R-module]. Then the set of zero-divisors of 
M = R/ as an R-module will be defined to be 


zDrR(M) = {ae R|xeEM : xcxF#0andar=0} 
zor (#/q) {aeR | Jb+ac ie : b+a404¢ and a(b +a) =o} 


{acR | 3b4+ae R/y : ba andadea} 


as b+ 0 = 0-40 is equivalent to b € a (by construction of R/a and because of the identity a(b +a) = 
ab += (a+4)(b+4), which is just the definition of the scalar multiplication of R/d as an R-module, 


resp. of the multiplication in the ring R/a. Now take a look at the set of zero-divisors of R/@ as a ring 


0 (¥/c) 


{atae R/, | aptac R/, : b+a40+a and (a +a)(b+a)=0} 


= {atac R/, | so+ac R/, : bdéaandabea} 
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We find that the condition b ¢ @ and ab € Gin both of these sets coincides. This implies that a € zDrR(R/d) 


is equivalent to a+ € zp(R/a). In a more compact notation, this can be put as 


ZD ae = 20R(R/0) /, 


(2.86) Proposition: (viz. 860) 


Let (R,+,-) be a commutative ring and a <i R be an ideal. Then we the following statements are true 


(i) Any prime ideal of R already is primary, that is we obtain the inclusion 
Spec(R) C  Spri(R) 


(ii) If a is a primary ideal of R, then the radical V/@ is a prime ideal of R. In fact it is the uniquely 


determined smallest prime ideal containing @, that is we obtain the following implications 
ae Spri(R) — Va€ Spec(R) 
ae Spri(R) = { va} = {pe Spec(R)|a Cc Pp}, 
(iii) If m := V@ is a maximal ideal of R, then a is a primary ideal of R associated to mM, put formally 


Vae Smax(R) =— > ae Spri(R) 


(iv) Suppose that mM € Smax(R) is a maximal ideal of R, such that there is some & € IN such that 
m* C aC m. Then @ is a primary ideal of R associated to m. That is we obtain the implication 


mcacm = > Ge Sprin(R) 


(v) If Qi,...,0, <j R are finitely many primary ideals of R, all associated to the same pirme ideal 


p = /d;. Then their intersection is a primary ideal associated to p, too 


k 
{01,..-,0} © Spriy(R) => []a; € Spriy(R) 


i=1 


(vi) If ue Randa <j Risa primary ideal, with p := a, then we get the following statements 
concerning the ideald:uw={aeER|auea} 
(1) ifweathenad:u=R 
(2) ifugathena:u € Spriy(R) 
(3) ifu¢gPthend:wu=a 


(vii) Consider a homomorphism y : R > S between the commutative rings (R,+,-) and (.S,+,-). If now 
b <j Sis a primary ideal of S, then a := y~!(b) is a primary ideal of R. And if q := vb denotes 


the ideal b is associated to, then a is associated to ~~ !(q). Formally that is 
bc Sprig(S) => y l(b) Spri,-1@)() 
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(viii) () Let U C R be a multiplicatively closed set, p <j, R be a prime ideal of R with pnU = 0 
and denote by 9 := U~'p <i; U~!R the corresponding prme ideal of U-'R. Then we obtain a 


one-to-one correspondence, by 


Spriy(R) <—+ Sprig (U-'R) 
a» Uta 
DNR a 6b 


(2.87) Example: (viz. 862) 


(i) Let (R,+,-) be an integral domain and p € R be a prime element of R. Then for anyl <ne N 
the ideal a := p"R is primary and associated, to the prime ideal a = pR. 


(iit) In a PID (R,+,-) the primary ideals are precisely the ideals 0 and p"R for some p € R prime. 
Formally that is the identity 


Spri(R) = {p"R|1<neEN, pe Rprime}U{0} 


(iii) Primary ideals do not need to be powers of prime ideals. As an example let (E,+,-) be any field 
and consider R := E[s,t]. Then the ideal a := (s,t?); is primary and associated to the maximal 
ideal mM := (s,t);. In fact we get M2 C a C Mand hence there is no prime ideal p <j; R such that 
a =p* for some k € N. 


Powers of prime ideals do not need to be primary ideals. As an example let (F,+,-) be any field 
again and consider R := E|s,t,u]/W where U := (u? — st);. Let us denotea:=s+U,b:=t+U 
and c:=u+U. Then we obtain a prime ideal p <j RF by letting p := (b,c);. However we will see 


(iv 


— 


that @ := p? is no primary ideal. 


(2.88) Definition: 
Let (R,+,-) be a commutative ring, then a proper ideal p is said to be irreducible iff it is not the 


intersection of finitely many larger ideals. That is iff ) satisfies the following three properties 
(1) p <j Ris an ideal 


(2) ~p A R is proper 


(3) for any a, 6 <; R we have p=anb p=aqorp=b 


(2.89) Theorem: (viz. 863) 


(i) Let (R,+,-) be a commutative ring, then any prime ideal of R already is irreducible. That is for 


any ideal p <j R we get the implication 
p prime = > P irreducible 
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(iit) Let (2,+,-) be a noetherian ring, then any irreducible ideal of R already is primary. That is for 
any ideal p < R we get the implication 


p irreducible => ) primary 


(iii) Let (R,+,-) be a noetherian ring, then any proper ideala <i R, a A R admits an irreducible 
decomposition (p,,...,),). That is there are ideals p, <i R (where i €¢1...k and1<k € N) 
such that 


(1) Viel...k : P, is an irreducible ideal 


(2) a = pNP 


(2.90) Definition: 
Let (R,+,-) be a commutative ring anda <j R be an ideal of R. Then a tupel A = (Q1,...,,) is said 


to be a primary decomposition of 4, iff it satisfies both of the properties 
(1) Viel...k : a; € Spri(R) is a primary ideal of R 
(2) a = a N---NAg 
And (Qj,...,Q,) is said to be minimal (or irredundant) iff we further get the following two properties 
(3) Vj El... OAN LG 
(4) ViAjel...k : VF VO; 


Finally if A = (),...,,,) is a minimal primary decomposition of a, then let us denote p, := \/a;. These 
ideals are called the associated prime ideals of G. Those 4; that belong to minimal ~, are known as 


isolated components. Those Q; that are not isolated components, are said to be embedded components: 


ass(A) := {Pys---sPy} 
iso(A) := {4 | 7€1...k, Pp; € ass(A), } 

ss { a, GE1...K, VIEL. RIP, CP, = j=i} 
emb(A) := {04,...,Q,% } \ iso(A) 


(2.91) Example: 
Let (R,+,-) be an UFD and a € Rwith 0 Aa ¢ R*. Then we pick up a primary decomposition of a, 
that is a = pj? ...p.* where 1 < k € W and for any i, 7 € 1...k we have p; € R is prime, 1 < n; € N 


and pjR = p;R implies i = 7. Then we obtain a minimal primary decomposition of 0 = aR 
(Q1,...,0,) where a; :=p,'R 


And for this primary decomposition we find p; = \/Q; = p;R and furthermore 


ass(1,...,M%) {Piss Pad 
iso(Q,,..., Az) = {Q1,...,Q, } 
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(2.92) Remark: 
So why would we call an intersection @ = 4; ---™Q, a decomopsition of @? As in fact we think of a 


decopmosition of R/a. Clearly, if d= a; M---M a, then we find an injective homomorphism of rings 


Rly Ba, b+ars (b+a1,...,b+x) 


Prob the well-definedness is due to @ C 4; and the homomorphism properties are clear. And if (b+4;) = 
(c+a;) then b—c € Q; for any i € 1... such that b—c € @, which is 6+ 4 = c+4, whence the injectivity. 
And if any @; is primary, then zp(/a;) = NIL(R/d;) so R/d is contained in a somewhat special ring. In 


this sense we will generalize this to the primary decomposition of modules, in section 5.1. 


(2.93) Proposition: (viz. 863) 
Let (R,+,-) be a commutative ring and a <j R be an ideal of R. If @ admits any primary decomposition, 
then it already admits a minimal primary decomposition. To be precise: Let (@),...,4,) be any primary 


decomposition of a then we obtain a minimal primary decomposition of @ by 
(1) For any (non-empty) subset NV C 1...n let us denote the intersection of all the @; for 2 € N by 
[a 
icN 
Then we choose some M C 1...n with a minimal number of elements, such that Gj, = a. That is 


Quy = 4 but for any L C M we have a; #4. 


(2) Now intersect all 4; (where 2 € M) that belong to the same prime ideal. That is we define an 
equivalency relation on M letting: = j :<—=> VQ; = Oj. If we take to the quotient set 


A:= M/s, then we have found a minimal primary decomposition (@,) of @ (where a € A). 


(2.94) Proposition: (viz. 864) 
Let (R,+,-) be a commutative ring, a <j, R be a proper a ¥ R ideal and consider (d1,...,4,) a minimal 


primary decomposition of a. Let us further denote p,; := ./Q;, then we obtain the following statements 


(i) Clearly all the primary ideals and all the associated primary ideals of the decomposition are 


pairwise distinct, that is we have 
FP ig siasGp = Se (Diese y Sk 


(ii) For any wu € R we obtain the following identity (where by convention the intersection over the 


empty set is defined to be the ring RF itself) 
VoL = (){plie1...k, u € a; } 


(iii) The prime ideals associated to @ are independent of the specific primary decomposition (@1,..., Ax) 


chosen, as they can be described, as 
ass(Q1,...,0,%) = Spec(R)N { Va:u | Ue R} 
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(iv) (<>) If p,; is minimal among ass(Qj,...,0,) then we can reconstruct Q; from a and p,. To be precise 


for anyi€ 1...k we get 


D; € ass(Q1, tee Ak) = a: (R\ P,;) = ; 


(v) (<) The isolated components of @ are independent of the specific primary decomposition (Q1,..., Ax) 


chosen, as they can be described, as 


iso(d,,...,4,) = {a:(R\Pp) | pe ass(My,..., A). } 


(2.95) Remark: (<) 
In the items (iii) and (v) of the proposition we have seen, that the sets of associated prime ideals resp. of 


isolated components of an ideal @ <j R are given to be the following: 


ass(Q) := Spec(R)N { Va:u | we R} 

iso(a) := {a:(R\p) | pe ass(a), } 
That is if (Q1,...,@%) is any minimal primary decomposition of a, then ass(@1,...,0,%) = ass(@) and 
iso((1,...,@%) = iso(a). In section 5.1 we will introduce the notion of a prime ideal associated to an 


R-module M. Thus if a <j R is an ideal, then it makes sense to the regard the prime ideals associated 


to d as an R-module. And by definition this is just 


Sann(a) = Spec(R)N{ann(a)|aea} 
= Spec(R)N{0:alaea} 
(where the equality is due to ann(a) = 0: a for any a € R). Thus we find that at a first glance Sann(q) 


has absolutely nothing to do with ass(@). However it will turn out that the set ass(q) is closely related 


to the set of associated prime ideals of the R-module R/d. By definition that is 


Sannr (774) = Spec(R)N { anna() | Ge we \ 
= Spec(R)N{anneg(b+a) | be R} 
= Spec(R)N {a:b | be R} 
(the latter equality is due to anng(b+a) =a: b for any b € R again). Thus the difference between 


this set and ass(@) lies in the fact that ass(@) allows the taking of radicals. Hence it is easy to see that 


Sannr(R/a) C ass(a). In section 5.1 we will prove that for noetherian rings R we even have 


Sanne (Va) = ass(qQ) 
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(2.96) Corollary: (viz. 865) Lasker-Noether 
Let (R,+,-) be a noetherian ring, then any proper ideala <i, R, a ¢ R admits a minimal primary 
decomposition. And in this decomposition the associated prime ideals and the isolated components are 


uniquely determined by a. Formally that is 


(1) There are ideals a; <i R (where i € 1...k and 1 < k € WN) such that (d1,...,4,) is a minimal 


primary decomposition of @. 


(2) If (Q1,...,@,) and (b,,...,6;) are any two minimal primary decompositions of @ then we obtain the 


following three identities 


| 
ass(Q1,...,4%) = ass(bi,...,67) 
iso(Qi,...,4%) = iso(b,,...,b7) 


(3) If a = V@ is a radical ideal, then the minimal primary decomposition (1,...,,) of a is uniquely 


determined (up to ordering) and consists precisely of the prime ideals minimal over 4, formally 
{M1,---,4e} = {Pe Spec(R) |a C PH, 


(2.97) Example: 
Fix any field (£,+,-) and let R := E|s,t] be the polynomial ring over E in s and ¢ (note that FR is 
noetherian due to Hilbert’s basis theorem). Now consider the ideal @ := (s?, st). Then we obtain two 
distinct primary decompositions (01,42) and (61,62) of a by letting 
Qj b; P; 

~=1 (8 )i (s)i (s)i 

t=2- (she Ast Ast); 
where Pp; := 4; = bi. It is no coincidence that both primary decompositions have 2 elements and that 
the radicals Pp; are equal. Further p, C Py, that is @; = b; are isolated components of @ and dy 4 by 
are embedded components (of the decompositions). In fact this example demonstrates that the embedded 


components may be different. 


ass(q) 
iso(@) 


{sR,sR+tR} 
{ sh} 


(2.98) Corollary: (viz. 866) 
Let (R,+,-) be a noetherian ring anda <i R bea proper ideal of R (that isa A R). If nowg <j Ris 


any prime ideal of R then we obtain 


(i) @ is contained in q iff q contains an associated prime ideal of a iff ¢ contains an isolated component 


of a. Formally that is 


acqg dpeass(a) : p cq 


dteiso(a) :tcq 


—= 
—= 
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(ii) The set of primes lying minimally over @ is precisely the set of primes belonging to the isolated 


components of @. Formally again 
{q € Spec(R) |@ C qj}, = ass(Q)s 


(iii) And thereby the radical of @ is precisely the intersection of all (minimal) associated prime ideals 
of a. Put formally that is 


va = ( )ass(a) - ( )ass(a). 


(2.99) Remark: 
The following diagram should help to illustrate the situation a little: Suppose (,+,-) is a noetherian 
ring anda <j RF is a proper a ¥ R ideal of R and pick up a minimal primary decomposition on a. As an 


example consider a decomposition of the following form: In this diagram 


the associated primes 
pi D3 


<p: 


are uniquely d&termined 


there are 4 associated primes Pp, to P,. However both p, and Pp, contain Pp. Conversely ~, and Pp, are 
the minimal associated primes of G. Hence dz and dy are the isolated components of a, whereas Q; and 
a3 are embedded components of 4. From this we know that 2 and dy are part of any minimal primary 
decomposition of @, whereas Q; and d3 may vary. Also the associated primes ~, to ~, always are uniquely 


determined. Thereby ., and p, are the prime ideals of R lying minimally over @ and hence 


Vi = Pepa 
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2.9 Finite Rings 


(2.100) Definition: (viz. 867) 

Let (R,+,-) be any ring, denote its zero element by Og and its unit element by lz. For anyl <k EN 
let us denote kp := klp = 1prt+---+1,p (k-times). Then there exists a uniquely determined homomrphism 
of rings ¢ from Z to R, and this is given to be 


kre ifk>0 
C€:479R: kw Or ifk =0 
—(-k)rifk <0 


The image of ¢ in R is said to be the prime ring of R and denoted by prrR(J). In fact it is the smallest 


subring of R in the following sense: it is the intersection of all subrings of R. Formally 
prn(R) := im(¢) = (){P|P < R} 


And the kernel of ¢ is an ideal in Z. Hence (as Z is a PID) there is a uniquely determined n € IN such 
that kn(¢) = nZ. This number n is said to be the characteristic of R, denoted by 


CHAR(R) := n where kn(¢) = nZ 


That is if R has characteristic zero n = 0, then we get ke = 0 => k =O. And if R has non-zero 


characteristic n A 0, then n is precisely the smallest number such that nr = 0. Formally that is 


cHAR(R) = minf{l<keN|kre=0} 


Also by construction of ¢ and the first isomorphism theorem, if m = CHAR(R) is the characteristic of R 
and we denote Zo := Z and Z, := Z/nZ for n > 1, then Z,, is embedded into R under 


Zn 2 RR: k+nZv kp 


(2.101) Remark: 
If (F’,+,-) even is a field, we may also introduce the prime field of /' (denoted by prrF(L’)) to be the 
intersection of all subfields of F’. Formally 


pre(F) := (\{E|B < F} 


And if is easy to see that PRF(F’) is precisely the quotient field of the prime ring PrR(F’). Formally that 
is the following identity 
pre(F) = {ab-'|a,b€ prr(F), b 40} 


Prob as E <; F implies E <, F (by definition) we have prr(F’) C prr(f). Let us now denote 
the quotient field of prR(f’) by Q C F. As prF(F) is a field and prr(F’) C prF(F’) it is clear that 
Q C prF(F’). On the other hand Q <; Fis a subfield and hence we have prF(F’) C Q by construction. 
Together this means prF(F’) = Q as claimed. 
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(2.102) Proposition: (viz. 868) 
Let (R,+,-) be any ring, then the characteristic of R satisfies the following properties 


(i) If R 0 is a non-zero integral domain, then the characteristic of R is a prime number or zero. 


Formally that is the following implication 


R integral domain, RAO = > cHaAR(R) =0 or prime 


(ii) R has characteristic zero if and only if the prime ring of R is isomorphic to Z. More precisely we 


find the following equivalencies 


cHaR( A) =0 <=> VeeEN: kp =0-S> k=0 
<= Z &, prr(R): kb C(k) 


(iii) R has non-zero characteristic n = CHAR(J2) > 0 if and only if the prime ring of R is isomorphic to 


Z,. More precisely for any 1 < n € WN we find the equivalency of the following statements 


CHAR(R) = n n=min{l<keN|kre=0} 
<= Z, = prr(R):k+nZv ¢(k) 


(iv) Now suppose that R is a field, then the prime field of R is given to be 


CHAR(R) = 0 Q = prRF(R) 
cHAR(R)=pA4O0 <— > Z, =, PRF(R) 


(v) Let (R,+,-) be a finite ring (that is ##R < oo), then the characteristic of R is non-zero and divides 


the number of elements of R, formally once more 


OA cnarR(R) | #R 


(2.103) Proposition: (viz. 869) 


(i) Let (R,+,-) be a finite (that is #R < co), commutative ring. Then the non-zero divisors of R 


already are invertible, such that we get the equality 
RY += RZ) 


(ii) Let (F,+,-) be any field and G <g F* be a subgroup of the multiplicative group of F’. If G is 
finite then it already is cyclic (that is there is some g € G such that G = (GG cage i 
where n = #G is the order of G). In particular the multiplicative group (F*,-) of any finite field 
F is cyclic. 

#G<oo finite = G cyclic 
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(iii) Let (S,+,-) be an integral domain and consider a prime element p € S. Let further 1 <n € N 
and denote the quotient ring R:= S/p"S. Then the set of zero-divisors of F is precisely the ideal 


generated by the residue class of p. Formally that is 


zo(R) = (pt+p"S)R 


(iv) Now let (S,+,-) be a PID, consider a prime element p € S and let R := S/p"S again. Then we 


obtain the following statements 
NiL(R) = zo(R) = R\ R* = (p+p"S)R 
Spec(R) = Smax(R) = { ni(R) } 


(v) Let (R,+,-) be any noetherian (in particular commutative) ring and fix any 1 < m € NN. Then there 


only are finitely many prime ideals p of R such that R/p has at most m elements. Formally 


# { p © Spec(R) | #Rl, <m} < © 


(2.104) Remark: (<) 

As in (iv) let (S,+,-) be a PID, p € S be a prime element and define R := S/p"S again. Then we 
have seen, that NIL(R) = R\ R* and we will later call a ring with such a property a local ring. To be 
precise: R is a local ring with maximal ideal Nit(R). Further - in a fancier language - the property 


Spec(R) = Smax(R) can be reformulated as "R is a zero-dimensional ring’. 


(2.105) Example: 
The field of complex numbers C has an infinite subgroup of its multiplicative group C*, namely the one- 
dimensional torus T = {z € C| |z] =1}={a+ibe C|a® +b? =1}. We also get finite subgroups of 
C by fixing 1 <n € WN and taking to 
co 
Oy 2) expil = 38 
n 


Then T, := { gk |ke Z } = { base sauyg? } is a subgroup of T, which is a subgroup of C* in turn. 
In fact these are the only finite subgroups of C*, as the subgroups generator has to have absoulte value 


1 (as it’s n-th power is 1 and the absolute value is multiplicative). 


(2.106) Theorem: (viz. 872) of Wedderburn 
Let (F,+,-) be an arbitrary ring with finitely many elements only (formally #F" < oo), then the following 


three statements are equivalent 
(a) F isa field 
(b) F’ is a skew-field 
(c) Fis an integral domain 


Fragments - algebra - rings: Frobenius automorphsim - proposition 11 to corollary 16 
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2.10 Localization of Rings 


Localization is one of the most powerful and fundamental tools in commutative algebra - and luckily one 
of the most simple ones. The general idea of localization is to start with a commutative ring (R,+,-), 
to designate a sufficient subset U C R and to enlarge R to the ring U-!R in which the elements of 
u€U C RC U=!R now are units. And it will turn out, that in doing this the ideal structure of U-!R 
will be easier than that of R. And conversely we can restore information of R by regarding sufficiently 
many localizations of R (this will be the local-global-principle). These two properties give the method 
of localizing its punch. In fact commutative algebra has been most successful with problems that allowed 


localization. So let us finally begin with the fundamental definitions: 


(2.107) Definition: 
Let (R,+,-) be any commutative ring, then a subset U C R is said to be multiplicatively closed iff it 


satisfies the following two properties 


Te 


uveEU = weEeU 


And U C Ris said to be a saturated mutilplicative system, iff conversely the factors u and v of a product 


uv belonging to U already had to be elements of U. That is iff U satisfies 


1 € U 
uvEU = weEeU 
uwEeU = uwEeU 


(2.108) Proposition: (viz. 874) 


(i) In a commutative ring (R,+,-) the set R* of units and the set NzD(J) of non-zero-divisors of R 


both are saturated multiplicatively closed subsets of R. 


(ii) If U C Ris a saturated, multiplicatively closed set, then R* C U, as for any u € R* we get 
uu-+=1€U and hence ue U. 


(iii) If U, V C R are multiplicatively closed sets in the commutative ring R, then their product UV := 
{uv |ueU,v €V} is multiplicatively closed, too. 


(iv) Ifa <j, R is an ideal, then 1+ C Ris a multiplicatively closed subset. 


(v) Let py : R — S be a ring-homomorphism between the commutative rings R and S and consider 
U C Rand V C V. Then we get 


U mult. closed => g(U) — mult. closed 
V mult.closed = > gy !(V) mult. closed 
V saturated = > gy !(V) © saturated 
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(vi) If? C P(R) is a chain (under C) of multiplicatively closed subsets of R, then the union JU C R 


is a multiplicatively closed set again. 


(vii) If¢ C P(R) is a non-empty (U ¥ 0) family of [saturated] multiplicatively closed subsets of R, then 


the intersection (\U C R is a [saturated] multiplicatively closed set, too. 


Nota this allows to define the multiplicative closure of a subset A of R to be the smalles multiplica- 
tively closed set containing A, which is(]}{U C R| A C U,U multiplicatively closed }. Likewise 
we may define the saturated multiplicative closure of A to be the intersection of all saturated 


multiplicatively closed subsets containing A. 


(viii) As an example consider any u € R, then the set U := fuk |keE IN } clearly is a multiplicatively 
closed set. In fact it is the smallest multiplicatively closed set containing u. That is U is the 


multiplicative closure of { wu }. 


(ix) Let U C R be a multiplicatively closed subset of R, then the saturated multiplicative closure U of 
U can be given explicitly to be the set 


U = {aE R|AvE RAu,veUu: uab=wu} 


(2.109) Proposition: (viz. 875) 
Let (R,+,-) be any commutative ring and U C R be a subset. Then U is saturated multiplicatively 


closed, iff it is the complement of a union of prime ideals of R. Formally that is the equivalence of 


(a) 3 P C Spec(R) such that U = R\ UP 
(b) U C Ris a saturated multiplicatively closed subset 
(2.110) Definition: (viz. 875) 


Let (R,+,-) be any commutative ring and U C R be a multiplicatively closed subset of R. Then we 


obtain an equivalence relation ~ on the set U x FR by virtue of (with a, b€ Rand u, v € U) 


(u,a)~ (u,b) <== AweU : vwa=uwb 


And we denote the quotient of U x R modulo ~ by U~!R and the equivalence class of (u, a) is denoted 


by a/u, formally this is the following construction 


{(v,b) €U x R| (u,a) ~ (v,b) } 


UR -= tel 


eles 


Now U~!R becomes a commutative ring under the following addition and multiplication of its elements 


a ob av + bu 
as = 
v Uv 
a b _ ab 
uv’ we 
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It is clear that under these operations the zero-element of U~!R is given to be 0/1 and the unit element 


of U~!R is given to be 1/1. And we obtain a canonical ring homomorphism from R to U~!R by letting 
-1 a 
KE: RoOUCR: avn I 


In general this canonical homomorphism need not be and embedding (i.e. injective). Yet we do obtain the 


following equivalencies regarding this homomorphism 


kK injective <> U 


IM 


NzD(R) 


K bijective <= UC R 


(2.111) Remark: 


e Though the equivalence relation ~ in the above definition might look a little artificial at first sight 
nothing here is mythical or mere chance. To see this let us first consider the case of an integral 


domain (R,+,-). Then we may divide by w and hence we get 


ab 
i. va = ub 

uv 

and this is just what we expect, if we multiply the left-hand equation by wv. To allow a common 
factor w is just the right way to deal with zero divisors in R. For convenience we repeat the defining 


property of the quotient a/u for general commutative rings (R, +, -) 


a a 
—-=- <= JwelU : vwa=uwdb 
U 


e And from this equivalence it is immediately clear that fractions a/u in U-'R can be reduced by 


common factors v of U. That is for any elements a € R and u, v € U we have the equality 


au a 

ui OU 
And this allows to express sums by going to a common denominator. That is consider aj,...,a, € R 
and w1,...,Un € U. Then we denote wu := uy...Un € U and U; := u/u; € U (e.g. Uy = U2... Un). 


Then we have just remarked that a;/u; = (a;u;)/u and thereby 


ay is An ayuy + +++ + antin 
U4 Un u 


e This equivalence also yields that 1/1 = 0/1 holds true in U~!R if and only if the multiplicatively 
closed set contains zero 0 € U. But as 0/1 is the zero-element and 1/1 is the unit element of 


U~'R we thereby found another equivalence 


U-'R=0 <— OcU 
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e As we have intended, localizing turns the elements u € U into units of U-!R. More precisely if 


U C Ris multiplicatively closed, then we obtain 
Gon 2 { a | ace Rt,uve u} 


Prob consider any au/v such that a € R* and u, v € U, then we compute (au/v)(a-tv/u) = 


(aa~!uv)/(uv) = (uv) /(uv) = 1/1 and hence au/v is a unit, with inverse (au/v)~! = a~!v/u. 


Nota However the equality need not hold true! As an example consider the integers R = Z and 
let U = {6° | ke N} = {1,6,36,...}. Then 2/1 is invertible, with inverse (2/1)~' = 3/6, yet 
2/1 is not of the form R*U/U = {+6" |kEZ} CQ. 


If U C R even is a saturated multiplicatively closed subset, then we even obtain a complete 
description of the units of U-!R to be 


(UR) = {=| uveu} 


Prob clearly u/v is a unit of U-'R, since (u/v)~! = v/u. Conversely if b/v is a unit of U-'R 
there is some a/u € U~!R such that ab/uv = (a/u)(b/v) = 1/1. That is there is some w € U 


such that abw = uuw. Hence b(aw) = uvw € U and as U is saturated this implies b € U. 


Let (R,+,-) be a commutative ring and U C R be a multiplicatively closed set, such that U~'R is 
finitely generated as an R-module. That is there are b),...,b, € Rand v1,....U, € U such that 


U-!R 52 {a Rand Anbn 


U1 Un 


tasty eR} 


Then the canonical mapping k: R > U-!R:b++ b/1 is surjective. Prob consider any a/u €¢ U-'R 
and denote v := v1...Un € U and 0; := v/v; € V (eg. 01 = v2...Un). As uv € V and U“!R is 
generated by the b;/v; there are aj,...,@, € R such that 


Qo a,b Anbn _ ayoyv, +--+ + Anbntn 


wv V1 Un v 


That is there is some w € U such that vwa = uvwb where we let b := a1 b10, + ---+ anbntpn € R. 
That is we have found (vw)la = (vw)ub, thus by definition we have «(b) = b/1 = a/u. And as 


a/u has been arbitrary this is the surjectivity of x. 


(2.112) Example: 


Let now (R,+,-) be any commutative ring. Then we present three examples that are of utmost importance. 


Hence the reader is asked to regard these examples as definitions of the objects Ry, QUOT(R) and Ry. 


e If Ris an integral domain and U = R \ {0} the construction of U-!R can be simplified somewhat: 


166 


First let Q := (R \ {0}) x R, then we obtain an equivalency relation on Q by letting (u,a) ~ 
(u,b) :<= > va = ub. This is the same relation, as above, since you can scratch w from vwa = 


uwb, as R is free of zero-divisors and w 4 0. Let us denote the equivalency class of (a,u) by 
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a/u := [(a,u)] again. Then we have regained the quotient field of R as in section 1.4 
a 
quot(R) = {5 | a,b R, bzo} 


Note that this is precisely the construction that is used to obtain Q from Z. If now U C Ris an 
arbitrary multiplicatively closed set satisfying 0 ¢ U, then the localization of R in U is canonically 


isomorphic to the following subring of the quotient field: 


UR &, { < € quor(R) acRueu} : = 


b 


e/a 


= 
U 
Prob we will first prove the well-definedness and injectivity: By definition a/u = b/v in U“!R is 
equivalent to w(av — bu) = 0 for some w € U. But as 0 ¢ U we get w £0 and hence av = bu, as 
R is an integral domain. This again is just a/u = b/v in quot(R). The surjectivity of the map is 


obvious and it clearly is a homomorphism, as the algebraic operations are literally the same. 


e Let us generalize the previous construction a little: It is clear that the set U := Nzpb(R) of non- 
zero divisors of R is a saturated multiplicatively closed set. Thus we may define the total ring of 


fractions of a commutative ring R to be the localization in this set 
quot(R) := (NzDR)'R 


Note that in case of an integral domain we have NzD() = R \ {0} and hence we obtain precisely 
the same ring as before. Further note that by the very nature of U = Nzp(R) the canonical 


homomorphism « is injective. That is we can always regard R as a subring of quot(R) 
R <& quot(R) : at+a/1 is injective 
And as NzD(f) is saturated we can give the units of quoT(2) explicitly 


(quoT(R))* = {= | UvE nz0(R) } 


In particular we find that quoT(R) is a field if and only if NzD(R) = R \ {0} and this is precisely 


the property of R being an integral domain. That is we obtain the equivalence 


R integral domain <= Qquort(R) field 


e Consider some field (F,+,-) and a subring R <, F. In particular R # 0 is a non-zero integral 
domain and hence quot(f) is a field. Let us now denote the subfield of F’ generated by R by E, 
which is given to be 

i 2= { ab™! |a,be R} 


Then is is straightforward to check that the algebraic operations on the quotient field quot() 


coincide with those of the field EF. That is we obtain a well-defined isomorphism of rings 
¢ -1 
quot(R) = E : 3 +> ab 
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e Consider any u € R, then clearly U := BUTS Tecra oe is multiplicatively closed. Hence we 


obtain a commutative ring by localizing 
‘ #1 
R, = {ut | kewl R 


in which wu = u/1 is invertible (with inverse 1/u). By the remarks above it is clear that R,, = 0 is 
zero if and only if u is a nilpotent of R. And R <> R,, is embedded under « if and only if wu is a 


non-zero divisor of R, respectively isomorphic if u is a unit. Altogether 


R,y=0 <— weEnt(R) 
KR: ROR, <= weEnz(R) 


K:R] Ry — weR 


In (2.11) and (in a more general version) in (2.109) we have seen, that the complement R \ p of 
a prime ideal p <j R is a saturated, multiplicatively closed set. Thus for prime ideals ) we may 
always define the localization 

Rp: = CR R 


And by going to complements it is clear that R is embedded into Ry under k, iff P is contained in 


the set of zero divisors of R 
K: RO Ry => pC z2(R) 


In any case - as R\P is saturated multiplicatively closed subset - we can explicitly describe the 


group of units of Ry to be 
U 
(%)" = {5 | weer} 


If (R,+,-) is an integral domain and p <j R is a prime ideal of R then we get an easy alternative 


description of the localized ring Ry: Let E := quot(R) be the quotient field of R, then we denote: 
a 
Ep i= {[eE | b¢p} 


And thereby we obtain a canonical isomorphy from the localized ring Ry to Ey by virtue of a/b> 
a/b. (One might hence be tempted to say Ry = Ey, but - from a set-theoretical point of view - this 
is not quite true, as the equivalency class a/b € Ry only is a subset of a/b € Ep) 


Ry = Ey 5 ; b> 


oa) 


Note that under this isomorphy the maximal ideal My of Ry induced by P (that is Mp := PRp = 
(R\ p)~'p) corresponds to the following maximal ideal of Ey 


My <> {FEF | acp, dep} 
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(2.113) Lemma: (viz. 883) Local-Global-Principle 


Let (R,+,-) be any commutative ring and a, b € R, then we obtain the equivalency of the statements 


b 

a=b <> Ve Spec(R) T= TER 
b 

a vm € Smax(R) : 5 = 7 € Rn 


Further if R is an integral domain and F’ := quot(R) is its quotient field, then we can embed R into F, 
asR={a/leEF|ae R}. Likewise if p <i, R is a prime ideal then we embed the localization into 
the quotient field F as well, in the form Ry = {a/uc F|ae R, u¢P}. And thereby we obtain the 


following identities (as subsets of F’) 


R= [() Rp = [) Rm 


PespecR MesmaxR 


(2.114) Proposition: (viz. 884) Universal Property 
Let (R,+,-) and (S,+,-) be commutative rings, U C R be a multiplicatively closed subset andy: R-> S 
be a homomorphism of rings, such that p(U) C S*. Then there is a uniquely determined homomorphism 


of rings ©: U-!R > S such that Gx = vy. And this is given to be 


es a = 
pep: UIRSS : 1? Pla) elu) - 


(2.115) Remark: 

Let (R,+,-) be a commutative ring and U, V C R be multiplicatively closed sets, such that U C V. 
Further consider the canonical homomorphism « : R + V-'R: a+ a/1. Then it is clear that K(U) C 
(V—'R)*, as the inverse of u/1 is given to be 1/u. Thus by the above proposition we obtain an induced 


homomorphism of the form 


a a 


Rie VOR SSS 


eee: 
Thereby &(a/u) = 0/1 iff there is some v € V such that va = 0. And this is precisely the same property 
for «(a) = 0/1. Hence the kernel of & is just 


kn(K) = U7l(kn(«)) = {= | a € kn(k),u € u} 
u 
(2.116) Definition: (viz. 885) 
Let (R,+,-) be a commutative ring, U C R be a multiplicatively closed set and denote the canonical 


homomorphism, by &: R > U-!R: a+ a/1 again. If nowa <; Rand uU < U~'R are ideals then we 
define the transfered ideals UN R <j Rand U~'a <, U~'R to be the following 


WIR <= «61M = {aeR | eu} 


Ua «= (n(a))) = {= | aeaueu} 
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(2.117) Example: 


Let (R,+,-) be any commutative ring, a € Rand U C R be multiplicatively closed. Then an easy, 
straightforward computation shows that 


U-aR) = [UR 


(2.118) Definition: (viz. 885) 
Let (R,+,-) be a commutative ring, U C R be a multiplicatively closed set and a <i R be an ideal of 
R. Then we obtain another ideala: U <j R by letting 


a:U := {bE R|AveU:vdbea} 


And clearly a: U <j R thereby is an ideal of R containing @ C a: U and using the notation of (2.116) 
we finally obtain the equality 


(U0) AR = 0s0 


(2.119) Proposition: (viz. 886) 
Let (R,+,-) be a commutative ring and U C R be a multiplicatively closed subset. Further let a, 6 <i R 
be any two ideals of R, then we obtain 


U-*(anb) = (U7'a)n (U~'D) 
U-'(a+b) = (U~‘a) + (U~'D) 
U-t(ab)) (0-0) (0 b) 

U-'Vva = vU-la 


Va:U = va:U 


Conversely consider any two ideals U, © <, U~!R and abbreviated :=UNRandb:=WNR <; R. 
Then we likewise get the additional identities 


(UNM)NR = anb 
(U+D)NR = (a+b):U 
(um) OR = (ab):U 
VuNR = va 


(2.120) Example: 

The equality (a+b) :U =(a:U)+ (6: U) need not hold true. As a counter-example consider R = Z, 
U := {1,2,4,8,...}, @ = 9Z and b = 15Z. Then it is clear that a: U = and b : U =D such that 
(a:U)+(b:U) = 3Z (as 3 is the greatest common divisor of 9 and 15). Yet 13-2 = 26=9+15e€a+b. 
Thus 13 € (a+): U even though 13 ¢ 3Z = (a:U) + (0: U). 
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(2.121) Definition: (viz. 887) 
Let (R,+,-) be a commutative ring and U C R be a multiplicatively closed set in R. Then we define 


the following sets of ideals in R 


U-\(Ideal(R)) := {a€ldeal(R) |a=a:U} 
= {ac€ldeal(R)|ducU:uaed = aea} 
U~'(Srad(R)) := Srad(R) NU! (Ideal(R)) 
U~'(Spec(R)) := Spec(R) NU! (Ideal(R)) 
= {pe Spec(R) | pou =O} 
U~'(Smax(R)) := Smax(R) MU~'(Ideal(R)) 


= {meSmax(R)|mnU=0} 


(2.122) Proposition: (viz. 887) 

Let (R,+,-) be a commutative ring and U C R be a multiplicatively closed set in R. Then we ob- 
tain an order-preserving one-to-one correspondence between the ideals of the localization U~!R and 
U~Ideal(R), formally this is 


Ideal(U-'R) <> U~1(Ideal(R)) 
uUiowr UR 
Ua 4 a 


e This correspondence is order-preserving, that is for any two ideals a, 6 € U~'Ideal(R) respectively 


for U, @ € IdealU—!R we find the implications 


ach = Utacu'b 
wom = UNRCWNR 


e And this correspondence correlates maximal, prime and radical ideals of U-'R with U-!Smax(R), 
U~'Spec(R) respectively with U~'Srad(R) 


Ideal(U~' R) iH U~1(Ideal(R)) 
Srad(U-'R > U~'(Srad(R)) 


VU WU 


Spec(U~'R) — yt (Spec(R)) 


WU WU 


Smax(U~' R) ae aes bi (Smax(R)) 
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(2.123) Example: 


e Thus the ideal structure of UR is simpler than that of R itself. The most drastic example is the 
following: Z has a multitude of ideals (namely all aZ where a © IN, which are countably many). 
Yet Q = quot(Z) if a field and hence only has the trivial ideals 0 and Q itself. 


e Let now (R,+,-) be any commutative ring and choose any wu € R, then the spectrum of Ry, 
corresponds (under the mapping U+> UM R of the proposition above) to the following subset of the 
spectrum of R 

Spec(Ru) <—> {Pe Spec(R) |u gp} 


Prob this is clear as for prime ideals p of R we have the equivalence u € Pp <=> { UU ges } G 
p= Pn { u,u?,u>,.. s} # () such that the claim is immediate from (2.122). 


e Let g € Spec(R) be a fixed prime ideal of R, then (for any other prime ideal p of R) clearly 
pm (R\q) = 0 is equivalent to p C q. Using this in the above proposition (2.122) we find the 
correspondence 

Spec(Rq) <—> {Pp Spec(R) |p C qt 


Thus localizing in q simply preserves the prime ideals below q and deletes all the prime ideals 
beyond q. Note that this is just the opposite of the quotient R/q - here all the ideals below q 
are cut off. That is let P := {p € Spec(R) | P C g or g C P} be the set of all prime ideals of R 


comparable with q. Then the situation can be illustrated in the following way: 


0 spec( R/q) 
poq | q | qcp 
! — 
spec(R,) qk, 


(2.124) Corollary: (viz. 891) 
Let (R,+,-) be a commutative ring and U C R be a multiplicatively closed subset with 0 ¢ U. Further 
let us abbreviate by x any one of the words integral domain, noetherian ring, artinian ring, UFD, PID, 


DKD or normal ring. Then we get the following implication 


Risax ==> U'Risax 


(2.125) Corollary: (viz. 898) 
Let (R,+,-) be an integral domain and denote its quotient field by E := quot(R). Then the following 


three statements are equivalent 
(a) Ris normal 
(b) Vp € Spec(R) : Ry is normal 


(c) Vin € Smax(R) : Rm is normal 
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(2.126) Proposition: (viz. 888) 
Let (R,+,-) be any commutative ring, then we present a couple of useful isomorphies concerning local- 


izations: Fix a multiplicatively closed set U C R and some point u € R then we obtain 
(i) Localisation commutes with going to the polynomial ring, i.e. we find the following isomorphy of 
U(r) & (Un RE] 
i > fle .a 
a a 
Se 


(ii) The localized ring R, can be gained by picking up a solution ¢ to the equation ut — 1 = 0. That 
is it is just the quotient of the polynomial ring of R by ut — 1 


2 


Ru = Fw — ay Rig 
x > at* + (ut — 1) Rid] 
ajay a FR Ot=OR 


(iii) Let (2,+,-) be an integral domain and 0 gU C R be a multiplicatively closed subset of R not 
containing 0. Then the quotient fields of R and U~'R are isomorphic under 
aw -ip). @,, 7/1 
quot(R) =, quot(U~R) : Re b/i 
(iv) Let (R,+,-) be an integral domain and 0 4 a, b € R be two non-zero elements of R and let n € NN. 


Then we obtain the following isomorphy 


ies t/a rqthipi 
(Re) Sr Bap + (b/a”)s = (ab)*+3 


(v) Consider U C R multiplicatively closed and a <j R any ideal of R such that UM a= 0. Now 
denote U/a:={u+a|u€U}, then we obtain the following isomorphy 


URlyag & (fa) (F/a) 
Lut + oe 
Vv v+a 


(vi) In particular: Let p <j R be a prime ideal anda <j R be any ideal of R such that a C p. Then 
we denote dy := (R\ p)~'a and thereby obtain the following isomorphy 


Bo/ 4, — Gre + ap: ae 


(vii) Let p <j R be a prime ideal of R and denote Pp := (R\ p)'p. If now a ¢ P is not contained in p 


then we obtain the isomorphy 


SS a rfl 
Ry = (Ra)y : Fe b> u/l 
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2.11 Local Rings 


Not surprisingly a local ring is the result of localizing a commutative ring (in a prime ideal). These rings 
only have a single maximal ideal and this has several very restrictive consequences: Local rings have a 
very orderly structure. We will also see that external functions (valuations) may also enforce powerful 


restrictions on the rings internal structure, only allowing local rings. 


(2.127) Definition: (viz. 900) 
Let (R,+,-) be any commutative ring, then R is said to be a local ring, iff it satisfies one of the following 


two equivalent properties 
(a) R has precisely one maximal ideal (i.e. # Smax(R) = 1) 
(b) the set of non-units is an ideal R\ R* J, Rin R 


Nota In this case the uniquely determined maximal ideal of R is precisely the set of non-units R \ R*, 
which can always be given explicitly as R\ R*={aeR|aR#R} <, R. 


(2.128) Proposition: (viz. 900) 
Let (R,+,-) be a commutative ring and m <j R be a proper ideal of R (that is m # R). Then the 


following four statements are equivalent 
(a) Ris a local ring with maximal ideal m 
(b) Va R:aFAR= acm 
(c) R\m = R* 
(4) R\m C R* 
(2.129) Example: 


e If (F,+,-) is a field, then F’\ {0} = F%, in particular F’ already is a local ring having the maximal 
ideal {0}. And of course the converse is true, as well: If {0} is a maximal ideal in the commutative 
ring F’, then F is a field. 


e Let (£,+,-) be a field and consider the ring of formal power series R := E[t] over E. Then E[E] 
is a local ring having the maximal ideal 


m = tBf = {fe ld | flo) =0} 


To prove this it suffices to check R\m C R* (due to the above proposition (2.128)). But in fact 
if f € Eft] is any power series with f[0] 4 0 then an elementary computation shows that we can 


iteratively compute the inverse of f, by 


1 _ 1 

ae eee 

—l k _ a1 = k “1 p—1 
i [] o2 Fo 2. —alF [7] 
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e Let (R,+,-) be a commutative ring and p <j R be any prime ideal of R. Then in (2.130) below we 


will prove that the localized ring Ry is a local ring having the maximal ideal 
mp = (R\p)'p = {p/u|pepugp} 


e Let (S,+,-) be a PID, 1 <n € N and p€ S be a prime element of S. Then we have proved in 
(2.103.(iii)) that R := S/p”S is a local ring having the maximal ideal 


NiL(R) = zo(R) = R\ R* = (p+p"S)R 


e If (R,+,-) is any commutative ring and m <j; R is a maximal ideal of R, then for any power 
1<neéWN the ring S := R/m” is local, having the maximal ideal m/m”. 


Prob Let 1 <i S be any maximal ideal of S, then this is of the form 1 = f/m” for some maximal 
ideal N of R with m” C N. But as Nl also is prime this implies M C N and hence N = M, since M is 


maximal in R, too. Hence the maximal ideal of S is uniquely determined. 


e A local ring need not be noetherian: As an example consider the polynomial ring in infinitely many 
variables R = Elti,te,...] over a field (E,+,-) and the maximal ideal M := (tj, te,...)i SG R. 
Then the localization Rm of R in M is a local ring with maximal ideal MRm. According to (2.122) 


it also contains an infinitely ascending chain of prime ideals however 


(t1 i: Rm Gc (ti, t2)iRm a (ty, to, ts i Rm G 


(2.130) Proposition: (viz. 901) 
Let (R,+,-) be a commutative ring and p <j R be a prime ideal. Then Ry is a local ring (ie. a ring with 


precisely one maximal ideal). Thereby the maximal ideal of Ry is given to be 


mp = (R\py'p = {2 |pepugp} 


And the residue field of Ry modulo My is isomorphic to the quotient field of R/p via the isomorphism 


Fafmy % ovr Mp) + 2 tyne 248 


(2.131) Proposition: (viz. 915) () 
Let (R,+,-) be a local, noetherian ring with maximal ideal mM and denote the residue field of R modulo 
m by EF := R/m. We now regard M as an R-module, then m/m? becomes an E-vector space under the 


following scalar multiplication: 


(a+M)(m+m*) := (am) +m? 
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As M also is an R-module we may look at the minimal number of generators & := rankr(M) required for 
m. That is the minimal number & € IN such that M = Rm +---+ Rm, for some elements mj ,..., mz € M. 
And thereby we find the identity 


dimg (™/m2) = rankr(m) 


(2.132) Remark: (<) 

We want to append a word on the geometric idea behind m/m?, without going into details, as this is a 
theory of its own. In algebraic geometry we regard the ring O,(X) of local regular functions of a variety 
X. These are functions r: U C X — F that are defined on a dense open subset x € U C X that 
can locally be written as the quotient of polynomial functions. They build up a local ring with maximal 
ideal M,(X) of those local regular functions, that vanish r(x) = 0 at x. Thinking of a Taylor expansion 
of r the residue class r + M,(X)? is the linear part of r (it has no constant term, as r(a) = 0 and the 
higher order terms are eaten up by M,,(X)?). What remains is the linear freedom a local regular function 
can have at x. Thus m,(X)/m,(X)? is the tangential space of X at the point x € X. Therefore its 
dimension is (apart from singularities) the dimension of X itself. And the above proposition ascertains, 


that this is just the same, as the number of generators needed for M,,(X). 


(2.133) Definition: 
Let (R,+,-) be any non-zero (i.e. R 4 0), commutative ring, then a mapping v : R — INU { ow} is said 
to be a valuation (and the ordered pair (R,v) a valued ring) iff for any a, b € R we obtain the following 


three properties 


(1) v(a) = oo a=0 


(2) v(ab) = v(a) + V(b) 
(3) viat+b) > min{ v(a), V(b) } 


And a valuation v is said to be normed iff it further satisfies the following fourth property 


(N) sae S: v(a)=1 


(2.134) Remark: 
So what is the connection between local rings and valuations? In fact, it is readily apparent that the 
maximal ideal Mm of a local ring R constitutes a map v of the form v : R + INU {co}, that inspired the 


definition of a valuation, namely 
v(a) := sup{ke N|aem*} 
This map satisfies v(0) = co, v(ab) > v(a)+v(b) and via+6) > min{v(a),v(b) } for any ideal m. 


In a local ring we also have R* = [v] := {a € R | v(a) =O}. In general v need not be a valuation, we 


will require further properties for this. 
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Prob Clearly 0 € m* for any k € IN and hence v(0) = oo. Also if v(a) = j and v(b) = k then a € mi 
and b € m* and therefore ab € m+’ which is v(ab) > 7 +k. Without loss of generality assume j < k, 
then be m* C mW and hence a+b € M again, hence v(a+b) > j. Finally v(a) = 0iffa € R\m = R*. 


(2.135) Proposition: (viz. 901) 


(i) Let (R,v) be a valued ring (in particular R F 0), then R and its valuation v already satisfy the 


following additional properties 


(U) ae R* = v(a)=0 
(I) Ris an integral domain 
(P) [v] := {a € R| v(a) > 1} € Spec(R) 
(ii) If (2,+,-) is a non-zero integral domain then R always carries the trivial valuation which we 
denote by 7: R > INU { oo} and which is defined by 7(a) := 0 iff a £0 and 7r(a) := w iffa=0. 
Note that this valuation is not normed, of course. 


(iii) Let (R,+,-) be a noetherian integral domain and consider any p € R prime. Then we obtain a 


normed valuation v = 1, on R that satisfies v(p) = 1 and [v] = pR, by letting 
y: R>ONU{oo}: a [aly 


where [a], := sup{ k € IN | p* | a} 


And for any a, b € R this valuation satisfies a fifth property, namely we also get the implication 
via) Av(b) = v(a+b) =min{ (a), V(b) } 


(iv) Let (R,+,-) be a PID then we obtain a one-to-one correspondence between the maximal spectrum 


of R and the normed valuations on R, using the construction in (iii) 


Smax(R) <> {v:R>NU{o}]| (1), (2), (3), (N) } 
m ++ vy wheremM=pR 


[V) Goep 


(2.136) Remark: 

In a polynomial ring, do not confuse valuations with degrees. E.g. in the polynomial ring R = Z[t] the 
degree is the highest power deg(f) =n occuring in the polynomial f(t) = ant” +---+ ait + a9. Hence 
the degree is bounded from above deg(f + g) < max{ deg(f), deg(g) }. 

Taking to p = t € R the valuation 14 is the lowest power occuring in a polynomial f. That is: If 
f(t) = ant” +---+apt™ with a, 4 0 and a, 4 0, but all coefficients f[k] = 0 for k ¢ m...n, then 
deg(f) =n and 1(f) =m. Therefore the valuation is bounded from below %(f+g) > min{ (f),1(g) }- 
So generally speaking the one and only common property of degrees and valuations is multiplicativity. 


Apart from that they are similar but separate concepts. 
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(2.137) Definition: 

Let (R,+,-) be a commutative ring, then we call v : R > INU {oo} a discrete valuation on R (and the 
ordered pair (J2, 1”) is said to be a discrete valuation ring), iff v satisfies all of the following properties 
(for any a, b€ R) 


(N) Ime R: vim) =1 


(2.138) Proposition: (viz. 902) 
Let (R,v) be a discrete valuation ring, then R and its valuation v already satisfy all of the following 


additional properties 
(i) (R,v) is a valued ring, in particular R is a non-zero integral domain. 
(ii) R is a local ring with maximal ideal [v] = {a € R| v(a) > 1}. 
(iti) (2,2) is an Euclidean domain under e: R\ {O}H N: avn v(a). 


(iv) Fix any m € R with v(m) = 1, then for any 0 4a € R there is a uniquely determined unit a € R* 


such that a = am* for k = v(a). 


(v) Fix any m € R with v(m) = 1 again, as R is a PID and m divides any a £ 0 with v(a) > 1, we 
find that the set of ideals of R is given to be the following 


Ideal(R) = { m‘R | keWhu{0} 


(vi) Let (F,+,-) be an arbitrary field and v : F + ZU {oo} be a discrete valuation except for the void 
divisibility condition (4). That is v satisfies the following four properties (for any x, y € F) 


Then we obtain a subring F of F’ by letting R:= {a € F' | v(a) > 0} <, F. Alsov: R- NU{oo} 


is a discrete valuation on R and finally F’ is the quotient field of R, that is we get 


F = {ab'|a,beF,b40} 
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(2.139) Example: 


e We regard F' = Q and fix any prime number p € Z. Then we obtain a discrete valuation v, on Q 
by letting 1) : Q— ZU {co} (where a, b € Z, b £ 0) 


a 


Mp (2) = [alp— Bp 


lap = sup{ k € IN | pS | a} 


Thereby v, is said to be the p-adic valuation of Q. And if we denote p := pZ, then the discrete 


valuation ring determined by vp is just {a € Q | v»(a) = O} =, Zy canonically. 


e More generally the above construction works out for any PID R: Let F' be the quotient field of R 
and p € R be any prime element. Then we may repeat the definition of 1, literally (except for a, 
b € R) and thereby obtain a discrete valuation vp : F + ZU {oo}. And the discrete valuation ring 
determined by vp is Ry (where Pp := pR) again. 


e The prototype of a discrete valuation ring is the ring of formal power series Et] over a field E. 


And in this case we obtain a discrete valuation v (note that [v] = tE]#]), by 


vy: Elf] > ZU{co}: fr sup{ ke | th | t} 


(2.140) Theorem: (viz. 903) 
A commutative ring (R,+,-) is said to be a discrete valuation ring (abbreviated by DVR), iff it satisfies 


one of the following equivalent properties 
(a) R admits a discrete valuation v : R > INU {co} 


(b) Ris an integral domain and there is some element 0 4m € R satisfying 


R\mR=R* and [{)m*R=0 
kelN 


(c) Ris a PID and local ring but no field. 


(d) R is an UFD but no field and any two prime elements of R are associates (ie. if p, gq € R are 
irreducible, then we get pR = qf). 


(e) R is a noetherian integral domain and local ring, whose maximal ideal M is a non-zero principal 
ideal (Le. M = mR for some OA m € R). 


(f) Ris a noetherian, normal and local ring with non-zero maximal ideal mM ¥ 0 and the only prime 
ideals of R are 0 and Mm (i.e. Spec(R) = {0, m}). 
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(2.141) Definition: 
A commutative ring (22,+,-) is said to be a valuation ring, iff it is a non-zero integral domain in which 


the divides relation is a total order. Formally that is, iff R satisfies the following three properties 
(1) R #0 
(2) Ris an integral domain 


(3) Va,b€ Rwe geta|borb|a 


(2.142) Remark: 
The last property (3) in the definition above might seem a little artificial. We hence wish to explain 
where it comes from: As R is an integral domain we may regard its quotient field E := quot(R). Then 


property (3) can be reformulated, as 
Vee E\{0} : c€Rorx'eR 


Thus if we are given a valuation (in the sense of fields) v : E + ZU {0} on E, we may regard the 
subring R := {a € E | v(a) > O}. And it is clear that R satisfies the property x € R or x! € R for any 
OAxe€ EL. Thus every v is assigned a valuation ring Rin EL. Therefore valuation rings appear naturally 


whenever we regard valuations on fields. 


(2.143) Corollary: (viz. 905) 


(i) If (R,+,-) is a valuation ring, then R already is a local ring and Bezout domain (that is any finitely 


generated ideal already is principal). 
(ii) If (2, +,-) is a valuation ring, then we get the following equivalencies 


(a) R is noetherian 
(b) Ris a PID 
(c) Ris a DVR or field 
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2.12 Dedekind Domains 


Prime factorization of elements of a ring (preferably an UFD) is a powerful tool in algebra, however it 
is available in very tame rings, such as PIDs or polynomial rings over a field. We have already studied 
Lasker-Noether theory of decomposition of an ideal into primary ideals. What follows is something in 
between: Factorization of ideals into prime ideals, just like primary decomposition of elements. Though 
this has somewhat nicer properties than Lasker-Noether decomposition, the price is more strict require- 
ments of the underlying ring. In the end this is a beautiful theory that has some applications in algebraic 


number theory: 


(2.144) Definition: 
Let (R,+,-) be an integral domain and let us denote its quotient field by F := quot(R). Then a subset 
f C F is called a fraction ideal of R (which we abbreviate by writing f <; R) iff it satisfies 


(1) f <m Fis an R-submodule of F 


(2) 50 Ar € Rsuch that rf C R 


(2.145) Remark: 


e In particular any ideal a <j R is a fraction ideal @ <; R (Prob just let r = 1). By abuse of 


nomenclature ordinary ideals of R are hence also said to be the integral ideals of F. 


e Conversely for any fraction ideal f <; R we see thatf MR <j R is an ideal of R. Prob because 
0 €fOR and looking at some f, g €f anda € R we clearly get ft+gefoRandafefnRas 
both, f and R are R-modules. 


e And clearly for any x € F the generated module f := xR is a fraction ideal f <; R of R Prob 
because if 2 =r/s then obviously sf =rR C R. 


e If R itself is a field, then F = R and the only possible fraction ideals of R are 0 and R itself. Prob 
suppose there was some x 4 0 such that x € f <; R, then x has an inverse 2! € R and hence 
1=a ‘x €f. Thus for any a € R we have a=al €f. 


(2.146) Proposition: (viz. 906) 

Let (R,+,-) be an integral domain and let us denote its quotient field by F’ := quot(R). As in the case 
of integral ideals, if f and g <} R are fraction ideals of R, then the sum f + g, intersection fg and 
product fg of finitely many fraction ideals is a fraction ideal again. And if g 4 0 we may also define the 
quotient f : g of two fraction ideals. le. if f and q <; R are fraction ideals of R then we obtain further 


fraction ideals of R by letting 


f+g = {rt+ylcef, yeg} 
fog := {x|xefandreg} 
[29 2= {eer leqcf} 


fg c= fis 
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(2.147) Remark: 


e Let now 0 4f and g <; R be two non-zero fraction ideals of the integral domain (R,+,-) and let 
F = quot(R). Then the product f g and quotient f : g 40 are non-zero, too. Formally that is 


f,g 40 fg #0andf:9 40 


Prob as f and g 4 0 we may choose some 0 4 f € f and 0 4 g € g. Then fg € fg and 
fg #0, as F is an integral domain (yielding fg 4 0). Now let sg C R for some s 4 0. Then 
(sf)g = f(sg) C fR C f and hence sf €f:g. But as sf 40 this means f : g 4 0. 


e For any fraction ideal f <; R we always get the following two inclusions 
(Rif) CR C fif 


Prob f{(R : f) contains elements of the form 214, +--+: + 2nYn where x; © R:f and y; € f. But by 
definition of R:f this means x;y; € R and hence x;y; +--+: +2nYn € R. And R C f :f is clear, 
asf <m F such that ay € f for any a € Rand y Ef. 


e First note that the multiplication fg of fraction ideals is both commutative and associative. Further 
it is clear that for any fraction ideal f <; R we get Rf =f. That is the set of fraction ideals of 
R is a commutative monoid under the multiplication (defined in (2.146)) with neutral element R. 
This naturally leads to the definition of an invertible fraction ideal. Of course the non-zero fraction 


ideals als form a monoid and this is called the class monoid of R, denoted by 


C(R) = {fa RIF 40} 


(2.148) Definition: (viz. 906) 
Let (R,+,-) be an integral domain and let us denote its quotient field by F := quot(). Then a fraction 


ideal f <; R of R is said to be invertible, iff it satisfies one of the following two equivalent conditions 


(a) Ig <3; R:f9=R 
(b) f(R:f) = R 


Note that in this case the fraction ideal g with fg = R is uniquely determined, to be g = R:f. And it is 


called the inverse of f, written as 


(SS Re 


(2.149) Proposition: (viz. 906) 
Let (,+,-) be an integral domain and let us denote its quotient field by F' := quot(R) again. If now 


0Aa <j Risa non-zero ideal of R, then the following statements are equivalent 
(a) @ is invertible (as a fraction ideal of R), ie. aq = R for a suitable fraction ideal q <; R of R. 


(b) There are some ayj,...@, € A and 21,...,%, € F such that for anya € 1...n we get xa C R 


and aj,%1 +::++@n%y = 1. 
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(c) @ is a projective R-module, i.e. there is a free R-module M and a submodule P <, M such that 
M is a direct sum featuring a6 P= M. 


(2.150) Corollary: (viz. 907) 
Let (R,+,-) be a local ring, that also is an integral domain. If now 04a <j R is a non-zero ideal of R 


then the following statements are equivalent 
(a) @ is a principal ideal (i.e. d = aR for some a € R) 


(b) a is invertible (as a fraction ideal @ <; R) 


(2.151) Remark: 


e If aR is any non-zero (a 4 0) principal ideal in an integral domain (R,+,-), then aR <; R is an 


invertible fraction ideal of R. This is clear as its inverse obviously given by 
= 7° 1 
(ak) = -R 
a 


e Now consider an (integral) ideal a <; R and elements aj,...,@, € and 7,...,%,E€R:a CF 


such that aja%1 +--+ +@n%p = 1. Then @ is already generated by the a,, formally that is 
a = (Q1,---,An)i 


Prob the inclusion ">" is clear, as a; € G. For the converse inclusion we consider any a € a. As 
x; € R:Q we in particular have 7,4 C R. And because of aj%1 + --- +427 = 1 we are able to 


write a in the form a = (xja)aq +--+ + (tpna)an € (a4,.--, An )i- 


e We have seen in the proposition above, that an (integral) ideal d <j F is invertible if and only if 


there are aj,...,@, € A and 2,...,%, € F such that for any i € 1... we get 
aaeR and aya, +::-+antn = 1 


Nota as we have just seen this already implies, that the a; generate 0. Hence any invertible ideal 


already is finitely generated! 


e Now consider some multiplicatively closed subset 0 ¢ U C R. Then F = quot(R) = quot(U~'R) 
are canonically isomorphic, by (2.126.(iii)). If now f and g <j R are any two fraction ideals of R 
then it is easy to see that U~'f := {a/ub| a/b ef,ueU} < U'Ris a fraction ideal of U-'R 


and a straightforward computation shows that 
(u-f)(U-'a) = U-MFa) 


In particular if f <j; R is invertible (over R) then U~'f is invertible (over U~!R) and vice versa. 


Formally that is the equivalence 


f <; R invertible <=> uU-+f <I; U—'R invertible 


2.12 Dedekind Domains 183 


Prob (U~'f) (U~+g) is generated by elements of the form (a/ub)(c/vd) where a/b € f, c/d € g 
and u, v € U. Now wv € U and (a/ub)(c/vd) = (ac)/(uvbd) such that this is contained in 
U~1(fg) again. This proves "C" conversely let a/b € f, c/d € g and u € U. Then U~'(fq) 
is generated by elements of the form (ac)/(ubd). And as (ac)/(ubd) = (a/ub)(c/d) this is also 
contained in (U~'f) (U~+g). This proves the converse inclusion ">" and hence the equality. And 
from this equality it is clear that (U~!f)~! = U-1(f7") for invertible fraction ideals (and hence the 


equivalence). 


(2.152) Definition: (viz. 907) 
Let (R,+,-) be an integral domain and let us denote its quotient field by F' := quot(R). Then R is said 


to be a Dedekind domain (shortly DKD) iff it satisfies one of the following equivalent statements 


(a) every non-zero fraction ideal 0 Af <j; R is invertible (ie. there is some fraction ideal g <j R such 
that fg = R). 


(b) every non-zero (integral) ideal0 #4 <j R is invertible, (i.e. there is some fraction ideal 9 <;} R 
such that ag = R). 


(c) every (integral) ideala <; R with a ¢ {0,R} allows a decomposition into finitely many prime 
ideals, i.e. Jp,,...,),, € Spec(R) such thatd=),...P,,. 


(d) R is a notherian, normal ring in which every non-zero prime ideal already is maximal, the latter 
being Spec(R) = Smax(R) U {0 }. 


(e) Ris noetherian and for any non-zero prime ideal 0 4 Pp € Spec(R) the localization Ry is a discrete 


valuation ring (i.e. a local PID). 


(2.153) Example: 
In particular any PID (R,+,-) is a Dedekind domain - it is noetherian, as any ideal even has only one 
generator, it is normal (as it is an UFD by the fundamental theorem of arithmetic) and non-zero prime 


ideals are maximal (which can be seen using generators of the ideals). 


(2.154) Theorem: (viz. 913) 
Let (R,+,-) be a Dedekind domain and 0 4a <j R be a non-zero ideal of R. Then R already satisfies 


an extensive list of further properties, namely 


(i) Ris noetherian and every non-zero prime ideal of R already is maximal, the latter being 
Spec(R) = Smax(R)U{0} 


(ii) Any ideal O Aa <j R admits a decomposition into finitely many (up to permutations) uniquely 


determined prime ideals, formally this is 


'p,,---,P, € Spec(R)\{O} such that A=p,...p, 


(iii) For any ideal0O Aa <j R the quotient ring R/d is a principal ring (i.e. a ring in which any ideal 


is generated by a single element). 
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(iv) Any ideal of R can be generated by two elements already, we even get the slightly stronger property 


VOAaEA AbEQ suchthat 0=aR+bR 


(v) If R also is semilocal (i.e. R only has finitely many maximal ideals) then R already is a PID 


(i.e. every ideal is a principal ideal). 


(vi) If m <; Ris a maximal ideal of R and 1 < k € W then we obtain the following isomorphy of rings 
(where as usual Rm = (R\m)~1R and mM’ Rm = (R\m)-!m* <j Rm denote the localization of R 
resp. the ideal corresponding to m*) 


(2.155) Definition: (viz. 911) 
Let (R,+,-) be a Dedekind domain, m € Smax(R) be a maximal ideal and 0 4a <i R be a non-zero 
ideal of R. Then we define the valuation m induced by M on the set of ideals of R, by 


vm : Ideal(R) > IN 
av max{ ke IN| a € m* } 
0.0 


And for any a € R we denote vm(a) := ym(aR) € IN. Let now a,b <; R be arbitrary ideals of R. The 


we say that b divides a, written as b | 4, iff it satisfies one of the following equivalent properties: 


ba SS: S05 Re aH=be 
2 sD 
<> VmeSmax(R) : um(b) < mm(a) 


(2.156) Proposition: (viz. 911) 
Let (R,+,-) be a Dedekind domain with quotient field F’ := quot(R). And let m < R be any maximal 


(here this is non-zero prime) ideal of R. Then we obtain the following statements: 


(i) Consider M = {m,,...,M,, } C Smax(R) a finite collection of maximal ideals and for each ideal 
some power k(1),...,&(n) € IN. Then for any m € Smax(R) we obtain 


k(é) if m =m; 
Vin (mpO>.. campo ) = @) 
OifmeM 


(ii) Consider any two non-zero ideals 0 4 4,6 <j; R then the multiplicity function vm acts additively 


under multiplication of ideals, that is 


vm(ab) = vm(a) + vm(6) 
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(iii) Let 0 4 a, 6 <j; R be any two non-zero ideals of R and decompose a = me mk and 
b= mi) Mi”) with pairwise distinct maximal ideals m; € Smax(R) and (i), (i) € IN (note 
that this can always be established, as (7) = 0 and I(i) = 0 is allowed). Then we get 


a+6 = mr .m™™ where m(i) := min{ k(i), (i) } 


(iv) Consider any non-zero ideal 0 #4 <j R, as before we decompose @ into @ = me) i mk) (with 
pairwise distinct mM; € Smax(R) and 1 < k(z) € IN). Then we obtain Chinese remainder theorem: 


Fy BY nt -b+ars (64m) 


(v) Let a <j R be any ideal in R, then there is some ideal 6 <; R such that a+b = R are coprime 
and Qb is principal (ie. Ja € R: ab = aR). 
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Chapter 3 


Modules 


3.1. Defining Modules 


The notion of a module is the cornerstone of algebra - it is sufficiently general to cover countless different 
situations of all fields of mathematics and specific enough as to produce a vast amount of properties to 
exploit. Because of its importance we have chosen to give a very precise definition of what a module is 
precisely: For the time being we use the binary operation ¢ to denote the scalar multiplication in order 
to be able to write down the properties of a module in great detail. However we will soon follow the 
customary simplification to just write ax instead of ao, as the properties of a module guarantee that 


this can be done safely. 


(3.1) Definition: 

Let (R,+,-) be a ring, then the triple (7,+,¢) is said to be an R-module, iff M 4 @ is a non- 
empty set and + resp. © are binary operations of the form + : Mx M > M: (a,y) +> x+y and 
o:RxM—M: (a,x) ax =azr that satisfy the following properties 


(G) (M,+) is a commutative group, that is the addition is associative and commutative, admits a 
neutral element (called zero-element, denoted by 0) and every element of M/ has an additive 


inverse. Formally 


Va,y,zE€M : x4+(ytz) = (e«+y)4+2 
Va,yEM : e+y=yte2 
OEMVaxeM : £4+0=2 
VaeMAreM : «44+ =0 


(M) The addition + and scalar multiplication © on M satisfy the following compatibility conditions 


regarding the operations of R 


Vae RVa,yEeM : ac(a+y) = (aca) 

VabEeRVxaEM : (at+b)our = (acz) 

VabeRVxeEeM : (a-b)oxr = ao(bon) 
VaeM : loxr=-2z 


(acy) 


+ 
+ (box) 
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(3.2) Remark: 
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e The notations in the definition above deserve some special attention. First note that - as always 


with binary operations - we wrote x + y instead of +(z,y). Likewise ao x instead of (a,x) and 


of course a + b instead of +(a,b), a- 6 instead of -(a,b) (as we already did with rings). 


Recall that for a ring (R,+,-) the operation + has been called addition and - has been called 
multiplication of R. In analogy, if (1/,+,°) is an R-module, then + is said to be the addition of 


M and ¢ is called the scalar multiplication of M. 


Next note that we have used two different binary operations +, namely +: Rx R— R of (R,+4,°:) 
and +:Mx M — M of (M,+,°). At first it may be misleading to denote two different functions 
by the same symbol, but you will soon become used to it and appreciate the simplicity of this 
notation. It will not lead to ambiguities, as the neighbouring elements (a and b for a+ bin R, 
resp. x and y for x+y in M) determine which of the two functions is to be applied. As an exercise 
it might be useful to rewrite the defining properties (M) using +, for + in R and +), for + in M. 


As an example let us reformulate the first two properties in this way 


Vac RVa,yEeM aco(e«+my) = (aox)+m (acy) 
Va,beRVxEeM (a+reb)oxr = (aoz)+y (boZz) 


Note that the properties (G) of R-modules truly express that (1/7,+) is a commutative group. In 
particular we employ the usual notational conventions for groups. E.g. we may omit the bracketing 


in sums due to the associativity of the addition + of 


e+yt+z := (a+y)+z 


n 


ie — ((e1 +22) +...) +2 


i=l 
And as always the neutral element 0 € M is uniquely determined again (if 0 and 0’ are neutral 
elements, then 0’ = 0+ 0’ = 0’ +0 = 0). Likewise given x € M there is a uniquely determined 
x € M such that x + ¥ = 0 and this is said to be the negative element of x, denoted by —z := & 


(if p and q are negative elements of x then p=p+0=p+4+(a#+q)=q+(x#+p)=q+0=49). 


Let (R,+,-) be any ring (with unit element 1) and M be an R-module, then we note some immediate 


consequences of the axioms above. Let x € M and recall that —x denotes the negative of x, then 


II 
= 


Oox 


(-l)ox 


I 
| 
8 


Prob as 0 =0+0in R we get 0ox = (0+ 0) ox = (002) + (002) from (M). And substracting 0ox 
once from this equality we find 0 = Oo. This may now be used to see 0 = 00x = (14+(-1))oxr= 
(lox) +((—1)°2). Substracting s = 1¢2 we find —x = (-1) og. 


3 Modules 


e We have already simplified the notations for modules rigorously. However it is still useful to 
introduce some further conventions. Recall that for rings (2,+,-) we wrote ab instead of a-b. And 
we wrote a—b instead of a+(—b) and ab+c instead of (a-b)+c. The same is true for the addition 
in the module M/: We will write x — y instead of 2 + (—y). Likewise we write ax instead of ao x 


and declare that the scalar multiplication © is of higher priority that the addition +. E.g. we write 
ar+y := (acx)+y 


Note that it is unambiguously to write abz instead of the original (yet cumbersome) terms (a-b)ox = 
ao(bo2), as this equality has been one of the axioms for R-modules. Thus we may also omit the 


brackets in mixed terms with multiplication and scalar multiplication. 


e In contrast to rings (where we faithfully wrote (22,+,-) on every first occurance of the ring) we will 
omit the operations + and © when referring to the R-module (M/,+,¢). That is we will say "let 17 
be an R-module' and think of (7,+,¢) instead of M. 


e What we defined here is also called a left R-module, this is to say that in the scalar multiplication 
©: Rx M — M the ring R acts from the left. One might be tempted to regard right R-modules as 
well, i.e. structures (M,+, A) in which the ring R acts from the right: Mx R— M : (a,a)' xrAa 
that satisfy the analogous properites (1+ y) Aa = (aAa)+(yAa), vA(a+b) = (xwAa)+(x Ab), 


xA(a-b) = (wAa)Ab and A 1 =x. However this would only yield an entirely analogous 


theory: Recall the construction of the opposite ring (R,+,-)° in section 1.4. If (1Z,+,0) is a 
(left) R-module, then we obtain a right R°P-module (/,+,¢)°? by taking M as a set and + as an 
addition again, but using a scalar multiplication that reverses the order of elements. That is we 


obtain a right R°?P-module by 


(M, +,0)°? = (M,+,A) where w@Aa:=acox 


e The theory of R-modules is particularly simple in the case that F is a field. As this case historically 
has been studied first there is some special nomenclature: Suppose that V is an F'-module, where 


(F,+,-) is a field. Then we will use the following notions 


set theory linear algebra 
(F,+,-) base field 
(V,+,°) vector space 
elements of F’ scalars 
elements of V vectors 
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(3.3) Example: 


e Consider any commutative group (G,+), then G becomes a Z-module under the following scalar 
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multiplication o: Zx GG 


k 
S¢ a for k>0 
i=1 


BOY i 0 fork =0 
—k 
So (-2) fork <0 
i=1 


Let (R,+,-) be anyring anda <,, R be a left-ideal of R (note that in particular @ = R is allowed). 


Then @ is an R module under the operations inherited from R, that is 


+:Q4xadoa: (a,y)Hat+y 


o: Rxa>a : (a,x) ax 


That is: Although we started with quite a lot of axioms for R-modules, examples are abundant - 
the theory of modules encompasses the theory of rings! And the proofs are full of examples how 


module theory can be put to good use in ring theory (e.g. the lemma of Nakayama). 


Consider any (i.e. not necessarily commutative) ring (S,+,-) and suppose R <, S is a subring of 


S. If now M is an S-module, then 17 becomes an R-module under the operations inherited from S 


+:MxM—-M : (a,y)>4+y 
o: RxM>M : (a,2)H ae 


Let (R,+,-) and (S,+,-) be any two (not necessarily commutative) rings and consider a ring- 


homomorphism y: R > S. If now M is an S-module, then M also becomes an R-module under 


+:MxM—-M : (a,y)>4+y 
o:RxM>M : (ar) v(a)xr 


Consider an arbitrary (i.e. not necessarily commutative) ring (R,+,-). If now 1 <n € IN then R” 


becomes an R-module under the point-wise operations +: R” x R” > R” ando: Rx R” > R” 


(Ocean) Wisc Ua) COU UL ea) 


Ce i Ces (Oe eig ata ang | 


Note that the operations + and - on the right hand side are those of the ring R, whereas the 
operations + and © are thereby defined for the module R”. Further note that in the case n = 1 we 
get R” = R and the addition + on R! by definition coincides with the addition + on R. This is 
precisely the reason why we did not need to distinguish between +, and +), - in case of doubt 


it doesn't matter, it’s just the same. 


3 Modules 


(3.4) Remark: 

The example R” is the most basic and most important case of a module: It is the prototype of any free, 
finitely generated module, which is the best class of modules around. But it also is the first module 
that has been studied: In the case of the reals R = R the vector-spaces R? and IR? are the domains of 
plane resp. of spatial geometry. And the addition of vectors in IR® is the way to describe the addition 
of velocities or forces in physics. It is here that we gain an intuition of what the addition and scalar 
multiplication of vectors is about: 

First of a an n-tuple x = (21,...,%n) € R” designates a point in space. But likewise we can think 
of x as an arrow pointing from the origin 0 € R” to x. From a mathematical point of view there is no 
distinction between points and arrows, as both are n-tuples. And there is good reason not to introduce 
any artificial distinction: 

So this is what the addition x + y of two n-tuples x, y € R” does: It starts at point x and attaches 
the arrow y to it. Then the shifted arrow y ends at the point 2+ y. But you can also look at it in the 
following way: Start with the arrow x and attach arrow y (so that y starts, where x ends). Then the 
arrow x+y points from 0 straight to the end of the shifted arrow y. That is x + y is the diagonal in the 


parallelogram with the sides x and y: 


It is a remarkable fact that nature can be described in these simple terms, but for marvelous reasons the 
addition of forces (amongst many other things) is precisely the point-wise addition of tuples in R®. 

The scalar multiplication of R” is understood best, if we think of an n-tuple x to be an arrow from 
0 to x again. Then az is just the arrow x stretched by the factor a € R. (In case of a < 1 this is a 


reduction of length and in case a < 0 the arrow az also points in the opposite direction). 
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(3.5) Definition: 

Let (R,+,-) be a ring, then the quadrupel (A,+,-,¢) is said to be an R-semi-algebra, iff A 4 Q is a 
non-empty set and +, - resp. © are binary opertations of the form + : Ax A— A,-: Ax A-— Aand 
©: Rx A- A that satisfy the following properties 


(R) (A,+,-) is a semi-ring, that is the addition + is associative and commutative, admits a neutral 
element (called zero-element, denoted by 0), every element of A has an additive inverse, the 


multiplication - is associative and satisfies the distributivity laws. Formally 


Vi ghEeA : ft(gth) = (ftg)t+h 
Viigen a J Hoa ges 

OE AVFEA : f4+0 

VPEABTeA & fFF 
Vi,ghEeA : f-(g-h) = (f-g)-h 
VAghREA : f-(g+h) = (f-9)+(f-h) 
Vf,g REA : (ftg)-h = (f-h)+G-h) 


I 
YS 


(M) (A,+,¢) isan R-module, that is the addition + and scalar multiplication © of A satisfy the following 
compatibility conditions 


VaeE RVf,gEA : ac(ft+g) = (acf)+(acg) 

VabEeRVfEA : (at+b)of = (aco f)+ (bof) 

Vabe RVfEeA : (a-b)of = ao(bof) 
VfEA : lof=af 


(A) The multiplication - and scalar multiplication © of A are compatible in the following sense (note 


that this is some kind of associativity) 
VaEeRVf,geA : (aof)-g = ac(f-g) = f-(aog) 


If now (A,+,:,0) is an R-algebra, then we transfer most of the notions of ring theory to the case of 


algebras, by refering to the semi-ring (A,+,-). To be precise introduce the following notions 


(A, +,-,¢) is called (A,+,-) is a(n) 
R-algebra = ring 
commutative —> commutative 
integral = integral domain 
division algebra = skew-field 
noetherian ‘<= commutative, noetherian ring 
artintan as commutative, artinian ring 
local ——s commutative, local ring 
semi-local ‘<= commutative, semi-local ring 
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(3.6) Remark: 


e By definition any R-semi-algebra (A, +,-,¢) has a (uniquely determined) neutral element of addi- 
tion, denoted by 0 (that is f +0 = f for any f € A). To be an R-algebra by definition means that 
the multiplication also admits a neutral element. That is there is some 1 € A such that for any 
f © Awe get f-1= f =1- f. And due to the associativity of - this unit element 1 is uniquely 


determined again. 


e If (A,+,:,) is an R-algebra, then by definition (A,+,-) is a semi-ring and (A,+,¢) is an R- 
module. In particular A inherits all the properties of these objects and we also pick up all notational 
conventions introduced for these objects. That is we write 0 for the zero-element and 1 for the unit 
element (supposed A is an R-algebra). Likewise we write —f for the additive inverse of f (that is 
f+(—f) =0 and f~! for the multiplicative inverse of f (that is f- f-'=1=f7'- f), supposed 
such an element exists. In case you are not familiar with these conventions we recommend having 


a look at section 1.3. 


e If Ais a commutative R-semi-algebra, then condition (A) boils down to (ao f)-g = ao(f-g) for any 
a € Rand f, g € A. Because if this property is satisfied then we already get (ao f)-g = f-(aog) 
from the commutativity f-(aog) = (aog)- f=aco(g:f) =ao(f-g)=(acf)-g. 

e If A is an R-algebra, i.e. an R-semi-algebra containing a unit element 1, then due to property 


(A) the scalar multiplication © can be expressed in terms of the ordinary multiplication of A with 


elements of the form a1. To be precise, let a € R and f € A, then we clearly obtain 
(ee Lef =: @os 


e If (R,+,-) is an arbitrary (ie. not necessarily commutative) ring and A is an R algebra with unit 


element 1,4 then the elements al4 = a¢o1,4 commute with any element f € A. That is 
{al4|aeR} C ceEN(A) 

This is due to property (A) of R-semi-algebras, as for any a € R and f € A we may compute 

(aoly)-f =ao(14-f)=a0(f-14)=f-(a014). 


e Note that property (A) in the definition of R-semi-algebras enables us to not only omit the multi- 
plicative symbol - and scalar multiplication ¢ but also the bracketing. Whenever we have a term of 


the form afg then we may use either bracketing (af)g = a(fg) due to (A). 


e Even if al4 = bly € A we may not conclude a = b € R. As a counterexample consider A = Z4 
which is an algebra over R = Z. Then we have 14 = 1+4Z and 21,4 = 614. Later on we will 


give a name to this property: In a torsion-free R-algebra we may conclude a = b from al, = 614. 
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e (%) Let (R,+,-) be a commutative ring and A be an R-semi-algebra, then we can embed A into 
an R-algebra A’ canonically: As a set take A’ := Rx A and define the following operations on A’ 


(a,f)+(6,9) = (a+b, f +g) 
(a, )- (8,9) = (ab, fg + ag + bf) 
ao(b,g) := (ab,ag) 


Then (A’, +,-,) truly becomes an R-algebra (the verification of this is left to the interested reader) 
with zero element (0,0) and unit element (1,0). And of course we get a canonical embedding (i.e. an 


injective homomorphism of R-algebras), by virtue of 


AGA: fH (0,f) 


(3.7) Example: 


e Let (R,+,-) be a commutative ring then, R becomes an R-module (even an R-algebra) canonically 
under its addition + as an addition of vectors and its multiplication - as both, its multiplication 
and scalar-multiplication. le. if we let A := R, then R becomes an R-algebra (A,+,-,©), under 


the operations 


+:AxA>OA : (f,g)oftg 
-:AxA>TA : (fig) fg 
o:RxAOA : (af)rvaf 


In the following - whenever we say that we regard some ring (,+,:) as an R-module - we will 
refer to this construction. And in this case any subset @ C R is an ideal of R if and only if it is 
an R-submodule 

qadR = a<, R 


e Let (R,+,-) be a commutative ring again and J 4 @ be any non-empty set, then we take A := 
F (I, R) to be the set of functions from J to R. Note that this includes the case A = R” by taking 


I :=1...n. Then A becomes an R-algebra (A,+,-,¢), under the point-wise operations 


+:AxA>A : (fig) (i fli) + 9(0)) 
-:AxA>A : (fig) 6 (i f(i)- gd) 
©: RxASA: (af) GH af(i)) 


e Likewise let (R,+,-) be a commutative ring and a <j R be an ideal of R. Then we may consider 


the quotient ring A := R/d as an R-algebra (A,+,-,), under the following operations 


+:AxA>SA : (64+4,c+a)4 (b+c)+4 


-:AxA>A : (b4+0,c+0) (bc) +4 
©: RxA>SA : (a,b4+4) 4 (ab) +a 
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e This is a special case of the following general concept: Consider any two commutative rings (R, +, -) 
and (A,+,-) and regard an arbitrary ring-homomorphism y : R — A. Then A can be considered 
to be an R-algebra under its own addition + and its own multiplication - as multiplication and the 
scalar multiplication is multiplication in A with the imported elements y(a). That is A becomes an 


R-algebra under the operations 


+:AxAOSA: (fig) ftg 
-:AxASA : (fig) fg 
©: RxASA : (af) ylaf 


e The most general case of the above is the following: Let (R,+,-) be any (that is even a non- 
commutative) ring. Then R still is an R-module under the above operations. But R no longer needs 
to be R-algebra. Likewise consider a second ring (S,+,-) and a ring-homomorphism py: R— S. 


Then S is an R-module under the above operations. 


+:SxS5S : (ay)Hart+y 
o:RxS 35S : (a,2) y(a)y 


Again 5S, need not be an R-algebra, in general. However S becomes an R-algebra (under its own 


multiplication), if the image of R under vy is contained in the center of S, that is if 


yp(R) C ceEN(S) := {xES|VyEeES:ay= yr} 


e An example of the above situation will be the ring of nxn matrices over a commutative ring (22, +, -). 
Recall the construction of matrices given in section 1.4 (for more details confer to section 4.1) and 


let S := mat,(R). Then we obtain a homomorphism of rings by letting 


a 0 
yp: RAS: avn 
0 a 


And as 2 is commutative it is clear, that y(R) C cEN(S) (in fact it even is true that p(R) = cEN(S)) 
and hence S becomes a well-defined R-algebra (under the usual multiplication and addition of 


matrices). Of course this multiplication is just the same, as the point-wise multiplication by a. 


(3.8) Definition: 
Let (R,+,-) be a ring and M be an R-module, then a subset P C M is said to be an R-submodule of 
M, iff it satisfies the following properties 


(1) 0EP 
(2) eye PSS aye PF 
(3)aEeRxEeP = areP 
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And in this case we will write P <, M. Likewise if A is a R-semi-algebra and P C A is a subset, 
then P is said to be an R-sub-semi-algebra, iff it is both, a submodule and sub-semi-ring of A, formally 


iff it satisfies 
(M) P <p A 
(4) f.geP = fgeP 


And in this case we will write P <, A. In this case P is said to be an unital R-sub-semi-algbra iff P 


contains a unit element for itself, that is 


(B) P<, A 


(U) Se € P such that Vf € P we have ef = f = fe 


If the unit element e € P is just the unit element 1 € A (that is, in case P is both, a submodule and 
subring of A) then P is said to be an R-subalgebra of A, formally that is iff P satisfies 


(B) P <p A 
(5) 1eP 


And in this case we will write P <, A. Let now A be an R-semi-algebra again. Then a subset a C A is 


said to be an R-algebra-ideal of A. iff it is both, an ideal and a submodule of A, formally iff it satisfies 
(M) a <m A 
() fea geEeA = fgEedand gf ca 


And in this case we write @ <, A. Having defined all these notions the set of all submodules of an 
R-module M is denoted by Subm(M). Likewise Subb(A) denotes the set of all R-sub-semi-algebras, 
aldeal(A) denotes the set of all algebra-ideals of a semi-algebra A. And finally the set of all R- 
subalgebras of an R-algebra A id denoted by Suba(A). Formally we define 


Subm(M 


{P 


IM 


M|P <m M} 


a) 


Subb(A {PCA|P < A} 


Suba(A 


) 
) 
) {PCA|P <a A} 
) 


aldeal(A 


{CA ( Pee At 


(3.9) Remark: 


e lf P <m M is a submodule (of the R-module M, where (R,+,-) is an arbitrary ring), then 
P <, M already is a subgroup of (M, +), too. That is 0 € P and for any x, y € P we get —2 € P 
andz+y€P. Thereby —z € P follows from (3) by regarding a := —1, as in this case we get 

x =(-1)¢o2 € P already. 


e Likewise if A is an R-algebra (over an arbitrary ring (R, +, -)), then we only need to check properties 
(1), (2), (4) and (5), as (3) follows from (4): Given f € R anda e€ A we get af = (aly)of € P. 
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e Let A be an R-semi-algebra over the ring (R,+,-), then any sub-semi-algebra of A already is a 
a sub-semi-ring of A, formally 
P <p A = P <s A 


Prob Properties (1), (2) and (4) of sub-semi-algebras and sub-semi-rings coincide. It only remains 
to check property (3) of sub-semi-rings: consider any f € P, then —f = (—1)f € P by (3) of 


sub-semi-algebras. 


e If P <m M is a submodule (of the R-module M, where (R,+,-) is a integral domain) then we 
obtain another submodule of M/ by letting 


Hull(P) := {re M|dae R:af0and are P} 


Thereby P C Hull(P) <, M of course. Prob Clearly p = 1-p € Hull(P) for any p € P such 
that P C Hull(P). In particular 0 € Hull(P) which is property (1). In (3) we are given u € R and 
x € Hull(P). That is az € P for some a £0. Then a(ux) = (au)a = (ua)x = u(ax) € P such that 
ux € Hull(P). Likewise, if 2, y € Hull(P) then ax and by € P for some a, b € R with a, b F 0. 
Now ab(a + y) = (ab)ax + (ab)y = b(ax) + a(by) € P. But as R is an integral domain we have 
ab # 0, as well and thereby x + y € Hull(P), which is property (2). 


e If Ais an R-(semi-)algebra over some ring (2,+,-) then the center cEN(A) C A (ie. the elements 


of A that commute with all other elements) is an R-sub-(semi-)algebra of A again 
cen(A) = {fEeA|VgeEA:fg=gf} DA 


Prob Clearly 0 € cEN(A) as for any g € A we have 0g = 0 = g0 and ifa€ R, f, f’ € cEN(A) then 
we get (af)g = a(fg) = flag) = (ag) f = a(gf) = g(af) and (f+ fg = fo+ fg =aof + of = 
g(f + f’) such that af and f + f" € ceN(A) again. Also (ff’)g = f(f'9) = flgf’) = (fa) f = 
(of) f’ = g(ff') implies ff’ € cEN(A). Altogether cEN(A) <, A and if 1 € A is the unit element 
then 1g = g = gl for any g € A such that 1 € CEN(A) again. 


e Let A be an R-semi-algebra over the ring (R,+,-), then is an algebra ideal of A iff it is an ideal 
and R-sub-semi-algebra of A, formally 


ad, A <= a<, A andad< A 


Prob The implication <— is clear: (M) of algebra-ideals is identical to (M) of sub-semi-algebras 
and (I) of algebra ideals just combines (4) and (5) of ideals. Concersely we first check property (4) 
of sub-semi-algebras: if f, g € a, then in particular g € A and hence fg € a by (4) of algebra- 
ideals. Now properties (1) and (2) of ideals are contained in (M) of algebra ideals ((4) and (5) 
are (I) again). Thus it only remains to check property (3) of ideals. But if f € a then, as before 
—f =(-1)f € 4 by property (3) of algebra-ideals. 


e If A even is an R-algebra over the ring (R,+,-), then there is no difference between ideals and 
algebra-ideals of A, formally 
aqad,A —a<dA 
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Prob We have already seend <, A = a <j A above. Further we have already argued that 
it only remains to check property (3) of algebra-ideals: thus consider any a € R and f € 4, then 
al € A (where 1 € A, as A is an R-algebra) and hence af = (al)f € a by (I). 


(3.10) Proposition: (viz. 601) 

Fix any ring (R,+,-) and for the moment being let x appreviate any one of the words R-module, R- 
semi-algebra or R-algebra and let M be a x. Further consider an arbitrary family (where 7 € I + 0) 
P; © M of sub-«s of WM. Then the intersection of the P; is a sub-x again 


(Mee C M isa sub-« 
wel 


Likewise let A be an R-semi-algebra and let a; <a A be an arbitrary (that is i € J A again) family of 
R-algebra-ideals of A, then the intersection of the a; is an R-algebra-ideal of A again 


()ai <li, A is an R-algebra-ideal 
el 


(3.11) Definition: 

Fix any ring (R,+,-) again, let « abbreviate any one of the words R-module, R-semi-algebra or R- 
algebra again and let M be ax. If X C M is an arbitrary subset then we define the linear hull LhLX) 
resp. Lhy(X) of X to be the following subset of M: If X = 0, then we let Lh(Q) := {0} and for X 40 


we take to 
Lh(X) = So aia; 
i=l 


And the x generated by X is the intersection of all sub-xs containing X: 


Icnen mer nex} Cc M 


(X)m = [(\{POM|X CP <p, M} 
(X)p = (\{POM|XCP <M} 
(Xj = (\{POM|XCP<, M} 


Nota in case there is any doubt concerning the module X is contained in, (e.g. X CGC M C N) we 
emphasize the R-module M used in this construction by writing (X C M)m or (X)m <m M and in 


literature there even is the notation M(X )m, for the submodule generated in M. 


(3.12) Proposition: (viz. 602) 
Fix any ring (R,+,-) and consider an R-module M containing the non-empty subset 0 A X C M. Then 
the submodule generated by X is precisely the linear hull of X in MW, formally 


(X )m = { doen 
i=l 


1l<neEN, a ER, nex} 


198 3 Modules 


And if A is an R-semi-algebra, 0 4 X C A, then we can also describe the R-sub-semi-algebra generated 
by X explictly. Namely we get the following explicit description 


(Xp = 9 Via] Tas | 1s mneW, we R, ay eX 


Finally if A is an R-algebra, then the sub-algebra generated by X becomes (X ), = (X U{1})p. And 


in the light of the explicit description above we conclude that 


n m 
CX he = So ai | 2,3 l<m,neN, a € R, eee XK UAL 
fp) GEA 


(3.13) Remark: 

In general the union MZ UN of two modules need not be a module again, as it need not be closed under 
the addition +. There is an important situation when this is the case, however: Let (2,+,-) be any ring, 
M be an R-module and for any i € I (where J 40) let P; <p M be submodule of MW. If the P; form a 
chain - that is for any 27, 7 € I we have P; C P; or P; C P; then the union 


P= UP <n M 
wel 
is a submodule of M again. Likewise if A is an R-(semi)-algebra and for any 7 € J we have a sub- 


(semi)-algebra P; <p A of A, then their union is a sub-(semi)-algebra again 


Pos: Je | 
tel 
Prob As I #4 @ we have 0 € P; C P for any i € I. Now consider x, y € P that is there are some i, 
j € I such that x € P; and y € P;. As the P; form a chain, we may assume P; C P; without loss of 
generality. That is x € Pj as well and as P; is a submodule of M we hence get ay € P; C P (for any 
a € R) and x+y e€P; C P again. For the same reason, if the P; <, A are sub-(semi)-ablegras of A 
we have xy € P; C A. 
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3.2 First Concepts 


In this and the following section we will introduce three seperate concepts, that are all of fundamental 
importance. First we will introduce quotient modules - we have already studied quotient rings in (1.60), 
now we will generalize this concept to modules. Secondly we will turn our attention to torsion and 
annihilation. This is an important concept when it comes to analyzing the structure of a module, but will 
not occur in linear algebra. And finally we will introduce direct sums and products - the major tool for 


composing and decomposing modules over a common base ring. 


(3.14) Definition: (viz. 606) 
Let (R,+,-) be an arbitrary ring, consider an R-module M an R-submodule P <m M of M, then P 


induces an equivalence relation on M, by 
ryy <= y-xzeP 


where z, y € M. The equivalency classes under this relation are called cosets of P and for any x © M 
these are given to be 
cies eae) OB op pe Ef 


Finally we denote the quotient set of Z modulo P (meaning the relation ~ recently defined above) 
Ml = saree = {x+P|zeM} 
And thereby (//P can be turned into an R-module (M//P,+,¢) again under the following operations 


(c+ P)+ (y+ P) 
ao(z+P) 


(ct+ty)+P 
(az) +P 


Thereby (//P, +,<) is also called the quotient module or residue module of 1/ modulo P. Now consider 
an R-semi-algebra A and an R-algebra-ideal d <, A. Then A/a (in the sense above) not only is an 


R-module, but even becomes an R-semi-algebra (A/d,+,-,), under the multiplication 


(f+a)(g+a) := (fg) +a 


Thereby (A/d,+,-,@) is also called the quotient algebra or residue algebra of A modulo a. And if A 
even is an R-algebra, then (A/a,+,-,©) is an R-algebra again, its unit element being given by 1 +4. 


(3.15) Remark: 
If (R,+,+) is any ring, then R is an R-module (even an R-algebra in case of a commutative ring) again 
(see above). And the property that d <m R is a submodule is precisely the same, as being a left-ideal. 


By the above definition R/a thereby is an R-module again under the operations 


(a+a)+(b+4) 
ao(b+a) 


(a+b) +a 
(ab) +4 
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(3.16) Proposition: (viz. 609) 
Correspondence Theorem: Let (R,+,-) be an arbitrary ring, M be an R-module and L <, M be any 


R-submodule of MM. Then we obtain the following correspondence 


(i) Consider some R-submodule P <, M such that L C P, then we obtain an R-submodule P/L of 
the quotient module M/Z by virtue of 


and thereby for any element x € M we obtain the following equivalency for the element of relation 


n+LeP/, <= «EP 


(it) Now the R-submodules of M/L correspond to the R-submodules of M containing L and this 
correspondence can be explicitly given to be 
Subm (4/; ) + {PeSubm(M)|L C P} 
U » {reM|x+LeU} 


(iii) Consider an arbitrary family P; <m MM (where z € J) of R-submodules of M such that for any 


a € I we get L C FP. Then the intersection commutes with taking to quotients, that is we obtain 
\(P/_) = ier P)/, 


tel 


(iv) As in (iii) consider any P; <m M where i € J and L C P,, then the summation also commutes 


with taking to quotients, that is 


See een), 


tel 


(v) More generally consider any family of sumbodules P; <, M (where i € J) such that L C >>, P,, 
then we obtain the following identity 


S(P+L/,) = CierP)/, 


wel 


(vi) Finally for any subset X C M let us denote X/L:={x+L|xeX } that is X/L C M/L, then 
we obtain the following identity 


(X/ 4p) = (Kim tL, 
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(3.17) Proposition: (viz. 615) Modular Rule 
Let (R,+,-) be an arbitrary ring, M be an R module and P,Q and U <, M be R-submodules of M 
such that P C Q. Then we obtain 


(QNU) +P = Qn(P+U) 
PAU=QNU, PAU=Q4U = P=Q 


(3.18) Proposition: (viz. 699) 
Let (R,+,-) be an arbitrary ring and N be an R-module. Further consider a cofinite submodule P <, N 


of N, that is there are some 21,...,2Zp € N such that we have the equality 
PPL Giysesay = 


If further P # N, then there is a maximal submodule M of N containing P. Thatis M <, Nisa 


submodule satisfying the following three properties 
(1) MAN 


(2) POMCN 


(3) VQ <m NwegetM CQCWN M=QorM=N 


(3.19) Remark: 
In (3.104) we will see, that Q (regarded as a Z-module) does not have a single maximal submodule. 
No wonder, that we also found Q to be ininitely generated: If it was finitely generated then by the 


proposition above there would be a maximal module containing { 0 }. 


(3.20) Definition: 
Let (R,+,-) be any ring and M be an R-module. Further consider an element « € M and an arbitrary 
subset X C M, then we introduce 


(i) We define the annihilator of x to be the subset of elements of R, that multiply x to zero. Likewise 


the annihilator of X is the subset of elements of R that multiply all x € X to zero, simultaneously 


ann(z) := {ae R|axr=0} 
ann(X) := {a@E€R|VreX:ar=0} 
= () ann(x) 
rEX 


If we want to emphasize the base ring in which the annihilator is generated, we also write annr(X) 
instead of ann(X). It is easy to see that any annihilator ann(X) is a left-ideal in R. Finally the 


set of all left-ideals of R occuring as annihilators of non-zero elements of M will be denoted by 
Anns(M) := {ann(xz)|2eM, x #0} 
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(iit) For X C {0} we let zDp(X) := {0} and if there is some x € X with x« 4 0 then we define the 


set of zero-divisors of X to be the subset of elements of R that multiply a non-zero x € X to zero 


zr(X) := {ae R|AxreEeX : xfO0andaxr=0} = U ann(z) 
OArEX 


(iii) The complement of the zero-divisors is called the set of non-zero-divisors of X, which we denote 
by NZDr(X) := R\ zDR(X). And if there is some « € X with x £0 then this set is given to be 


NZDR(X) := R\zDR(X) 
= J@eR|Vrex cA = arZ70} 
= Jee R|Vrex 1 4a¢=0 = ¢=0} 


(iv) We thereby define the torsion submodule of M to be the collection of elements of M/Z that have an 


non-trivial annihilator (i.e. az = 0 for some a ¥ 0), formally that is 


Torn(M) := {rte M|diae€R:aF0 and ax=0} 
= {xe€M|ann(xz) £0} 
If c € ToR(M) then z is said to be a torsion element of /. And I is said to be a torsion module 


iff TorR(/) = M and M is said to be torsion-free (or faithful) iff tor(1Z) = {0}. In other words 


that is: M is torsion-free, iff for any a € R and x € M we have the implication 


ax 0 a 0 or x = 0 


Prob If M is torsion-free, suppose ax = 0: If a = 0 we are done, hence consider the case a 4 0. 
By definition this is 2 € tor(MZ) = {0} and hence x = 0. Conversely, if the implication holds, 
then x € ToR(M) implies x = and hence tor(M) = {0}. 


(v) A submodule P <, M is said to be a pure submodule of /, iff it satisfies one of the following 


three equivalent conditions 
(a) tor(M/P)={0+P} 
(b) Hull(P) = P 
(c) for any a € R with a £0 and any x € M we get the implication 


ax€P = reEP 


Prob for any « € M we have 1+ P € tor(M/P) if and only if there is some a € R with a £ 0 such 
that a(a + P) =0+ P and this again is az € P. Hence M/P is torsion-free if and only if az € P 
implies 2 + P =0+ P, which in turn is x € P. So (a) and (c) are equivalent. Now P C Hull(P) 
is true in general and (c) is nothing but Hull(P) C P, such that (c) also is equivalent to (b). 
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(3.21) Example: 
Let (R,+,-) be any ring anda <j R be an ideal of R. Considering M := R/a as an R-module we find 
the annihilator of 1/7 to be @ again 

ann (7/4) = 4 


Prob If a € ann(R/d) then in particular 0 +a = 0 = a(1 +a) = a+ such that a € a. Conversely if 
a€adandb+ae€ R/d then ab € G, as @ is an ideal. But this means 0=0+4=ab+a=a(b+Q). 


(3.22) Proposition: (viz. 610) 
Let (R,+,-) be any ring, M be an R-module and X C M be an arbitrary subset of M/. Then we obtain 


all of the following statements 


(i) The annihilator of an arbitrary set X is a left-ideal of R, the annihilator of some submodule 
P <m M even is an ideal of R, formally that is 


ann(X) <n R 
ann(P) <i R 


(ii) (>) Let x € M be any element of the R-module MW and recall that the R-submodule of M generated 
by {x} is given to be Rx = {ax |ae€ R}. Then we obtain the following isomorphy of R-modules 


Frits =, Re : b+ann(z) 4 br 


In particular: If d <j; Ris a proper (a 4 R) ideal, then it also is an annihilator d = ann(z) of some 


x € M iff there is a monomorphism v of R-modules that maps R/a into 


ae Anns(M) <=> die + M 


(iii 


a 


Let (S,+,-) be a skew-field and M be an S-module, if now 0 4 x € M is a non-zero element 


of M, then the annihilator of x is 0. In particular 1 is torsion free and S$ Sa: a+> ax is an 


Sifz=0 
ann(z) = sipeZO 
fe 


isomorphism of S-modules 


(iv 


— 


Suppose R is a commutative ring, then the annihilator of X equals the annihilator of the R- 


submodule generated by X, formally that is 


Consequently if {x;|i¢1} C M is a set of generators of the R-module M = Lh{ xz; |i € I} 


then the annihilator of MM is just 


ann(M) = () ann(z;) 


wel 
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) And the R-module homomorphism y : R — M! defined by y(a) := (ax;) has the kernel 
Pp y 


kn(w~) = ann(M). In particular we obtain an embedding (i.e. an injective R-module homomorphism) 
snd) <> M! : a+ann(M) + (azi) 


(v) If a <, Ris an ideal contained in the annihilator ideal @ C ann(M) of M, then M can be turned 
into a (R/d)-module using the following scalar-multiplication (where a € R and x € M) 


(a+Q)r := 


ax 
(3.23) Proposition: (viz. 612) 
Let (R,+,-) be any non-zero ring R 4 0 and M be an R-module. Then we obtain the following statements 


(i) If R is a integral domain, then the torsion submodule Tor(J/) truly is an R-submodule of 
TOR(M) <m M 


and the quotient module of MM modulo tor(/) is torsion-free, put formally that is the equation 


m(/rouan) = (0) 


(ii) If R is an integral domain, M is a free R-module and P <, M is any submodule of MM, then P 
already is torsion-free. Formally again 


R integral domain, M free = tTor(P) = 0 


(iii) If R #0 and M ¥ 0 both are non-zero, then the following statements are equivalent (recall that 
in this case M was said to be torsion-free, resp. faithful) 
(a) zoR(M) C {0} 
(b) Tor(M) = {0}, where 0 € M 
(c) Anns(M) = {0}, whereO={O} CR 


(d) Vac R,Vae M we getar=0 = a=O0orrx=0 


Nota if MZ = 0, then (a) and (d) are true, (b) is equivalent to R ¥ 0, yet (c) is false, as Anns( 1) 


0. 


(iv) If MZ is a finitely generated module over the integral domain R, then the following two properties 


of M are equivalent 


(a) M is torsion-free 


(b) There is some n € IN such that M can be embedded into R”. That is there is some monomor- 
phism jz of R-modules of the form 


p: Mo R? 
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(v) () If N is another R-module and ® : M 4WN an isomorphism of R-modules, then we get 
®(tor(M)) = tor(N) and thereby obtain the following isomorphies of R-modules 


Tor(M) + tor(N) : xh (2) 
ROD ss Ny oa(M) > 2 +tor(M) > O(x) +ToR(N) 


(vi) If M #0 is a finitely generated, non-zero, torsion-free TorR(Z) = 0 R-module, then M contains a 


maximal pure submodule, formally this can be put as 


{P <m M|P#M,P ispure}* # 0 


(3.24) Proposition: (viz. 614) 


Let (R,+,-) be a commutative ring and M be any R-module. Then we obtain the following statements 


(i) If M is a simple, non-zero R-module, then the annihilator of MZ is a maximal ideal of R, formally 


ann(M) ©€ Smax(R) 
(ii) If c © M is any element of 1, then ann(x) is a prime ideal if and only if for any a € R we either 
have az = 0 or ann(ax) = ann(x). That is the following two statements are equivalent 


(a) ann(a) is a prime ideal of R 


(b) Va € R we get ann(ax) = R or ann(azx) = ann(z) 


(iii) Let z € M be any element of , such that p := ann(x) € Spec(R) is a prime ideal of R. Then for 
anyaé€ R\Pp and y := az the submodule Ry <m M only has a single annihilator ideal 


Anns(Ry) = {P} 
(iv) If R #0 is non-zero, then maximal annihilator ideals of M are prime ideals of R. Formally that is 
(Anns(/))* C  Spec(R) 
(3.25) Definition: (viz. 614) 
Let (R,+,-) be any ring and M be an R-module. Also let P, Q <m M be any two submodules of M, 
then we define the ideal quotient © : P to be the following subset of R 
Ook t= Lee Rh | ar GOs sim. 


Nota thereby Q: P <m Ris an R-submodule of R and also we get ann(M/) = 0: M. In particular, 
if R is commutative @ : P <j R truly is an ideal, as the name suggests and in this case we also get 


ann(z) =0: Re for any x € M. 
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3.3. Direct Sums 


(3.26) Definition: 
Let (R,+,-) be an arbitrary ring and consider an R-module M. If we are given finitely many submodules 
P,,...,Pn <m M of M, then we define their sum to be set of all sums of elements of the P; 


Pans Py tS fae ee, | eee Pe 


If we are given an arbitrary collection of R-submodules P; <m M, where z € I is any index set, then 
we generalize the finite case directly by defining the sum of the P; to be the set of all finite sums of 


elements of the P;, that is 


SOP = U {ait---+an | {i(1),...,e(n)} CL, te € Pray } 
ier n=1 

By definition this set consists of finite sums of elements x1 +---+ a, where x, € Piz) for some i(k) € I. 
Thus if we denote the collection of finite subsets of J by Z := {Q C I | #Q < co} then we may present 


a slightly more formal description of this set 


yea ye 


tel iEQ 


Qe T, nen} 


(3.27) Remark: 


(i) Suppose we are given a collection of elements (2;) GC M such that for any i € I we have x; € F,. 
More importantly suppose that among these zx; only finitely many are non-zero, that is the set 
Q:={iElI| ax; £0} is finite. As in (1.26) we then denote 


Da = De 
iel i€Q 
That is: If only finitely many of the x; are non-zero, then there is a well-defined notion of the sum 


of these elements - just leave out the zeros and sum up these (finitely many) non-zero elements. 


(ii) It is clear that P, +---+ P, and - more generally - }>; P; are submodules of /. Prob Given any 
x= )o,a; andy = >0,y% € DL; P their sum is x + y = D0, (a; + y) and as P; is a submodule 
this means 2; + yi © Pi and hence x+y € 9°, P; again. Likewise for any a € R we have 
az = > ,(ax,) € >°, Pj, as also ax; € F;. 


(iii) In fact, in the light of proposition (3.12) this is just the R-submodule of M generated by the P;, 
ie. Pi +--+ P, = (PiU--:UPn)m <m M. More generally: Given an arbitrary collection of 
R-submodules P; <m M, where i € J is any index set, then the sum of the P; is just the submodule 
generated by the union of all the P; 


ye - (Oeore 


wel wel 
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(iv) In particular, if 2 € M is any single element, then the submodule ({ x })m of MM generated by x is 
({c})m =Lhy{ x} = Re := {ar|ae R}. Generally for any 7,...,%, € M the R-linear hull 
is just 

Lhrp{ai,...,2m} = Rait---+ Rey, 


Even more generally, the R-linear hull and the sum of submodules are based on finite sums only 
it is clear that for an arbitrary collection of elements (2;) C M the linear hull of the x; is just the 


the sum of the submodules generated by the 2;, formally that is 


Lhr{a lier} = >> Rey 
ael 


(v) If we are given a chain (P;) of submodules, that is P; <m M is a submodule for any i € I such 
that for any i, 7 € I we have P; C P; or P; € Pj, then even the union of the P; itself (not only 
their sum) is a submodule of AZ 

UP <m M 

wel 
Prob consider a € R and x, y € P where we abbreviate P = LU), P;. That is « € P; and y € P; for 
some 7 resp. 7 € J. Without loss of generality we may assume P; C P; and that is 2 € P; as well. 
Then as P; and P; <m M are submodules again we clearly have az € Pj and x + y € Pj such 
that az and x+y € P again. That is P truly is a submodule of M again. 


(3.28) Example: 
Sadly the summation and intersection of modules do not fit together nicely. This is to say: if we are 


given submodules P and Q; <m MM of an R-module M, then in general we only get 


P+()Q © (\(P+) 
iel iel 
Yet the equality of these sets need not hold true. As an example we regard the ring R := Z and pick 
up the Z-module M := Z again. If now P := 2Z and for any i € J = {ie N|i>3,i prime} we let 
Q; := iZ, then it is clear, that P+ Q; = M for anyi € I [as 2Z+iZ = gcd(2,i)Z = Z due to the 
lemma (2.79) of Bezout}. 
However if x € Q; for any i € J, then | x, such that x would have infinitely many prime divisors. 


This forces x = 0 and hence the intersection (; Q; = 0. Therefore we only have 


P+()Q@ = 22 c Z = (\(P+Q) 


iel ie! 
(3.29) Definition: (viz. 636) 


e Let (R,+,-) be any ring, J 4 @ be an arbitrary index set and for any i € I let M; (more explictly 
(M;,+,°)) be an R-module. Then we regard the Cartesian product of the M; 


M := [[™% 


tel 
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This can be turned into another R-module - called the (exterior) direct product of the M/; - by 


installing the following (point-wise) algebraic operations (where x = (2;), y = (yi) € M andi € J) 


+:MxM—-M : (a,y) (i+) 
©: RxM—>M : (a,z) (azj) 


Note that x; + y; is the addition of vectors in Md; and az; is the scalar multiplication in M; and 
hence these operations are well-defined. It is easy to see that M/ thereby inherits the properties 


of an R-module. 


e We have just introduced the direct product M of the MM; as an R-module. Let us now define a 
certain R-submodule of M, called the (exterior) direct sum of the M;. To do this let us first denote 
the support of « = (x;) € M to be Supp(z) := {7 El |a;A0E M;} C I, ie. the set of indexes 


z with non-vanishing x;. Then we let 


DBM; = {re TDM 


ier tel 


#Supp(x) < co 


That is @; M; consists of all the « = (a;) € [],; Mj; that contain finitely many non-zero coefficients 


x; #0 only. In particular the direct sum coincides with the direct product if and only if J is finite 


wel wel 


Generally €; MM; becomes an R-module again under the same algebraic operations that we have 


introduced for the direct product ||; M;. Formally that is: The exterior direct sum is an R-submodule 


DB Mi <m [[% 


ier EL 


of the exterior direct product 


e If for any i € I # 0 we are even given an R-semi-algebra A; then the (exterior) direct product 


A :=[], Ai of the A; is an R-semi-algebra again, under the point-wise multiplication 
-: AXASA: (ay) (xy) 


Note that as before x;y; is the multiplication in A;. Also the exterior direct sum @;A; of the A; 
is a sub-semi-algebra of A again. And if for any i € J we even have an R-algebra A; with unit 
element 1; € J then the exterior direct product [[; A; is an R-algebra, too having the unit element 
ic—aeeae 


e (<>) Let now N be another R-module and for any i € J consider an R-module homomorphism 


yi: M; > N. Then we obtain a well-defined R-module-homomorphism from the direct sum to NV 


BD vi Bui > N (xi) 4S yilas) 


tel tel wel 
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This is well-defined, as only finitely many x; € M; are non-zero (as (x;) is contained in the 
direct sum of the M;) and hence the sum only contains finitely many non-zero summands. And the 


properties of an R-module-homomorphism are trivially inherited from the yj. 


e Now consider any R-module M and for any 7 € J an R-submodule P; <m M. And for any 7 € I 
let us denote by P, the R-submodule generated by all P; except P;, formally we denote 


Pee ee I aaa 
ij iel\ {7} 


Then M is said to be the (inner) direct sum of the P; iff the set { P; | i € I} of these submodules 


satisfies one of the following two equivalent statements 


(a) The P; build up M as their sum, but for any index 7 € J the intersection of P; and its 


complement P, is trivial. Formally these are the statements 


M=S~P, and Wj ET: P;NP, =0 
tel 


(b) Any z € M has a representation as a (finite) sum of uniquely determined elements 2; € P; 


(where z € J). Formally this reads as 


VcaeM Al (x) €][P : ea f 
i€l iel 
And in case that is the inner direct sum ot the P; we will use the following notation to express 


this fact (beware the similarity to the exterior direct sum above) 
Mw = OP 
wel 


e Let M be any R-module and P <m M and R-submodule again. Then P is said to be complemented 
or a direct summand of /, iff there is another submodule P of M, such that / is the inner direct 
sum of P and P. Formally that is: 4 P <m M such that 


(1) M=P+P 
(2) PAP =0 
(3.30) Remark: (viz. 637) 


Recall that in Cartesian products (and the direct product has been defined as such) for any 7 € I there 


is a canonical projection 7; of the product [],; M; onto M;. Thereby the projection 7; is defined, to be 
Tit [[™“%- My; : (23) a; 
iel 
But in contrast to arbitrary Carthesisan products we also find (for any j € I) a canonical embedding 1; 
into the direct sum (and product), by letting 
bj: M; = QB Mi > Lib? (Oj) 
iel 
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where 6;,;0; := 2; fori =j and 6; ;2; :=0€ M; fora #7. Then it is clear that 71; = 11 is the identity 
on M; and in particular 7; is surjective and 1; is injective. Further these maps are tightly interwoven with 


the structure of the direct product and sum respectively. To be precise, consider any x = (a;) € [[; Mi 


ons (mi(e)) 


On the other hand for any x = (a;) € @; M; we obtain another identity (note that the sum thereby is 


then we get 


well-defined, as only finitely many x; are non-zero, such that in truth the sum is a finite only) 


p= Sa) 
tel 
(<>) By definition of the operations on the direct product/sum it is also clear that both projection 7; and 


embedding 2; are homomorphisms of R-modules. 


(3.31) Example: 
Consider any ring (R,+,-), the R-module M := R? and the submodules P; := R(1,0) = { (a,0) |a eR} 
and P; := R(0,1) = { (0,6) |b € R}. Then clearly M is the inner direct sum of P; and P» 


M= POF 


To check whether M can be decomposed as a direct sum of some P; it does not suffice to verify, that the 
intersection of the P; is pairwise trivial. In the example above let P3; := R(1,1) = { (a,a)|aeR}. Then 
itis clear that M = P,+P2+P3 and P;0P; =O for anyi #7 € 1...3, but M is not the inner direct sum 
of Pi, P2 and P3. In fact 2 = (1,1) € M has non-unique representations as x = (1,0)+(0,1) € Pi +P» 
and as x = (1,1) € Ps. 


(3.32) Example: 
The most common example of a direct sum is a simple multiple of some module: To be precise, let 
(R,+,:+) be some ring and consider an R-module M. Then for any non-empty set J we denote the 


product (resp. sum) of one copy of M for anyz € J by 


M! c= I[“ = tle Has lS M1 a} 
tel 

M®! = QM = { (x) eM" | {ie |x 40} is finite} 
wel 


The most important example is the case M = R, i.e. R® which consists of I identical copies of R. By 
definition the operations on M/ (and M®/) are component-wise, that is for any (ai), (yi) € M/ and any 


a € Rwe have 
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A special case of this is M@” - here we take n identical copies of M7, where 1 < n € N is any natural 
number. In the formal terms above this can be put as M!, where the set is J = 1...n. As J is finite 


there is no difference between the direct sum and product 


n 


M”™ := Mie™ = Tl“ = Bu 
w= 1 1=1 


() The rest of this section will be devoted to studying the interaction of homorphisms of modules and 
direct sums, resp. to compare the structures of different direct sums using isomorphisms. While we only 
need the very basic notions of homorphisms of modules, these will be introduced in section 3.8 only. Thus 


the reader is asked to familiarize himself with homo- and isomorphisms beforehand. 


(3.33) Remark: 

There is a reason why we didn’t bother to strictly separate exterior and inner direct products. The reason 
simply is: There is not much of a difference to begin with, any inner direct product already is an exterior 
direct product (up to isomorphy) and any exterior direct product can be reformulated as an interior direct 
product. We will give a precise formulation of this fact in the proposition below. Thus the distinction 
between inner and exterior is a purely set-theoretic one, it doesn’t affect the algebra involved. This is 
why we do not bother that our formalism doesn’t really distinguish between the interior and exterior di- 


rect sums - the difference is no structural one. (In general group theory there will be a difference, however). 


(3.34) Proposition: (viz. 637) 


(i) () Let (R,+,-) be any ring, M be an R-module and P; <m M be an arbitrary (i € J) collection 
of R-submodules of M. If now M is the inner direct sum M = @, FP; of the Pj, then M is already 


isomorphic (as an R-module) to the exterior direct sum of the P; under the isomorphism 


pr. ona | ee (21) 4 Sox; 


tel 1eL 


(ii) Let (R,+,-) be any ring and M; an arbitrary (i € I) collection of R-modules. Now let M := @,; M; 
be the exterior direct product of these modules and let P; := 1;(M;) <m M be the embedding of 
P; into M. Then M is just the interior direct sum of the P; put formally, that is 


Qu = Or 


wel tel 


(3.35) Proposition: (viz. 638) 
Let (R,+,-) be any ring and M be an R-module. For an arbitrary index set J and any i € J let 
M; <m M be a submodule, such that MM is the inner direct product of the ; 


M = QM 


wel 
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For any z € I also let P; <m MM; be a submodule of M; and take P to be the sum of these. Then 
P <n M is a submodule of M, that also is the inner direct sum of the P;, formally 


Po pee = DF; 
ieL ieL 


and we obtain an isomorphism of R-modules from the exterior direct sum of the quotient modules M;/P; 
to the quotient module //P by virtue of 


@M/p, nt Mi» Sega Py) (wa) +7 


iel wel 


(3.36) Remark: 
If P <m M is a submodule and P; := M;M P, then we always get the inclusion });P; C P how- 


ever these need not be equal. Thus the above proposition cannot be reformulated starting with P <, WM. 


As an example regard M = Q?, then clearly M = M,; ® Mp where M, = Q(1,1) and Mz = Q(1,~—1). 
If now P = Qx {0} C M then clearly P, = M,N P = 0 and Py = MyM P = 0. Thus we have 
P, +P, C P and hence cannot apply the proposition above. 


(3.37) Proposition: (viz. 638) 
Let (R,+,-) be an arbitrary ring and let J and J be arbitrary index sets. For any i € J resp. 7 € J let 
M; and N; be R-modules. Then we obtain the following isomorphy of R-modules 


mhom Bm, [i =m II mhom(M;, Nj) 


iel JES (i,j)ELx J 


We can even give the above isomorphism explictly: let us denote the direct sum of the M/; by M := @, M; 
and the direct product of the N; by N := I; N;. Further denote the canonical embedding 1; : M; — M 


and the canonical projection 7; : N — N;. Then the isomorphy explictly reads as 
mhom(M,N) =m II mhom(M;, N;) 
(4,9 )ELx J 
po} (pes) 
(e es] a (vis) 
iel 


Let us explain this compact notation a bit: for any (J x J)-tupel of homomorphisms y;,; : M; — Nj; the 
corresponding homomorphism y := (@, ¥i,;) = (92; ¥i,j7%) is explicitly given to be the following: 


yp: M-N : (8) —-> (Toute) 


wel 
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(3.38) Remark: 

Suppose we even have (¥i,;) € []; B; mhom(M;, Nj), that is for any i € J the set {7 € J | pig AO} is 
finite. Then the induced map ¢ even lies in (€; i,j) € mhom(@; Mi,@,; Nj). The converse need not 
be true however, as an example regard J/=0, J=N, M = R®N and N; = R. As a homomorphism y 
we choose the identity = 1: RN + R®N. Then y induces the tuple ++ (mj), which has no finite 
support. 
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3.4 Ideal-induced Modules 


In this short section we will introduce the concept of the submodule @// generated by an ideal a of R. 
This is a way of passing on from a module M over a ring R to a related module over the quotient ring 
R/a. So as always with going to quotients, one tries to single out unnecessary complications, solve the 
problem in the reduced case and later lift it up again, solving the original problem. This is particularly 


useful in case the quotient ring R/M is a field, i.e. mM is a maximal ideal. 


While the construction is elementary it yields some very useful results - primarily the lemma of Nakayama. 
Though these results are of little value in their own right, they are powerful tools in providing proofs of 
more substantial theorems. Hence one might as well skip this section and postpone it, until one encoun- 


ters the urge to use a quotient construction. 


(3.39) Definition: 
Consider an arbitrary ring (R,+,-), an ideala <j, Rand an R-module M. Let further P <, M bea 
submodule of MM, then we denote the submodule of M/ generated by elements of the form ap, for some 
aédand pe P, by 

aP := ({ap|aed, pEP})n 


(3.40) Proposition: (viz. 617) 
Let (R,+,-) be an arbitrary ring, a <j, R an ideal and consider a submodule P <, M of the R-module 
M. Then we get the statements 


(i) The submodule AP of M can be given explicitly, to be the following subset of MZ 


n 
ap = {Soap 
i=l 


1l<neN, wea ne?t 


(ii) If P is generated by {p;|2¢2} C P, then for any x € AP there are some aj,...,@n € @ and 
Pis-++,Pn € {pi |i € I} such that x can be written as 
Lo = apy te+++anPn 


(iii) Due to its definition @P is a submodule of P and thereby we obtain the following chain of inclusions 


aP <m P <m M 


(iv) Both the assignments @ ++ GP and P ++ QP are order preserving, that is given any two ideals a 
and b <j; R resp. any two submodules P and Q <m M we obtain the following implications 


ach = aPcbpP 


PCQ = «aPCcaQ 
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(v) Going to residues modulo P is compatible with inducing modules by ideals, that is given P <, M 


and a <j R we get the following equality of submodules of //P 


a(M/p) = P+aM/, 


(vi) The quotient module 1//aM becomes a well-defined (/a)-module under the following operations: 
For anyaé Rand zx, y € M we let 


(x+aM)+(y+aM) := (x+y)+aM 
(at+a)(c+aM) := (axr)+aM 


(vii) () If M and N are R-modules and y : M — N is an homomorphism of R-modules, then we 
obtain a well-defined homomorphism of (/@)-modules, by letting 


If y is surjective or bijective, then so is the induced homomorphism w/a. That is if * abbreviates 


any of the words surjective or bijective then we obtain the implication 
pisx => ¥/q is * 


Nota ~/@ not necessarily inherits the injectivity of y. E.g. consider R = Z and a = 3Z. Then 
Z—+>Q:k+ k clearly is injective, but @Q = Q such that Q/aQ = 0 and hence the induced map 
Z/aZ — Q/aQ cannot be injective. 


(viii) Thereby the linear hull of any subset Z C M/aM of the quotient module does not depend on 
whether we take R or R/Q as a base ring, that is 


Lha(Z) = Lhpag(Z) 


(ix) Hence a subset Q C M/aM of the quotient module is an R-submodule of M//aM if and only if it 
is an (R/a)-submodule of /aM. Therefore the (R/a)-submodules of //aM are given to be 


submea(@/an) = {?/am | P <m Mam c P} 


(x) (<) Ifa, 6 <j R are ideals of R such that a C b, then we also get aM C 6M and thereby the 


third isomorphism theorem of modules grants the following isomorphy of R-modules 


Mout > MAM |e vam > 2t+tbMw (x +6M)+°M/ayy 
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(3.41) Example: (viz. 708) 
Let (R,+,-) be a commutative ring and fix any ideal a <j, R. Then for any non-empty set J, the induced 
submodule aR®! is nothing but the direct sum a®! of I copies of a 


GRO? = gq? 


And thereby we obtain an isomorphy of the (R/a)-modules R® /aR®! and (R/a)®! which can be given 
explictly, to be the following 


(F/a)° > Fe ape? : (bj +4) + (b;) +aR® 


(3.42) Example: 
Consider an R-module M a scalar t € R and submodules P,Q <, M. It might be tempting to think 
that t(Q C P C Q@ might yield P = Q under some reasonable assumptions - as this clearly is true, if R 


is a skew-field. However this is not the case: Instead we find that 


1 
AT? E z(;) +2(3) ‘en fa 


So here R is a PID (the next best thing after a field), Z? is a free, finitely generated module and the 


generators of P are primitive - refer to (5.26) for a definition. So even in this case P = Q is untrue. 


Prob Let us abbreviate Q := Z? and P := Z(1,3) + Z(3, 1) As (1,3) + (3, 1) = (4,4) we have 4Q C P. 
But P £ Q, as (1,0) ¢ P. To see this assume a(1,3) + 6(3,1) = (1,0). This would mean a+ 3b = 1 and 
3a + b = 0. Subtracting the 2nd from the 1st equation we find —2a + 2b = 1 which is 2(b— a) = 1. This 


would mean 2 | 1 which is untrue. 


(3.43) Lemma: (viz. 795) (<) 
Let (R,+,-) be a commutative ring, @ <j R be an ideal and consider an R-module M. Then the following 


statements are true: 


(i) If M is a free R-module, with basis {m;|7¢J}, then the quotient module M/aM is a free 
(R/a)-module having the basis 


{m, +aM |ielI, m, ¢aM } 


And thereby the elements of this basis are pairwise distinct. To be precise: If the m,; are pairwise 
distinct (i.e. for any j, 7 € J we get m; =m; => i= JZ) then the m;+QM are pairwise distinct 
too, for any 7, 7 € J with m; and m; ¢ aM we get 


m,+Q0M =m;+aM => t=] 
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(ii) Lemma of Nakayama: 


Given any ideal @ <j R of R the following two statements are equivalent: 


(a) a C Jac(R) 
(b) For any finitely generated R-module M we get the implication 


aM =M M=0 


(iii) If P <p M is a submodule of M, such that the quotient //P is finitely generated, anda C Jac(R), 
then we obtain the implication: 


M=P+aM = P=M 


(iv) If N is another R-module, and y: M — N is an R-module-homomorphism, such that N/im(y) is 
finitely generated. If again a C Jjac(R), then we get the following implication 


y is surjective <> ¥/q is surjective 


(v) If MZ is finitely generated, y : MM — M even is an R-module-endomorphism, and again da C Jac(R), 


then we get the following implication 
y is bijective <> /4 is bijective 


(vi) Lemma of Dedekind: 
If M is a finitely generated R-module such that dM = M, then there is some a € @ satisfying 


(l-a)M = 0 


(3.44) Proposition: (viz. 813) 


Let (R,+,-) be a commutative ring and consider an R-module /. Then we obtain the following statements 


(i) Suppose that M is finitely generated, that is there are some elements 21,...,%, © M such that 


M =Lhp{ 21,...,%n }. Then we get the implication 


Ym e Smax(R): M=mMu = M=0 


(ii) Suppose P <, M is a cofinite module, that is there are some elements x1,...,2%, € M such that 
M=P+Lhr{21,...,2n }. Then we get the implication 


Ym ce Smax(R): M@=P4+mM = P=M 


(iti) If N is another R-module and y : M — N is an R-module-homomorphism such that im(y~) <m N is 
cofinite (ie. M =im(y)+Lhe{x1,...,2n } for some x1,...,2% € M). Then we get the equivalency 


y is surjective <— + VmeSmax(R) : %/ pis surjective 
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(iv) If MZ is finitely generated and y : M — M is an R-module-endomorphism of I, then we get the 


following equivalency of 
y is bijective <>» WmeSmax(R) : %/m_ is bijective 


A special case of the above are principal ideals 4 = tR, ie. ideals that are generated by a single element 
t € R only. In this case it is clear, that aM =tM := {ta |a€ M}. In other words tM is the image of 
the endomorphism x +> tx of M. Its kernel will be denoted by 4; and in this sense tM and M; are two 


sides of the same coin. Let us take a closer look at this particular coin: 


(3.45) Proposition: (viz. 616) 
Let (R,+,-) be a commutative ring and fix an element t € R. Let M be an R-module and consider the 


scalar multiplication by ¢ from the left 
be: MoM: cHtes 


Let us denote M; := kn(su4) = { x € M | ta =0} the sub-module of elements of M/ that are annihilated 


by t. Then we obtain the following statements: 


(i) M; becomes an (R/tR)-module under its own addition and the well-defined scalar multiplication 


(a+tR)x := az 


(ii) If we denote tM := im(uz) = { ta | x € M }, then tM is a submodule of M, as well, and we obtain 


the following isomorphy of R-modules 


Ml av, S+it{M:e24+M,b ta 
(iii) If MM and N are R-modules and y: M — N is a homomorphism of R-modules, then we have the 
inclusion of sets: y(M;) C N;. And if y is bijective then we even get the equality p(M;) = N:. 


(iv) If P; <m M is a family (where z € J) of sub-modules of MM, such that M is the inner direct sum of 
the P;, then M; also is the inner direct sum of the submodules (P;): <m Mz, formally 


M=@R > m= Qe, 


tel wel 


(v) (<) Consider some a; € R for any i € I (where J is any non-empty index set), let b; := ta; for 


some fixed ¢t € R and suppose we have a homomorphism of the form 


yp: D*/i.n > M 


wel 
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Then there also is the following, well-defined homomorphism ty. If y is surjective and J is finite, 


then ty is surjective. And if y is injective and t € NzD(R) is a non-zero-divisor, then ty is injective 


ty : D "Vain > tM : (ri +aiR) -_ e(tri + b:R) 


(vi) If r, s and t € R such that t = rs, then we obtain a well-defined homomorphism of R-modules via 


Rl oR (*/ir). > a+sRvra+tR 


And if t € NzD(R) is a non-zero-divisor, this homomorphism already is an isomorphism of R-modules. 


(vii) If s, £€ Rare any elements of R, then we get the following equivalency 


ae ae 


(viii) If t, p € NzD(R) are non-zero-divisors of R, such that p also is a prime element of R, then we obtain 


the following equivalency (the implication "<— " remains true for arbitrary elements t € R) 


(ia), =o = rt 
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3.5. Block Decompositions 


Algebras - being modules - can often be decomposed into direct sums of submodules. However they also 
carry a multiplicative structure, so the question arises how these two structures interact with one and 
another. It will turn out, that certain elements of algebras even provide a decomposition by multiplica- 
tion. This analysis will then be used to study the structure of a group G by studying the structure of the 
group algebra F'[G]. This method will be called representation theory, so we are about to establish the 


machinery for this theory here. 


(3.46) Definition: 
Let (R,+,-) be an arbitrary ring, MM be an R-module and A be an R-algebra. Then we define the 


following notions for M and A respectively: 


(i) M is said to be a simple R-module if the only sub-modules of M/ are the trivial ones (0 and M). 
Formally M is simple, iff the following implication holds true 


P<n M = P=0 0 P=M 


(ii) M is said to be an indecomposable R-module if it does not admit a decomposition as an inner 
direct sum into non-trivial sub-modules. Formally M is indecomposable iff for any two sub-modules 
P,Q <m M the following implication holds true 


M=P6eQ = P=0o0r Q=0 


(iii) M is said to be completely reducible if there are some sub-modules M; < , M (where 7 € J) 


such that all the 14; are simple R-modules and M can be decomposed as the inner direct sum 


M = @M 


ie. 


(iv) R is said to be a simple ring, if the only ideals of R are the trivial ones (0 and R). Formally R is 


simple, iff the following implication holds true 


qadgR = a=0o0 4a=R 


(v) R is said to be an indecomposable ring if it does not admit a decomposition (as an inner direct 
sum of R-modules) into non-trivial ideals. Formally R is indecomposable iff for any two ideals 4, 


§ <j R the following implication holds true 


R=, a@b = a=0 or b=0 


(vi) A is said to be a simple R-algebra, if the only algebra-ideals of A are the trivial ones (0 and A), 


Formally A is simple, iff the following implication holds true 
ad,A = a=0o0ra=A 
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(vii) A is said to be an indecomposable R-algebra if it does not admit a decomposition (as an inner 
direct sum of R-algebras) into non-trivial, unital sub-algebras. Formally A is indecomposable iff 


for any two unital subalgebras U, V <p A the following implication holds true 


A= U®V = U=0o0rV=0 


(ix) A is said to be completely reducible if there are some sub-semi-algebras U; <p A (where i € J) 


such that all the U; are unital and simple R-algebras and A is isomorphic to the exterior direct 


Aes [[u 


wel 


product 


(3.47) Remark: 


e If Ris commutative then any sub-module @ <, R already is an ideal a <j R. Hence a commutative 
ring R is a simple R-module if and only if it is simple as a ring. And likewise a commutative ring 


R is indecomposable as a ring if and only if it is indecomposable as an R-module. 


e Recall that a sub-semialgebra U C A is said to be unital if there is some e € U such that for any 
f € U we get ef = f = fe. That is U is an R-algebra with unit element e. If now U; <p Aisa 
family of unital sub-semi-algebras, where U; has the unit element e;, then [[,; U; is an R-algebra 
with unit element (e;). Note that this (e;) is not contained in @,;U; unless I is finite. But in this 


case the direct product [[, U; and sum @,U; are just the same, anyway. 


(3.48) Proposition: (viz. 816) 
Let (R,+,-) be any non-zero ring R 4 0 and consider two R-modules M and N. Also let x, y € M be 


any non-zero elements x, y 4 0. Then we get 


(i) M is a simple R-module if and only if all non-zero elements of M already generate M as an 


R-module. Formally the latter property reads as 


VxaeEM: 240 M=Rzax 


(ii) If M@ = Rm is a cyclic R-module, i.e. it is generated by some element m € M, then M is simple, 


if and only if ann(m) <m Ris a maximal R-sub-module of R, that is iff 


ann(m) AR and VP <m R:ann(m) C P => ann(m)=P 


(iii) If R is a commutative ring and M is a simple R-module, then for any two non-zero elements 0 ¥ z, 


y € R share the same annihilator and this is a maximal ideal of R 


ann(z) = ann(y) € Smax(R) 
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(iv) If R is a commutative ring, M is a simple R-module and 0 ¢ 2, y € M are any two non-zero 
elements of 1, then there is an R-module-automorphism ® : M+ M such that ®(x) = y 


4I®€ maut(M) : ®(2) =y 


(v) Lemma of Schur I: 
If both M and N are simple R-modules, then any non-zero R-module-homomorphisms form M to 


N has to be an isomorphism. Formally that is 


Ypemhom(M,N): p40 = > vis bijective 


(vi) Lemma of Schur II: 
If M is a simple R-module, then the ring mend(/) of R-module-endomorphisms already is a 


division ring (under composition as multiplication). In particular we get 


mend(M/) = maut(M)U{0} 


(vii) If R is a commutative ring, M is a simple R-module and y : M — M is an R-module-endomorphism, 


then there is some a € R such that ¢ is given to be v(x) = ax (for any x € M). 


(3.49) Definition: 
Let (R,+,-) be an arbitrary ring and A be an R-semi-algebra. Further consider any three elements z, 


y and z € A, then we define the following relations on A 


cly => s«sy=O0and yx =0 
z=x2Oy => (aly)andz=r+y 
Also recall that the center CEN(A) of A is the set of all elements of A, that commute with all others. And 


e € Ais said to be an idempotent of A iff e? = e. A central idempotent thereby is an element e € A 


that commutes with all other elements and is an idempotent. That is we define 


cEN(A) := {xEA|VyEe A: zy=yr} 
P(A) = {ee Ale=e} 
ciP(A) := cEN(A)M1P(A) 
(A) 


sip(A) := {s€ciP(A) | s is simple } 


Thereby an element s € A is said to be simple iff it is a central idempotent such that for any two central 


idempotents e, f € cip(A) we get 
s=eOf = e=0o0rf=0 


Finally a subset B C A is said to be a block of A if there is some s € A such that (1) s is simple and 
(2) B is of the form B= As={as|ae€ A}. 
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(3.50) Proposition: (viz. 817) 
Let (R,+,-) be an arbitrary ring and let A £4 0 be a non-zero R-algebra. Then we obtain the properties: 


(i) If B = Ae C A for some central idempotent e € cip(A), we find that B already is (a) an R-sub- 
semi-algebra B <, A of the A-algebra A, (b) an ideal B <j A of the semi-ring A and (c) an 
R-algebra with unit element 1p = e. 


(it) Suppose A is an R-algebra, that is it contains a unit element and thereby even is a ring. Then 


cCEN(A) <a Ais an R-subalgebra and multiplicatively closed subset of A. 


(iii) If A is an R-algebra again and e € A is a (central) idempotent, then 1 — e € A is a (central) 


idempotent as well and we get e | (1 —e). 


(3.51) Proposition: (viz. 818) 
Let (R,+,-) be an arbitrary ring and A 4 0 be a non-zero R-algebra, then we obtain the properties: 


(i) Suppose the elements e€1,...,@, € A have the following properties: (1) ey +---+en = 1, (2) 


e? =e; for alli € 1... and (3) ee; = 0 for alli Aj © 1...n. Then any x € A can be written as 


i 


x = xe, +--++ Xe, and hence A can be decomposed as an inner direct sum of A-sub-modules 
n 
Ar = B Ae; 
i=1 


(ii) If e1,...,en € clP(A) even are central idempotents of A such that (1) e: +---+ en = 1 and (2) 


eje; = 0 for alli Aj €1...n then the above decomposition respects the multiplication. That is 
P,: A—- Ae; : rH ze; 


is an epimorphism of A-algebras satisfying P? = P; and P,P; = 0 for anyi # j € 1...n and the 
kernel of P; is given to be the following R-sub-algebra of A 


kn(P;) = S- Ae; 
Fi 


Therefore we obtain an isomorphy of the R-algebras A and the (exterior) direct sum Ae; @---@ Aen 


A> QD Ae; : ZH (xe) 
i=1 


(iii) If A is free, as an R-module then the canonical map R <> A:a+> aly is injective and there is an 


R-submdule A’ <,, A such that A can be decomposed into an inner direct sum of R-sub-modules 


A= R1,0A' 
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(3.52) Example: 


(i) If e € Ip(A) is a central idempotent of A, then by (3.50.(i)) 1 — e € 1P(A) is a central idempotent 
again, with e L (1—e). And according to (3.51.(i)) this yields the decomposition 


A = Ae@®A(1-e) 


(iit) Consider an arbitrary ring (R,+,-) and the the R-algebra A := R” under the point-wise operations 
(xi) + (yi) = (tit ys) and (a;)- (yi) = (vi: ys). Then R” has the Euclidean basis e; := (4;,;) € R” 
(where 7 € 1...n) and these obviously satisfies eje; = d;,;e;. Clearly any « = (a;) € R” can be 


written uniquely as « = )>, xe; such that we have the basis decomposition of R” 
R” = Re ®...---@ Re, 


And this is just the decomposition of (3.51.(i)) again. Note that other bases of R” need not yield 


a decomposition, that is compatible with the multiplication of R”, as this is due to ee; = 0;,;e;. 


Now let (2,+,-) be a commutative ring and regard the R-algebra A = mat,,(R). As in (ii) above 
let e; := (d;,;) € R” (where j € 1...n) be the Euclidean basis of R” and let E; := Ej; = dia(e;) 


be the diagonal matrix of e;. That is 


(iii 


a 


1 O 0 0 0 
0 O 

Ey = up to Ey, = 
: ae : 0 
0 0 0 0 il 


Then we get £, +--- +E, = I, and E;E; = 6;;E; again such that by (3.51.(i)) we find a 


decomposition of the R-algebra of (n x m)-matrices 
mat,(2) = mat,(R)E, @--- PS mat,(R)E, 


Thereby for any (n x n)-matrix X = (a;,;) € mat,(R) it is obvious, that XE; is just the matrix with 
a copy of the j-th column of X in it, that is 


L141 0 --- O 0 -:- 0 Tn 
XE, = : oe. upto XE, = |: : : 
Ln 0 --- O 0 -:. 0 Inn 
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(3.53) Theorem: (viz. 819) 
Let (R,+,-) be a commutative ring and A 4 0 be a non-zero R-algebra. Then we obtain the following 


two lists of equivalencies 
(i) We obtain the following equivalencies for A being indecomposable as an R-module 
(a) A is indecomposable as an A-module 
(b) If e, f € 1P(A) are idempotents of A with e L f and e+ f =1 then we get e=0 or f =0. 
(c) ipe(A) = {0,1} 
(ii) We obtain the following equivalencies for A being indecomposable as an R-algebra 


a) A is indecomposable as an R-algebra 


( 
(b) CEN(A) is indecomposable as an R-algebra 


) 
) 
(c) A is a block, that is A = As for some simple s € A 
) 1 € Aisa simple element 

) 


(d 
(e) cip(A) = {0,1} 
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3.6 Dependence Relations 


In algebra there are two seperate notions of dependence: linear dependence and algebraic dependence. 
A subset S of a module is linearly dependent, if we can find a linear equation with elements of S that 
turns out 0. A subset S of an algebra is algebraically dependent, if we can find a polynomial equation 
with elements of S that turns out 0. 

Linear dependence yields the notion of a basis of a module and we will see that the module's 
structure is determined by its basis. The same is true with algebraic dependence: this yields the notion 
of a transcendence basis, which determines the structure of the algebra. 

It is customary to approach these problems directly and hence seperately. Yet there is the underlying 
concept of dependence. So we will try a little more abstract approach: First we will introduce the general 
notion of a dependence relation. Then we will prove (among others) that any dependence relation admits 
a basis. This will be accomplished in this section. 

Consequently it suffices to show that linear dependence (over a skew-field) is a dependence relation, 
respectively that algebraic dependence (over a field) is a dependence relation. This will be discussed in 
the sections to come. This approach features the advantage that it neatly seperates set-theoretic and al- 


gebraic concepts, which yields beautiful clarity and pinpoints precisely where the (skew-)field is involved. 


(3.54) Definition: 
Let M be an arbitrary set, in the following we will regard relations F of the following form C P(M)xM. 


And for any such relation, elements x € M and subsets S, T C M we will use the following notations 


Sha => ‘(S.4)-erF 
SP a 2) AS Ee) 


(SO) t= face Me | Sr a} 
sub(M) = {(S)|S CM} 
Al nats a —— > ee 
— VreS:Trea 


Now F is said to be a dependence relation on M, iff it is of the form / C P(M) x M and for any 
elements x € M and subsets S, T’ C M it satisfies the following four properties: 


(D1) Any element x of S already depends on S, formally this can be put as 


rEeS = Stu 


(D2) If 2 depends on S and S depends on T’,, then x already depends on T’ 


(D3) If 2 depends on S, then it already depends on a finite subset S, of S 


Sta = JS, CS: £5, < oo and S,b x 
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(D4) If depends on S but not on S \ {5} (for some s € S), then we can replace s by z in S, to find a 


dependency of s on the modified set, formally that is the implication 
Ska, se€S,S\{s}Ke = ((s\{spu{z}) ks 


And in case that F is a dependence relation on M we further introduce the following notions: A subset 


S C M is said to be independent (or more precisely independent), iff it satisfies 
VsEeS : S\{s}Fs 


Clearly S is said to be dependent (or more precisely | dependent), iff it is not independent (that is 
S\{s}b-s for some s € S). And a subset B C M is said to be a basis (or more precisely a t-basis) iff 


it is independent and generates 7. Formally B is a basis, iff it satisfies 
(B1) B is independent and 

(B2) (B) = M 

(3.55) Lemma: (viz. 699) 


Let M be an arbitrary set, S, J’ C M be arbitrary subsets and | be a dependence relation on M. Then 


we obtain all of the following statements 


(i) The generation of subsets under + preserves the inclusion of sets, ie. 


SCT = (8) C(t) 


(ii) Recall that we denoted sub(//) to be the set of all (7') for some subset T C M. Then for any 
subset S C M we obtain the identities 


(S)) = (S) = (]{Pesub(M)|S Cc P} 


(iii) For any subset S C M the following three statements are equivalent 
(a) S is -dependent 
(b) VT CM: SC T => T is Fdependent 
(c) 3S9 C S such that #59 < co and So is Fdependent 


(iv) For any subset TC M the following three statements are equivalent 


(a) T is Findependent 
(b) VS CM:S5 CT => Sis Findependent 
(c) VZIo C T we get #7 < co => Tp is Findependent 
(v) For any S C M and x € M the following statements are equivalent 


(a) SU{a} is Findependent and x ¢ S 
(b) S is Findependent and S¥ x 
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(vi) Let S; C M be a chain (where z € I) of Fidependent subsets of M/, then the union of the S; is 


Findependent again. Formally that is the implication 


=> U Sj, is Findependent 


Viel : §; is Findependent ! 
tel 


Viger : S; C Sj or Sj C S; 
(vii) Let S C M be an Findependent subset and T C M bea subset, that generates M, ie. M = (T). 
If now S C T, then there is a basis B in between S and 7. Formally there is some B C X with 


(1) S C B C T and 
(2) Bis a Fbasis of M 


(viii) Let B C M bea Fbasis of X, b € Band x € M be arbitrary. Then we denote the set B with b 
replaced by x by B’ := (B\ {b}) U{ a}. Then we find the implication 
B't+}b = > B'isathasis of M 
(ix) A subset B C M is atbasis of 1 if and only if it is a minimal F generating subset of 7. And this 
again is equivalent to being a maximal F independent subset. Formally that is the equivalency of 
(a) Bis a Fbasis of M 


(b) B generates M (that is M@ = (B)) and for any S C M we obtain 
Se BS Me GS) 

(c) B is Findependent and for any S C M we obtain the implication 

BcS => Sis not Findependent 


(x) All Fbases of MZ have the same number of elements, formally that is 


A,B C MPbasesofM@ = |A|=|B 


(xi) If S C M is Findependent and B C M is an Fbasis of M, then S contains no more elements 
than B, that is |S| < |B]. Likewise, if 7 C M generates M = (T), then T contains at least as 
many elements as B, that is |B| < |T]. 


(xii) Consider an Findependent subset S C M and atbasis B C M of M. Further assume that 
#B < oo is finite, then the following two statements are equivalent 
(a) |S] = |B 
(b) S is an Fbasis of MZ 
Nota that in the proof of this lemma we did not always require all the properties of a dependence relation. 
Namely (i), (ii), (iii), (iv), the implication (a) == (b) in (v), (vi) and the equivalence (a) <=> (b) in (ix) 
require the relation | to satisfy properties (D1), (D2) and (D3) only. 
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(3.56) Remark: 

In item (vi) we may chose S = @, as this always is independent respectively 7 = M, as always 
M = (M). These special choices yield the so called basis selection respectively basis completion 
theorems (the converse implications follow immediately from (i) and (ii) respectively). And as these are 
used frequently let us append them here. Thus suppose M is an arbitrary set and | is a dependence 


relation on M again. Then we get 


e Basis Selection Theorem: a subset T C M contains a basis of M if and only if it generates 7, 


that is equivalent are 


(a) (PF) =M 
(b) IB CT : Bis atbasis of M 


e Basis Completion Theorem: a subset S C M can be extended to a basis of M if and only if S 


is Findependent, that is equivalent are 


(a) S is Findependent 
(b) IBC M:S C Band Bis atbasis of M 
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3.7. Linear Dependence 


The primary task of any algebraic theory is to classify the objects involved. The same is true for module 
theory: What types of modules do exist? Surprisingly the answer will strongly depend on the module's 
base ring. A first complete answer can be given in the case that the base ring is a skew-field S, then all 
modules over S' are of the form S®! for some index set I. (We will later also find complete answers in 
case the base ring is a PID or DKD. But this is how far the theory carries). 

In order to achieve this result we will have to define the notion of a basis of a module. Modules with 
basis will be said to be free. However most of the work is done already - all we have to do is prove that 


linear dependence truly is a dependence relation, as we have introduced it in the section before. 


(3.57) Definition: 
Let (R,+,-) be an arbitrary ring an M be R-module. Further consider an arbitrary subset X C M. 


Then we introduce the following notions 


(i) A subset X C M is said to generate M/ as an R-module (or simply to R-generate /), iff the 
R-module generated by X is M. Formally that is iff (where we also recalled proposition (3.12)) 


ME EZ AK = {Soa 
i=1 


Now X is said to ba a minimal R-generating set, iff X R-generates M but any proper subset of 


1l<neEN, aE R, nex} 


X does not R-generate M. Formally X is a minimal R-generating set, iff 


VWOM:WcCX = (W)n 4M 


(iit) We thereby define the rank - denoted by rank(J/) - to be the minimal cardinality of any R- 
generating subset X of M there is. Formally that is 


rank(M) := min{|X|| XxX C M, (X)m=M} 


Nota that this is well defined, as the cardinal numbers are well-ordered - that is any non-empty set 
of cardinal numbers has a minimal element. Also the defining set above is non-empty, as M C M 
and M = (M),. In particular we have rank(/) < |M]. Hence this definition yields the following 
properties: If J = rank(J/) then we get 

(1) there is some X = {a;|i¢1} C M such that M = (X )m, and 

(2) for any Y C M with M = (Y ), there is some injective map v: J < Y from I into Y. 

(iii) M is said to be finitely generated, iff it is R-generated by some finite subset X C M. That is iff 

M satisfies one of the two following equivalent conditions 

(a) rank(M) < co 

(b) IX CM: #X <wand M=(X)m 
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(iv) 


(vii) 


(viii) 


232 


A submodule P <, M is said to be cofinite (in M), iff you only need to add finitely many to 


generate M. Formally P is cofinite, iff it satisfies one of the following two equivalent conditions 


(a) M/P is finitely generated 
(b) SX CM : #X <coand M=P+(X)m 


Nota if X = {241,...,%n } such that IM = P+ (X )m, then it is clear that M//P is generated by 
the set {a; + P|iel1...n}. Vice versa, if {a;+P|iel...n} generates M/P, then we get 
M = P+ (X)m, by taking X = {2,...,v }. Let us prove this: Given any x € M there are 
a; € Rsuch that 1+ P = a,x, +--++4n%, +P and hence x = p+ayay+---+dnt%n € P+(X dm 
for some p € P. 


Let us now introduce a relation of the form | C P(M) x M called the relation of R-linear 
dependence. For any subset X C M and any element x € M let us define 


Siac, dnéW,427),...,% € X,day,...,dn ER 
such that x = a,j +--+ + 4An2y 
Nota that we allowed n = 0 in this definition. And by convention the empty sum is set to be 0. 


Thus we get X | 0 for any subset X C M. In fact we even get ®t x = > x =0 for any x € M. 


A subset X C M is said to be R-linearly dependent iff for any 1 <n EN, any { 21,...,¢%,} C X 


and any aj,...,@, € R we get 


Q1%1 + +++ +4n%y =0 
ie od we ay =+++=an =0 
Vijgel...nig=27; = t=] 
If this is not the case (i.e. there are some aj,...,@n € R\{0} and pairwise distinct 71,...,a% € X 


such that a121 +---+@n2p, = 0), then X is said to be R-linearly dependent. Finally X is said to 
be a maximal f-linearly independent set, iff X is R-linearly dependent, but any proper superset 
of X is R-linearly dependent. Formally 


VY CM : X CY => Y is R-linearly dependent 


A subset B C M is said to be a R-basis of M, iff it is R-linearly independent (that is (vi)) and 
R-generates M (that is (i)). And M is said to be free, iff it has a basis. That is 


M free =— JABCM : Bisa R-basis 


Finally an ordered tupel (2;) GC M (where z € J) is said to be an ordered F-basis of M, iff it 


satisfies the following two properties 


(1) {a |ie I} isa R-basis of M 


(2) Viger: = tji t=] 
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(3.58) Example: (viz. 703) 


(i) A very special case in the above definitions is the zero-module { 0 }. It is a free module, as C {0} 


is an R-basis. And thereby for an arbitrary R-module M we obtain 


rank(M) = 0 M240} 


(ii) From the above definitions it is clear, that M is finitely generated, if and only if the zero-submodule 
0 <m M is cofinite (in M/). Also, if P and Q <m M are submodules of M such that P is cofinite 
and P C Q, then Q is cofinite as well. 


(iii) Consider an integral domain (R,+,-) and an R-submodule (that is an ideal) d <, R. Then @ is 


a free R-module, if and only if it is principal 


dfree <= dace R:Q=aR 


(iv 


— 


The standard example of a free module is the following: Let (R,+,-) be an arbitrary ring and J 4 0) 


be any non-empty set. Then we consider 
R= CR = {eR | #{ieI| 240} < 00} 
wel 


Recall that this is an R-module under the component-wise operations (x;) + (y:) := (ai + y:) and 


a(x) := (ax;) - where a, a; and y; € R. For any 7 € J let us denote the j-th Euclidean vector 
ej; i= (6:,;) € R®! 


That is e; contains 1 exactly once, at the j-th position; all other entries are 0. In other words still: 
The i-th component of e; is 1 if and only if i = j and 0 otherwise. Then R&® is a free R-module 
having the Euclidean basis 

E = fe|fer} 


(<>) In particular, if R is a commutative ring, or skew-field, we find that for any set J # @) the 
R-module R® is free and has dimension |J|, as € is an R-basis of R®! 


dim (R®’) = |I| 


(3.59) Proposition: (viz. 703) 
Let (R,+,-) be an arbitrary ring and M be an R-module. Let us denote the relation of R-linear 
dependence by | again (refer to (3.57.(iv)). Then the following statements hold true 


(i) The relation | of R-linear dependence satisfies the properties (D1), (D2) and (D3) of a dependence 
relation (refer to (3.54) for the explicit definitions), but not necessarily (D4). 


(ii) If X C M is any subset and we denote (X) := {ye M|xXt y} again, then we obtain the 
following identities 
(X) = (X)m = Lhr(X) 
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iii) For any subset X C M&M the following three statements are equivalent 
Y g q 
(a) X is Fdependent 
(b) VY CM: X CY => Y is Fdependent 
(c) Xo C X such that #Xo < co and Xo is Fdependent 


(iv) For any subset Y C M the following three statements are equivalent 
(a) Y is Findependent 
(b) VX CM: X CY => X is Findependent 
(c) VY¥o C Y we get #Y¥o < co = > Yo is Findependent 


(v) Asubset B C M is atbasis of M if and only if it is a minimal Fgenerating subset of 17. Formally 
that is the equivalency of 


(a) B is a Fbasis of M 
(b) M=(B)andSc B= M#(S) 
(vi) Asubset B C M is an R-basis of M if and only if any z € M has a unique representation as an 


R-linear combination over B. Formally that is the equivalency of 


(a) Bis an R-basis of M 


b) for any element x € M there is a uniquely determined tupel (2,) € R®? such that x can be 
( y quely p 


= S- xob 


beB 


represented in the form 


Nota that the sum occurring in (b) is well-defined, as only finitely many of the 2, are non-zero. 
Further note that in fact the existence of such a representation is equivalent to M = (B) and the 


uniqueness of the representation is equivalent to the R-linear independence of B. 


(3.60) Proposition: (viz. 705) 

Let (R,+,-) be an integral domain and denote E := quot(R) its quotient field. Also let J 4 @ be any 
set and X C R®!. Now the embedding R @ E: a+ a/1 gives rise to an embedding R®! G B®! 
canonically. In this sense we consider X C E®! as well. Then the following two statements are 


equivalent 


(a) X C R®! is R-linearly independent 


(b) X C E® is E-linearly independent 


(3.61) Proposition: (viz. 704) 
Let (S,+,-) be a skew-field and M be an S-module. Let us denote the relation of S-linear dependence 
by F again (refer to (3.57.(iv))). Then we obtain the following statements in addition to (3.59) 


(i) The relation F of S-linear dependence satisfies properties (D1) to (D4) and thereby is a dependence 
relation (refer to (3.54) for the explicit definitions). In fact F satisfies the following, slightly stronger 
property (for any X C M and any xz, y € M) 


Xby,ceX,y#0 => ((X\{ehuty})re 
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(ii) Let X C M be an arbitrary subset, then the following two statements are equivalent (for arbitrary 


rings we only get (b) ==> (a) here) 
(a) X is Findependent 
(b) X is S-linearly independent 


(iii) For any X C M and y € M the following statements are equivalent 


(a) X U{y} is S-linearly independent and y ¢ X 
(b) X is S-linearly independent and X ¥ y 


(iv) For any subset B C M all of the following statements are equivalent 


(a) Bis a Fbasis of M 
(b) Bis an S-basis of M 


(c) Bis a minimal S-generating subset of 1, that is B generates M (i.e. M =Lhg(B)) and for 
any X C M we obtain 
X-ClB . MeALigtx) 


(d) B is a maximal S-linearly independent subset, that is B is S-linearly independent and for 
any X C M we obtain 


BcxX => X is not S-linearly independent 


(e) For any element x € M there is a uniquely determined tupel (ay) € S®? such that x can be 


a S— xpd 


beEB 


represented in the form 


(v) Let X C M bea S-linearly independent subset and Y C M bea generating subset M = Lhg(Y). 
If now X C Y, then there is some B C M such that 


(1) X C BC Y and 
(2) Bis an S-basis of M 


(vi) All S-bases of M/Z have the same number of elements, formally that is 
A,B C M S-bases of M@ = |Al=|B 
(3.62) Remark: 
By (3.61.(iv)) S-linear dependence is a dependence relation and the notions of bases are the same. But 


due to (3.56) M then already has a basis B or, in other words, it is free. That is we have arrived at a 


crucial, much celebrated result: 
Any module M over a skew-field S' already is free! 
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Now by (3.61.(vi)) all S-bases of MM share the same cardinality. Hence we may define the dimension of 
M over S to be the cardinality of any S-basis of M. That is we let 


dimg(M) := |B| where B is an S-base of M 


(3.63) Proposition: (viz. 704) 
Let (S,+,-) be a skew-field and M be an S-module. Let us denote the relation of S-linear dependence 
by F again (refer to (3.57.(iv))). Then we obtain the following statements in addition to (3.59) and (3.61) 


(vii) A set of S-linearly elements contains at most dims(J/) many elements 


X C M S-linearly independent = > |X| < dims(M/) 
(viii) Suppose M is finite-dimensional (i.e. dimg(/) < oo) and consider an S-linearly independent 
subset X C M. Then the following two statements are equivalent 
(a) |X| = dims(M) 
(b) X is an S-basis of M 


(ix) Im particular if M is finite-dimensional and P <, M is a submodule of equal dimension dim(P) = 
dim(M/) < oo then they already are equal P = M. 


(3.64) Lemma: (viz. 706) 
Let (S,+,-) be a skew-field and consider two S-modules V and W. Then we obtain the following 


formulae concerning their dimensions 


(i) If P and Q <m V are any two S-submodules of V, then the dimension of the sum P + Q satisfies 


the following relation 


dim(P +Q) = dim(P) + dim(Q) — dim(PN Q) 


(ii) If P <m V is an S-submodule of V then the dimension of the quotient is just the difference of the 


dimensions of V and P 
dim ("/ p) = dim(V) — dim(P) 


(iii) If ¢ : V — W is any S-linear map, then we obtain the following dimension formula for the dimension 


of the kernel and image of » 


dim(V) = dim (kn(y)) + dim (im(y)) 


236 3 Modules 


3.8 Homomorphisms 


Homomorphism of modules - better known as linear maps - are one of the most common concepts of 
algebra. Examples are abundant: Derivation and integration of functions both are linear, the arithmetical 
mean is linear, matrices are just another way to define linear maps, etc. The advantage of linear maps 
is, that they are both, well-understood and well-behaved. In fact this concept is so successful, that many 


theories (e.g. chaos theory) thrive on finding linear substitutes for non-linear problems. 


(3.65) Definition: 


(i) Let (R,+,-) be any ring and consider two R-modules M and N. Then a map y: M — N is said 


to be an R-module-homomorphism or simply an A-linear map, iff for any a € R, xz, y € M we get 


ylax) = ay(z) 
g(r+y) = (x) + ly) 


We will denote the set of all R-module-homomorphisms from M to N by mhom(M, NV) or, in order 
to emphasize the base ring R, by mhomr(M, N). In linear algebra (i.e. primarily in case of a base 
field R) it is also customary to simply write £(M, N): 


L(M,N) := {y:M—-N |v is an R-module-homomorphism } 
mhom(M,N) := mhomr(M,N) := L(M,N) 


(ii 


a 


Consider any two rings (2,+,-) and (S,+,-) and fix a homomorphism of rings a: R > S. Then a 
map y: M — N is said to be an a-module-homomorphism or simply an a-linear map, iff for any 


a € Rand any z, y€ M we get 


ylax) = a(a)p(z) 
g(r+y) = (x) + ly) 


We will denote the set of all R-module-homomorphisms from M to N by mhom,(M, NV) or, in case 
a is understood, simply by mhom(M, JV). In linear algebra (i.e. primarily in case of a base field R) 
it is also customary to write £(M, N): 


La(M,N) := {p:M—N | ¢ is an a-module-homomorphism } 
mhom(M,N) := mhomg(M,N) := Loa(M,N) 


(iii 


ma 


In any case (i) and (ii) we define the kernel kn(y) and the image im(y) to be the following subsets 


of M or N respectively 


x 
=) 
—— 

aS 
Ww 
I 


{ze M | p(x) =0} 
im(y) == {y(#) |a@e M} 


IN In 
2 & 
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And we establish the usual nomenclature: y is said to be a mono- epi- or isomorphism, iff it is 


injective, surjective or bijective respectively. 


y is called iff wy is 


monomorphism | injective 


epimorphism | surjective 


isomorphism bijective 


(iv) In case (i), an R-module-homomorphism y : MM — M acting solely on the R-module M is called 


an R-module-endomorphism. And it is called an R-module-automorphism, iff it also is bijective 


y is called | iff y is 


endomorphism M=N 


automorphism | M = N and bijective 


(v) If MZ and N are any two R-modules, then M and N are said to be isomorphic, iff there is an 


isomorphism of R-modules from M to N, formally we write 


M =, N 7: 340:M-—N R-module isomorphism 


(3.66) Example: 


(i) The most easy and completely trivial example is the zero-homomophism. |f M and N are any two 


R-modules, then we obtain an R-module-homomophism 0 by letting 


0: MAN: 2H0 


(ii) Another trivial example of an R-module-homomophism is the identity map 11 on some R-module 


M, that simply returns the element x it was given 


l:M7>M : are 


(iii 


a 


A slight generalization is the map of set theoretical inclusion, which (by abuse of notation) is 
written as C again. If P <m M is a submodule of the R-module M, then we get an R-module- 
homomophism by 

C: PHAM : ane 


(iv) Regard M := Rit] the polynomial ring over R, as an R-module. Then for any f € R[t] we define 
the derivation of f to be 


Of(t) = ce € Rit] 
k=1 


And thereby 0: R[t] + Rit] is a homomorphism of R-modules, with im(O) = Rit] and kn(0) = R. 
In fact we will later study this map more closely and see, that it is no homomorphism of rings, as 
it satisfies the property O(f -g) = (Of)-g +f - (0g) for any f, g € R. 
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(3.67) Remark: (viz. 629) 


(i) The notion (ii) of a-linearity clearly includes the case (i) of R-linearity - just takea=1:R— R, 
then an a-linear map y: M — N is nothing but an R-linear map. 


(ii) If g : M — N is an R-module-homomorphism, then the kernel and image of ~ are submodules of 


M and N respectively: 


x 
=) 
—— 

aS 
~——" 
I 


{ce M|p(z)=0} <m M 
{y(z)|re My <m N 


= 
= 
t 


More generally: If y~ : MZ — N is an a-module-homomorphism then kn(y) is an R-submodule of 


M. And if a@ is surjective, then im(y) also is an S-submodule of N. 


(iii) If ¢ : M — N is an R-module-homomorphism, then y is surjective iff its image is N and ¢ is 


injective iff its kernel is 0, formally these are the equivalencies 


yp is surjective <=> im(y) = N 


yp is injective <= kn(y) = {0} 


(iv 


— 


If R is any ring and M and N are any R-modules, also P <, M and Q <m N are submodules 
of M and N respectively and y: M — N is an R-module-homomorphism, then y(P) <m N and 
y-!(Q) <m M are submodules of N and M again: 


y(P) =  {y(zx)|xeP} Sin aN 
gy (Q) = {rE M|y(z)€Q} <m M 


More generally: If y : M — N is an a-module-homomorphism then y!(Q) is an R-submodule of 
M. And if a is surjective, then y(P) also is an S-submodule of N. 


(v) If ZL, MZ and N all are R-modules and the maps y: L — M and ~: M — N both are homomor- 


phisms of R-modules then the composition wy is a homomorphism of R-modules as well 


ve: LON: cH v(y(2)) 


More generally: Suppose L is an R-module, M is an S-module and N is an T-module, where 
(R,+,:), (S,+,-) and (7,+,-) are arbitrary rings. Further we fix ring homomorphisms a: R— S$ 
and 6:5 > T. If now gy: L > M is an a-module-homomophism and ~ : M — N is an 


G-module-homomophism, then the composition ~yp : L > N is an (8a)-module-homomophism. 


(vi 


a 


If M and N are R-modules, where (R,+,-) is a commutative ring, then the set mhomr(M, N) 
of all R-module-homomophisms from M to N becomes an R-module in itself. Thereby for any y, 


w € mhomr(M, N) and any a € R we take the following operations 


pty : MON: cH y(e)t+v(z) 
ap :MoON: rHYyay(z) 
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(vii) More generally: Suppose (R,+,-) is an arbitrary and (S,+,-) even is a commutative ring, M is 
an R-module and N is an S-module. Further fix a homomorphism a: R — S of rings. Then 


mhom,(M, N’) becomes an S-module under the above operations of (vi). 


(viii) In particular, if (R,+,-) is a commutative ring and M is an R-module, then the set end(M) = 
mhom(M,M) of module R-homomorphisms y : M — M from M to itself is a commutative ring 
(end(M),+,°) under the point-wise addition y+ w:x+'+ y(x) +(x) and composition o of maps 
py: a> y(w(x)). The unit element of end(/) is the identity map lay: a+ a. 


(ix) If (R,+,-) is any ring, M an R-module, P <m M a submodule of M and ® € maut(M) an 


automorphism of M/, then we obtain the following isomorphy of R-modules 


(x) Consider any non-empty subset 0 A X C M of M. For now we will examine the canonical 
R-module-homomorphism 
o: R®X 4M : (az) So det 
LEX 


Note that o is well-defined, as in any (az) € R®* only finitely many a, are non-zero. Also - 
as the compositions on R®* are component-wise - it is clear, that @ truly is a homomorphism of 


R-modules. Yet @ also satisfies a number of interesting properties 


im(g) =  Lhr(X) 
o is surjective < > X generates 
g isinjective <=> X is R-linearly independent 


o is bijective <= X isan R-basis of M 


In particular, iff B C M is a basis, then g@ is an isomorphy of R-modules 9 : R°? % M. That is 


all free R-modules are of the form R®? for some set B. 


(3.68) Proposition: (viz. 631) 
Let (R,+,-) be an arbitrary ring and consider any two R-modules M and N. Then we get the following 


two statements: 


(i) If X C M generates M, that is M = In(X), and y, : M > N are any two R-linear maps, then 


we find the equivalency 


lx =x — v= 


(ii) And if B C M even is an R-basis of M and n: B - N is an arbitrary map from B to N, then 
there is a uniquely defined R-linear map y: M — N satisfying op =n. (It is customary to say 


that y is generated by linear expansion of the map n). And this is given to be 


Y (= co) = > azn(x) 


«ceEB xreB 
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(3.69) Definition: (viz. 631) 


(i) Fix a commutative ring (2,+,-) and consider the three R-modules L, M and N. Ilfw: M—4N 
is an R-module-homomorphism, then w~ induces another R-module-homomorphism 7%, called the 


push-forward of ~ by letting 


vs : mhompr(L,M) > mhomer(L,N) : pove 


(ii) Fix a commutative ring (R,+,-) and consider the three R-modules L, M and N. lf py: L— M is 
an R-module-homomorphism, then y induces another R-module-morphism y* called the pull-back 
of y by letting 

yp. : mhomr(N,M) > mhome(L,N) : vo ve 


(iit) More generally: Suppose L is an R-module, M is an S-module and N is a T-module, where 
(R,+,-) is an arbitrary, (S,+,-) and (T,+,-) are commutative rings. Further we fix ring homo- 
morphisms a: R- S and 6:5 —>T. lf now w: M — N is an G-module-homomorphism, then w 
induces another Ga-module-homomorphism w, called the push-forward of 7 by letting 


ws. : mhoma(L,M) > mhomgo(L,N) : pre vp 


(iv) Suppose L is an R-module, M is an S-module and N is a T-module, where (, +, -) is an arbitrary, 
(S,+,-) and (T,+,-) are commutative rings. Further we fix ring homomorphisms a: R — S and 
B:S—>T. lfnow w: M — N is an 6-module-homomorphism, then y induces another Ga-module- 
homomorphism y* called the bf pull-back of ~ by letting 


yp’ : mhomg(M,N) > mhomga(L,N) : pr vy 


(3.70) Proposition: (viz. 633) 

Let M be an R-module over an arbitrary ring (R,+,-) and consider 7 : M — M an R-module- 
endomorphism. We say that 7 is a projection if 2 = 7 and in this case the image of 7 is given to be 
im(7) = {x € M | a(x) =x} and thereby M is the inner direct product of 


M = im(r) @kn(z) 


We have introduced linear maps, that is homomorphisms of modules. And we have also introduced 
products of modules. Sometimes we will want to consider maps on products of modules, that respect 
the module structure on every single module. These maps will be called multilinear, but as the general 
definition might be somewhat irritating, let us regard the easiest yet most important case beforehand: 

Let (R,+,-) be a ring and consider three R-modules Mj), Mz and N. Then a map y: M; x Mz > N is 
said to be bilinear (sometimes they are called balanced instead) if for any a € R, any 21, yy © M; and 


any 2, y2 € M it satisfies the following four properties: 


y(ax1,t2) = ap(x1, 22) 


p(tityi,22) = (21,22) + y(y1, 22) 
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y(x1,at2) = ap(x1, 22) 


(x1, £2 + y2) y(x1, £2) + p(x1, y2) 


In other words y is linear in the first argument |i.e. for any x2 € Mz the map M; > N: 214 y(21, 22) 
is a homomophism of R-modules] and linear in the second argument |i.e. for any x; € M, the map 
Mz > N : 21 + (21,22) is a homomophism of R-modules]. This clearly can be generalized to 
arbitrarily numerous products of modules: What we require of a multilinear map is, that is linear in 
every single of its arguments. This is the easy idea behind the following (a little hard to read) defi- 


nition. In this sense a bilinear map is nothing more than a multilinear map, where the index is J = {1,2}. 


(3.71) Definition: 
Let (R,+,-) be any ring and consider a family (J/;) (where i € J and J 4 9) of R-modules. Let finally 


M be a submodule of the exterior direct product 


(i) Let NV be another R-module, then a map y : M — N is said to be R-multilinear, iff for any 
a € I and any fixed (x;);4; [where 2; € M; for i A j € I] the map M; > N : 2; +> v(x) [where 
x& = (xj)je7] is R-linear. That is for any i € J let us abbreviate arbitrary elements of the I; for 


j #1 by dots, then for any a € R and any x;, y; € M; we require ¢ to satisfy 


Bl ea Gees race) Ss (oes tet) 
Plea te Hugs) Be wepeed ) eeGlesds tie.) 


(iit) Let (S,+,-) be another ring, let N be an S-module and fix a ring-homomorphism a: R > S. 
Then a map y: M + N is said to be a-multilinear, iff for any i € J and any fixed (;);4; [where 
x; € M; fori Aj € I] the map M; > N : a; + v(x) [where x = (2;)je7] is a-linear. That is for 
any 2 € I let us abbreviate arbitrary elements of the M; for 7 #7 by dots, then for any a € R and 


any xj, y; € M; we require ¢ to satisfy 


Plvn SOG pec) = ORDO ae Bihaws) 
p(..., ve + yi,---) 


t 
Be 
8 
+ 
s 
S 


(3.72) Example: (viz. 631) 
Let (R,+,-) be any ring, then we can simultaneously regard R? = R@®R as an R-module or as a product 


of two R-modules R. In particular we can consider both R-linear and R-bilinear maps: 
(i) The addition map a: R? > R: (a,b)'+ a+b on Ris R-linear but not necessarily R-bilinear. 
(ii) The multiplication map yw: R? + R: (a,b) +> ab is R-bilinear but not necessarily R-linear. 


(iii) The canonical projections 7, : R? > R: (a,b) 4 a and m2: R? > R: (a,b) ++ Db are R-linear but 


not necessarily R-bilinear. 
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(iv) If (R,+,-) is an arbitrary ring and M is an R-module, then the properties of being an R-module 


precisely state, that the scalar multiplication of M is R-bilinear 


RxM—-M : (a,z)H ax 


(v) () If (R,+,-) is a commutative ring and 1 < 2, m and n € N then the multiplication of matrices 


is R-bilinear, as well 


matgm(R) X Matmn(R) > maty,(R) : (A,B) AB 


(vi) (©) The complex numbers C have the complex conjugation « as a field-automorphism which is 
defined to be K(x + iy) = x — iy. This is usually denoted by Z = «(z) for z=a+iy € C. If now 
U and V are C-vectorspaces, then a map y: U x V — Cis said to be sesqui-linear, iff it satisfies 


the following four properties: 


p(au,v) = ay(u,v) 
g(utu,v) = (u,v)t+ (u,v) 

glu,av) = ay(u,v) 
g(uytv) = (u,v) +y(u,v’) 


for any a € C, u, u’ € U and v, v’ € V. That is y is C-linear in the first argument, but a 


&-homomorphism in the second argument. We will study and use such maps in section 4.7. 
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3.9 Isomorphism Theorems 


In this section we will study several basic properties of homomorphisms of R-modules. First of all we will 
encounter the fundamental "isomorphism theorems’. Later on we will get some more advanced criteria 
whether an endomorphism is an isomorphism. A more general way to look at a homomorphism is to study 


a chain of homomorphisms. This notion will also be introduced here. 


(3.73) Theorem: (viz. 632) 
Let (R,+,-) be any ring and consider any two R-modules M and N. Let further y : M — N be an 


R-module-homomorphism, then we get 


(i) If P <m M and Q <m N are submodules of M and N respectively, such that P C vy 1(Q), then 


we obtain a well-defined homomorphism of R-modules, by letting 
Oo : Mp > No >: £+P % y(r)+Q 
(ii) 1st lsomorphism Theorem: Any R-module-homomorphism y : MZ — N induces an isomorphism of 
R-modules from the quotient module M/kn(w) to im(y) by virtue of 
=z. M ~ j ; i 
P : kn(y) ~* tm(y) : @ +kn(y) + v(x) 


(iii) 2nd Isomorphism Theorem: If P and Q <, M are any two submodules of M/, we obtain another 


isomorphism of R-modules, by virtue of 


2/pag ine ee: :2+PNQwH«et+P 


(iv) 3rd Isomorphism Theorem: If P and Q <, M are submodules of M again, such that P C Q, 


then we obtain one more isomorphism of R-modules, by virtue of 


Mig % MPlojp :2+Q 9 (@+P)+%/p 


(3.74) Remark: 

The following illustration should help to foster an intuitive understanding of what the first isomorphism 
theorem is all about: We see M on the left-hand side and N on the right hand side. The kernel of y 
is the part of M that is mapped to 0 in N. The "rest" M/kn(y) is copied - without loss of structure or 


information - to im(y) which is part of N. The "rest" N/im(y) of NV is of unkown size and structure: 
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M-+--... N 
ano im(@~) 
Mey | Fc os 
nee ee _ 
eee PL, e im(@) 
Kf 


(3.75) Proposition: (viz. 633) 
Consider the module M over an arbitrary ring (R,+,-) and let P <, M be a submodule of M. Then 


the following statements are equivalent 


(a) There is an isomorphism ® of the form given below, that also satisfies ®(P) = P60 = Px{04+ P} 
: M 
o:M3PeM/p 


(b) P is a direct summand of M, ve. there is another submodule Q <m M of M such that MW = P+Q 
and PM Q =0, such that M is the inner direct sum 


M=PeqQ 
(c) There is a projection 7: M — M, that is an endomorphism with 2? = z, such that im() = P. 


(3.76) Remark: 
If M is an R-module over some ring (R,+,-) and P <, M is a submodule such that M = P@Q for 


some other submodule Q <m MM, then the above proposition yields an isomorphism of the form 
~ M : 
M =, P® /p oy aah has aa C24 fi a 


However an isomorphism of this form need not exist in general. As a counterexample we consider M = Z@ 
as an R = Z module with its ideal (i.e. submodule) 2Z <, Z. The quotient Zz = Z/2Z only consists 
of the elements 0 = 0+ 2Z and 1 = 1+ 2Z. Suppose there was some isomorphism ® : Z42Z @ Zp. 
We will disprove this by regarding c:= ®~!(0,1) € Z. Clearly ®(2c) = 2(0,1) = (0,0). But as ® is in- 


jective, this means 2c = 0. Yet Z has no zero-divisors such that c = 0 in contradiction to ®(c) = (0,1) £0. 


(3.77) Corollary: (viz. 798) 


(i) Consider a commutative ring (R,+,-) and a finitely generated R-module M. If now y: M > M 


is an R-module-endomorphism, then the following two statements are equivalent: 


(a) y is surjective 


(b) y is bijective 
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(iit) Consider a commutative ring (R,+,-) and an artinian R-module M. If now y: M — M is an 


R-module-endomorphism, then the following two statements are equivalent: 
(a) y is injective 
(b) y is bijective 


(iii) Consider a skew-field (.S,+,-) and a finitely generated S-module V. If now vy: V — V is an 


S-module-endomorphism, then the following three statements are equivalent: 
(a) vy is injective 
(b) y is surjective 
(c) y is bijective 
(3.78) Lemma: (viz. 814) 
Let (R,+,-) be a commutative ring then the following statements are true 
(i) If R 4 0 is non-zero and I, J # @ are any two non-empty sets, then R® is isomorphic (as an 
R-module) to R®” iff I and J have the same cardinality, formally that is 


Rea Se 


(ii) Let a, 6 <i R be two ideals in R, if now R/a and R/D are isomorphic as R-modules, then a and } 


already have to be equal, as subsets of R 
ae Sn Bl = a=b 


(3.79) Remark: 


e The statement of (i) need not be true for non-commutative rings R. As an example fix the Z-module 
M := Z®N and take to the ring of Z-module endomorphisms of 


S := end(M) 


Then for any m, n € WN we find that S” =, S” are isomorphic as S-modules. In fact it suffices to 


give a basis of S consisting of two elements. It is easy to see MZ =n M&M and hence 


S = mhom(M,M) =n, mhom(M,M @ M) 
~, mhom(M,M)@mhom(M,M) = S? 


For more details on this construction refer to [Scheja, Storch, Algebra 1, Kapitel 25 Beispiel 3 and 
Kapitel 36 Beispiel 2]. 


e Aring R with the property of (i) is also called to have IBN (invariant basis number). Thus (i) may 
be expressed as commutative rings have IBN. Of course there is a multitude of non-commutative 
rings that have IBN, as well. An important example is: If py: R — S is a ring-epimorphism and S 
has IBN then & has IBN, as well. For more comments on this, please refer to the first chapter of 


[Lam, A first Course in non-commutative Rings, GTM 131]. 
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~w 


e In (ii) it does not suffice to have an isomorphism of R-modules @ &, 6. E.g. regard the ring 
S := R[s,t]. If we now define the ideals a := tS and b := stS then a and D clearly are isomorphic 


as R-modules, but 


ie =, Ris] 


5/5 ~, Ris] @tRit] 


e In (3.93.(ii)) we will present a much stronger statement: If // is a free R-module, then any R-basis 


~N 


of M has cardinality rank(/) - supposed R is commutative. And as the isomorphism R®! ~,, R°/ 


transfers bases we could conclude 
[Z| = fank(R®) = -rank(R®7) =. |J| 


Yet the proof of this statement is far longer and uses substantially more tools (the theory of 


noetherian modules), hence we have chosen to give a more direct proof in advance. 


(3.80) Definition: 

Fix any number 1 <n € WN and a ring (R,+,-). Further consider the R-modules M; (where i € 0...n) 
and the R-module-homomorphisms, y; (where 7 € 1...n). Let us denote M = (M;) and y = (y;), then 
the ordered pair (1, y) is called a (finite) chain of R-modules, iff we get 


(1) for any z€0...n: M; is an R-module 
(2) for anyzE1...n: yp : Mj-1 — M; is an R-module homomorphism 
(3) for anyz€1...(n—1): we have yisiy; = 0. 


Nota an equivalent formulation of property (3) is: im(y;) C kn(wj41). In case (IM, ~) is a finite chain of 


R-odules we will use a rather intuitive notation for the ordered pair (V/,~), namely we write: 


Mog My 2s Mg ee SM a 


And the finite sequence (/, vy) of R-modules is said to be exact, iff apart from properties (1) and (2) we 


even have the following, stronger version of property (3) 


(3’) for any ie 1...(m—1) we have im(y;) = kn(yi+41) 


(3.81) Remark: 


(i) If 1; = 0, then we necessarily have y; = 0 and yi+1 = 0, that is yi : Mi-1 0: aj-1 +> 0 and 
pit: 0 > Mi41: 01+ 0. As these maps are already determined, we don’t have to denote them in 


the sequence and may just write 
Pi-1 Pit2 
M;_2 — M;-1 +05 M41 => Mi+2 


If this sequence is exact, then it even follows that kn(yij+2) = 0 and im(y;_1) = Mj_1 such that 


pi+2 is injective and y;_ is surjective, formally these are the implications 
M,;=0 = ¢i42 Is injective 
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M;=0 = gi-1 is surjective 


Prob due to the exactness of the chain we get im(y;-1) = kn(y;) = kn(0) = Mj_1 and hence y;-1 


is surjective. Likewise kn(yj+2) = im(yj41) = im(0) = 0 and hence ¥;+2 is injective. 


(ii) In particular for any R-module homomophism vy : M — N we get a chain of R-modules, by taking 


CS 2 sw 6 


And this chain is exact if and only if y is an isomorphism. Prob due to (i) the chain is exact, iff y 


is injective and surjective, that is iff y is bijective. And that’s when y is called an isomorphism. 


(iii) In a similar fashion we find a chain-version of the first isomorphism theorem: Given an exact 
sequence (i.e. im(7) = N and kn(w) = im(y)) of R-modules, of the form 


LSM 4 N30 
the first isomorphism theorem of R-modules yields the following isomorphism, induced by w 


Me + N : axt+im(y) 4 V(z) 


(iv) A short exact sequence of R-modules is a sequence of R-modules of the following form. And as we 


have seen (iii) it induces an isomorphism M/im(y) > N. 


wy 


OS 5 +> N70 


But as in this case ¢ also is injective, we have y : LL’ := im(y), that is there is an isomorphic 
copy L’ <m M of L in M. And for this we get M/L’ +N, according to (iii). This is the essence 


of what a short exact chain of R-modules is about. 


(3.82) Example: 


(i) Any submodule P <,, JM gives rise to a canoncal short exact sequence by taking the inclusion 


C:a@++ a and the canonical projection o(x) := a+ P 


ISP Sus M/ p +0 
(ii) Any R-module-homomophism y : MM — N induces a canonical short exact sequence of R-modules 
0 > kn(y) => M —*> im(y) 30 


(iii) But y also induces another chain of R-modules: Let us denote the canonical projection 7 : N > 


N/im(y) : y+ y +im(y), then we find another exact chain of R-modules, by taking 


Okun) =) a SS Nfim(y) 7 0 
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(iv) Another, most important example is the following: Consider any two R-modules L and N. Let us 
denote the canonical embedding of L into L@ N byu: L> L@N: 2+ (2,0) and the canonical 
projection onto N bya: LON—-WN:(a,y) + y. Then im(z) = L 60 =kn(z), such that we get 


the short exact chain of R-modules 


OS Se NN 0 


(v) Let us alter the above example a little: Given two submodules P and Q <, M of some R-module 
M, we take the maps 0: PNQ > P@®Q:a4 (a,x) andd: POQ>P+Q: (a4,y)a-y. 


Then we get an exact chain of R-modules 
O=-PnO 3 Peo => P4050 


Passing to quotients we find another exact chain of R-modules: This time the homomorphisms are 
given to bea: 2H (a+ P,x4+Q) andd: (t+ Py+Q) (a@—-y)+(P+4+Q) 


Mang MpeMla + Mn4g 


We see that in the first chain 6: P@Q ™ P+ Q is an isomorphism iff PM Q = 0 and in the 
second chain 0: M/(PNQ)> M/P @ M/Q is an isomorphism iff M = P+Q. 


(vi 


a 


A special case of (v) is the following: Consider any two distinct prime numbers 2 < p#qe€ Z. 
By the Chinese remainder theorem we get Zp @ Z, = Zpg. Thereby the canonical maps become 
b: Zy 4 Lng: a+ pZ+> aq+ pqZ@ and 7: Zpg 4 Z,: b+ pqZt> b+ qZ. And hence we obtain 


the short exact sequence of Z-modules 


(3.83) Lemma: (viz. 675) 
Let (R,+,-) be a commutative ring. If the following chain of R-modules is exact [that is vy is injective, w 


is surjective and im(y) = kn(q)] then statements (a), (b) and (c) are equivalent 


v 


ee eee Y 5 >N->O0 


(a) There is some homomorphism a: M — L such that ay = ly 
(b) There is some homomorphism w : N — M such that yw = ly 
(c) There is an isomorphism ®: M4 L@ WN such that the following diagram commutes 


Qed: Ge: yD oP eG 


L@ 
Gi Ts 2s - EIN Be CN 0 
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Nota That the above diagram in (c) commutes, is to say ®y = ce and 7® = w. And in this case we already 


have kn(@) = im(w) and / is the (inner) direct sum of the submodules 


M = kn(a) Gim(y) = im(w) 6 kn(w) 


(3.84) Corollary: (viz. 678) 


Let (R,+,-) be a commutative ring and assume the following short chain of R-modules is exact: 


v 


O25 sk + N>0 


If N is free, then (a), (b) and (c) in (3.83) are true, that is there is an isomorphism ®: M+ L@WN such 


that the following diagram commutes 


Or eS Gece A Se CN 


(3.85) Remark: 
We usually are interested in the isomorphism ®: M4L@WN. So let us give the construction of this 
isomorphism that is used in the proof of lemma (3.83): If a is given, then we can give ® straight away. 


If conversely w is given, then we can explicitly give the inverse 6! isomorphism instead: 
®:M> LON : £4 (a(z),V(2)) 


@': LENSM : (up) vu) +u(p) 


In (3.84), if NV is free, we get the isomorphism ® by constructing a suitable map w: N — M: Let 
{ni |i €I} be a basis of N and for any i € I choose some m; € M such that (mi) = ni. Then we 
can define w(_, ajni) := D5, asm; and thereby get ® as above. 


The next few theorems will be concerned with chains of modules. While this may look a little weird, if 
this is your first encounter with this notion, it truly is a powerful language, that will be developed further. 
In fact there is an entire mathematical discipline called homological algebra dedicated to studying these 
objects. And the method of using chains and diagrams is also known as diagram-chasing. So let us start 


with some fundamental properties of chains: 


(3.86) Lemma: (viz. 811) 

Let (R,+,-) be any ring, n > 2 and for any i € 1...n consider an R-module homomorphisms y; : 
Mi-1 > M; and y; : Ni-1 — Nj. Also suppose, that for any 7 € 0...n there is some isomorphism 
®; : M; > N; such that we may regard the following diagram 


Mg. Fee Me. Es 5 Se ce. Me 


t t t t 


No Se SE NS =e oN 
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Suppose this diagram commutes, that is for any i € 1...n we have ®;y; = y;,®;_1. Then the following 


two statements are equivalent 


(a) The sequence My > M, > Mp > --- > M,, is an [exact] chain 


(b) The sequence No > Ny > No +--+ — Ny is an [exact] chain 


The following lemma may seem a little strange at a first glance: It studies the effect of pull-back and 
push-forward of homomorphisms of modules. The right setting in which to formulate this is the new-forged 
language of chains of modules. Here all the properties take a neat compact form - though the punch of 
this approach will only later reveal itself, when we regard tensor products of modules. 

In the language of homological algebra it could be put as: The push-forward is a left-exact, covariant 
functor, whereas the pull-back is a left-exact contravariant functor. But let's not get ahead of ourselves 


and just focus on one of the staging points of homological algebra: 


(3.87) Lemma: (viz. 812) 
Let (R,+,-) be a (not necessarily commutative) ring and consider the R-modules U, V, W and M such 


that the following chain of modules is exact 


y 


(S747 2.7 


Recall the definition of the push-forward y, : £(M,U) + L(M,V) defined by ».(f) = yf, then the 


following chain of R-modules is exact, as well 
03 £(M,U) £ £(M,V) “5 £(M, W) 


Conversely suppose we have an exact chain of modules of the following form 


v 


L270 


And recall the definition of the pull-back y* : £(V,M) > L(U,M) defined by y*(g) = gy, then the 


following chain of R-modules is exact, as well 
0 > £(W, M) © L(V, M) £5 L(U, M) 


The following theorem is somewhat of an inverse of the lemma above: It grants the exactness of the 
original chain of modules, iff all chains of homomorphism modules are exact. The proof just chooses clever 


candidates for modules LZ and N in order to establish the exactness of the original chain: 


(3.88) Lemma: (viz. 813) Yoneda’s Lemma: 
Let (R,+,-) be any ring, nm > 2 and for any i € 1...n consider an R-module homomorphisms y; : 


M;-1 — M;. Then we will abbreviate the following sequence of homomorphisms by * 


k= M5 M, @ Mo >... 2 My, 
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(i) If for any R-module L the following sequence is an exact chain of R-modules, then the original 
sequence * was an exact chain, itself 


£(E, My) 2 c(t, m,) 28 £6, ) >... Sob, Mi) 


(ii) If for any R-module N the following sequence is an exact chain of R-modules, then the original 
sequence * was an exact chain, itself 


LO NY" 2a aN) oe: Sean) 2 cg) 
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3.10 Rank of Modules 


Remember that in section 3.7 we defined the rank of an R-module to be the minimal cardinality of a 


generating set of M, formally 
rank(M) := min{|X|| xX C M, M=Lh(Xx)} 


That is: If J = rank(M) then there is some subset {m,;|i¢I} C M that generates M as its linear 
hull M =Lh{m;|ie J}. And conversely, if X C M generates M =Lh(X), then |J| < |X]. 

Be careful however - a minimal set of generators, need not have minimal cardinality! E.g. the set 
{2,3} C Zis a minimal set of generators of the Z-module Z. That is {2,3} generates Z = (2,3)m 
and of course neither {2} nor {3} generates Z. However we have rank(Z) = 1, as Z = (1) m is clear. 
As we have seen in (3.61.(iv)) this is quite different in the case of modules over skew-fields, but even the 
base ring Z (and what better ring is there to wish for?) gives rise to such peculiarities. 

Let us now study the basic properties of the rank of a module, but be ready for some nasty sur- 
prises, as the theory will take some twists and turns. Many properties one would think of as evident 


will be untrue unless we deal with nice rings and modules. Others will hold true in astounding generality. 


(3.89) Example: (viz. 815) 


(i) The ring Z is an UFD (in fact even a PID) that contains infinitely many prime elements. That is 


the following set contains infinitely elements 


P := {pe€Z|2< pis prime} 


(ii) The set Q regarded as an Z-module is has no finite set of generators. Hence it is of countably 


infinite rank, a generating set being given by 


1 
\ {a lvercen} 


(3.90) Proposition: (viz. 820) 
Let (R,+,-) be an arbitrary ring and consider any two R-modules M and N. lf nowy: M > Nisa 


surjective R-linear map (an R-module epimorphism), then N cannot exceed M in rank: 
rank(NV) <_ rank(M) 
Likewise, if. P <m M is an R-submodule of M, then we get the following inequality for the rank of M 


rank(M) <_ rank(P) + rank (“/p) 
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(3.91) Proposition: (viz. 824) 
Let (R,+,-) be a commutative, non-zero ring R #0. If now M and N are free R-modules, then M and 


N are isomorphic as R-modules, if and only if they share the same rank, formally that is 
M Sn N <=> rank(M) = rank(N) 


In particular: If M is free of rank J = rank(M/), then M is isomorphic to the Euclidean R-module 
M =m R®! presented in (3.58). If {m; | i € I} is an R-basis of M, then an isomorphism is given by 


R®! +M : (a;) > So aim 
tel 


(3.92) Remark: 

The above proposition (3.90) enables us to control the rank of M by controling the rank of a submodule 
P > <m M (and of the quotient M//P). On the other hand one is tempted to expect that the rank of 
a submodule P of M cannot exceed the rank of the containing module 7. However nothing is farther 
from the truth. Consider the ring R = Q[t; | i € I] where J is an arbitrary index set. If J =1...n then 
we have the usual polynomial ring Q/t;,...,t,] that is a very tame ring - a noetherian integral domain. 
If we now regard the ring M@ = R as an R-module itself, it is clear, that rank(JZ) = 1. However, hell 
breaks loose, once we take a look at the ideal mM := (t; |i € I); <j R. If we take M as an R-submodule 
of M = R, then the rank of M is no less than 


rank(M) = 1 < |Z| = rank(m) 


By primary decomposition it is easy to see, that T := { t; | 7 € J} is a minimal generating set Mm = Lhr(T) 
and in fact it hits the rank. That is the submodule M of M can have arbitrarily large rank, even though 
M is of rank 1! Modules can have astoundligly vast space within themselves! The reason is that all 


those t; do not take up much space, they are all linearly dependent: ¢;t; — tjt; = 0. 


So the question arises how to control the space inside a module. One of the best answers one can give 
refers to free submodules of M/ - these cannot be larger than M itself - refer to (3.93.(iv)). Also note 
that as long as IJ is finite R is noetherian. And in fact submodules of finitely generated modules over 
noetherian rings are again finitely generated. This will be the topic of section 3.11. Finally note that in 
case of |J| = 1 we even had rank(m) = rank(/). But in this case R even is a PID and in fact finitely 


generated modules over PIDs are very well-behaved. 


(3.93) Lemma: (viz. 821) 
Consider a commutative ring (2,+,-) and an R-module M. Further suppose, that R 4 0 is non-zero. 


Then the following statements are true 


(i) If {1,...,an} C M (where n © NN) generates M as an R-module, then any n + 1 elements 
of M are R-linearly dependent. That is: Given y1,...,Yn, Ynti € M there are some aj,...,Qn, 
dn41 © R such that a, 4 0 for some k €1...n+1 and: 


Q1Y1 +t + + OnYn + On41Yn41 = O 
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(ii) If {m1,...,7%n } C M (where n € NN) is an R-basis of M and {21,...,2%, } generates M as an 


R-module, then { 71,...,2n } is a basis, as well. 


(iii) If B C M is an R-basis of M then the cardinality of B equals the rank of M, formally that is 


rank(M) = |B 


(iv) If F <, M is a free submodule of M, then it’s rank does not exceed the rank of MV, formally again 


rank(F’) < rank(M) 


(3.94) Remark: Dimension 
In general, for an arbitrary ring (2,+,-) and a free R-module M the dimension is set to be the minimal 


cardinality of an R-basis of MZ 
dim(M) := min{|B|| BC M isa basis of M } 


From this definition it is clear that the rank of 17 does not exceed the dimension of M/Z [because any base 
B of M already generates M = Lh(B)|, that is 


rank(M) < dim(M) 


In this light lemma (3.93.(iii)) tells us that in case of a commutative ring R all bases of a free R-module 
M share the same cardinality, namely the rank of M. In particular - if R is commutative and M is free 
- we even have the equality of 

dim(M) = rank(M) 


Thus - for commutative rings - the dimension is not a new invariant. However it is customary to refer to 
the dimension, rather than the rank, when operating with free modules. Also we have seen in (3.61.(vi)) 
that for any skew-field (S,+,-) and any S-vector-space V all bases share the same cardinality, as well. 


It is easy to see that this is the rank again 
dim(V) = rank(V) 


Prob as rank(V) < dim(V) is always true, it remains to prove dim(V) < rank(V). Thus let X C M be 
a generating set of M with |X| = rank(/). Then by the basis selection theorem (3.56) there is a subset 
BC X such that B is a basis of M. In particular dim(S) = |B] < |X| = rank(X). 


After these two important cases, commutative rings and skew-fields, on might be tempted to think that 
generally (over arbitrary rings) all bases share the same cardinality, preferably the rank of M/. This is 
untrue however. There are some modules over non-commutative rings, that have bases of different size. 


We have given one such example in (3.79). 
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(3.95) Definition: 
Let (R,+,-) be an arbitrary ring and M be an R-module. Then a subset L C M is said to be a maximal 
linear independent set of 1, iff it is R-linearly independent and for any other R-linearly independent 


set L' C M we get the implication 


fie ee Be a 


As we will see in (3.96.(viii)), if R is an integral domain then all maximal linear independent subsets of 


M are of the same cardinality. Hence in this case we may define the linear freedom of / to be 


free(M) := |L| for some maximal linear independent set L C M 


(3.96) Corollary: (viz. 825) 
Let (R,+,-) be an arbitrary ring and M be an R-module. Then we obtain the following statements 


concerning maximal linear independent subsets of AZ 


(i) Any linear independent set in M is contained in a maximal linear independent set. That is: if 
L C M isan R-linearly independent set, then there is a maximal linear independent set L* C M 
such that 

Ee AG 


(ii) If R 40 and Lis a maximal linear independent set and x € M is any element of M/, then there is 
some a € F such that 
a #0 and az € Lh(L) 


(iii) Recall that M is said to be a torsion module, iff for any z € M there is some 0 £a € R such that 


ax = 0. If now R is an integral domain, then this property translates into 


free(M/) = 0 <= Misa torsion module 


(iv) If L C M is a linear independent set, then the submodule F’ := Lh(L) generated by L is a free 
R-module with basis L. In particular if R 4 0 is a non-zero commutative ring then the cardinality 


of any any linear independent set L in M is bounded by the rank of M. That is 


|L| < rank(M) 


(v) Let R be an integral domain and L C M be a linearly independent set in MZ. We denote by 
by F :=Lh(L) <m M the free submodule of M generated by L. Finally consider finitely many 
1, %2,...%n € M (where n € WN) such that 


eM = F+Lh{a1,22,...,2n } 
e Viel...n: LU{z;} is linearly dependent 
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Then L is a maximal linearly independent subset of M, M/F is a torsion module and in particular 


we find the following equalities 


free(M) = |L| = dim(F) 


(vi) In a more fancy language (ii) can be put as: If R 4 0 is a non-zero ring and L is a maximal linear 
independent set, with F’ := Lh(L) then the quotient //F is a torsion R-module. That is 


vzeM/p daeéR such thata #0 and az =0 


Conversely if F <m M is a free submodule of MM such that the quotient 1//F is a torsion module, 
then any basis B C F is a maximal linear independent set B C M in M. 


(vii) Let now R even be an integral domain and consider a linearly independent set L C M. Further 
for any x € L let a, € R be any non-zero element a, 4 0 of R. Then the set L’ := {a,x | xe L} 
is linearly independent again and |L| = |L’|. 


(viii) If R even is an integral domain, then any two maximal linear independent sets have the same 


cardinality. That is: If kK and 2 C M are any two maximal linear independent sets, then 


|| = |Z| < rank(M) 


(ix) If R is an integral domain and P <m M is any submodule of I, then linear freedom of M equals 


the sum of the linear freedoms of P and the quotient M/P, formally that is 
free(M) = free(P) + free (“/p) 


(x) (<) Let R be an integral domain and denote its quotient field by E := quot(R). Then the linear 


freedom of M is just the dimension of the scalar extension of M to EF, formally that is 


freern(M) = dimg(E ®r M) 


(3.97) Remark: 


(i) It is clear that in the case of a free R-module M over an integral domain R the linear freedom 


equals the dimension, as any basis of M already is a maximal linear independent subset 
M free = > free(M) = dim(M) 


However, if MM is not free, then the rank of Z may well be larger, than the linear freedom. The 


following two examples (ii) and (iii) should enlighten the situation 


gererally ==> free(M) < rank(M) 
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(ii) Consider the Z-module M := Zf © (Z,,)* for some arbitrary numbers f, k € IN. As F := Z/ 60 
is a free submodule F <p M and M/F =0@(Z,)* is a torsion module (3.96.(vi)) implies that 


the linear freedom of M is precisely f. However (Z,,)* contributes to the rank of M and hence 
f = free(M) < rank(M) = f+k 


This is to be interpreted in the following way: The rank yields a more accurate description of the 
module, hence (3.91) - it regards every part of M. The linear freedom only is the dimension of 
the largest free module inside M, it neglects components with torsion. This makes it is easier to 
control, whereas the rank can explode incontrollably by picking up torsion. Just compare (3.96.(ix)) 


to (3.90), the inequality now is an equality. 


(iii) Consider the integral domain R := Z[t] and regard the (maximal) ideal M := (2,t), <j Ras an 
R-module. Then m has a linear freedom of 1, as {t} is a maximal linear independent set (any 
other f € R would yield a linearly dependent set). The rank is 2 however (M is not a principal 
ideal). This can happen, as R/M =, Ze has torsion. Also note that Mm is not a free module, just 


because it is not a principal ideal. 


(3.98) Theorem: (viz. 829) 
Modules over PIDs: Let (R,+,:) be a PID and M be a module over R. If now P <, M is any 
submodule of M/, then we get 


(i) If MZ is free, then P is free, as well and its dimension does not exceed the dimension of M, that is 


dim(P) < dim(M) 


(ii) If MZ is finitely generated, then P is finitely generated, as well. Generally the rank of P does not 
exceed the rank of M/, that is 
rank(P) < rank(M) 


(iii) If AZ is finitely generated, then it is free if and only if it is torsion free, that is we have the 
equivalency of 
M free <> tTor(M) = 0 


(iv) If MZ is finitely generated, then M is isomorphic to the (exterior) direct sum of the free R-module 
M/tor(M) and the torsion-module tor(/) 


M =n en) ® Tor(M) 


(3.99) Remark: 


(i) In section (3.7) we have seen that, if R is a skew-field, then any R-module M is free already. In 
particular any submodule P <,, M is free as well. Thus, concerning skew-fields, we have not 


gained something new, but R has been a PID here. 
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(ii) If R is not a PID, then this result need not be true! Consider the base ring R = Z|s,t]. Note that 
this ring is a noetherian integral domain, the next-best thing apart from a PID. We take M = R to 
be the free R-module of rank 1. Then the submodule P := Lh{ s,t} is not free, as it contains the 


linear dependence t- s— s-t=0. And P also has rank 2 over R. 


(iii) The proof of this theorem uses the well-known but rarely used well-ordering theorem (0.28), that 
is a consequence of the axiom of choice (in fact it even is equivalent to the AC on the basis of the 
other axioms of set-theory). It states, that on any non-empty set J there is a total order < that 
such that every non-empty subset H C I contains a minimal element. Formally for any H C I 
with H # Q there is some m € H such that for any h © H we geth<m = > h=™mM. Incase of 
a finite set J = {71,...,%, } this is evident, just define < to be any linear order i < ig < +++ < in 
of these elements. But in fact such an order exists for arbitrarily large sets J, which might come 


as a little surprise. 


(iv) In fact the proof shows a little more: If {m,; | i € I} is a basis of M, then there is a subset H C I 
of J such that we find a basis { p; | i € H } of P, where any p; (j € H) is of the form 


pj = ajmy +) bigmi 
i<j 


for some coefficients a; and bj; € R. We will be able to refine this result for finitely generated 


R-modules, by precisely describing their structure (up to isomorphy). 
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3.11 Noetherian Modules 


In the previous section we have seen, that the size (in terms of the rank) of a submodule P of M can be 
very hard to control. However there are those well-behaved modules for which the rank remains finite at 
last. If MZ = R is the base ring itself, the submodules of MM are the ideals of M. And a ring in which 
all ideals are finitely generated has been called noetherian. So we will generalize this notion to the 
case of modules over a commutative ring and it turns out noetherian modules have a whole bunch of nice 


properties that we are about to explore: 


(3.100) Definition: (viz. 720) 
Let (R,+,-) be a commutative ring and M be an R-module. Then JM is said to be a noetherian module, 


iff it satisfies one of the following three equivalent conditions: 


(a) M satisfies the ascending chain condition of submodules - that is every ascending chain of sub- 
modules of M/Z becomes stationary. I.e. any sequence (P;) (where k € IN) of submodules Py <m M 
that satisfies 


CPG vetG Py (G- Peay GC 


becomes eventually constant - that is there is some s € IN such that 


Por GS. aPy oO eG Be SPS yk 


(b) Every non-empty P 4 @ family P C Subm() of submodules of M contains a maximal element. 
l.e. there is some P* € P that satisfies the property 


VPeEeP 2 PCP PP 


(c) Every submodule P of M is finitely generated. That is for any submodule P <,, M there are 


some { 21,...,2%n } C P, that generate P as an R-module 


P.-E 


(3.101) Definition: 
Let (R,+,-) be a commutative ring and M be an R-module. Then M is said to be a artinian module, iff 


it satisfies one of the following two equivalent conditions: 


(a) M satisfies the descending chain condition of submodules - that is every descending chain of 
submodules of M becomes stationary. l.e. any sequence (P;) (where k € IN) of submodules 
Py <m M that satisfies 


By D Pp Doan 2D Py 2D Peay 2 


becomes eventually constant - that is there is some s € IN such that 


Pos De Pi 2! 258 3) Reo S Peony Sr ss5 
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(b) Every non-empty P 4 @ family P C Subm(M) of submodules of M contains a minimal element. 
l.e. there is some P, € P such that 


VPEP: PCR, P=P, 


Prob the equivalence of these statements is no specialty of modules, but a general truism for partial 
orders. In this case the order in question is P < @ defined by Q C P. Then this equivalence here is 
just an application of (0.23). 


(3.102) Remark: 

The notion of a noetherian (resp. artinian) module is closely related to the notion of a noetherian (resp. ar- 
tinian) ring. In fact if we regard a commutative ring R as a module over itself, then the ideals @ <i R are 
precisely the submodules @ <, R of R. Hence by property (a) we see, that R is noetherian (resp. ar- 


tinian) as a module, if and only if it is noetherian (resp. artinian) as a ring. 


(3.103) Example: 
Clearly Z is a noetherian ring (it even is a PID) and hence a noetherian Z-module. However Z is not 


artinian, as there is an infinitely descending chain of ideals, that does not stabilize, given by 


Ty OTe SS. AD. Se ee SEG Sis, 


Conversely pick up any prime p € Z and regard the subring Z[1/p] <, Q of Q generated by 1/p € Q. 
Clearly Z <, Z[1/p] is a subring as well, and hence a submodule. Therefore we may regard the quotient 


module of Z[1/p| by Z as a Z-module again 


LG) Z\L/Pl/y = {c+Z|3keW: pix eZ} 


By the way, this is just the p-primary component of Q/Z. Then J(p) is not noetherian, as there is an 


infinitely ascending chain of submodules of J(p), that does not stabilize 


1 1 1 
zc 2(tez) c2(4+2) ¢ 2(442) < 
p p p 


However it can be shown, that I(p) is a artinian module. Recall that in the case of commutative rings, 
any artinian ring already is noetherian. Yet [(p) is not noetherian: In the case of modules, artinian does 


not imply noetherian and artinian modules need not be finitely generated! 


(3.104) Example: (viz. 722) 


e Let us consider the rationals Q as a Z-module canonically. Then for any 0 4 b € Z we clearly get 


a submodule of Q by virtue of 
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And any finitely generated submodule P of Q is contained in a submodule of this kind. But M, is 
not Q, e.g. it lacks 1/2b, so that we can conclude, that Q is not finitely generated, as a Z-module. 


Ifa | b, say au = b than 1/a = u/b € My such that M, C Mj. If now pis any prime number, then 


we therefore find an infinitely ascending chain of submodules of Q (i.e. Q is not noetherian) 


Zo= My, C My C My CC My CO. xx. 


Another kind of Z-submodule of Q is given by the following construction: Choose a prime number 


p, then the set D,, of all fractions whose denominator is not divisible by p is a submodule of Q: 
a 
Dy = {5€Q| plo} 


In fact this is just the localization Z(,) := Zpy where p = pZ, but Dp <m Q can also be seen 
elementary: If a/b and c/d € Dy, then a/b + c/d = (ad + bc)/(ad). Suppose p | ad, then, since p 


is prime we had p | a or p | d, which are both untrue, by assumption, hence a/b+c/d € Dy again. 


The same construction holds true for any set P C Z of prime numbers, let Dp be the set of all 


fractions whose denominator is not divisible by any prime p € P 


Dp := {FQ | vpe Pip fo} = () Dp 
pEP 
Then by the same reasoning as above it is clear that Dp is a submodule of Q. And trivially we 
have Dg © Dp whenever P C @ C Zare sets of prime numbers. Thus we also find an infinitely 


descending chain of submodules in Q (i.e. Q is not artinian) 


- C Degs, C Droz} C Do C Dg = Q 


In the proof we present a reasoning that shows, that Q does not contain any proper, maximal 
Z-submodule. That is: If U <m Q is a submodule with P # Q, then there always is another 
submodule V <, Q in between: U Cc V Cc Q. In this sense the space inside Q, if we regard it 


as a Z-module, is infinte. 


(3.105) Theorem: (viz. 721) 
Let (R,+,-) be a commutative ring and M, N be R-modules. We also regard two submodules P, 


Q <m M of M. In order to avoid giving two completely analogous lists of theorems, let us abbreviate 


(i) 
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x € {noetherian, artinian } 
M is a x module if and only if both P and the quotient //P are x modules. Formally that is 


Misx <= Pand eee are x 
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(ii) If both quotient modules M//P and M/Q are x modules, then the quotient 17/(PNQ) is a * module 


again. Formally that is the implication 
ee and MG arex => Ml pag is x 
(iii) If both P and @ are x modules, then so is their sum P+Q <, M. Formally that is the implication 


PandQarex = P+Qisx 


(iv) If both MM and N are x modules, then the direct sum M@WN of M and M is a x module again and 


vice versa. Formally that is the equivalence 


Mand Narex = MONisx 


(v) The epimorphic image of a x module is x again. That is: If ¢ : M — N is asurjective homomorphism 


of R-modules and M is a x module, then so is N. Formally that is the implication 


M-—- NandMisx = Nisx 


(vi) If M is a finitely generated R-module and R is a x ring, then M already is a * module. Formally 


M finitely generated and Risx => Misx 


(vii) If L, M and N are R-modules and 0 > L + M — N -— 0 is an exact sequence of R-module 


homomorphisms, then we get the following equivalency 


Misx <= LandWN arex 


(3.106) Remark: 
It is clear that the above statements (ii), (iii) and (iv) can be generalized to finitely many (sub)-modules. 


E.g. if P; to P, <m M are finitely many submodules of 1, then we obtain the following implication 


Vie leuns /p, iS =e [Pa Ppa Py me 


Prob this can be easily seen by induction on n: The case n = 1 is trivial and for the induction step just 
let P:= P, and Q := P,M---MFP,, and use the respective theorem. 

The following proposition shows that in case of vector spaces there is no difference between artinian and 
noetherian modules, as both are the finiteness of the dimension of the vector space. We will generalize 
this theorem soon, but in order to do this we first have to find a suitable substitute for the dimen- 
sion, in case the module in question is not over a field. This notion will be the length, an invariant that 


controls the maximal number of subspaces that can be stacked in /. So let us start with this easy to prove 
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(3.107) Proposition: (viz. 723) 
Let (F',+,-) be a field and V be an F-vector space. Then V is noetherian resp. artinian if and only if it 


is finite dimensional. That is the following three statements are equivalent: 
(a) V is artinian 
(b) V is noetherian 
(c) V is finite-dimensional 


(3.108) Definition: (viz. 723) 
Let (R,+,-) be an arbitrary ring and M be an R-module. Then MM is said to be a simple R-module 
if M = 0 and M has no proper submodules. That is M = 0 and it satisfies one of the following two 


equivalent properties: 


(a) For any submodule P <, M of M we either have P=0 or P= M 


(b) Any non-zero element of MZ generates M as an R-module, that is for any « € M with x £0 we 
already get M = Ra. 


And if R is commutative, we obtain the following third equivalent statement 


(c) There is some maximal ideal m <i R of R such that M is isomorphic to the quotient ring R/M as 


an R-module, formally that is 


dm ¢€ Smax(R) such that Mo =p Bly 


Let (R,+,-) be an arbitrary ring and M be an R-module. Then MM is said to be semi-simple, iff MZ can 
be decomposed into a direct sum of simple submodules. That is there is an arbitrary family Md; <p M of 


submodules (where z € J), such that M; is a simple R-module (for any z € J) and M is the inner direct 


M = QM 


wel 


sum of these simple submodules M; 


(3.109) Definition: 
Let (R,+,-) be a commutative ring and M be an R-module. Then the tuple (Mo, Mj,..., /,) is said to 


be a composition series of M, iff the MM; form an ascending chain of submodules M; <, M 
O0O=M c Mc... CM = M 


such that for any i € 1...r the quotient module M;/Mj_1 is simple. And by (3.108) this can be put as: 
For anyz€1...r and any submodule P <, M of M we get the following implication 


My-1 C PCM = P=M;,_; 0. P=M; 


If Mf admits a composition series (Mp, Mj,...,M;,) then M is said to be of finite length. And we will 
see in (3.111.(iii)) that in this case the length r of the series is uniquely determined. Hence this number 
will be called the length of the module 1, denoted by 
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And in case M admits no (or no finite) composition series we say that M is of infinite length and we 


denote this situation, by writing 


LM). =o 


(3.110) Remark: 


(i) 


(i 


(iii 


a 


(iv 


— 


(vii) 


If 2/7) = 0 then 0 = Mp = M, that is M is the zero-module. And clearly if MM = 0 is zero, then 


(0) is the only available composition series. Hence there is the equivalency 


eM) = 0 M=0 


If (7) = 0 then 0 = Mp C M, = M is a composition series, that is M = M/0 = M,/Mp is a 
simple R-module. Conversely if I is simple then (0, 1/7) already is the one and only composition 
series of 1, such that 

(iM) = 1 <> M is simple 


We will often use the following trick: If NV is a simple R-module andz: M < N is an R-module 


monomorphism, then already M = 0 or ce: M+ N even is an isomorphism. 


Prob let Q :=im(t) <m N be the image of M in N. Then, as N is simple, we either have Q = 0 
or Q=N. But as z is injective im(v) = 0 implies M = 1~1(0) = 0 and im(v) = N means that z is 


surjective and hence an isomorphism vu: M+ N. 


Another trick is the following observation: If MZ is a simple R-module and 9: M -—» N is an 


R-module-epimorphism, then already N = 0 or g: MN even is an isomorphism. 


Prob let P := kn(@) <m M be the kernel of g in M. Then, as M is simple, we either have P = 0 
or P = M. But kn(g) = 0 implies that g is injective (and hence an isomorphism o : MN) and 
kn(g) = M implies N = im(g) = 0. 


If V is a finite-dimensional vectorspace over some field E then the length of V is not a new invariant, 


it simply equals the the dimension of V, that is 
eV) = dim(V) 


Prob let {v4,...,Un } C V bea basis of V, then we denote the subspaces V; := Lh(v1,...,0;) of 
V fori €0...n. Then we find FE &, V;/Vi-1 : a+ av; + Vj_-1 such that V;/V;_1 is simple. Hence 
(Vo, Vi,.-.,Vn) is a composition series of V and in particular 6(V) = n. 


If V is a vector-space over the skew-field (S,+,-) and x € V is any non-zero element « 4 0 of V. 
Then clearly Sx C V is a simple submodule of V. In particular V already is semi-simple. To see 


this simply choose a basis B C V of V, then V can be decomposed, into 


v= @oso 


beV 
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(3.111) Theorem: (viz. 724) Jordan-Hoélder Theorem 
Let (R,+,-) be a commutative ring and M be an R-module of finite length £(17) < oo (that is M admits 


a composition series). Then we obtain the following statements 


(i) If P <m M is a submodule of M with P ¢ M, then the length of M exceeds the length of P, 
formally that is 
UP) =< 4M) 


(ii) If MZ is an arbitrary R-module and P < M is any submodule of M then M has finite length if and 
only if both P and the quotient 1//P are of finite length, formally that is 


M has finite length <= > P and M/p have finite length 


And in this case we even obtain the following equality for the length of the modules involved 


&(M) = &P)+e (“/p) 


More generally, if0 = Py C P, C Po C ... C P, = M is an ascending chain of submodules of 
M, then we find the equality 


aay = Ye(/n,,) 
k=1 


(iii) Any two composition series of M are equivalent: That is, given any two composition series 
(Mo, M1,...,M,) and (No, M1,...,Ns) of M, then we get r = s and there is a permutation 


a € S, such that for any 7 € 1...r there is an isomorphy 


M; a Ne a 
/ Mis =n Of Ns 


(iv) Let us denote the set of all strictly increasing chains of submodules of M/, that start in 0 and 
terminate in M by C(0, 4), that is 


C(0,M) := ¢ (Py, Py,...,P 
Om!) f(P : ") 0=RcRhc...cPR=M 


Vie0...r:B <m M 


Then we obtain a partial order < on C(0, /) by virtue of the following definition: Given two chains 


CPogkvpecs5 be) and (Qo, Q1;+++;Qs) we say that (PosPipesse lr) < (Qo, Q1,---; Qs) iffr <s 
and there is an injective map a:0...r © 0...s with a(0) < a(1) <--- < a(r) such that for any 


7€0...r we get 


And thereby, if (Mo, Mi,..., 4) € C(0, M) is a strictly increasing chain of submodules of M the 


following statements are equivalent 


b 


(b) (Mo, My,...,M/,) is maximal 
(c) ( 


c) (Mo, M1,...,M;) is a composition series 
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(v) Any strictly increasing chain of submodules of M can be refined into a composition series: That 
is, if Py C P, C ... C Pris a strictly increasing chain of submodules P; <, MM, then there is a 
composition series (Mo, Mj,...,M/,) of M such that (in the sense of (iv) above) we get 


CPG Pies ae). Se Mgt Mist VE) 


(vi) Consider a finite chain of R-modules M; where 7 € 0... and homomorphisms y; : Mj-1 - M; 
for? €1...n. That is for any i € 2...n we have y;y;_-1 = 0 


n Pnt+1 
a a a, fe en 


Then we obtain: If for any 2 € 0... the module M; is of finite length and H; denotes the 2-th 
homology module H; := kn(yi+1)/im(y;) then we get the equality 


(3.112) Remark: 
The theorem of Jordan-Hélder part (ii) has some easy to get, yet very noteworthy consequences: Let L, 


M and N be modules over some commutative ring (2,+,-) again then 


(i) Ife: M — N isa surjective homomorphism and M has finite length, then N also has finite length 
and we find the upper bound 
&(N) < eM) 


Prob Let P := kn(y), then N =, M/P by the first isomorphism theorem and hence N is of finite 
length and satisfies (17) = €(P) + €(.N) according to (3.111.(ii)) 


(ii) If 0 — L + M + N — Ois a (short) exact chain of R-modules and L and M are of finite length, 
then M is of finite length, too, its length being 


eM) = &(L)+2(N) 


Prob Say py: L > M and w: M + N, as the chain is exact we have L’ := im(y) = kn(¢) <m M. 
And as y is injective L ©, L’ and as ~ is surjective also N 2, im(w). Then, as M/L/ = 
M/kn(w) Sm im(w) = N we find by (3.111.(ii)) again 


(mM) = e(L/)+e(M/7)) = (2) +N) 
(iii) If both M and N are of finite length, then 1 @ N is of finite length, too and its length being 
&(Me@eN) = &M)+e(N) 


Prob We obtain a short exact chains of R-modules 0 —> M > M@®N — N -— 0 by using the 
homomorphsims 1: M > M@N:a2+ (2,0) anda: MON > N:(az,y) + y. So the equality 


of length is just a special case of (ii) above. 
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(iv) FO = Mp C My CC... C M, = M is any increasing chain of submodules of M, then M has 
finite Length, if and only if for any k € 1... the quotient module M;,/M,_1 has finite length, and 


in this case the length of M is given to be 


n 


Cs (Me Mes) 
k=1 


Prob by induction on n: In case n = 1 we have M = M/0 = M,/Mo. Now for the induction step: 
By (3.111.(ii)) M has finite length iff both M,_1 and Q, := M,,/Mp-_1 are of finite length and in 
this case we find €(M) = 0(Mn_-1) + &(Qn). If we now use the induction hypothesis on M,—1 we 
find the claim. 


(3.113) Corollary: (viz. 730) 


Let (R,+,-) be a commutative ring and M be an R-module, then we obtain the following statements 
(i) M is noetherian, if and only if 1 is finitely generated and R/ann(M) is a noetherian ring, formally 


M noetherian <=> rank(M/) < ow and Fh sai(ant) noetherian 


(iit) Under the assumption that M is finitely generated: M is artinian, if and only if R/ann(M/) is an 


artinian ring, formally that is 


M artinian <> aera. artintan 


(iii) If MZ is a finitely generated, artinian R-module, then M already is an noetherian R-module, as 


well. Formally this is the implication 


M artinian and finitely generated = > M noetherian 


(iv) If M is noetherian and y : M — M is an R-module-endomorphism, then if ~ is surjective, it 


already is bijective, that is the equivalence of 
y is surjective <>  y is bijective 


Nota in fact we have already proved this statement for any finitely generated module MV over a 
general commutative ring R in (3.77). However the proof of the general case requires much more 


effort than the proof of this statement here. 


(v) If MZ is artinian and y: M — M is an R-module-endomorphism, then if vy is injective, it already 
is bijective, that is 


y is injective <= >  y is bijective 
(vi) A module M is both artinian and noetherian, if and only if M is a module of finite length, formally 
M artinian and noetherian <> (¢(M) <c 
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(vii) If R is an artinian ring, then the following 4 statements are equivalent 


a) M is artinian 


( 
( 


) 

b) M is noetherian 

(c) M is finitely generated 
) 


(d) M has finite length: £(/) < oo 


(viii) Let us now generalize proposition (3.107): If MZ is a semi-simple R-module (e.g. a vector space 


over a field), then the following 5 statements are equivalent: 


(a) M is artinian 

(b) 

(c) M is finitely generated 

(d) M has finite length: £(/) < oo 
(e) 


M is noetherian 


e) M is a finite direct sum of simple R-modules, that is there are finitely many (2 € 1...r) 
simple submodules M; <m M of M such that M = M,@---@ M, 


M is finitely generated, iff rank(JZ) < co, hence in case M even is a vector-space, that is R even 


is a field, we obtain the following sixth equivalent statement of (a) to (e) above: 
(f) MM is finite-dimensional: dim(M) < oo 


(ix) Suppose M is a finitely generated R-module, such that every ascending chain of ideal-induced 
submodules of M stabilizes, then M is noetherian. That is: Suppose for every sequence of ideals 
(;) where a, <j; Rand k € WN that satisfies 


UM CaM C mM C 


there is some s € IN such that for any z € IN we get 4,4;// =a,M, then M already is a noetherian 


R-module. The converse is true, as well, of course. 


(3.114) Proposition: (viz. 737) 
(}) Let (R,+,-) be a commutative ring and L, M and N be R-modules, where L and M are artinian. 
Then the tensor product L ® M is a module of finite length: 


£(L ® M) < oO 


Let now b: L x M — N be any bilinear map and pick up the notion of the orthogonal complement that 
will be introduced in (4.104), that is 


L {rE M|VueL: b(u,rz) =0} 
M~ := {uEL|VreM: diu,r)=0} 


If L and M are artinian, then the quotient modules L/M+ and M/L' are of finite length. In particular, 
if b is non-degenerate (i.e. L' =0 and M+ =0) then L and M are modules of finite length: 


Gaye < co and HM iar) OOO) 
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3.12 Localization of Modules 


We have already studied the localization of rings in section 2.10, now we would like to transfer this 
concept to modules. It turns out that the localization of modules combines neatly with the localization of 
rings. Also localization will preserve all the nice properites a module might have. Hence localization of 
modules is as powerful as the localization of rings and almost as useful. 

Recall definition (2.107) which introduces the notion of a multiplicatively closed subset U C R ofa 
commutative ring (22,+,-). This is a subset U, such that 1 € U and for any u, v € U we have uv € U, 
as well. Also recall that a multiplicatively closed subset U C R has been called saturated if uv € U 
implies wu € U (and v € U). We have already studied these sets in detail in section 2.10, so the reader 
is asked to refer to this section, in case of doubt. Let us now redo the construction of localization for 


modules in precisely the same manner, we used for rings: 


(3.115) Definition: (viz. 876) 
Let (R,+,-) be any commutative ring, U C R bea multiplicatively closed subset and M be an R-module. 


Then we obtain an equivalence relation ~ on the set U x M by virtue of (with x, y € M and u, v € U) 


(u,c)~ (wy) <= JAweU : vwr=uwy 


And we denote the quotient of U x M modulo ~ by U~!M and the equivalence class of (u,z) € U x M 


is denoted by x/u, formally we define 


7 {(v,y) €Ux M | (u,2) ~ (v,y)} 
Ue eS Me, 


Now U~!M becomes an R-module again, even an U-!R-module, under the following addition and scalar 


multiplications whith elements a € R and a/u € U-!R respectively 


zy Vx + UY 
T — 
Tn) UV 
x ax 
a- = 
U U 
ay ay 
UU UU 


It is clear that under these operations the zero-element of U~'M is given to be 0/1 and we obtain a 


canonical R-module homomorphism from M to U~'M by letting 
= x 
Ai MOUNM : tH i 


In general this canonical homomorphism need not be and embedding (i.e. injective). Yet we do obtain the 


following implications for « 


U C nzDrR(M) <= > & injective 


UC R* => «bijective 
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(3.116) Remark: (viz. 878) 
The process of localization has already been commented on, in (2.111). However we would like to repeat 
some important properties of the localization. First of all x/u is zero, iff can be annihilated by an 


element of U, that is 


—-=- = JAweU: wr=0 


The next the important property is the cancellation of elements: Just as in the case of rings, the fractions 
x/uin U-'M can be reduced by common factors v of U. That is for any elements x € M and u, v € U 


we get the equality 


Ux x 
vu 

And again this allows to express sums by going to a common denominator. That is consider 271,...,%p € 

M and wuy,...,Un € U. Then we denote wu := u1...Un € U and % := u/us € U (e.g. U1 = U2... Un). 


Then we have just noted that x;/u; = (u;x;)/u and thereby 


Ly Tn Ua +--+ + Und 
U1 Un U 


(3.117) Remark: 
If (R,+,-) is a commutative ring, U C Ra multiplicatively closed set and A a commutative R-algebra, 
then the U-!R-module U~!A also becomes an U~! R-algebra, under the following multiplication 

-: UAxUAS UA : (Z. 2) aid 

uw Uv 

Prob let us check that the multiplication is well-defined: Consider fj/u, = fo/ug and gi/v1 = g2/ve2 
and have to show (figi)/(uiv1) = (feg2)/(u2v2). By assumption there are some p, g € U such that 
puzf, = pur fo and qvegi = qv1g2. In particular (pq)(u2v2)(figi) = (pu2fi)(qv29g1) = (pur fo)(qvig2) = 
(pq)(uiv1) fege. But this is (figi)/(uiv1) = (fog2)/(u2ve2). It is obvious, that this multiplication satisfies 
all the properties for U-'A to be an U-! R-algebra. E.g. property (A) is just 


(<4).2 (af)-g _ a(f-g) _ a (-£) _ flag) _ (=) 


WU U Uv WU 


v w(uv) w(uv) w 


u(wv) u 


(3.118) Remark: (viz. 879) 
Let (R,+,-) be a commutative ring, U C R be a multiplicatively closed set and let S := U~'R. Now 


suppose M is an S-module already, then clearly MW also is an R-module under the scalar multiplication 


Let us emphasize this by writing Mp instead, if we consider M under this scalar multiplication with R. 


Under this construction we find: 


(i) If we localize Mp in U we just find an isomorphic copy of M, to be explicit we have an isomorphism 
of S-modules the form 
Kk: MS U-!Mp a ae 


els 


3.12 Localization of Modules 271 


(ii) 


(iii) 


Also for any u € U we find that »,, : Mp — Mp defined by scalar multiplication A,,(a) := ux is 
an automorphism of the R-module Mp. 


And if N is another S-module and {u/1| ue U} C NzDR(N) thena map y: M > N is R-linear, 


if and only if it is S linear. In other words this is the equality 


mhom(Mpr, Nr) = mhom(M, N) 


(3.119) Proposition: (viz. 879) 
Let (R,+,-) be a commutative ring U C R be a multiplicatively closed set in R and let M be an 


R-module. Then the process of localization is compatible with submodules, homomorphsims, quotients 


and direct sums, in the following sense: 


(i) 


(ii) 


(iii) 
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If P <m M is an R-submodule of M, then U-!P <, U~!M can be seen as an U~! R-submodule 


of U-'M canonically and we obtain the following isomorphy of U~'R-modules 


x 
pop = {=|cePueu} Cc uM 
U 


-1 xz+P x 
Cas ass \s U My : 5 U-'p 
? CaP eo ge 


If N is another R-module and y : M — N is a homomophism of R-modules, then we obtain a 


homomophism U~!y of U~!R-modules 


_, 202) 


U tps UM SUN 2 
U 


els 


And thereby U~'y is injective, resp. surjective if and only if wy is injective, resp. surjective. In fact 


we even get the following identities 
kn (Uy) = U~'kn(y) 


im (Uy) = Utim(y) 


If I AQ is an arbitrary index set and M; is an R-module for any i € J then we obtain the following 
isomorphy of U~!R-modules 


Bum; ce bia (e ui] (=) 3 oe 


tel 1eL 


Thereby wu and %; are determined in the following way: Let 0 := {i € I | a;/u; 4 0/1} which is a 
finite set. In particular if I is finite itself we may simply take Q = J. Then wu := [],eq ui € U is 


well-defined and for any 7 € I we let 


a u/u; ifie QD 
Uji I= 
1ifi eg 
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(3.120) Remark: (<>) 
Suppose (2, +,-) is a commutative ring U C Ris multiplicatively closed and L, M and N are R-modules. 
Ifnow py: L— M and w: M > N are R-module homomorphisms then it is clear that 


U-N(bp) = (U-Ty)(U~“¢) 


As also U-!ll = I this is a rather common situation that the more fancy language of category theory 
would put in the following way: the localization M ++ U-'M and p++ U~' is a covariant functor from 
the category of R-modules to the category of U-!R-modules. 

Let us now regard a short exact chain of R-modules, recall that the chain is said to be exact if at any 


position the image equals the kernel. In this case that is: y is injective, w is surjective and im(w~) = kn(w). 


v 


Ob Ss uM +> N->0 


Then the localization of this chain gives rise the following short chain of U~'R-module homomorphisms. 
But then (3.119.(ii)) implies that this localized chain is exact as well. In the fancy language of category 


theory again, that is: The localization functor M +> U~!'M and p++ U~'> is exact. 
= -1 
(40778 oe IS 


Prob as y is injective, so is U~!y, since kn(U~tw) = U~'kn(y) = U-!0 = 0. Likewise, as 2 is surjective, 
so is U~'y), since im(U-!w) = U~tim(w) = U-!N. And lastly we also find im(U~y) = U~tim(y) = 
U~!kn(a) = kn(U~!a). Altogether we found that the localized chain is exact again. 


(3.121) Proposition: (viz. 881) 
Let (R,+,-) be a commutative ring and M be an R-module. If now U C R is multiplicatively closed, 
then the submodules of the localization U-! M are selected from the submodules of MM. That is we obtain 
an injective map 

k : Submy-ip(U~'M) @ Submey(M) : Z4 «7 1(Z) 


where « 1(Z) = {ceM| ; eZ} 
This map k admits a left-inverse k (that is kk = 11), that is surjective. And the left-inverse k is given by 
k : Submy(M) - Submy-ip(U~'M) : PH U7'P 


where U-!P = {=|cePandueu} 
U 


Thereby we generally get P C kk(P)={2E€M|iucU: ux € P} for any R-submodule P <p, M. 


And the converse inclusion is true if and only if P is pure, concerning elements the of U, this is to say 


kK(P)=P — VeeEeM VucU:uzeP = reP 
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Both of these maps k& and k are order preserving and respect intersections. That is for any submodules 
P,Q <m Mand Y, Z, 2 <m U-!M we get 


PCQ => KP) C k(Q) 

YOR = kV CEQ) 
K(PAQ) =  k(P)NK(Q) 
k (n a) = k(Zi) 

ie 1EL 


In particular, if we generalize k to arbitrary subsets X C M, ie. for k(X) := {x/u|] xe X,uEeU}, 
then we get the following equality of the submodules generated by X 


Lhy-in (K(X) = k(Lha(X)) 


(3.122) Remark: 
It is clear that any U~!R-submodule of U-!M already is an R-submodule of U-!M. But the converse 


need not be true! That is an R-submodule need not be an U~! R-submodule of U~!M and hence 
Submy-1p(U-'M) Cc Submr(U~'M) 


As an example regard the localization Z in 2Z, that is we regard the Z-module Zi) = (Z\ 2Z)-!Z and 
consider it as a submodule of Zz) = { a/2" |aEZ,ke IN } C Q. Then it is clear that Z C Zi) is an 


Z-submodule, but not an Z 2)-submodule, as it is not an ideal. 


Prob if Z is an U-'R-submodule then for any z/u € Z and any a € R we already get a(z/u) = 
(ax) /u = (a/1)(a/u) € Z again. And that Z is a Z-submodule of Za) is clear (it is a commutative group 
under the addition), but it is no ideal, since (1/2)3 = 3/2 ¢ Z. 


(3.123) Remark: 
Of course we could also generalize k to arbitrary subsets W C U~!M, that is we could also denote 
k(W) :={x € M|x/1 © W}. However, k does not respect the generation of submodules, that is for an 


arbitrary subset W C U~!M it may occur that we only get one inclusion 


Lhe (K(W)) a K(Lhy-1n(W)) 


Prob let us first prove the inclusion "C": If « © Lhy(k(W)), then x is of the form x = }°, aja; where 
x;/1 € W. And we need to show that 7/1 € Lhy-1p(W) again. But this is easy, since 


n 


n 
x yee so Xi 
a — 


As a counter-example to the equality regard Zz) again. If W = {1/2} C Zi) then k(W) is empty, 
as k(W) ={x2€Z|2x=1}=0. Hence k(W) generates the submodule 0 <p Z of Z. However W 
generates the entire Zz) as an Zz)-submodule. Hence k(Lhz,.. (W)) = k(Zy) = Z. 
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(3.124) Remark: 

The following figure is supposed to enlighten the situation of the structure of submodules of U-!M a 
little: k is surjective, respects the inclusion and finite intersections. However if U contains an annihilator 
of P then U-!P = 0 vanishes and hence it may well be the the structure of submodules will be reduced. 
Thus it may well occur that we get the following structure of submodules, where every submodule is 


depicted as a e: 


M U'M 


(3.125) Corollary: (viz. 893) 
Let (R,+,-) be a commutative ring, U C R bea multiplicatively closed subset and consider an R-module 
M. Regarding the localization U-'M as an U-!R-module we get the following properties: 


(i) If the set {m,; |i € I} C M generates M as an R-module, then the set {m;/1|ieI} C U-'M 
generates U-'M as an U~!R-module. 


(ii) If the set {m;|i¢I} C M is R-linearly independent, then the set {m;/1|i¢I} C U-!M is 
U~*R-linearly independent. 


(iti) In particular: If the set {m,;|i¢I} C M is an R-basis of M, then the set {m;/1|iel} C 
U-!M is an U~'R-basis of U~!M. 


(iv) If we abbreviate by « any one of the words finitely generated, free, noetherian, artinian or injective, 


then we get the following implication: 
M is * R-module —> U7~'M isa*U~!R-module 
(3.126) Lemma: (viz. 884) Universal Property 
Let (R,+,-) and (S,+,-) be commutative rings, U C R be multiplicatively closed anda: R— S bea 


homomorphism of rings, such that a({U) C 5$*. Further consider an R-module M and an S-module N. 


Then N can be turned into both, an R and an U-!R-module under the following scalar multiplications 
RxNON: (ay) ay :=ala)y 
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UI IRxNON: (a/uy) -y = a(u)ta(a)y 


If now gy: M > N is any R-module homomorphism, then there is a uniquely determined U~!R-module 
homomorphism @ : U-!M — N such that y = Gr. And this is given to be the following 


9: UIMON : — + a(u)'p(2) 


(3.127) Corollary: (viz. 896) 

Let (R,+,-) be any commutative ring and U C R be multiplicatively closed. If further MZ and N are 
R-modules then the set mhomr(M, N) of R-module homomorphisms from M to N is an R-module itself 
under the point-wise operations (y + ~)(x) := y(x) + W(x) and (ay)(x) := ay(x). Hence we can even 
localize mhomr(M, N) and thereby find the following homomorphism of R-modules 


-1 
h : U~tmhoma(M,N) > mhomy-ip(U-1M,U“1N) : Lae Ue 
u u 


Thereby U-'p/u: U-1M — U“!N is defined by U-ty/u: 2/v + y(a)/uv. And this homomorphism h 


even satisfies the following two additional properties: 
(i) If M is finitely generated then h is injective. 


(ii) If MZ admits a finite free presentation, then h is bijective. Nota a finite, free presentation of M is 


an exact chain of R-module homomorphisms of the form (where m, n € IN) 


a 


RE 2s Be es sO 


(3.128) Definition: 
If (R,+,-) is a commutative ring and p <j Fis a prime ideal, then R\p is a multiplicatively closed (even 
saturated) set. Hence if MZ is an R-module we can define the localization of MZ with respect to this set. 


We will denote this localization by 
My := (R\p)7'M 


Likewise if Mf and N are R-modules and y : M — N is a homomophism of R-modules, then we can 


localize y as explained in (3.119.(ii)) 


_, 202) 


yp : U'M>U'N : 
U 


els 


(3.129) Lemma: (viz. 895) 
If (R,+,-) is any non-zero R ¥ 0, commutative ring and M is an R-module, then the following three 


statements are equivalent 
(a) M=0 
(b) Vp € Spec(R) we get My = 0 
(c) Vm € Smax(R) we get Mm = 0 
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(3.130) Corollary: (viz. 895) 
If (R,+,-) is any non-zero R 4 0, commutative ring, M is any R-module,  € M and P <, Misa 
submodule of 7. Then we get the equivaleny 


ceEP <— VimeSmax(R) : 7 © Ph 


(3.131) Corollary: (viz. 896) 
Let (R,+,-) be any non-zero R 4 0, commutative ring, WM and N be any R-modules and y: M > N be 
an F-module homomophism. If we now abbreviate by x any one of the words injective, surjective, bijective 


or zero (i.e. the zero homomophism x ++ 0), then we obtain the following equivalencies 
(a) pis x 
(b) Vp € Spec() we get yp is * 
(c) Vin € Smax(R) we get ym = 0 is * 


(3.132) Definition: 
Let (R,+,-) be a commutative ring and M be an R-module, then we define the support of M to be the 
collection of prime ideals P <i R such that My 4 0 is not the zero-module, that is 


Supp(M) := {pe Spec(R) | My 40} 


Remark: Note that by construction My = 0 is equivalent, to the following property: For any x © M 


there is some u € R\P such that ux = 0. We will give equivalent constructions in (5.7.(iti)). 


(3.133) Proposition: (viz. 946) 
Let (R,+,-) be a commutative ring, M/ and N be R-modules and consider P <m M a submodule of M. 


Then we have the following statements 


(i) The zero-module is the one and only R-module with empty support. That is we find the equivalency 
M=0 <=> Supp(M) = 06 


(ii) There is an injective homomorphism of R-modules from M into the direct sum of the My where 


p € Supp(Z) runs along the prime ideals of p <j R, that support M, given by 


Mo B My : ary (2) 


pe Supp(™/) 


(iii) Recall the notation V(a) := {~ C Spec(R) | a C p} for some ideal a <j R. If we regard R/d as 
an R-module, then this equals the support of R/a 


Supp (*/q) = V(a) 
(iv) Together the support of P and M//P build up the support of I, ie. we find the following equality 
Supp() = Supp(P) U Supp (Yip) 
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— 
< 
= 


(vi 


a 


(vii) 


(viii) 
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More generally: If 0 - L— M — N — Ois a short exact chain of R-modules then the support of 
M combines the supports of both LZ and N, in formal terms 


Supp(M) = Supp(Z) U Supp() 


Suppose I # 0) is a non-empty index set and for any i € I we have a submodule P; <m M. Then 
the support of the sum of the P; is the union of the supports of the P;, that is 


Supp (x2) = (JSupp(Pi) 


1eL iel 


If M =Lh{ m; |i € I} (where J 4 0) and 4; := ann(m,) is the annihilator of the element m,; then 
the support of M/ is given to be 


Supp(M) = (J V(ai) 
tel 
In particular if M is finitely generated, then the support of M is the set of prime ideals of R that 
contain the annihilator of M 
Supp(M) = V(ann(M)) 


More generally: If M is finitely generated and a <j RF is an ideal of R, then the support of the 
R-module M/aM is given to be 


Supp (7 ent) = V(a)NV(ann(M)) = V(a+ann(M)) 


If M is finitely generated, then a € R is contained in all p € Supp(/) if and only if the endomor- 
phism M — M: 2+ az is nilpotent. More explicitly this reads as 


( )Supp(/) = {aeR|dineW: a"M=0} 


Now let a € R be an ideal of R, such that both M and @ are finitely generated. Then we find the 


following equivalency 


Supp(M@) C VQ) — JAneN: a"M=0 


() If WW and N are finitely generated, then the support of the tensor product MZ ® N consists of 
those prime ideals p <j R, that support both M and_N, that is 


Supp(M@N) = Supp(M)N Supp) 


In particular if both, 1 and WN are finitely generated, then the tensor product M @ N is zero if 
and only if there are a and b € R, such that a+ b= 1, az = 0 for any x € M and by = 0 for any 


y € N. In compact form this reads, as 


M@eN=0 <= ann(M)+ann(N) =R 
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Consider some arbitrary, but non-empty, sets M,, Mz to M,, and denote their Cartesian product by 
X := M, x--: xX Mn. That is X consists of all n-tuples (x1,...,2%n) where x; € Mj, formally 


AS Liege) | V7 Sle 2 ae 


And as all the M/; have been non-empty, so is X. Therefore, for any commutative ring (R,+,-), we can 
take a look at the free module R®* generated by X over R. By definition this module consists of all 
sequences a = (a,) € R* indexed by x € X, such that a, = 0 for all but finitely many xz € X 


R®X = {a:X 4R:tvaz | #{x eX |az4#0}< co} 


As usual we write (a,) instead of a: 2 ++ ay and take the addition and scalar-multiplication of R®* to 
be point-wise: That is b(a;) = (baz) and (az) + (bz) = (ax + bz). And thereby we obtain the standard 
(Euclidean) basis { e, | « © X } where ez : y+ dz. That is ez : X + Ris the sequence with e, : r++ 1 


and e, : y+> 0 for any other y £ x. It stands to reason to identify x © X with ez, te. we rewrite 


SE age = So axes = (a7) 


rex rEX 


Note that this sum is well-defined, as a, = 0 for all but finitely many x € X. Using this notation the 


point-wise operations on R®* take a particularly neat form 


bS- aga = N° (bax) 


LEX rEX 


Ss" Ape + S> bX S° (by + Gx) x 


rex rExX rEX 


But what happens if the MM; are R-modules again, not only sets? The answer is rather deflating: Just 
nothing! Of course (for any a € R and any a; € M;) the element (ax, 22,...,2%n) is contained in R®*, 
but is has absolutely nothing to do with a(x1,22,...,2%n). So in order to make the operations of R®* 
compatible with the operations of the /; we need to make certain identifications. To be precise we would 


like to have (for anyz€1...n) 


eps ta twOtr wean = laa ewes 
iceagtte a Uyak igl =" iy cease |e ice eet eee 
where [x1,...,%n] denotes a suitable equivalency class of (%1,...,%n). This is the idea behind the fol- 
lowing construction, so this is a completely natural thing to do. Thereby the equivalency class [x1,...,2n] 


will be x1 ® ... ® &p. However it is commonplace that - seeing this for the first time - this construction 
seems to be a little weird. The elements of MM, ®...® M,, are rather cumbersome to handle. In this 
sense the internal structure of 74; ®...®M,, worsens. But on the positive side the external structure of 
M,®...®M, (ie. how it interacts with other modules or constructions, like direct sums, localizations or 
homomorphisms) is extremely well-behaved. And this is precisely the reason, that gives this construction 


its powerful punch. 
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(3.134) Definition: 
Let (R,+,-) be any commutative ring and consider some R-modules MM, to M,, (where 1 < n € N). First 
of all we take the Cartesian product of the M/; as an index set, denoted by 


X = M,x::-x My, 


Then we take to the free R-module R®* generated by X over R and denote its Euclidean basis by 
{ez | x € X }, where eg : y+> dz,,. Let us finally (for any i €1...n, © = (x1,...,an) € X,a € Rand 
yi € M;) denote the following elements of R®* 


s(i, ©, a) = GE (04 ,...,85 50) — ©(a1,...,004,...,2n) 


ali, 5 yi) _ © (24 ,..+,is--52n) a3 Oar His sPn) € (24 5...,84+Yiy-0n) 
Then we denote the submodule of R®* generated by all these elements s(i,z,a) and a(i,z, y;) by T 


T := Lhe{s(i,z,a)|tE1...n,cEX,aeR}t 
Lhr{a(i,z,y;)|7El...n,2€ X, y, © M; } 
Then we can finally define the tensor product | ®...® M,, of the M; to be the quotient module of 


R®*X modulo this submodule T. Also we define the tensor product 71 ®...@2,, of the elements x; € M; 


to be the equivalency class of €(z,..,,), as an element of M; @...@ My, 


Ox 
M,®...@My := " Ir 
T1®...Q@n i= €(a1,...,an) + L 


(3.135) Remark: 


(i) Let us explicitly give the generators of the submodule T' in case n = 2: The tensor product M1 ® M2 
is the quotient of the free module R°(“1*™2) by the submodule T that is generated by the following 
elements, where x21 and y; € My and x2 and yz € Mz andac R 


QE (x1 ,22) — ©(ax1,22) 
QE (x1 ,22) — ©(a1,ax2) 


E(a1,a2) T E(y1,a2) — ©(xit+yi,r2) 


€(a1,a2) T E(ar,yo) — ©(a1,22+y2) 


(ii) By definition of the elements s(7,z,a) and a(i, x, y;) it is clear that we get the following relations 


between these and the basis elements of R®* 


Cis baton ae i SE) = GE (4 ,...,05,..,0n) 


(a1... Ci tYis-s2n) r ali, x, yi) _ €(a4,...,8i,---,En) an E(eisciyiee tn) 


280 3 Modules 


And as both s(z,2,a) and a(i,xz,y;) are contained in T they are eliminated when going to to the 


quotient. That is we immediately find the following relations in the tensor product M, ®...®@ My, 


LOL2 8 (AG) O2408, =] G1 GC <2. 8a O..- Oty) 
£4 O22 @ (p97) OL OEn =] (21 O24 O27 0 22S e,)+ 
(21 Oa OY Ou. 2,) 


And this of course is precisely the reason for the construction of the tensor product. For more 
comments on our reasoning also refer to the introduction to this section. In other words these 


relations are nothing but the R-multi-linearity of the following map 


T 1 Myx: x My, 3M, ®...@ My 


(City ay Ose Oty 


(ii 


a 


Note that the first relation has a rather drastic consequence: If any element x; of the tensor product 


Z1 ®...@ Ly, is zero, then the entire tensor is zero 
11 @...@0®8...@2%, = 08...@08@...@0 = 0 


This is clear, as 0 € M; allows to pull 0 € R out, annihilating the entire element 71 @...@ &p. 
This is the reason why we speak of the tensor product, in contrast to the direct sum, where a single 


zero does not annihilate the entire tuple (z1,...,2,). For more details on this refer to (3.148.(i)). 


(iii) The converse need not be true, however. For example consider 1 @ 1 € Zs @ Zs, then we have 
1@1=186=382=082=0. That is ¢ ® y = 0 does not imply x = 0 or y = O. In fact we 


have just seen, that the entire tensor product Z3 © Zs = 0 vanishes! 


(iv) As the e, generate R®X (they even form an R-basis) it is clear that the elements 71 @...@ 2p 
generate the tensor product Mj ®...® M,. That is every element of the tensor-product can be 


written (in a non-unique way!) as (for some ax € R and x; € M;) 


m 


Ss an (X16 ®...®@ it) 
k=1 


(v) Consider any tensor t € M, @...® M,, then we define the rank ju(t) of t to be the minimal number 


of pure tensors 21,4 ® ...@Xn,~ which are required to build up ¢ 


a, ER = 
Mo) min | me B t= Soangs..oma| 
k=1 


rik © My 


(vi) On some rare occasions we use more than one ring R. In this case we emphasize the ring R used 


for the construction (that is R in the free module R®*) of the tensor product, by writing 
M, &R ... OR Mn := M,®...®M, 
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(vii) For simplicities sake we have used a commutative base ring R here. However it is possible to 
define the tensor product over non-commutative rings, as well. The complication is, in case of 
non-commutative rings the scalar multiplication from the right yields a different result. Hence in 
this case one has to introduce the notion of R-S-bimodules first, an approach followed e.g. in the 
highly recommended textbook of [Adkins, Weintraub, Algebra, GTM 136]. 


Let us now consider the R-modules M/;, to M,, over a fixed commutative ring (2,+,-) again. If now N is 
another R-module, then recall that a map y: M, x --- x M, — N has been said to be R-multilinear, 
iff for any 7 € 1... and any fixed x; € M; [where i A j € 1...n] the maps 


M;73 N : 4% v(21,.--,2i,---;2n) 


are R-linear (that is homomorphisms of R-modules) - see the end of section 3.8 for a more detailed 


definition of this notion. And as we have seen in the remark above that the map 
tT: M,x---x Mz, 739M) ®...@My : (21,...,2n) 1 11 @...@ Ly 


is R-multilinear. In fact if ~ is any R-multilinear map, as above, then y already factors through 7, that 


is p = Gr for some R-linear map @. This is the so-called universal property of the tensor product: 


(3.136) Lemma: (viz. 915) 
Let (R,+,-) be any commutative ring and consider the R-modules M, to M,, (where 1 <n € N) and N. 


If now y is any R-multilinear map 
p: Mx--+-xM,7~N 


then y factors through 7 : (a71,...,%p) > %1 ®...®@ Xp, that is there is a uniquely determined R-linear 


map @ such that » = G7 and thereby 


@ : M®...@M,3N 
k k 


S> a;(2i1 @...@ Lin) Ho S> CPAs s5 De) 


i=1 i=1 
Thereby the map y ++ @ is an isomorphism of R-modules from the R-multilinear maps on Mj x --- x M;, 


to the R-linear maps on 4, ®...©® Mn 


multr(M, x --- x M,,N) + mhomra(M, @...®M,,N) : pre 


(3.137) Remark: 

Let R be a commutative ring and L, M and N be R-modules again. Note that a map y: Lx M > N 
is bilinear if and only if its stepwise iteration L > mhom(M,N) : £4 (m+ y(é,m)) is linear. Hence 
we can identify the multilinear maps L x M — N with mhom(L,mhom(M, N)) and thereby find the 


following isomorphies of R-modules 
mhom(L ® M,N) > mbhom(L,mhom(M, N)) 
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p> (64 (m+ y(l@m))) 
mhom(L ® M,N) ™ mbhom(M,mhom(ZL, N)) 
p ry (mrs (+> o(€@m))) 


(3.138) Corollary: (viz. 916) 
Let (R,+,-) be a commutative ring and M; to M,, be R-modules. Then the tensor product of these 


modules is associative and commutative up to isomorphy. That is we get the following isomorphies: 


(i) If o € S, is any permutation of 1...n, then we find the following isomorphy of the R-modules 
M,®...@ My, and M1) ®.--8 Man) 


M,®...®M, > Mo) ®---8 Man) 


m 


m 
Ss" Akt S...OXnk ye Ak Lo(1),k @ ++» @ Lo(n),k 
k=1 k=1 


(iit) Suppose [(1) to I(s) are a partition of the set 1...n, that is the (7) are pairwise disjoint [that is 
j#R = (9) A1(k) =0 and also [(1)U---UT(s) = 1...n]. Let r(j) := #I(J) and say I(j) is 
given to be [(j) = {7(7, 1),..., 707, r(7)) } for any 7 € 1...s. Then we may rearrange the indexes 
gj €1...n arbitrarily and still find the following isomorphy of R-modules 


n s r(j) 
QM > CWC Mow 
i=l j=l \k=1 


m m 
xy Aml1k®...-Oinp S- ak @jai ( a) LiGg,k),k) 
k=1 k=1 


In particular, if L, !M and N are R-modules then we find the isomorphy of the R-modules L @ 
(M@N) and (L@®M)@N: 


LE(M@N) + (LEMON 


m m 
Soar, ®@ (ye @ ze) Do ax (we @ ye) @ % 
k=l k=l 


(iii) If Ay; to A, even are R-(semi-)algebras, then the tensor product of these Aj ®...@ A, is an 


R-(semi-)algebra as well, where the multiplication is taken to be the following 


é m 
(Manse 1. tnj] : (Snes setae ® uns) 
j=1 k=1 
Lom 
= os De a; be (L1jY1,b) @-..@ (not) 


j=l k=1 
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(3.139) Corollary: (viz. 919) 
Let (R,+,-) be a commutative ring and for any i € 1... consider an R-algebra A; whose unit element 
we denote by 1; € A;. For any x1 € A, let us denote %; = x1 ® lg ®...@ 1, and so on, up to 


Fn =11@...@1n-1 @&p for some xp € Ay That is Z} = 1;(a;) where v; is the R-algebra-homomorphism 


bj Ay + QA : Qi 
i=1 


SC lu itiFs 


Now let B be another R-semi-algebra and consider some R-algebra-homomorphisms a; : A; — B such 


that for any 7 € 1... we have im(a;) C cEN(B). Then there is a uniquely determined R-algebra- 


homomorphsim 


such that for all 7 € 1...m we get av; = a; (that is a(%;) = aj(x;) for any x; € Aj). And this is 


explicitly given to be the following 


(3.140) Proposition: (viz. 919) 
Let (R,+,-) be a commutative ring and consider the R-modules M and N. Then we study the result of 


applying the tensor product in the standard-cases: 


(i) We obtain an isomorphy between R ® M and M, as given below. In this sense the base ring R is 


the unit element of the tensor product 


REM +> M 


m m 
) Aan~@@p ) arch, 
k=1 kt 


(ii) If a <j Ris an ideal in R, then the quotient ring R/a is an R-module under the scalar multiplication 
a(b+a@) = ab+a. And taking to the tensor product we find the following isomorphy of R-modules 


R M 
/9 @M ia Jam 


m 
So a (bh +0) @ ap So andj te +aM 
k=1 k=1 


(iii) If a and b <j; R are two ideals of R, then any element of the tensor product (R/a) @ (R/b) can 
be written in the form (1 +4) @ (r +b) for some r € R. And thereby we obtain an isomorphism of 


R-modules 


R/,@F/, > Blast 
(r+a)@(s+b) » rs+(a+b) 
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In particular (for @ = 0 and 6 = 0) we obtain a very peculiar isomorphy of R to its tensor product 


R® R by virtue of the following map 


R@®RS RR: aSbrab 


(iv) Likewise, if U C R is a multiplicatively closed set, then the localization U-'R is an R-module 


— 


under the scalar multiplication a(b/u) = (ab)/u. And this time we find the following isomorphy of 


R-modules 


U-'REeM % U-'M 


m m 

by, ander 
y Ak —@BL%p y 

u u 
RAL k pan, >“ 


(v) If M is a free module, then M @ N is isomorphic to dim(M) copies of N. That is: If {m; |i € I} 


is an R-basis of M, then we obtain an isomorphism of the following R-modules 
Ne! + MON 
(yi) a @ Yi 
wel 
(vi) If M and N both are free R-modules with the bases {m, |i € J} and {n; | 7 € J } respectively, 
then M ® N is a free R-module with basis {m;@n,; |i €J,j € J}. In particular we get 


dim(M@N) = dim(M)- dim(N) 


And by induction it is clear, that if M),..., M, are free R-modules with the bases { m;,; | i € I(j) } 
(where 7 € 1...n) respectively, then the tensor product M; ®...® Mp, is a free R-module with 
the basis { mj1),1 ® --. @ Min) n | 11) € L(1),...,i(m) € T(n) }. 


(vii) The tensor product is compatible with direct sums: That is, if M; (for 2 € I) and N; (for 7 € J) are 


a 


families of R-modules, then we obtain the following isomorphy of R-modules 


(@m)° Bry) > BD MeN; 


iel jet (i,j)ELx J 
m m 
So an(tie) ® (Yik) Yo anlar @ yn) 
k=l bal 


(viii) (<>) Let A and B be commutative monoids and regard the polynomial rings Ris | A] and R[t | B] as 
R-algebras. Then A x B is a commutative monoid again such that we may also form the R-algebra 
Rix | A x B]. And thereby we find that R[x | A x B] is nothing the tensor product of Ris | A] and 
R{t | B]. That is we find the isomorphism of R-algebras 


R[c«|AxB] > R[s| A)@R[t| By 
fla sla) + SS Flo.) sat 


(a,B)EAxB (a,B)EAxB 
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And if A; to A,, are commutative monoids, then by induction on n it is clear that this generalizes 


to the following isomorphy of R-algebras 


Rix | Ar x +x An] &a Rit | Ai] @...@ Rie | Ai] 


(3.141) Remark: 
Let us take a closer look at (3.140.(v)): As the elements of N®! are of the form (y;) where y; = 0 for all 
but finitely many z € J, we find that the elements of t © M ® WN are of the form 


te Som ® yi 
ie 


where #{7€ I | y; 40} < co again. In fact this representation of an element of M/ @ N is unique. As 
y = (yi) and y’ = (yj) are equal y = y/ if an only if we have y; = y; for any 7 € I this property is 
transferred to M @ N. That is in M @ N we find the equivalence of 


Som ® yi = Som ® y; <> Viel: y= y; 
ie] il 


(3.142) Definition: 
Let (R,+,-) be a commutative ring and let y; : M; > N; (where i € 1...) be R-module homomorphisms 
between the R-modules M; and N;. Then we obtain an R-multi-linear map, by letting 


Yr XX Yn : My x---x Mn oN, @...@ Nn 
(21,---,2n) > 9(21) @...® vlan) 
And according to the universal property (3.136) this induces an R-linear map, which we denote by 
1 @...@ Yn := Yi X +++ X Yp and which is explicitly given to be 
Yi B...@ Yn : M,®...®M,7N,@...@ Nn 


m m 
: ye Ap Xl k®...O ln pr ye Ap Y1(21,4) ® --- @ Yr(Tn,k) 
k=1 k=1 


This map is called the tensor product of the y;. It is common practice that in case of y; being the 
identity map y; = 1;: M; ~ Nj = Mj: 2+ & we will just write vy, @...@ M; @...@ Yn, instead of 
y1®...@ 1,8... 8 Yn. 


(3.143) Lemma: (viz. 925) 
Let (R,+,-) be a commutative ring and let y; : L; > M; and yw; : M; > N; (where i € 1...n) be 
R-module homomorphisms between the R-modules L; and M; and N; respectively. 


(i) Let 1; : Mj; —~ M;: 2+ a be the identity map on M;. Then the tensor product of the 11; is the 
identity map on MM, ®...@ M,, formally that is 


1, ®...@1, = 11, @...2Mn > treet 
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(ii) The tensor product of homomorphisms is compatible with the composition of maps, which is to say 


Cy (- = Qww) 


i=1 


n 


(iii) If all the ~; are surjective (respectively bijective), then the tensor product @/_ 


1¥i ts surjective 
(respectively bijective) again. And in case R is a field we also get: If all the y; are injective, then 


the tensor product @/_, y; is injective again. 


(iv) In case R is an arbitrary commutative ring we still get: If for any 7 € 1... we have that (1) y; is 
injective and (2) there is some submodule P; <, M; such that im(y;) @ P; = M; then we get that 
(a) ~1 ©... @ rp is injective and (b) there is some submodule P <, M, ®...@ M, such that 


M,®...®M, = im(y1®...@ yn) OP 


(3.144) Remark: 
Consider the R-modules M, M’ and N over the commutative ring (R,+,-) and suppose ®: M + M’ is 
an isomorphism. Then by (3.143.(iii)) ® @ Iy is an isomorphism, as well. And it is of the form 


m m 
MeN > M'@ON : Soap tk @ ye S- ay B(xp) ® Ye 
k=1 k=1 
Therefore any isomorphy of modules is preserved if we append another module using a tensor product. 


We will use this property to prove the following statements: 


(3.145) Corollary: (viz. 926) 
Let (R,+,-) be a commutative ring, U C R be a multiplicatively closed set and denote S := U~!R. If 


now M and N are two R-modules, then we obtain the following isomorphies 


(i) If we regard U-'M and U~!N as R-modules again, then we obtain an isomorphism of R-modules 


that is defined by linear expansion of 


U-'M@U'N % U"(M@N) 
Tod Loy 
U U UU 


(ii) By construction U-!M and U“!N are S-modules, but we can also regard these as R-modules. We 
denote this by using the index R, as in (3.118). Then we find the following isomorphy of R-modules 


(U"M),@r(U'N), % (U'M@®sU"'N), 
x 


< 


U UV U 
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(3.146) Remark: (viz. 930) () Kronecker Product: 

Let (R,+,-) be a commutative ring and y: M — N and y: U > V be homomorphisms between the 
R-modules M, N, U and V. Suppose all these modules are finitely generated, free and let us denote 
the bases of these by M={mj|jeEl...n}ofM,N={nj|iel...m}of N,U={u|lel1...q} 
of U and finally V = {vu, | kE1...p} of V. Also let [py] = A = (aji,;) € matm»(R) and [y| = B= 
(bk) € matyg(R) be the matrix representations of y and w respectively. That is we have 


yp(m a ii and = (uz) - om 1Uk 
i=1 
By (3.140.(v)) 14 @U inherits the basis {mj ® w | (7,1) € (1...) x (1...q) } and in particular is a free 
(n - g)-dimensional module. Likewise N @ V is a free (m- p)-dimensional module, as it features the basis 


{ni ® vg | (4,&) € (1...m) x (1...p) }. Due to the multi-linearity of the tensor product it is clear, that 


m Pp 
(p@®p)(m; ® ur) = v(m;) ® w(ui) = SOY aijbei ns ® ve 
i=1 k=1 
From this we find the matrix representation of p® w=: M@U — N ®V to be composed of the products 
a;,j;bp, of the coefficients of A and B, that is 


YOVengy = Wider = [lig Way 


We need to order the bases of M @U and N @ V to fix a matrix representation of y ® ~. So we 
install the lexicographic order (1,1) < (1,2) <--- < (1,p) < (2,1) < --- < (m,p). That is (i,k) = 
p(jti—1) +k €1...mp and (7,1) = qj —1) +1 € 1...ng. It stands to reason to denote this so called 
kronecker product of the matrices A and B by A® B again. That is we define A® B € matmpng(R) to 
be [A ® Blin), *= [Alig [Bla © R. In block form this reads as 


a4iB +--+ anB 
A®B = : ; 
am1B ee QmnB 
e.g. 
0 0 a2 0 0 
0 0 0 1 0 0 
0 1 0 
a 2 2a 4 0 O 38a 6 
2 0 3/8 = 
0 1 0 2 0 0 0 3 
0 4 0 
0 0 4a 8 O O 
0 0 0 4 0 0 


Recall that we defined the kronecker product of two matrices in precisely that way, as to ensure the 


following equality of matrix representations: 


yey] = lylely] 
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And using (3.143) or direct computations, it is clear, that the kronecker product features the properties 


Im@®In = Inn 
A®B = (A@I1),)(1n ®@ B) 
A®(bB+D) = W(A®B)+(A@BD) 
(aA+C)@B = a(A®B)+(C@B) 
(A®B)* = A* @B 
(A®B)\(C@D) = (AC)@(BD) 
tr(A®B) = tr(A)-tr(B) 


After these all these examples it should be understood, that the tensor product is very well-behaved and 
highly compatible with all the different constructions we employed so far. That is the external structure 
of tensor products is immaculate indeed. 

But looking at the proofs we see that all these properties have been derived by constructing the 
required isomorphisms using the universal property. We rarely employed computations with tensor ele- 
ments. This is due to the sad fact that the internal structure of the tensor product is very hard to control: 
Lots of weird things can happen if we look at the tensor elements directly, as T’ is hard to control directly. 
However dealing with free modules the internal structure of the tensor product is well domesticated, as 
well. To get a glimpse of this compare (3.147) to (3.148.(i)). 


(3.147) Proposition: (viz. 945) 

Let (R,+,-) be a commutative ring, / and N be R-modules. Suppose we are given a generating set of 
N =Lh{n; | 7 € J} and a family of elements {m, | 7 € J} C M such that only finitely many m,; are 
non-zero [that is # {7 € J | mj; #0} < co]. Then 


S> my @ nj =- 10 
jet 


is zero, if and only if there are some elements x; to x, € M and scalars aj; € R (where 2 € 1...m and 
j € J) such that only finitely many a;,; are non-zero [that is #{ (i,j) €1...mx J| aij; FO} < oc] 


such that the following two properties hold true 
VO-e Lysate So aiiny = 0 
JES 


m 
VjET : my = yo oe 
i=1 


(3.148) Proposition: (viz. 931) 
Let (F,+4+,-) be a field and M),...,M,, be E-modules (which are free automatically, since E is a field). 


Now consider some elements x;, yj € M; (where i € 1...n), then we obtain the following statements 


(i) The tensor product 71 @...® Xp = 0 is zero if and only if we have x; = 0 for some 7 € 1...n [the 


implication J2 € 1...n:2,=0 = > 21 ®...®@2£p = 0 is true over arbitrary commutative rings, 


the converse direction uses the fact that all the ; are free, however]. 
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(ii) We have the equality 71 @...@%p = y1 @...@Yn # 0 if and only if there are some aj,...,a, € E 
such that (1) y; = a;x; for all? €1...n and (2) ay...a, =1. 


(iii) For any 7 € 1... let X; C M; be a non-empty (X; 4 @) subset of MM; and let us denote the 
following subset of 14, ©...® M, 


AO, OAy = LEW. Oa, | Viet aun te Xt 


Now let * replace any of the properties generates, is a linear independent subset of or is a basis 


of. Then we get the following three implications 
Viel...n: Xi * M = X1®@...@Xyn * M,®@...® My, 


[Note that the assumption of E being a field is only required for x = is linear independent in. The 


other two implications remain true over arbitrary commutative rings EF]. 


(iv) If U; <m Mj; (where 7 € 1...n) are subspaces of the M; then the map @/_,U; > @/_,M; : 
Qi 1 Li +> OF, 2; is injective. And in this sense we can interpret @7_,U; <m @jL,M; as a 
subspace of M, @...@ My, again 


n m 
&)U; = { Sete Omg 
i=1 k=1 


n 
ay © Eup € ul <m & Mi 
i= 


And if Ui; <m M; (where j € J(i)) are arbitrary families of subspaces of the M/;, then we also 
find the following equality of subsets of MM, ©@...® M, 


n 


& | () ua) = 1. Cus 


t=1 \jeJ(i) jEJ(1)x...J(n) i=1 


(v) Let again U; <m Mj; (where i € 1...n) be subspaces of the M; and consider some az € E with 
ay, #0 and x, € M; (where 2 € 1...n and k € 1...m) such that for any i € 1...m the set 
{tin |keE1...m} C M; is linear independent. Then we get the equivalency 


m n Viel...n 
Slant. ®-..@yir € QU => VkEl...m 
k=1 cee rik € U; 


We will now restrict to the case n = 2, that is we consider any two modules M and N over the field EF. 


Then we further get the following statements: 


(vi) If v1,...,@%m € M are linear independent and y1,..., Ym € N and yj,...,y), € N are arbitrary 


elements in N, then we get 


m m 
N° ke @ Vp = S "tk @ Yj = Vkel...m:y=%y% 
k=1 k=1 
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(vii) Now pick up an arbitrary tensor element t = S°;", ag z% ® yx € M@N. Then the number m 
of pure tensors in this representation is minimal (that is m = p(t)) iff all of the following three 
conditions are met 

Ee ewe 2.2 ea, Se) 
(2) {a,|keE1...m} C M is E-linearly independent 
(3) {uy |keE1...m} C Nis E-linearly independent 


In particular every tensor element t ¢ M ® N admits a representation t = >, a; uy ® vy with 
ay #0 and {uy,...,us} C M and {v,...,v;} C N E-linearly independent. 


(3.149) Theorem: (viz. 942) 
Let (R,+,-) be a commutative ring and M and N be R-modules. Then we obtain the following statements 


(i) If M is finitely generated and x abbreviates any one of the following properties finitely generated, 


noetherian or artinian, then we get the following implication: 


Nisxk => M®Nisx 


(ii) And if x abbreviates any one of the properties finitely generated, free, noetherian, artinian or has 


a finite free presentation, then we get the following implication: 


MandNarex = M®Nisx 


(iii) Moreover, if both MZ and N have finite length, then the tensor product has finite length, as well 
and we find the inequality 
&M@N) < &(M)-e(N) 


(iv) In the fancy language of homological algebra the following property can be put as: ‘The tensor 


functor is right-exact’. This is to say: Consider an exact sequence of R-modules, of the form 


v 


SV Sw 


Then tensoring this sequence with M from the right, we find another exact sequence of R-modules 


veM*2¥ vem 2s wemo 


(v) Consider two right-exact chains of R-modules, i.e. exact chains of R-modules, of the following form 


Mo a, M, sae Mo > 0 


Noy Ns NG SG 


Then we can explicitly give the kernel of the tensor map y2 ® wz to be 
kn(yo @ p2) = im(y1 ® Ni) +im(M; @ 1) 
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(3.150) Example: 
Note that the right-exactness of the tensor functor cannot be generalized, as a counter-example consider 
the following exact chain of Z-modules 

03 Z-5Z 


where -2 denotes the linear map k ++ 2k. Tensoring this with Zz we arrive the following non-exact 
chain of modules (see below). It is non-exact, as for any k € Z and any b € Zo we clearly have 
k@b++ (2k) ®@b=k® (2b) =k @0 =O, hence -2 @ Il is the zero-homomorphism and thereby certainly 
not injective, as Z® Zo =m Zo. 

0+ Z@Zy 2" Z@Zs 


(3.151) Definition: (viz. ??)hange of base rings: 

Suppose (i2,+,-) is a commutative ring, M is an R-module and S is an R-algebra. Then S @ M is 
an R-module, but in complete analogy to (3.138.(iii)) above it also is an S-module under the scalar 
multiplication (where a; € R, 7; € M and r, s; € S) 


n n 
r bs a; 8; @ «) = SS GAPS) O25 
i=l ixi 


That is by tensoring the R-module M with S we end up with an S-module S ® M. This construction is 


hence known as change of base rings. And we will denote 
Ms = SEM 


to emphasize that we now regard Mg as an S-module (not as an R-module any longer). Recall that 
given two R-modules M and N and an R-module homomorphism y : M — N we also get an R-module 
homomorphism S ® y by virtue of 


ys = S@yp: S| 0%, 85 @ Bi +> S| ai $1 ® O(ai) 
i=l i=1 
Butifr,s € Sand az € M, then yg(r(s®@z)) = ys((rs)®z) = (rs)@yp(x) = r(s@y(x)) = rpg (s®@zx) such 
that ys already is S-linear, too. In this sense we will always regard yg as an S-module-homomorphism 
from Mg to Nog. 


(3.152) Example: (viz. 940) 

Let us recollect some examples of (3.140) that illustrate why the name "change of base rings" is well- 
chosen: If (2,+,-) is a commutative ring, M is an R-module, a <j R is an ideal and U C Risa 
multiplicatively closed set, then we have the following isomorphies [of modules over the new base ring, 
that is as R-, (R/a)- or resp. of U-'R-modules] 


Mre> M : a®rHnar 
Mra > M/ aM : (6+0)@rH ba +aM 
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a ax 
My-1p % UM : —-@2H — 
eo Tish U 


And if S is an arbitrary R-algebra, (A, +) is a commutative monoid, then the change of base rings turns 
the R-algebra of polynomials over R into the S-algebra of polynomials over S. That is we find an 


isomorphy of S-algebras, by linear expansion of 
Rit | Als > S[t| A] : s@ fro sf 


Also if the R-algebra S satisfies {alg |a¢eR} C ceEN(S) and we fix some 1 < m, n € N then the 
change of base rings turns the R-algebra of matrices over R into the S-algebra of matrices over S. That 


is we find an isomorphy of S-algebras, by linear expansion of 
(matmn(R)) . + matmn(S) : s@AW 3A 


Note that in all of these examples the pure tensor s ® x is mapped onto the scalar product sa of the 


"traditional’ S-module. This illustrates how canonical the change of base rings is. 


(3.153) Proposition: (viz. 936) 
Let (R,+,-) be a commutative ring, S be an (not necessarily commutative) R-algebra and let M be an 


R-module. Then we get the following properties 


(i) If M is a free R-module, with R-basis {m;|ieI} then Mg is a free S-module with S-basis 
{ls ®m;|i€TJ}. In particular we get 


dims(Ms) = dimr(M) 


(ii) (>) Let M be a free R-module with finite basis { 7m, | 7 € 1...n} again. Also let N be a free R- 
module with finite basis {n; |7€1...m}. Finally let py : M@ — N be an R-module-homomorphism 


with matrix representation [y] = (a;,;) € Matmn(R), that is 
m 

g(m;) = So ayn 
i=1 


If we now fix the S-bases {lg ®m,; | j €1...n} on Mg and likewise {15 @n; |i €1...m} on 
Ns, then ys : Ms — Ns has the basis representation [y] = (ai,;15) € matm»(S), that is 


g(ls@®m;) = SY (aiz1s)(1s @ rn) 
1=1 


(iii) If. S A O is a free R-algebra, then the canonical homomorphism M > Mg: x+> 15 @z is injective. 


(iv) Transitivity of the Change of base Rings: lf A is a commutative R-algebra and B is a (not necessarily 


commutative) A-algebra, then we find the following isomorphy of B-modules: 
(Ma) Mp : b@(a®xz) (ab) @z 
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(v) If S is a commutative R-algebra and M(i) is a family of R-modules (where i € 1...n) then the 


change of base rings is compatible with the tensor product: We obtain an isomorphy of S-modules 
(M(1) @r---@r M(n)) > M(1)s @g...®g M(n)g 
1g ® (41 ®...@2n) HY (1g @2xz1)@...@ (1g @ Lp) 


(vi) Consider an S-module JN, this can be turned into an R-module, as well, using the scalar multiplica- 
tion an := (alg)n. If now py: M — N is an R-module-homomorphism [that is p(ax) = (als)yp(z)| 
then there is a uniquely determined S-module-homomorphism ys) : Ms — N such that for any 
x éM we get ¥(s)(1s ® m) = v(x). And this is given by 


m m 
ys) : Ms > N : So ax 8h @Q LEH S- (ans) (ae) 
k=1 k=1 


And we thereby find that the map y+> yg is an isomorphism of R-modules whose inverse is given 
to be +> (x w(1s ® z)), altogether that is 
mhomr(M,N) + mhoms(Mzg, NV) 
pr Ys) 
(cH P(ls@z)) a a 


If S is commutative then this map even is an isomorphism of S-modules [note that since N is an 


S-module sy : x ++ sy(x) makes sense]. 


(vii) If A is an R-(semi-)algebra, B is an S-(semi-)algebra and y : A — B is a homomorphism of 
R-(semi-)algebras, then is) : As + B is a homomorphism of S-(semi-)algebras again. 


(3.154) Proposition: (viz. 939) 
Let (E,+,-) be a field, S a (not necessarily commutative) E-algebra and consider two E-vector-spaces 


U and V. If now y: U + V is any E-linear map, then we get the following properites: 


(i) Let x abbreviate any of the words injective, surjective or bijective and suppose vy is x. Then the 
induced map gg is * as well 


pisk = gsis* 


(ii) If {us | ie 1} C Uis an E-basis of kn(y), then {1g @ uj; |i EI} C Us is a S-basis of kn(yg). 


And thereby we can write the kernel of yg in the following form 


kn(ys) = Lhs{ls @u|ue€kn(y) } 


(iii) If {v; | 7 € J} C V is an E-basis of im(y), then {13 @ v; | 7 € J} C Vg is a S-basis of im(ys). 


And thereby we can write the image of yg in the following form 


im(ys) = Lhs{1s @v|v€ im(y) } 
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(iv) If S' is a field as well, then y and wg share the same rank (over their respective base fields), i.e. 


ranks(ys) = rankg(y) 


(3.155) Proposition: (viz. 941) 
As always let (R,+,-) be a commutative ring and consider MM, N two R-modules. Also let S 4 0 be an 


arbitrary non-zero R-algebra. Then we obtain a well-defined, S-linear map, by S-linear expansion of 
uw: (mhoma(M, Nye — mhomg(Ms, Ng) 
UW: s@prysys 
(i) If S is free, then ju is injective. 
(ii) If S is free and finite-dimensional, then ju is bijective. 
(iii) If WZ and N are free and finite-dimensional, then p is bijective. 


(3.156) Example: 
The most common application of the change of base rings is the complexification of real vector spaces, 


that is we start with an R-vectorspace V and use change of base rings to replace R by C 
Ve = C OR 4 


As C is a free R-algebra, having the basis {1,1}, we can interpret V as a subspace of Ve under the 
canonical embedding 


VoVe: 24H 182 


And if {u,| kek} C V is an R-basis of V, then Ve has the C-basis {1@ vu, | k € K } again. 
On the other hand (3.140.(vi)) tells us, that an R-basis of Ve is now given, by {l@u,p| ke kK} U 
{i @v,z | k € K }. Using the embedding «+> 1@2 we find that 1 @ vz = vg and i@ vg = i(1 @ vg) = ivy. 
That is Ve has the R-basis {v, |k € kK }U{ivg | k © K } and therefore 


dime (Vc) _ dimr(V) and dimr (Ve) = 2-dimp(V) 


Hence the complexification Ve is isomorphic (as an R-vectorspace) to two copies V @ V of V under the 
following IR-vectorspace isomorphism. And under this isomorphism the scalar multiplication C x Vo — Ve 


which is given by (c,2) ++ c® x becomes the following R-bilinear map 
VOV3 Vc: (= AkUVk, ye hs] KH So (a + iby) ® Vp 
kek kek kek 
Cx V®? 4 V®? : (a+ bi, (x, y)) > (ax — by, br + ay) 


Many ad-hoc constructions of Ve employ this technique: They define Vc to be V® and define the 
scalar multiplication C x V2 — V®? using this R-bilinear map. While there’s nothing wrong with that, 


it remains to prove the properties of a C-vectorspace, in this case. 
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3.14 Direct Limits 


Filtrations direct Limit projective Limit 
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Chapter 4 


Linear Algebra 


4.1. Matrix Algebra 


Matrices serve two purposes: First of all they can represent systems of linear equations. And secondly 
(by fixing ordered bases) they can be used to represent homomorphisms between free modules. Using 
matrices these concepts are interlocked: The set of solutions is the kernel of the homomorphism (resp. an 
affine shift of the kernel in case of an inhomogeneous equation). 

Also matrices provide a method of keeping track of the manipulations of a system of linear equations 
- the elementary matrices. Hence the algorithm how to solve a system of linear equations (Gauss- 
Algorithm) can be expressed in terms of matrices. This ultimately leads to a criterion whether a system 
of linear equations is (unambiguously) solvable - the determinant. 

So, as a first step, let us introduce the notion of a matrix and define a bunch of operations on matrices, 


that will be used later on. 


(4.1) Definition: 
Let (R,+,-) be any ring and fix a natural number 1 < n € N. As before we will concern ourselves with 


the set R” of n-tuples over R. Recall that this is given to be 
Fe gE ais cate ein cae ey 


In linear algebra it is customary (and occasionally useful) to write the n-tuple x = (x1,...,2n) in vertical 


order as well, that is we use two ways of denoting an n-tuple 


We already turned R” into an R-algebra by establishing the point-wise operations on R”, let us recall 


this: Given any x = (21,...,2n), y= (M1,---,Yn) € R” and any a € R we have defined the operations 


(Biz es38n) bY ee Un 2S (et Pips a Fn) 
(Mig heey Ba (Gis ess Bip) = (61% Yisee. 50 Ya) 
Gis.th te) 22° (eR 0H) 
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As a new operation on R” we define the scalar product (do not confuse this with the scalar multiplication) 


R" x R" + R: (x,y) (x,y) which is defined to be (as always x = (71,...,%p) and y = (y1,.--, Yn)) 


n 
(ia) => Say 
1=1 


Finally we need to fix an easy notation for the canonical projections 7; : R” > R:x+> 2; of the product 


R”. Recall that the 7; are R-algebra homomorphisms. Given any 7 € 1...n we denote 


[else “where? “eG => (ices 5 aa) 


(4.2) Remark: 


(i) There are a multitude of ways how to embed R <> R” as a subalgebra. The most reasonable one 
(due to its symmetry) is to interpret a € R as the tuple (a) = (a,...,a) € R”. The advantage 
of this is evident: The multiplication then coincides with the scalar multiplication: That is we get 
(a) -x = ax. Hence we fix 

Ro R” : a+ (a) := (a,...,a) 


(ii) Trivially R” is a free module, having the Euclidean R-basis € = { e€1,...,en }. Thereby the basis 


elements e; = (d;,;) € R” are given to be (refer to (3.58) for more details) 


ey 2= (100, a 00) 
eg := (0,1,0,...,0,0) 
en := (0,0,0,...,0,1) 


(iii) If R is a commutative ring, then clearly the scalar product on R” has some neat computational 


properties: In fact it is a symmetric bilinear form of R”: For any x, y, z € R” and a € R we get 


(az+y,z) = a(x,z)+(y,z) R-linearity (in the 1st argument) 


(x,ay+z) = a(x,y)+(y,z) R-linearity (in the 2nd argument) 


(z,y) = (y,2) symmetry 


In case R is not commutative only the R-linearity in the 1st argument is preserved. The other 
two properties are lost, in general. Prob all these properties are straightforward applications of 
the axioms of rings: (az + y,z) = do (aait+y)z = (aria + wa) = ad wat wa = 
a(x, z) + (y,z). And the R-linearity in the second argument can be proved in complete analogy. 


The symmetry of the scalar product is evident: (x,y) = 0, viys = 0; wii = (y, 2). 
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(iv) Note that in general there is a difference between the scalar product (x,y) and an inner product 
(x | y). The latter will be defined in the case of R = C only and there is a subtle distinction 
between the scalar and inner products - the inner products uses complex conjugates. However this 


difference has dire consequences: The scalar product over R = C is not positively definite, in fact 


1 i 
(2).({)p = tee = 1-2 =e 
i i 
(4.3) Definition: 


Let (R,+,-) be any ring again and fix two natural numbers 1 < m, n € IN. Then a (m x n)-matrix is 


we see that 


defined to be an n-tuple of m-tuples over R. Formally we will denote this set, by 
Matyi): t= LA)” 


A matrix usually is written as an m times n block of elements of R. That is if we have a number of n 
m-tuples a; = (a1,j;,..-,@m,j) € R™ where j € 1...n then we write the matrix A = (a1,...,an) in the 


following form 


a1 2 *: Gn 
G21 @22 ++: Qn 

= ae) = Al 
Qm1 Gm2 “°° Amn 


That is the second index j of A = (a;,;) designates the jth m-tuple a; of A and this is written as the 
jth column of A. Complementary the first index i of A = (a;,;) designates the ith component within the 


m-tuple a; and these are written as the ith row of A. 


We will later introduce some binary operations on matrices. To this end we need to introduce formal 
notations: Fix the (m x n)-matrix A = (a;,;) as above. Then - for anyi € 1...n and any j € 1l...n - 


we denote the (i, 7)th entry of A, the i-th row of A and the j-th column of A respectively by 


ent,;(A) :-= aj; € R 
row;(A) = (ait, QjQs+++5 Oia) E R” 
col; (A) = (ais, AQ js++- dma) e R™ 


Analogous to our notation for tuples we also denote [A];,; := ent;,;(A) = aij. The transpose A* of an 


(mx n)-matrix A = (a;,;) is defined to be the (n x m)-matrix in which columns and rows are interchanged 


@11 G21 *** Gm) 
a2 G22 *** Gm 

AY = ; € matnm(R) 
Qin 42n ‘** Amn 
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If m =n then the rectangular block A of elements becomes a square. As this is an important special 


case we abbreviate our notation somewhat: 
mata). s=--matyn(A) = URE)” 


A special case of such a matrix is a diagonal matrix. That is a square matrix A = (a;,;) in which all 


entries off the diagonal are zero, ie. aj; = 0 for anya #7 € 1...n. And if we are given n-elements 


@1,...,@n € R then the diagonal matrix with the entries a; on its diagonal is denoted by 
a, 0 0 0 
0 ag 0 0 
dia(@iie.15@,) 2= € mat,(R) 
0 O Gna, «0 
0 O <--~ O a, 


If A € mat,(R) is any square matrix, then we introduce the trace of A to be the sum of all its entries on 


the main diagonal, formally 
tr(A) := S ent),(A) 
i=l 


For completeness purposes let us finally introduce a notation for the set of matrices of any size over R 


Mat(R) := (J LU matmn(R) 


m=1m=1 


(4.4) Remark: 


(i) By construction an n-tuple « = (21, 22,...,%n) € R” is an (n x 1)-matrix (which is sometimes 


also called a column-vector) which we denote by 


So n-tuples and and (n x 1)-matrices really are the same thing, which is why it is perfectly 
legitimate to write tuples as column-vectors. The transpose x* of x thereby is an (1 x n)-matrix 


(which is sometimes called a row-vector) 


* 


GC = (xy LO ees tn) € mati» (2) 


Note that the row-vector is not the n-tuple (21, 72,...,2%,) anymore! From an abstract point of 
view, it is an element of the dual-space of R” (ie. it is a linear map of the form R” — R). From a 


notational point of view it misses the commas, we use in tuples. 
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(ii) By definition of a (m x n)-matrix, every n m-tuples aj = (a;,;) € R™ (where j € 1...) determine 


a matrix A := (a1,...,@n). To stress that the a; build up the columns of A we write 


Conversely, if we are given m n-tuples a; = (ai,;) € R” (where i € 1...m) we can build up a 


(m x n)-matrix A = (a;,;) by taking the a; to be the rows of A. In this case we write 


— ay — 
= (ai,;) 


— Gm — 


(ii) Recall that an (m x n)-matrix A = (a;,;) is defined to be an n-tuple of m-tuples of R. And the 
(i, 7)th entry a;,; of A is the ith component of the jth component of A. So in a formal way that is 


[Aly = aj = [Alli 


(4.5) Definition: 

Let (R,+,-) be any ring again and consider the natural numbers 1 < m and n € IN. By construction the 
set Matmn(A) of (m x n)-matrices of R forms an R-module under the point-wise operations. That is: 
consider a € R and two (m x n)-matrices A = (a;,;) and B = (bj) € matmn(R). Then we define the 


addition and scalar-multiplication 


A+B (aij + bi) 
aB := (a bij) 


Now consider another natural number 1 </ € IN and suppose that A € mat;,,,(R) is a (J x m)-matrix, 
whereas B € matm»(R) is an (m x n)-matrix. Then we can define the matrix-multiplication AB of A 


and B to be the following (/ x 7)-matrix 
AB = ((row:(A), colk(B)) = So aig bie | € mat, ,(R) 
j=l 


That is the (7,&)-th entry of AB is the 7-th row of A multiplied with the k-th column of B. That is: 
If aj = row;(A) = (Gi1,-.-,@im) is the i-th row of A and by = colk(B) = (b1,4,..-,0m,k) is the k-th 


column of B, then the matrix-multiplication follows the scheme 


eke Camas Gs 4 | 
be eel = ((ai,bx)) 


Seay | 
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A special case of this is the matrix-vector multiplication: Given an (m x n)-matrix A € mat,,,(R) and 


an n-tuple x € R” over R we obtain an m-tuple Ax € R”™ by virtue of 
Ax := ((row1(A),2),...,(roWm(A),2)) € R™ 


That is we use the rows of A to be multiplied with the tuple x. So if a; = row;(A) = (ai1,..., Gin) is 


the z7-th row of A, then the matrix-vector multiplication can be pinned down in the more intuitive way 
ae Gh as L1 (a1, X) 
ee ne (G50) 
(4.6) Remark: 
(i) Let us reformulate the above definitions of addition, scalar multiplication and vector multiplication 


in terms of the entries of the resulting matrices. That is we take A, B € mat,,,(R), a € R and 


x € R”. Then for any 2 € 1...m and any j € 1...n we have 
ent;,;(aA + B) = a ent; ;(A) + ent; ;(B) 


[Az], = > ent.;(A) [2], 
j=l 


And if A € mat;,,(R) and B € matmn(R) we can also reformulate the matrix multiplication for all 
the entries? €1...landkel...n 


ent;,(AB) = S"enti,;(A) ent;.(B) 
j=l 


(ii) If = (a1, 22,...4%,) and y = (y1, y2,--- Yn) € R” are n-tuples over R, then the matrix multiplica- 
tion can be used to emulate the scalar product 


n 
By =. Do typ Sey) 
j=l 


iti) If A € matm»(R) is an (m x n)-matrix and x = (x1, %2,...,2%n) € R” is an n-tuple, then the 
: ’ ’ ’ Pp 


matrix-vector multiplication yields the following linear combination of the columns of A 
Av = S| colj(A) ge 9: 
j=l 


Likewise, if y = (y1, Y2,---;Ym) € R™ is an m-tuple, then the matrix multiplication can also yield 


the following linear combination of the rows of A 
yA = So yi -row;(A) € R” 
i=l 
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(iv) Let us also reformulate the transposition A ++ A* of matrices in terms of the rows, columns and 


entries. Then it is clear that for any A € matm»(R) and anyicl...m, 7 €1...n we get 


ent;i(A*) — ent; ;(A) 
col;(A*) =  row;(A) 
row;(A*) = col;(A) 


Prob recall that ent; ;(A*) = ent;,;(A) is just the definition of the transpose A*. And thus we 
find col;(A*) = (ent; ;(A*),..., ent, ;(A*)) = (ent; 1(A),...,entin(A)) = row;(A). Likewise we 
compute row;(A*) = (ent;1(A*),..., entjm(A*)) = (ent:,;(A),...,entm j(A)) = col,(A). 


(v) If R is a commutative ring and A € mat,,(R) is a matrix, then A gives rise to an R-module 


homomorphism of the following form, by vector-matrix multiplication 
pa: R° SR” . 2H Ax 


By abuse of notation we usually identify y4 = A here, but we will also see that all homomorphisms 
between finitely generated, free R-modules can be represented in this way - this will be the topic 


of section 4.4. Due to (iii) above the image of v4 is generated by the columns of A, that is 


im] cy ++: Cp =U eiswan Gy Sen te 


Prob in a commutative ring R the scalar product x +> (r, xz) is R-linear for any r € R”, in particular 
for r = row;(A). And as 7 ++ Az is the Carthesian product of m-scalar products, y4 is R-linear, 
too. Also, if cj := col;(A) is the j-th column of A, then we have Ax = xc] +... %nCn by (iti). That 


is the image of yy is precisely the linear hull of the c; where 7 € 1...n. 


(vi 


—a 


Note that the matrix-matrix multiplication AB is nothing but a matrix-vector multiplication Ab; for 


all the column vectors b; of B. l.e. given A € mat;,,(R) and b, € R™ (where k € 1...n) we have 


ANDi 20% Bey So Abe Ake Abe 


(vii) Suppose R is a commutative ring again and consider A = maty(R) and B € matm»(R). If for 
i € 1...k the i-th row of A is abbreviated by a; = row;(A) € R™, then we can also rewrite a 


multiplication of B from the right as an operation of the transpose B* on the rows of A 


= ag 


=i — ae 
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Prob For any r € 1...k and any s € 1...n let us evaluate the (r,s)-entry of the matrix AB. 
By definition this is [AB],,, = (a;,colk(B)) = )7; @r,jbj,x- On the right hand side the (r, s)-th 
entry is the s-th component of B*a, and hence [B*a,], = >); 05 jl@r]j = 22; 5j,sar,j. Since R is 


commutative both are equal. 


(4.7) Example: 
Let us take the integers R = Z as a base ring. Then we want to give an explicit example of a matrix 
multiplication, where A € mat34(Z) and B € mat42(Z) such that AB € mat32(Z). Our example will be 


4 0 
—2 6 2 1 0 
AB = 1 0 
3.61 
1 —6 
7 O 


For the upper left entry of AB we compute —2-4+6-(—1)+0-34+2-7=0. Likewise for the lower 
left entry of AB (that is the third row and first column) we compute 1-4+4-(—1)+2-3-—6-7=—36. 
Altogether we find 


0 O 
AB = —-1 0 
—36 2 


We installed some noteworthy specialities in this example: First of all we see that colo(B) = e3 € Z’. 


And this explains why the the second column of AB is just a copy of the third column of A 
colo(AB) = Acolo(B) = Aez = col3(A) 


Likewise we have row2(A) = e2 € Z’ and that’s why the the second row of AB is just another copy of 


the second row of B, since 
row2(AB) = B*row2(A) = B* eg = cole(B*) = row2(B) 


And lastly we see that AB has an entire zero-row row;(AB) = 0. E.g. for the (1, 2)-entry (= upper left) 
of AB this means that 
ent; 2(AB) = (row;(A),cole(B)) = 0 


Geometrically speaking this means that row;(A) and col2(B) € Z‘ are perpendicular. But this also 


warns us, that the product AB may vanish, even if A and B are non-zero. 
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(4.8) Proposition: (viz. 582) 
Consider any ring (2, +,-) and fix the natural numbers 1 < J, m,n, pand q € N. Then all of the following 


statements hold true 


(i) The set matmn(R) of (m x n)-matrices over R is an R-module under the addition and scalar 


multiplication of matrices, as defined in (4.5). The zero-element thereby is the zero-matrix 


In fact matmn(R) is a free R-module of rank mn. We can easily provide the Euclidean R-basis 
E:={E,,|rel...m,se1...n} of mat, ,(R). Thereby £,, is the (m x n) matrix that is 
entirely 0, except its (r,s)th entry, which is 1. Formally 

Evs — (di,r O75) E Matmn(R) 


(ii) The multiplication of matrices is associative and distributive (but in general not commutative). 


Suppose that A, B and C are matrices of compatible sizes, then 


(AB)C = A(BC) 
A(B+C) = AB+AC 
(A+B)C = AC+BC 


Note: to be of compatible sizes means A € mat,,»(R), B € mat, ,»(R) and C € mat,(R) for the 
associativity, A € mat; ,,(R), Band C € matm (A) for the left-distributivity and A, B € mat ,(R) 
and C' € mat»,,,(R) for the right-distributivity. 


(iii) In particular the set mat,(J) of (n x n)-matrices over R is an R-algebra under the addition, 
scalar-multiplication and matrix-multiplication of matrices as defined in (4.5). Its unit-element is 


the identity-matrix 


ee Sea) 
0 0 1 
(iv) In particular - according to (iii) - mat, (22) is a ring, however it need not be commutative, even if F is 


commutative. An invertible element of this ring is said to be an invertible matrix. l.e. A € mat,,(R) 


is invertible iff there is some B € mat,,(R) such that 


And in this case B is uniquely determined by A (as this is true for any ring) and (as in general 


rings before) we denote the inverse matrix of A by A~! := B. 
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(v) Recall the definition of the center cEN(R) of a ring R to be the subring of all elements that 
commute with all other elements, that is cEN(R) = {ae R|Vbe R:ab=ba}. Then the center 
of mat,,(f) is just the center of R embedded as diagonal matrices CEN (mat,(R)) = CEN(R) 11, or 


more explicitly: 


oOo Oo 


CEN (mat,(R)) = - a € CEN(R) 
0 O a 


(vi) If R is a commutative ring and A, B € mat,(R) are square matrices over R, then the trace is 


invariant under commuting A and B 


tr(AB) = tr(BA) 


(vii) If R is commutative, then any matrix A € mat, ,(R) induces a homomorphism of R-modules 
pa: R” + R” by using the matrix-vector multiplication y4(x) := Ax. And thereby we find the 


following, well-defined, isomorphism of R-modules 


Matmn(R) > mhom(R",R™”) : Ar pa 


(viii) The transposition A ++ A* of matrices is an isomorphism of R-modules matm »(R) + matym(R). 


In particular for any a € R and any A, B € mat,,»(R) we have 


(@aA+B)* = aA*+B* 


(ix) If R is commutative, then the transposition of matrices swaps the order of matrix-multiplications. 
That is given any matrices A € mat;,,(R) and B € matmn(R) we find that 


(AB)* = BYtAt 


(ix) If R is commutative then taking inverses in mat,,(2) commutes with the transposition. To be precise: 
If A € mat,() is a square matrix, then A is invertible, if and only if A* is invertible. And in this 


case the inverse of A®* is given to be 
(At) = (A71)* 


(xi) If R is a commutative ring, then for any vectors « € R", y © R™ and any matrix A € matmn(R) 


we get the following identity in R 


(Az,y) = (2, A*y) 
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(4.9) Definition: Block Notation 
Let (R,+,-) be any ring, 1 <r, s € WN and for any p € 1...r consider some 1 < m(p) € NN. Likewise 
for any q € 1...s let 1 < n(q) € N, as well. Finally consider a matrix A?! € matm(p) n(q)(R) for any 
peéel...randqe€1...s. Now denote m := m(1) +m(2)+---+m(r) and n := n(1) + n(2) +...n(s). 
Then we define the block matrix 


Ail Al? ae Abs 
Art A22 erase Ans 

€ matmn(R) 
Ani An? tee Ars 


in the following way: For anyp€1...r and anyqg€1...s let A?” have the entries A?? = (az?) where 
i€1...m(p) and 7 €1...n(q). Then the above block matrix is set to be: 


1,2 1,s 1,s 


121 1 1,2 
ayy his ayn) ay") ay"n(2) weet ayy ity ay n(s) 
1,1 iA 1,2 1,2 1,s 1,s 

Ima) + %ma)n(aa) Sma)1 +7 Sma)n(2y) tt Sma) 72 m(1),n(s) 

2,1 2,1 2,2 272, 2,8 2,8 
a1 Q1 n(1) a1 Q) n(2) eR a1 @ n(s) 
Pak a4 2,2 2,2 2,8 2,8 

m2). 7+ %m(2)n(1) Ama). 7+ m(2),n(2) Ama). 17 @m(2),n(s) 

Vapale iA. bay) T.s 
ay") Gy n(1) ayy Oy" n(2) a1 1 n(s) 
ryl ril r,2 r,2 T,8 T,8 

Amr) t+ Um(r)n(1) Sm(r),1 tt m(r),n(2)_ tt Sm(r), tt em(r),n(s) 


An important special case is the following: Given A = (a;,;) € matp;(R) and B = (b;,;) € matmn(R) 
matrices of arbitrary size 1 < k, l, m and n € IN. Then we define the direct sum of these to be the 
following (k +m) x (+n) matrix over R: Let 04» = 0 € matyn(R) and Om 7 = 0 € matm s(R) be the 


zero-matrices of the respective size, then 


A O 
AGB := AP ie math4m,lin(R) 
Om B 


Explicitly A @ B can be written out in the entries of A and B as we did above. In this form A@ B is 


just the following matrix 


@11 12 ... ay 0 0 wash 0 

a21 42,2 .-. a2,1 0 0 ae 0 

AGE = Akl Ak2 «+. Akl 0 0 sae 0 
0 0 0 bia bi.2 by n 
0 0 0 bei bee bain 
0 0 0 bmi bm m,n 
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In a more formal way, suitable for programming and maybe for explicit computations, the entries of the 


direct sum A @ B of the matrices A and B can be given to be the following 


a,jifi<kandj<l 


m Where 5,5 := 4 bj-47-.ift >k and j >1 


0 if else 


(4.10) Remark: (viz. 586) 
If you concentrate a little, you will see, that this block-notation agrees with the matrix multiplication, in 
the following sense: Let (R,+,-) be a ring and 1 <r, s, t € IN. We assume the following block matrices 


to be of compatible structure 


All Al2 eat Abs 
At A22 iis Aes 

A= . : F S mat) (FR) 
Av Ar? wee Ans 
Bil Bi2 Sag Bit 
BAt B22 ae Bt 

B= € matmn(R) 
Bs Bs fale Bst 


That is A*J is a (I(i) x m(j))-matrix over R and Bi* is a (m(j) x n(k))-matrix over R for the same m(j). 
In other words the vertical borders in A are of the same sizes, as the horizontal borders of B. Then the 


product AB can be computed using the usual multiplication of matrices 


s 


Ss 
AlJ Bil... Ald Bat 
2 2 


j=l 
AB = ; € mat;n(R) 


s Ss 
S Ars Bit eee y And Bit 
j=1 j=l 


This becomes clear, once you realize, that the u-th row of A and v-th column of B break down into 
a row wu’ along the submatrices A*J and the v/-column along the submatrices B:* where 7 runs from 
1 to s. Hence the scalar product (row,,(A),col,(B)) breaks down into the sum of s scalar products 
(row,,(A), col,,(B7*)). Refer to the proof for details. In particular e have the following product of 


block matrices that is mostly used, when A?! = 0 


oF se es ea) Gees Ablpi2 4 ee) 


A2l 422 Bel B22 A21Bll 4 422B21 42112 4 42.2 B2,2 
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(4.11) Corollary: 

Let (R,+,-) be any ring, 1 <n € IN and ex € R” be the Euclidean basis vectors again, i.e, ex = (0;,4). 
If now A € mat,(R) is an invertible matrix, then the columns of the inverse matrix A~! are uniquely 
determined by the property Acol;(A~!) = ex. That is, if for any k € 1...n the vector 2, € R* is the 


solution of Ax, = ex, then 


= ee 
A = Ty ct In 


Prob Let x, := Ate; then Ax, = AA~te, = nex = ex, i.e. xz is the solution of Ar, = ex. Then by 
(4.6.(v)) A~! maps the columns of Il, onto x; to 2p, that is we get the identity 


(4.12) Remark: (<) 

The above corollary provides a first way of computing the inverse A! of a matrix A € mat,(R). All we 
have to do is solving the equations Ax, = e, for the Euclidean vectors e, e.g. by the Gaussian algorithm 
(4.29) or LU-decomposition. For practical computations over a commutative ring R it is best to do this 
for all n SLEs simultaneously. That is we start with (A | Il,) and regard this as a (n x 2n)-matrix. 
Then try to bring this into the form (1, | B) using elementary operations on the rows of (A | B). Once 


we arrived at (1, | B), we have found the inverse A~! = B. The operations allowed, are 
1. Interchange two rows of (A | B). 
2. Multiply one row of (A | B) with a common factor a € R. 
3. Add or subtract one row of (A | B) from another row. 


Prob Operations on the rows are multiplications with a matrix S from the left (this will be the topic of the 
next section). So if we have (SA | S1,) = (1, | B) then B = SI, = S and hence BA = SA = 1). 
And as R is commutative (4.65) implies AB = 11, too, such that A!=B. By this we also see, that in 


any step the multiplication of the right-hand matrix and A results in the left-hand matrix. 


Note that combining (2) and (3) we can add or subtract a multiple of one row from another row. In an 
integral domain R you may also scratch a common factor a from a row of (A | B), as this equals a 
multiplication by 4 in the quotient field. It would also be possible to use elementary operations of the 
columns only, but you may not mix both! The algorithm mimics the Gaussian algorithm - let us provide 


an example of the workings of this method: We compute the inverse of an invertible 4 x 4 matrix over Z: 


4 —2 3 1 0 0 0 
1 —1 3 0 1 0 0 
0 —1 2 1 0 0 1 0 
—2 1 —2 0 0 0 0 1 
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First we interchange the first and second row, to move the 1 to the top row. In the next step we eliminate 


the first column of the left-hand matrix by subtracting 4 times the first row from the second row and 


adding the double of the first row to the fourth row: 


oS 2 oa = 


OF WwW 


Ss (OS + 1 


oOo. oS 


> Se a 


oro Oo 


oro oO 


re Oo Oo Oo 


Ee OO: 


We are done with the first row, for now. To iterate we multiply the third row with —1 and interchange 


the result with the second row. From there we subtract twice the second row from the third row and also 


add the second row from the fourth row to get one step closer to upper triangular form 


SS eo 


oe 2 © = 


0 


oro oO 


or oO OO 


0 
—1 
0 


oe a a ae eS 


I. 35 (On 


To eliminate the second-last coefficient in the fourth row we add 2-times the third row to 3-times the 


forth row. If A wasn’t invertible, we might get stuck here, if the last row denies to be continued. 


Oo QO Oo 


oO RF CO SO 


wooo o 


We're now heading back: Add 7 times row 4 to row 3, add row 4 to row 2 and 3 times row 4 to row 1. 


This will eliminate the coefficients in the last column up to the lowest one. Doing this, we find 
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oOo OF 


re oO Oo Oo 


—9 
3 
21 
3 
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Here we see, that —3 can be scratched from the third row. From there on, we can add twice row 3 to 
row 2 and subtract 3-times row 3 from row 1, only leaving the top row. This of course can be handled by 


adding row 2 to row 1 once more 


1 —1 3. (OO —6 i —9 
0 1 —2 0 2 —2 0 3 
0 0 —5 6 —-3 =e 
0 1 2 —2 1 3 
1 —1 0 0 9 —ll 6 12 
0 1 0 0 —8 10 -6 -1l1 
0 0 1. @ —5 6 —-3 =f 
0 0 0 il 2 —2 1 3 
1 0 0 0 1 -1 0 1 
0 1 0 0 —8 10 -6 -11 
0 0 Le 4) —5 6 —-3 ai 
0 0 Oi, 2 —2 1 3 
Altogether we have found the inverse matrix 
fi 2 Be gh 1 -1 0 1 
-1 3 _ 1-8 10 -6 —11 
0 -1 2 1 — |-5 6 -3 -7 
—2 1 -2 0 2 2 1 3 
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4.2 Elementary Matrices 


In the previous section we have introduced matrices and the computational operations concerning them - 
namely the matrix multiplication. We will now study different types of special matrices that can be used 
to build up all the other matrices by virtue of the multiplication. This will be of particular interest for 
solving linear systems of equations, as all these elementary matrices correspond to a single operation on 


a system of linear equations. 


(4.13) Definition: 

Let (R,+,-) be any ring and 1 <n € N. Then we will define the set gl, (2) of invertible matrices, the set 
tri, (R) of upper triangular matrices and the set dia,,(2) of diagonal matrices to be the following subsets 
of mat,,(F). Likewise a matrix A € mat,,(R) is said to be a lower triangular matrix, iff A* € tri,,(R) is 


an upper triangular matrix. 


gl,(R) := {Ae mat,(R)| IB emat,(R) : AB=1,= BA} 
trin(R) := {A€émat,(R)|V1<j<i<n : ent,;(A) =0} 
trid(R) = {Aetrin(R)|V1<i<n : ent,;(A)=1} 

ae | eee 
diag (Ry. = 8 : Gisele Lt 

0 O An 


(4.14) Proposition: (viz. 587) 
Let (R,+,-) be any ring and 1 < n € N. Then the invertible matrices gl,, (22) are the multiplicative group 


of the ring mat. In particular gl,,(R) is a (non-commutative) group under the multiplication of matrices 
gl,(R) = (matn(R))” 


Also the upper triangular matrices form a subring of the ring mat,(/). In particular tri,(R) is closed 


under addition and multiplication of matrices and contains the identity matrix 1,, 
tri,(R) <; mat,(R) 


Let now R be a commutative ring and T = (t;,;) € trin() be an upper triangular matrix. Then T is 
invertible, if and only if for any i € 1...n we have t;,, € R*. And the inverse matrix T~! € tri,(R) is an 
upper triangular matrix again, such that tri,() is closed under taking inverses. Also, if T’ is invertible, 


we can compute the solution of 7’z = b recursively from 7 = n down to z = 1, by 


-1 
Ly = ee 
n 
-1 
w = ti lb— Do tiga; 
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(4.15) Corollary: (viz. 588) 
If (R,+,-) is a commutative ring and 1 <n € NN, then any upper triangular matrix T € tri) (R) with 1 
only on the diagonal is invertible and the inverse J! is another matrix of this kind. Therefore tri;,(R) 


is a subgroup of the multiplicative group of mat,,(/), in formal terms 
trin(R) <q gl, (R) 


Now consider some A = (a;,;), B = (bi,j) € tri;,(R) and suppose that for some r € IN with 1<r<n 
and any 7 Aj € 1...n we have both of the implications 


1) If 7 <r then a;,; = 0. That is the left r columns of A are 0 apart from the 1 on the diagonal. 
J p g 


(2) lf 7 >r then b;; > 0. That is the right n — r columns of B are 0 apart from the 1 on the diagonal. 


1 Q1r41 eee ain 1,2 1A 
. 1 
bp—1 r 
1 ’ 
A= eet and B= 1 
t 1 
An—1,n 
1 


1 


Then the product matrix AB is just composed of A on the left and B on the right (in the form that is 


shown below). Beware however, that this need not be true for the reverse BA! 


1 bia: Bip Gtyrtt +s) Gin 
Dre 
AB = 1 Qr,r+1 
1 
An—1,n 
1 


(4.16) Definition: 
Let (R,+,-) be any ring and 1 <n € N. Then we will introduce a number of special (n x n)-matrices. 


First of all, in analogy to the Euclidean bases, for any r, s € 1... we introduce the Euclidean matrices 


Eps = Geers 074) € mat,,(R) 
And if a1,...,@, € R are any scalars we can introduce the diagonal matrix having the entries a; to be 
ay O 0 
a 0 ag 0 
dia(a1,...,@n) = Sai Ei = 
i=1 
0 O An 
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Another important matrix will simply be denoted by N,, it is an upper triangular matrix whose only 


non-zero entries are 1s, one step above (= right of) the diagonal 
Nn := (oie) = , S tri, (R) 


Now, if a € R and i, 7 € 1...n, we define a dilatation matrix D;(a) and a translocation matrix 7; ;(a) 


to be (n x n)-matrices of the following form 


Tij(a) = Int+ak; 
1, + (a = 1) E55 


S 
foo, 
a 
S 
I 


Consider any 7, 7 € 1...n again, then we define a transposition matrix P;; to to be an (nm x n)-matrices 
of the following form 
Py = Un- Bis -— Ena + Bin + Eri 


More generally, let us denote the Euclidean basis of R” by e; = (6;,;) again. That is e; = (1,0,0,...,0), 
eg = (0,1,0,...,0) and so on until e, = (0,...,0,0,1). Then for any function 0: 1...n 4 1...n we 


define permutation matrix P, of o to be the following 


€o(1) 
P, = (do(%),7) = : € mat,,(R) 


€a(n) 


We denote the set of all transposition matrices P;,; and all translocation matrices 7; ;(a) (where i, 
jeEl...nwith i #7 and ae R) of size n over R by 


Elm,(R) := {P53 |i,j€1...n}U{Tij(@) |i #7 E1...n,a€ R} 


The set of elementary matrices finally consists of all dilatation matrices D;(a) (where i € 1...n), all 


translocation matrices T;,;(a) and all transposition matrices P;,; (where i 4 j again). We denote it by 
Elm,(R) := Elm)(R)U{D,(a)|iel...n,ae R} 


If finally A and B € mat,,,(R) are matrices of the same size over R, then we say that A and B are 
elementary equivalent iff there are elementary matrices FE), £o,...,E, € Elm},(R) and F\, Fo,..., Fs € 
Elm} (R) such that B = FE, Eo... FE, AFF... Fs. We denote this by 


5 E; € Elm},(R) and 3 Fy, € Elm}, (R) 
such that B= EF, Eo... H,APF\ Po... F, 
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(4.17) Remark: 
The above definitions are formally correct but some of them are a little bit obfuscated. Hence we wish 


to enlighten them by rewriting the respective formulas in matrix notation: 


e First of all - for i 4 7 - the translocation matrix Tj,;(a) is just the identity matrix I, with the 


(i, j)-th entry being a instead of 0. Intuitively speaking that is 


e By definition the transposition matrix P;,; is the identity matrix in which the (i,7)-th entry 1 is 
moved to (j,7) and the (j, j)-the entry 1 is moved to (7, 7). In that we find that P;,; is the permutation 


matrix that belongs to (7 7), i.e. the permutation that interchanges 7 and j 


e It is quite obvious that all the matrices of Elm) (R) are invertible - in fact we will see in (4.21) 
that Py = P,; and T;,;(a)~! = T;,;(—a). Therefore elementary equivalence = is an equivalence 


relation on the set mat,,,,(R) of matrices of a given size (m x n). 


e Lastly all the dilatation matrices D;(a) are nothing but a diagonal matrix - start with the identity 


matrix 1, but replace the (7,7)-th coefficient by a. That is 


Dyas ada. Aes ty eed a 
a 
a at i-th position 
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(4.18) Proposition: (viz. 589) 
Let (R,+,-) be any ring and 1 < m, n € N. Then we obtain the following formulae when multiplying 


one of the above matrices with another matrix 


(i) For any, s € 1... let E,5 € mat,(R) denote the respective Euclidean matrix. Then for any 
(m x n)-matrix A € matmn(R) and any (n x m)-matrix B € matym(R) we get 


col,(A) ifk =s 

cok (AEs) = 
OifkAs 
rows(B) ifi =r 

row;(E,,.B) = 
OifiFr 


(ii) Consider the square matrix A = (a;,;) € mat,(R), then for any four indexes i, j,k andl €1...n 
we have the following identity 
Ei,j; AER = ajr Ei 


In particular, if we apply this equation to the identity matrix A = 11, = (0;,;), we also get 
Eij Ext = 95,4 Fi, 


(iii) For any r, s € 1... let E,,, € mat,(R) denote the respective Euclidean matrix again. Also let 
a€ R, AE matm»(R) and B € maty (A). Multiplying with the translocation matrix T;..(a) from 
the left adds a-times the s-th row to the r-th row of B. Likewise, multiplying with T,.,(a) from the 
right adds a-times the r-th column to the s-th column of A. That is for any 2, 7 € 1...n we get 


col,(A) + col,(A)aifk=s 


col,(AT,.5(a)) = L(A) ifk A 
col; U 8 


row;(B) + arow,(B) ifi=r 
row;(T;,,5(a)B) = 8) 8) 
row,(B) ifi Ar 
(iv) Consider any a1,...,@) € Rand any 7,...,2, € R™, then the multiplication the diagonal matrix 


of the a; is nothing but the scalar multiplication with these elements, formally 


— i = a 
dia(a1,...,@n) = 
In Antn 
Ti **° In dia(a1,..., an) = TA, +7 InAn 
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(v) Multiplying N,, from the right shifts the rows up one step, multiplying with N,, from the left shifts 


the columns right one step. Formally put: Consider any x1,...,%, € R™ then we get 
— i, —— 5. 
== 3.55 
Ny = 
——_ &n 
— — 
X14 £2 In| Nn = 0 x In—-1 
(vi) If a1,...,%, € R™ again anda: 1...n 4 1...n is an arbitrary function, then multiplying with 


the permutation matrix P, from the left permutes the rows with a, formally 


—— 1 ~~ te) 
Ps : = 
—— Ln ——_ Xo(n) —_ 


Now suppose, that 0: 1...n — 1...n even is bijective. Then multiplying with the permutation 


matrix P, from the right permutes the columns with o~/, formally 


(4.19) Remark: 
In the next section we will introduce the Gaussian algorithm that builds up a matrix S € mat,,(R) such 


that SA is in echelon-form (something like an upper triangular matrix). Let r; be the z7-th row of A 


et 
A= : € matmn(R) 


Tm 


As thereby S will be a product S = FE, Ey... Ez, of elementary matrices E, € Elm,,(R) this means that 


SA is formed out of A € mat,,,(R) by operations on the rows of A, as we have just seen: 


Py A interchanges r; and 1; 
Ti,;(a) A adds a-times r; to r; 
D(a) A multiplies r; by a 
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(4.20) Proposition: (viz. 586) 
Let (R,+,-) be a commutative ring, 1 < p, m,n € IN and consider a set of vectors { 21, 22,...,2%m} C RP?. 


Now suppose { 41, ¥2,---;Yn } C RP? is another set of vectors, that are linear combinations of the x; 


m 
"YR = Pe e€ RP 
j=l 


for any k € 1...n and some coefficients a;, € R. Then, if we denote the matrix of these coefficients by 
A = (aj%) € Matm.n(R), then we find the identity 


(4.21) Corollary: (viz. 591) 
Let (R,+,-) be any ring and 1 <n € N, then we summarize our results concerning the inverse matrices 


of the various elementary matrices 


(i) The set of diagonal matrices is a R-subalgebra of mat,,(J2), that is isomorphic to the R-algebra 


R”. The isomorphism thereby is given by 
R” + dia,(R) : (a1,...,an) > dia(a1,...,@n) 


In particular the matrix dia(ai,...,@n) is invertible if and only if all the a; are invertible in R, 


i.e. a; € R*. And in this case the inverse matrix is given to be 


a7 1 ot) 


dia(a1,...,@n) = dia(d; yi1s2,6, 


(ii) In particular the dilatation matrix D;(ab) is the product of D;(a) and D,(b). Therefore D;(a) is 
invertible if and only if a € R* is a unit in R and in this case the inverse is D;(a~!). Altogether 


for anyi€ 1...n and any a, b € R we have the identities 


D;(a)~* = D; (a~') 
(iii) For any i Aj € 1...n the product of the transposition matrices T;,;(a) and 7; ;(b) is the transpo- 
sition matrix Tj,;(a + b). In particular any transposition matrix is invertible, the inverse of 7;,;(a) 
For anyiA#Aj €1...n being T;,;(—a). Altogether for any i 4 j and any a, b € R we have 
Tij(@) Tij(b) = Tij(a+6) 
Tila)! = Tig(-a) 
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(iv) Let us denote the identity map by id: 1...n 4 1...n:%++ 7%. Then clearly the permutation 
matrix of zd is the identity matrix Pig = 1,. And ifo and7:1...n—41...n are any two functions 
(not necessarily permutations) on 1...m, then the product P, P, of the permutation matrices is the 


permutation matrix of Ta (i.e. in reverse order!), formally 


In particular the permutation matrix P, of o is invertible, if and only if o is bijective, and in this 


case the inverse is the permutation matrix of a! which is the transpose of P,, altogether 


Co SS oe SS. Pe 


oO oO 


(v) If A = (aj,3) € matmn(R) is any matrix of any size and @ € S,, and o € S, are permutations of 


1...m and 1...n respectively, then P,AP>! € matm»(R) is given to be the matrix 


Ge(1),0(1) °° @Q(1),0(n) 
PyAPS* = (a00,e()) a 
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4.3 Linear Equations 


A system of equations is a (finite) collection of equations for several variables 71,...,%,, over some ring 


R. That is we are given some functions f; : R” — R and some b; € R (where 2 € 1...m) and consider 


Fitting) = 
Pohiet5 Oy) SOD 


in as aoe an) = bm 


A solution of this system of equations is an n-tuple (71,...,U%) € R” that satisfies all the equations 


above. The set of solutions is sometimes denoted by 
L = {cE R"|Vie Lie) =-0;) 


However the question remains how to solve such a system of equations. In this generality the problem is 
absolutely unsolvable. In fact very little can be said for sure: In the case R = R or R = C there is the 
local inversion theorem which (under certain conditions) guarantees the existence of a solution. The set 
of solutions is then called a manifold and the branch of differential geometry studies these. And if all the 
f, are polynomial and R is an algebraically closed field, then algebraic geometry studies the structure 


of the set of solutions. To truly find a solution is a different story, however. 


The one and only case in which a complete theory of solving a system of equations exists is the case 
of linear equations. Thereby the system is said to be linear, iff all the f; are multi-linear, Le. iff any 


rE +> fil...,UpR,-..) is R-linear. In this case the system of equations is of the form 


Qy1i%1 + G@12%2 + ..- + Antn = by 
Q21%1 + G@g9%Q + ..- + G2ntn = bo 
Gmaitt “Fe mate = se FE Oran = bm 


for some fixed coefficients a; € R and b; € R (wherei € 1...m and k €1...n). Note that matrices 
provide a very compact notation for linear systems of equations. Just let A = (a;,) € mat,(R) be the 
matrix of the coefficients and b = (b1,...,bm) € R™, then the above system boils down to a single 


equation for vectors (that is finite tuples over R) 
Ag -= 0 


Still a notation does not provide an algorithm of solving the equations. Now this is the purpose of this 


section and we start by giving an example: 


(1) 2%, +200 —34%3+2%, = 8 
(2) 2%, +4279 + 843-444 = 6 
(3) —327, —4%9 +44 = 1 


320 4 Linear Algebra 


This is a (3 x 4)-system and we seek all 4-tuples (71, 72,23, 24) satisfying all 3 equations above. The 
problem is that these equations are interlocked with each other, so let us try to disentangle these 
equations. We see that subtracting equation (1) from equation (2) the coefficient of x; vanishes, so let's 
try (2)—(1) > (2). With equation (3) the case is not so simple, but it works out fine with 3(1)+2(3) — (3) 


(1) 2%, + 2% —3%3+2%4 = 8 
(2) 2%9 + 1lv3-—6%, = —-2 
(3) —2%9 — 9x3 T 8x4 = 26 


So we have reduced the problem by the variable x; at the cost of equation (1) - if we continue using (1), 
then x; will reappear. So we restrict ourselves to (2) and (3). To eliminate x2 let us add (2) and (3) and 
make the result or equation (3), i.e. (2) + (3) > (3) 


(1) 2%, + 2% —3%3+2%4 = 8 
Qy 2%9 + 1llz3 -—6%, = —-2 
(3) 223 “Te 224 = 24 


Let us suppose R = Q, then dividing by 2 we found x3 + x4 = 12 - this is a multitude of solutions, every 
x4 gives rise to another x3 since equation (3) is just 73 = 12 — x4. But by equation (2) this now means 
2Quq = —2 — 11(12 — x4) + 624 = —134+4 1724 and hence x2 = —67 + 1724/2. This can be inserted 
into equation (1) 27, = 8 — (—134+ 1724) + 3(12 — x4) + 244 = 178 — 2224 and hence x; = 89— 1124. 


Altogether any solution x of this system of equations is of the form 


Ly 89 —11 
x —67 17/2 
x3 12 —l 
L4 0 1 


(4.22) Example: 

Before we proceed to develop a complete theory for solving systems of linear equations (SLE) let us 
regard some standard examples of vector-geometry. The idea how to solve an SLE always is to add 
multiples of one equation to another with the aim of finding a new equation in which one variable has 
been eliminated. In consequence, if there are less equations than variables, there will remain some free 


variables. These constitute a space of solutions. 


e Let us regard the equation 27; + 22 = 1 where the variables run over x = (21,22) € R?. This 


is equivalent, to x2 = —2x; + 1 such that we can already write down the general solution of this 


aS) 


Geometrically speaking, the set of solutions forms a line in the plane R? that runs through (0, 1) 


equation 


in the direction of (1,—2) - refer to section 4.8 for details. 
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e If we regard the equation 27; + v2 = 1 with variables x = (21, 22,23) € R® then x3 clearly is 


missing. Nevertheless we may rewrite it in the form 22 = 1 — 22. So if we now look at the set of 


solutions, we find 


XY Ly 0 1 0 
i v2 = 1 — 22, = 1 + £4 2 + £3 0 
X3 x3 0 0 1 


Geometrically speaking, the set of solutions now forms a plane in three dimensional IR? space that 
runs through (0, 1,0) in the directions of (1,—2,0) and (0,0, 1) - this will be covered in 4.8, too. 


The equation 2x1; — x2 + 3x3 = 2 describes a plane in three dimensional space, that lies perpen- 
dicular to (2,—1,3). It is easy to see, that e.g. (1,0,0) is a point contained in that plane. Given 
another plane, described by —4 + 4x2 — 5x3 = 4 it stands to reason that the intersection of these 
two planes should be a line. This line consists of all those 2 = (x1, 72,73) € R®, that solve both 


equations simultaneously. That is it consists precisely of the solutions of the SLE 


(1) 2%, —%9+373 = 
(2) —47, + 429-543 = 


It is clear, that we can eliminate x; form the second equation, by adding the double of equation 
(1), that is we replace 2(1) + (2) — (2) and end up, with 


(1) 2¢,-29+32%3 = 
(2) 2x22 + £3 


This new equation (2) can now be reformulated as x3 = 8 — 222 and if we insert this information 
into equation (1) we get 2a; = 2+ x2 — 3x73 = 24 x2 — 3(8 — 2x42) = —22+ 7x2. By dividing with 
2 (in case of the base ring R = R this is not a problem) we find 2} = —11+ 3.52. Hence the 


intersection of the planes is given to be 


Bee —11+ 3.529 —l1l1 3.5 
Yo x2 = x2 = 0 + 2X2 1 
L3 8— 2x9 8 —2 


Geometrically speaking, the set of solutions forms a line in three dimensional space that runs 
through (—11,0,8) in the direction of (3.5,1,—2). Of course a line was expected, as we started 


with intersecting two planes. 


e Let us now regard two lines in three dimensional space: g runs through (7,8, 0) in the direction of 
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(2,2,—1) and h through (—3,0,9) in the direction of (2, 1,3) 


NI 

o | 
w 
i) 
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We now want to know, whether these lines intersect and (in case they do) at which point that is. 


To answer this we regard the equation 


7 2 —3 2 
8 | +s 2 a 0 +t 
0 —1 9 —3 


Written explicitly this is a SLE having 3 equations and 2 the variables s and t. We already present 
this SLE in standard form: 

(1) 2s—2t = -10 

(2) 2—-t = -8 

(3) -s+3t = 9 


We now divide equation (1) by to and add the result to (3), that is (1)/2 — (1) and (1)+(3) — (8). 
We hence get 


(1) s-t = -5 
(2) 2s-t = -8 
(3) Zt Al 


Dividing equation (3) by 2 as well, we find t = 2. And if the insert this result into equation (1) we 
also find s = —5 +t = —3. Note that we have not used equation (2) so far, but it also imposes a 
condition on (s,t). Let us check the result in equation (2): 2s —t = 2-(—3) — 2 = —8 is satisfied. 
That means, (s,t) = (—3, 2) truly is a solution of the SLE and in fact we find the common point on 


the lines g and h: 


(4.23) Proposition: (viz. 678) 
Let (R,+,-) be an arbitrary ring, 1 < m,n € IN and consider any matrix A € mat,,»(R) over R. Finally 


let x € R” and b € R™, then we obtain the following statements 


(i) Let us denote L(Ax = b) := {x € R” | Ax =b} the set of solutions of the linear system Ax = b 
of equations. If b ¢ im(A) then there is no solution L(Az = b) = 0. Conversely if b € im(A) then 
there is some special solution u € R” with Au = b. And for any such wu the set of solutions is then 
given to be 

L(Az =b) = u+kn(A) 


(ii) If S € gl,(R) and T © gl,, (2) are any two invertible matrices, let us denote D := SAT € 


Matmn(R). Thereby the following two statements are equivalent 


(a) Ax = b 


(b) there is some z € R” such that x = Tz and Dz = Sb 
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(iii) If we use notation of (i) and (ii) before, then the set of solutions of Az = b can be reformulated as 


L(Az =6) = TL(Dz = Sb) 


(iv) Let us continue with (iii), if Sb ¢ im(D) then there is no solution L(Axz = b) = @. Conversely if 
Sb € im(D) then there is some u € R” with Du = Sb. And the set of solutions is then given to be 


L(Az =b) = Tu+Tkn(D) 


(4.24) Example: (viz. 678) Diophantine Equation: 
Consider some Euclidean domain (R,v) such as R = Z and pick up some coefficients aj,...,an € R 


where we assume the a; 4 0 to be non-zero. Then we consider the linear equation 
L(x) := aya, +--+ + antn = b 


where 6 € R again. Thereby the set of solutions is L = {x € R” | L(x) =b}. In order to present a 


complete set of solutions for this equation let us proceed one step at a time: 


e Let us denote a greatest common divisor of the coefficients by d € gcd{aj,...,a,}. Then the 


equation L(x) = b admits a solution x € R” if and only if d divides b. Formally that is 
LAO <= dlb 


This is due to proposition (2.79.(iii)) which tells us, that im(Z) = dR. In fact the enhanced Euclidean 
algorithm (2.69) provides some wy ,...,Un € R such that ayuy +---+@nUyn = d. And thereby we 
get a special solution s € R” of L(x) = b by taking 


b b 
= [- .eey sUn L 
S (Gu. jun] € 


e Incase n = 1 the solution is quite simple and uniquely determined: Since d = a, we have a solution 
to a,x, = b if and only if a; | b. In this case the solution x; = b/a, is uniquely determined and 


can be computed by division with remainder. 


e In case n > 2 it is clear that the solution cannot be uniquely determined any longer, as L will 
have a non-zero kernel. In fact we know by (4.23) that L = s+ kn(Z), where s is any solution 
L(s) = b, e.g. the one presented above, using the enhanced Euclidean algorithm. In the next step 
we will look at the kernel in case n = 2 only: Here we find that kn(Z) = (a2/d,—a;/d)R such 


that altogether the set of solutions is given to be 
b b ag ay 
i | { ( t, t) te R} 
(us 72) ine oe 


e In case n > 3 let us denote some greatest common divisor of the first k € 2...n coefficients by 


dy, € gcd {aj,..., a, }. In the notation above that is d, = d. Also pick up some u;,, € R (where 
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1<i<hk, eg. using the enhanced Euclidean algorithm) such that we get 
Quik t: + +apuRe, = de 


We already know L = s + kn(L), but we now give an explicit description of the kernel kn(L) to 
be the image of the following nm x (n — 1) matrix A. That is we have kn(L) = im(A) and hence 
IL = s+ im(A), where 


az/dz agui2/d3 +--+  antin—1/dn 
—a;/d2 azu22/d3 +++ Antlan—1/dn 
0 —d2/d3 AnU3,n—1/dn 
A= ; 
0 
Opa ay A Oe 
Formally that is A = (a;,~) € matn.»—1(R) is the matrix given by the coefficients (a1,1,...,@n,1) = 


(a2/d2, —a;/d2,0,...,0) and for any i€ 2...n andke€1...n—1 we have 


Ap41Uik/dros ifi<k 
Aik = —dy,/dp+1 ifi=k 
Oifi>k 


Proposition (4.23) provides a strategy for solving linear systems Ax = b of equations: Find invertible 
matrices S and T’ such that D = SAT becomes an easy matrix. Well, D is easy if the equation Dz = Sb 
can be solved easily. This of course is the case, if D is something like a diagonal matrix - one entry 
per column - as in this case we do not have an interlocked system of equations, but simply n separate 
equations of the form a,x; = 0,. 

So we will have to define, when the matrix D is easy (this will be called the Gauss-form) and we 
have to provide a way of finding S and T’ - this will be the Gauss-algorithm. Then we only have to solve 
Du = Sb (supposed such an wu exists), as then L(Az = 6) = Tu+Tkn(D). 


(4.25) Definition: 
Let (R,+,-) be an arbitrary ring and 1 < m,n € N, then for any n-tuple a = (a1,...,@n) € R” with 
a # 0 we denote the index of the first non-zero entry of a by p(a), that is 


play 3 mint ke ban.) a, £0} © dian 


Specifically for a = 0 we let u(a) := oo. Analogously for an (m x n)-matrix A € mat», »(R) with 
A = (a;,~) we let (0) := co and for A 4 0 we define p(A) to be the index of the first non-zero entry of 


any of its rows, formally again 


(A) := min{ u(row;A) |iel...m:a, 40} 
= min{keél...n|diel...m:aj, 40} 
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(4.26) Definition: 
Let (R,+,-) be an arbitrary ring and 1 < m,n € N again, then a matrix A € matm,»(R) is said to be in 


echelon-form, iff either A = 0 is zero, or A #0 and there is some r € 1...m such that: 
(1) pu(row, A) <--+ < p(row,A) and 
(2) Vi € IN with r <i < m we have row;(A) = 0 


That is the non-zero entries of A form a descending (from top left to bottom right) stair. In particular 
the zero-rows of A are at the bottom of A. Now A is said to be in Gauss-form, iff A is in echelon-form 
and any non-zero row begins with a 1 € R (not just any non-zero element of R). That is: let r € IN be 
as before, r := max{i € 1...m|row;A £0} and let us abbreviate k(z) := p(row;A) for anyi€l...r, 


then A is in Gauss-form, iff also 
(3) Vie l...r we get a; x) = 1 
(4.27) Example: 


The following (3 x 4)-matrix features r = 2, (row, A) = 1, u(row2A) = 3 and pu(row3.A) = oo and hence 


is in echelon-form. However it is not in Gauss-form, as entg3A = 241 


1 0 -1 4 
A= | 0 .0.-2- 0 
00 0 O 


The next example of a (4 x 4)-matrix is not in echelon-form, as the second column features a double-step. 


That is p4(row2B) = 2 and (row2B) = 2 which contradicts the strict inequality ju(row2B) < p(row2B) 


100 1 
B= 0 1 0 0 
0 111 
000 1 


(4.28) Example: 
If a system of linear equations is in Gauss form, then it is truly possible to solve this system. As an 


example, let us consider the following system 


012 —-3 1 —5 
001 -4 5 i 
xX = 
000 0 1 2 
0 0 0 0 0 


Written explicitly - where we denote x = (%1,%2,%3,%4,%5) as usual - this system abbreviates the 


following set of equations 


(1) w2+2%3-3a4+25 = —5 
(2) £3 —4%4+9%5 = 

(3) wt = 2 
(4) ve 
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First of all it is clear that equation (4) is a void condition, the set IL of solutions is solely determined 
by equations (1) to (3). This would have been entirely different, if we had the equation 0 = 1, in this 
case we had IL = @, as there would be no specific solution wu. Also the variable x; does not occur in the 
system at all - due to col;(A) = 0. Consequently the set L of solutions will be of the form R x L for 
some subset L C R4. 


Let us now turn our attention to solving this system: In this case we already know x5 = 2 and this allows 


to deduce 73 = 7+ 4x4 — 5x45 = —3 + 4x4 from equation (2). This again can be used in equation (1) to 
obtain rg = —5 — 273 + 344 — &@5 = —7 — 2(—3 + 44) + 344 = —1— 524. Altogether the solutions x are 
of the form 
Ly 0 1 0 
—1— 524 = 0 —5 
xe = |-34+4¢,| = | -3])4+2,]/0] +24] 4 
LA 0 0 1 
2 2 0 0 


So, as could have been expected from (4.23), the set of solutions IL is of the form L = u+ K where 
u = (0, —1, —3,0,2) is a specific solution to the system and Kc is the kernel of A, here K is a (rank 2) 
submodule of R°. 


(4.29) Lemma: (viz. 681) Gaussian Algorithm 
Let (R,+,-) be a commutative ring, 1 < m, n € IN and consider any (m x n)-matrix A = (aij) € 
Matmmn(R) over R. There is an (m x m)-matrix S € mat,,(R) that is a product of elementary matrices 
S =S,...S¢ where S;, € Elm,,(2) such that 


E := SA € matmn(R) 


is in echelon-form. By remark (4.19) S thereby encodes operations on the rows of A. And this matrix S$ 


can be found using the following Gaussian-algorithm, that iterates on the number m of columns of A: 


(1) Initialisation: Pick up a working matrix E = (e;,;) := A and begin with S := I,. The algorithm 


starts with row number r := 1. 


(2) Termination: If the r-th row and all rows below that are zero (that is row;(Z) = 0 for any 2 € 


r...m), then & is in echelon form and hence we may terminate. Else we commence with step (3). 


(3) Targetting: Among the r-th to last row of & seek out the row with the first non-zero entry, say this 


is the s-th row. To be precise we take 


u := min{ p(row,Z)|uver...m} 


s := min{ter...m| p(rowF) =u} 


(4) The Pivot: Swap the r-th and the s-th row of E, that is we move the row with the first non-zero 


entry up to the top row of our current step 


S 2S Feo 
E = P,E 
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(5) 


(6) 


The Procedure: Now, for any i € (r + 1)...m proceed as follows: If e;,, = 0 then ignore this 7, 


else - if e;, 40 - replace 


S := Tir (—€i,u) Di(eru) 
Bo: Tir (—€i,u) Dil€ru) £ 


The Recursion: Supposed r < m consider the next row, that is replace r := r + 1 and iterate to 
step (2). If m =r, then terminate the algorithm - E is in echelon-form. Note that step (2) may 


also terminate the algorithm. In any case we find EF = SA a matrix in echelon-form. 


(4.30) Remark: 


(i) 


(i 


(iii) 


(iv 


— 
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Let us explain the Gaussian algorithm a bit: The main step (5) is where the actual computations are 
done. If we decode the operations of the elementary matrices they actually become quite simple: 
In fact for any i € (r+ 1)...m the algorithm simply multiplies row number 7 with e,.,, and then 


subtracts €;,,, times row number 7, that is 


row := e€ry(rowi LE) — e;,,(row,E) 


As the algorithm is iterated at most m times and the r-th iteration requires at most m— r row- 
operations (as described in (i) above) the algorithm needs a total of at most m(m — 1)/2 row- 


operations. 


If R is a field, then Elm,,(R) C gl,,(R) all elementary matrices are invertible and hence S is 


invertible, too, being a product of such matrices. 


If R is a field, the matrix & = (e;,;) in echelon form can easily be processed into a matrix G in 
Gauss-form: Let r be the number of non-zero rows of F, that is r= #{i€1...m|row,E ZO}. 


Further let k(z) := w(rowl) €1...n and e; := e; ~q) and 
1 1 
D := dia (Se Sstent) 
71 qr 
G := DE 


Then G is in Gauss-form, 7’ = DS is a product of elementary matrices still, and G= TA. And as 


we will see in (v) this allows to solve the system of linear equations Az = b. 


Suppose we are given a system of linear equations Ax = b over a field R. We then use the 
Gaussian algorithm and (iv) to find a matrix T' € gl,, R such that G = TA is in Gauss form. Then 
by (4.23) the set of solutions of Ax = b is given to be: 


L(Az =6) = L(Gr=Tb) 


Hence it remains to solve the equation Ga = Tb. But as G = (g;,;) is in Gauss form this is feasible: 


also refer to the example above. 
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For a more formal approach let us denote the number of non-zero rows of G by r € 0...m, that is 
ri=7#{tE1...m|row;G #0}. Also let k(z) -= u(row;G) € 1...n and gj := gi,4(¢) again. Then 


we we can iteratively compute the solution beginning with 7 = r down to i = 1 


ayy = (i- Yo gga; 


j=k(i)4+1 
Thereby all the variables {21,...,2, } \ ebptyy.ns attest remain undetermined. That is any 
choice of these variables produces a solution, whereas the variables xj(1),-..,x(r) are determined 


by these indeterminates. In other words the kernel of G is (n—1)-dimensional subspace of R” and 


the set of solutions is of the form 
L(Ar = 6b) = u+kn(G) 


(vi) It might be helpful to reformulate the Gaussian algorithm in pseudo-code, so that’s what we want 
to do now: First of all we will need the following variables: A = (a;,;) and E = (e;,;) € matrmR, 
S = (s;,;) € mat(R) also i, r, s and u € IN and finally swap € R”. 
S< Im 
ECA 
rel 
while (r <_m) and (4s €r...m:rows(E) 4 0) do begin 


u€ min{ u(row,(F)) |v er...m} 
se min{ter...m| u(row(£)) = u } 
if (s Ar) then begin 
swap < row,.(F) 
row, (£7) — row, (E) 
rows(£) + swap 
end-if 
for i :=r+1 tom step 1 do begin 
row; (S) < Sp4(row;(S)) — $;,4(row,(S)) 
row;(E) < ep .,(row;(E)) — e;,,(row,(E)) 
end-for 
r<—r+l 
end-while 


(4.31) Example: 
We would like to enlighten things a little, by presenting an example of the workings of the Gaussian 


algorithm in the case of the following example 


0 1 2 -3 1 
Nees O 1 4 -7 6 
0 2 4 -6 2 
0 -1 1 3 #0 
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First of all the Gauss-algorithm initializes FE := A, S := I, and starts with row r = 1 now, as A is 
non-zero the algorithm does not terminate right away. As the 1-st column of & has a minimal non-zero 


entry we get u = 2 and s = 1. Now as r = s there is no need to pivot (we have e2,; = 1 ¥ 0). 


In the central step, for 7 = 2, we get S = T21(—1) Do(1) and multiply & with T>1(—1) D2(1) from the 
left. That is the 2-nd row is multiplied with 1 (which changes nothing) and then —1 times the 1-st row is 
added to the 2-nd row. Likewise for i = 3 we multiply with 73 1(—2) D3(1) from the left again. That is 
the 3-rd row is multiplied with 1 (void again) and then —2 times the 1-st row is added to the 3-rd row. 
Finally for i = 4 we multiply with 7 1(1) D4(1) from the left, that is we add the 1-st row to the 4-th row. 
So far we've got S = T41(1) Da(1) T3,1(—2) D3(1) To,1(—1) Do(1) and E = S'A which amounts to 


i Oc ON. FO. Gl 28 e- QV -D ag -28 
-1100/|/0 1 4 8 -4| |002 -4 5 
202 Oi SG Ot eG STG ONG) We 20 
i Oe TAO a: 29-8. 8 (ie es: i 


Now the Gauss-algorithm iterates with r = 2. The first column with non-zero entries (from row 2 on) 
is s = 2 with u = 3, so again there is no need to pivot (e32 = 2 4 0). However for 2 = 3 we find 
€3.2 = 0 and hence we continue with 7 = 4 already. Hereby we multiply with 7 2(—3) D4(2) from the 
left which is: First multiply row 4 with 2 and then add —3 times the second row to row 4. So S has 
risen to S = Ty2(—3) D4(2) T11(1) T3,1(—2) T2,1(—1) (omitting identity matrices) and this step yielded 


the matrices 


1 0 0O 0 0 12 -3 2 0 12 -3 2 
0 1 0 0 OP O22 4 8") 6 Oe 2 og 
0 O 1 O 000 0 0] {000 0 0 
0 -3 0 2 003 0 1 0 0 0 12 —13 


As we have a zero-row row3F = 0 the following step r = 3 will be the last one to take. But let's stick 
to the letter: Here we get u = 4 and s = 4 so we have to swap rows 3 and 4 by multiplying P34 from 


the left. So by now we found the matrices 


1 0 0 0 1 0 0O 0 1 0 0 0 1 0 0 0 
ic 0 1 0 0 0 1 0 0 —-1 1 0 0 = -1 1 0 0 
000 1 0 O 1 O —2 0 1 0 5 —3 0 2 
0 0 1 0 0 -3 0 2 1 00 1 —2 0 1 0 
1 0 0 0 0 1 2 -3 1 0 12 -3 #1 
Be -1 1 0 0 0 1 4 -7 6 = 0 0 2 -4 5 
5 —3 0 2 0 2 4 -6 2 0 0 0 12 -183 
—2 0 1 0 0 -1 1 3 =O 000 0 0 


In step r = 4 we see that rowaE = 0 already, hence the termination condition (2) of the Gaussian 


algorithm is satisfied. And in fact, we see that E is in echelon-form already. 


Note that this does not represent the modified linear system of equations that we computed in the intro- 
ductory example. The reason is that in the manual computation we have evaded the common multiple of 


2 in the first step (2) — (1) — (2). But the Gauss-algorithm does not check for common multiples. 


330 4 Linear Algebra 


(4.32) Example: 
Here's a complimentary example for those chess-players out there: Let us consider a knight on a chess- 
board (of infinite size). We want to know, whether it can reach any square and what the redundancies 


are, when moving this chess piece. So let us enumerate the squares the knight may move to 


If it starts at (0,0) the valid movements are m, = (2,1), mg = (2,—1), m3 = (1,2) and m4 = (—1, 2). 
We only need to count the number of times the knight is moved in the directions m to ma, as the sequel 


of moves has no impact on the end location. Altogether the possible locations the knight may move to 


2 2 1 -i1 
Ww = 
( —-1 2 2 


As M(—1,1,1,0) = (1,0) and M(0,—1,1,—1) = (0,1) we see, that the knight may reach any square 


on the chess board, given time. So if we want to reach square (x, y) we can use the number n; of moves 


are the image of the following matrix 


in direction m,; given by (ni, n2,n3,n4) = (—v, x —y,x + y,—y). We will prove shortly that the kernel 
of M is the following: 


1 0 
1 4 
kn(M) = Z} | +Z) _, 
b 5 


So these are the non-trivial moves, that return the knight to its starting location (e.g. a trivial move 
would be m1, m2, —m1, —mz2). Combining all this with (4.23.(i)) we see that the possible numbers 


n = (n1,N2,N3,N4) of moves to take the knight to square (x,y) are 


—2x Al 0 
— al 4 
L (n= (*)) a P"* lag re 
y r+y —2 —3 
—y 2 5 


Prob It is easy to verify (a,a + 4b, —2a — 3b, 2a + 5b) € kn(M) for any a, b € Z. Conversely consider 
n € kn(M) and let a := ny. As ng + 4 = (n3 — n4) + 2ng = —2(n1 + ng) + 2n4 we have 2 | ng +4. 
As also ng — n1 = 2(n3 +4) we get 4 | ng — 74. Let b := (ng — 1)/4 then ng = a+ 4b. Eliminating 
n4 from M we get 5n4 + 3n2g + 4n3 = 0 and from this ng = —2a — 3b. Eliminating n3 from M we get 
3n1 + 5n2g — 4n4 = 0 and hence also ng = 2a + 5b. 
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Let us close this section with another algorithm to solve SLEs with an equal number of variables and 
equations over a field. This is a rather common situation and this algorithm is particularly useful, if you 


need to solve Ax = b for lots of different b. However it also requires A to be an invertible matrix: 


(4.33) Proposition: (viz. 682) 
Let (F,+,-) be a field and A € gl,,,,(F’) an invertible, square matrix over F’. Then there are matrices 
P, to P, and L; to Ly, all in mat,+1(£’) satisfying the following three properties 


(1) Any Py (where 1 < k <n) is the permutation matrix of a transposition of the form (k q(k)), that is 
Py = Pocg(e)), where k < q(k) < n+ 1. In particular P? = Dn41. 


(2) Any Ly (where 1 < k < n) is In41 augmented by some entries on the k-th column, below the 
diagonal. That is ent;,;(L,) = 1 for i = j and for i 4 j we have: ent;,;(Ly) = 0 whenever j # k or 
i<k. In particular Li € trij,(F) such that Ly is invertible. 


(3) The matrix U := Ly, Py, ... LoP2 11 P, A € trin(F) is an upper triangular matrix. 


For any k € 1...n let us denote i = Ph... Peai lp Pey1... Pn, then the Te are of the same shape, as 


Ly, (as described in (2) above). Let us also denote the permutation matrix P := P,,...P:P, and likewise 


L := Ln... L2Ly. Then we have L* € trina (F) and we can rewrite the equation in (3) in the form 


U = LPA € trinyi(F) 


(4.34) Remark: 


(i) By property (2) above, any Lz is 1,41 up to entries on the k-th column below the diagonal. In the 
proof we will use the term lower-k-columns-only for matrices of this kind. The same is true for Ln 


as it is just ZL, subjected to a permutation of these lower-k-column entries 


LT, = 


(iit) This allows to compute the solution x of the SLE Ax = b: The proposition grants an upper 
triangular matrix U, a lower triangular matrix L and a permutation matrix P such that U = LPA. 


Therefore we can compute the solution x € F”*+ in the following way: 


© compute y := LPb 


e solve Ux = y for x, using (4.14) 


Prob as both P and L are invertible Az = b is equivalent to LP Az = LPb and this is Ur = y. 
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(iii) LU-decomposition: As L only has 1 on its diagonal, its determinant is det(Z) = 1 and thereby 
L-) = L#. Clearly L# is a lower triangular matrix with all 1 on the diagonal, again. And from 
U = LPA we then get the decomposition of PA 


PAS Te 


That is we have found an upper triangular matrix U € trin4i(F’) and a lower triangular matrix 
L:= 17! such that L* € trig) and A is decomposed into L and U, up to permutation P. 


(iii) Let us present some pseudo-code for how to compute the P;, L;, and U of proposition (4.33) for a 
given matrix A € gl,,,,(#’). Note that the choice of g(k) is arbitrary, for computations by hand it 
might be best to watch out for divisibilities. Considering numeric stability in a computer algebra 
programs it is advisible to pick the q(k) such that |[U]qx),4| is maximal. 

UcA 
for (k = 1) to n do begin 
choose q(k) € k...n +1 such that entg,,) .(U) #0 
Ly © Unqi 
Pr Peak) k) 
swap < row;(U) 
row, (U) — rowgxy (UV) 
roWg(k)(U) < swap 
for (i =k +1) to (n+ 1) do begin 
ent; ~(L%) — —ent;,(U) - ent, .(U)—! 
row;(U) + row;(U) + ent; ,(L;,) - row,(U) 
end-for 
end-for 


(iv) The best way to track and compute this algorithm is to use a tableau of the following form: Note 


that the method, how to get Ly from P,U,_1, is described in the algorithm above 


k bg Uz-1 Pr PrUg_-1 | Lr 
(1 q(1)) U=A Paga)) | PUo | a 
2 (2 g(2)) I, P\Up Poag(2)) | Pei | Le 


n (nq(n)) | Ln-1Pr-1Un-2 | Pr Pau it: | Lp 


n+l U = Ly PrUn-1 


(v) Recall the (4 x 4)-matrix that we inverted at the end of section 4.1 and take it for A. If we choose 
q(1) = 2, q(2) = 3 and q(3) = 4 that is P, = Paya), Pe = P23) and P3 = P34) respectively, then 
the LU-algorithm above turns A into the form U = LPA, which becomes 


1 -1 3 3 1 0 0 0 0 1 0 0 4 -2 5 8 
0 -1 2 1 . 0 1 0 0 0 0 1 0 -1 3 3 
0 2 9 2 -l1 1 0 0 0 0 1 Ores]. 622 sab 
0 0 0.5 —-1 0.56 1.5 1 1 0 0 0 —2 1 -2 0 
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4.4 Matrix Representations 


As we have seen so far, matrices do provide two things: They can be used to formalize and solve linear 
systems of equations and they enable us to study explicit examples of linear maps. In short they allow 
computations in module theory of modules of the form R”. However a finitely generated, free R-modules 
always is isomorphic to such an R-module. So in this section we address the topic how to pull general 
module theory (of finitely generated, free R-modules) into the computational range of matrices. 

To do this we clearly have to fix an isomorphism M >> R” by choosing an R-basis M = {m,...,7n }. 
But this alone does not suffice: As bases are sets only, we have to decide which element of the basis 
corresponds to the first coordinate, which to the second and so on. That is we have to fix a certain order 
on the basis M - otherwise the isomorphsim M ™ R” is only determined up to permutations of basis 
elements. That is, instead of a set M = {m,...,7™n} C M we have to fix a tuple M = (mj,..., mn). 


So let us recall the definition of an ordered basis: 


(4.35) Definition: 
Let (R,+,-) be an arbitrary ring and M be an R-module. Then an n-tuple M = (m1,...,™n) where 
1<neéWN and m; € M is said to be an (finite) ordered R-basis of 1, iff it satisfies 


(1) {mi,...,™n} C M is an R-basis of 


(2) the m; are pairwise distinct: m; =m; —> i=] 


(4.36) Remark: 


(i) By definition any R-module M, that has a basis is called free, but most modules aren’t. Hence an 


R-module M only has an ordered basis, iff it is both, free and finitely generated. 


If R is commutative or a skew-field, then the number n of basis elements is uniquely determined 


however - refer to (3.94). And this number n has been called the dimension of M 


n = dim(M) 


(iit) The standard basis of R” itself is the so-called Euclidean basis E(n) := { €1,...,€n } where for 


any j € 1... we chose e; = (6;,;) € R”. Written explicitly that is 


Bie 10.0555 700) 
ey 1/010). 250,0) 
Ey = 1(0,0;02. 2051) 
By abuse of notation we denote the ordered basis €(n) := (e1,..., €n) composed of these Euclidean 


vectors, by the same symbol €(n) or simply by €. This should not cause any problems, however. 
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(4.37) Definition: 
Let (R,+,-+) be aring and M, N be R-modules again. Also fix some ordered basis M = (my,...,™s) © 
M and N = (nj,...,n-) C N of M and N respectively. If now x € M then we denote 


and [a]; := 2; € R, the j-th coefficient of « with respect to the basis M. Also ify: M—> Nisa 


homomorphism of R-modules, then we define the (r x s)-matrix (where 7 € 1...r and j € 1...5) 
oy = ( [y(m5)], ) € mat,,;(R) 


(4.38) Remark: 


(i) Let us give an alternative definition of the matrix representation of y: The coefficients a;; € R of 
Ow = (aj,;) are the representations of p(m,) in terms of the basis NV’. And thereby the coefficients 
a;,; are defined by the property 


2 
elms) = So aig ni 
i=1 


That is the j-th column of [ey is the basis representation of the image of the j-th basis vector of 


M in terms of the chosen basis of NV 


(ii) In case of an endomorphism y : M — M where we fix the same ordered basis M on both the 


preimage M and image M we just write 


And if the bases M of M and N of N are understood, we will often simplify the notation by 


omitting the bases names, that is we write [z] instead of [a], and [y] instead of We 


(iii) In case M = R*® there is no difference between the element x € M itself and its representation 
in terms of the ordered Euclidean basis €(s): Consider x = (a1,...,25) € R* then clearly x = 


pa xje; and thereby = is precisely its representation in this basis 


i [z}e(s) 
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(4.39) Example: 
As an example let us regard the polynomial ring R[t] as an R-module. Clearly R[t] is free, as its basis 


is given by the monomials { t* | k € IN}. The derivative 0: R[t] + R[t] is the following map 


@) (done = So kat? * = So (k+ Magy t* 
k=0 k=1 k=0 


In order to give a matrix representation of the map O we have have to restrict ourselves to a finitely 
generated sub-module of R{t]. That is we fix a number n € IN and regard the R-module of polynomials 
of degree up to n. 

M = {fe Rt] | deg(f) <n} 


Note that this no longer is a ring, as it is no longer closed under multiplication. It still is closed under 
addition and scalar multiplication and hence an R-module. It stands to reason to pick up the following 
ordered basis of M: T := (1,t,t?,...,¢”). Then M is isomorphic to R"*! under the isomorphism 


n 
Rett SoM 4 (a0; 41,---5@n) 4 > ant 
k=0 


And as 0(t*) = kt*-! maps one base element to a multiple of another, the derivative 0: M — M has 
the following matrix representation with respect to this ordered basis 7: 


010 0 -:-:- 0 
0 0 
0 

[a] = | 
0 0 n-1 
00 0 0 0 


(4.40) Lemma: (viz. 593) 
Let (R,+,-) be any ring, be a finitely generated, free R-module and fix an ordered basis M C M. 


Then «++ [z],4 is R-linear, that is for any vectors x, y € M and some scalar a € R we get 


[az] yy = a [zr] yy 


[t+ylm = [elytra 


Now consider another finitely generated, free R-module N and fix an ordered basis NV C N again. Then 
pr Ww is R-linear, as well, that is if ~ and w: M — N are homomorphisms of R-modules, then 


[ay] as alla 
oto, = i+w 
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Finally let L be a third finitely generated, free R-module and fix another ordered basis £ C L. For the 
following three equations we also require R to be commutative! If now gy: L > M andy: M+ N 
are homomorphisms of R-modules and x € L, then the composition of maps is compatible with the matrix 


multiplication, that is we find 


elm = (lll, 
ot = Wh wit 


In particular, y is an isomorphism, if and only if its matrix representation is invertible. In this case the 


' is precisely the inverse matrix of [oly formally 


eM = (tah) 


Let M = (m1, m2,...,ms) and N = (n1,n2,...,n,), then the representation of a module homomorphism 


pas a matrix ow is an isomorphism in itself, from the R-module mhom(M, NV) to the R-module mat,.<(R). 


matrix representation of p~ 


That is we find the following isomorphy 
mhom(M,.N) + mat,,(R) : p [oly 


The inverse map can be constructed as follows: Given A © mat,.,.() then we need to define y4 : M > N 
such that [pal = A. For x € M we have [a] ,y4 € R® and hence A[z],, € R” such that we may take 


(4.41) Remark: 

Let L and M be R-modules and fix the ordered bases £L = (¢1,...,4) and M = (m1,...,ms) re- 
spectively. Let also y : L — M be an R-module-homomorphism and denote its matrix representation 
concerning these bases by A = [y] € mat, ;(R). If now x € Lis a vector, then the property [y(x)] = [y][z] 


is just the commutativity of the following diagram: 


cr r> (x) 
ce DL + My 
[ to fF | 
[2] Be a> CR ily] 
u t> Au 


And if NV is another R-module with the ordered R-basis NV = (nj,...,n,) and ~: M — N is another 
homomorphism of R-modules having the matrix representation B = [7] € mat,,(), then the property 
[Wy] = [w][y] is just another commutative diagram: 


a 
ec ©) 
R= 

A 


4.4 Matrix Representations 337 


(4.42) Corollary: (viz. 595) 
Let (R,+,-) be a commutative ring and consider two R-modules M and N which are free and finitely 


generated and let s := dim(M) and r := dim(N). Then we obtain the following statements: 


(i) Let p : M — N be a homomorphism of R-modules. Then the following three statements are 
equivalent (and in this case we already have r = s, of course) 
(a) vy is invertible (i.e. bijective) 
(b) There are some ordered bases M of M and N of N such that the matrix ew is invertible. 


(c) For any two ordered bases M of M and N of N we find that the matrix aw is invertible. 
(ii) If A € mats(R) is a square matrix, then the following two statements concerning A are equivalent 


(a) A is invertible 


(b) There are ordered bases M, M’ of M such that A is the matrix representation A = [aly 
of the identity map yy on M. 


(iii) If M = (my,..., ms) is an ordered basis of M and T = (t;,;) € mat,(R) is an invertible matrix, 
then we obtain another ordered basis M’ = (m}{,...,m/,) of M by letting (for any 7 € 1... 5) 
s 
mi; = ys My 
i=l 
Nota thereby T becomes the matrix of the change of base from M’ to M. That is T transfers M’ 


to M in the following sense: T = [Iy|X4, and T-! = [Mal respectively. 


(iv 


— 


If M and M’ are ordered bases of M, likewise NV and N’ are ordered bases of N andy: M > N is 
any homomorphism of R-modules, then we let $ := [Ia], € mats(R) and T := [tiv}y € mat,(). 


Thereby both S and T’ are invertible matrices and we find 
(ete = Thelts 


(v) If ¢: M > M is an endomorphism of the module M and M, M’ are ordered bases of M, then for 
= [nal € mat,(2) we find 
yl = TlyluT 


(4.43) Definition: (<>) 
Let (R,+,-) be a commutative ring, MW be a free, finitely generated R-module and y € end(M) be an 
endomorphism of 4. Then we may define the trace and determinant of y by picking up any ordered 


basis M C M and using the trace and determinant of the matrix representation of vy: 


tr(y) tr ([~] m1) 
det(y) := det([y]u) 
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Prob We need to prove the well-definedness, that is given another ordered basis M’ C M and letting 
A := [pla and A’ := [y]ay we need to check that tr(A’) = tr(A) and det(A’) = det(A) yield the 
same result. But by (4.42.(v)) there is some 7’ € gl,,(R) such that A’ = TAT~1. Therefore by (4.8.(v)) 
we have tr(A’) = tr(TAT~') = tr(ATT~') = tr(A) and by (4.55.(ii)) also det(A’) = det(TAT~!) = 
det(T)det(A)det(T)~! = det(A). 


(4.44) Definition: 
Let (R,+,-) be a commutative ring and 1 < m, n € N. Then two matrices A and B € mat»,,(R) are 
said to be equivalent iff there are invertible matrices S € gl,,(R) and T € gl,,(R) such that 


Avr B := B= SAT 


Moreover two square matrices A, B € mat,,(R) are said to be similar iff there is an invertible matrix 
T € gl,,(R) such that 
AB. 3s BS PAT * 


(4.45) Corollary: (viz. 596) 
If (R,+,+) is a commutative ring, 1 < m,n € WN and A, B € matm(R) we get the following statements 


(i) The equivalence ~ of matrices is an equivalence relation on the set mat,» (J?) of (m x n)-matrices 
over R. Thereby A ~ B are equivalent, if and only if there is R-linear map y: R” — R™ and 
there are some ordered bases M, M’ of R™ and N, N’ of R” respectively, such that 


A = [yl and B = [yl 


(iit) The similarity ~ of matrices is an equivalence relation on the set mat,,(f) of (n x n)-matrices over 
R. Thereby A & B are similar, if and only if there is R-linear map y : R” — R” and there are 
some ordered bases M and NV of R” such that 


A= [ylm and B = [ylw 


(iii) If B = SAT for some invertible matrices S € gl,,(R) and T € gl,,(R), then the kernel and image 
of A and B satisfy the following relations 
im(B) Sim(A) 
kn(B) = T'kn(A) 


(4.46) Proposition: (viz. 598) 
Let (R,+,-) be a commutative ring and let M be a (free, finitely generated) R-module having the ordered 
basis M = (m1,...,7™n) C M. Finally consider y € end(M/) an R-module endomorphism on M and let 


A := [vy] be the matrix representation of y. Then the following statements are not much of a surprise: 
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(i) Fix re 1e1...nand let s :=n-—r, consider the submodule P := Lh{ m1,...,m, } and partition 
A into blocks the A; 1 € mat,(R), A12 € mat,,s(R), Aoi € mats,(R) and finally Ag. € mats(R). 


That is A is decomposed into 
A A 
Mie 11 41,2 
Agi Aog2 
Then P is invariant under ¢ if and only if this block decomposition of A is upper triangular. 
Formally that is the following equivalency 


g(P) CP <=> Aoi = 0 € maty_,.(R) 


(ii) Let M', M?, N! and N? all be R-modules having the ordered basis M* = (mf,... McK) C MF 
and N® = (nf... Wea) C N* respectively, where k = 1 or k = 2. We use these to build up 
ordered bases of M := M! @ M? and N := N! @ N? respectively: 


M 


((mi, 0), ca) (mia): 0), (0, mi), see (0, may) 
N = ((i,0),.--5(mdays9), (0,n2),---5 (0,2 ay)) 


Also consider some R-module homomorphisms y;, : N* + M* where k = 1 or k = 2 again. Then 
the basis representation of y1 @ yo : N > M is the block diagonal matrix of basis representation 


of ~1 and Ye respectively. In formal terms 


M1 
v1 @ ply = ae ae 
N2 


(iii 


a 


Recall that A is some matrix representation of the R-module endomorphism y and consider any 
r © IN and k(i) € IN (where 7 € 1...7r) such that rank(M) = k(1) +---+k(r). Then the following 


two statements are equivalent 
(a) M is the inner direct sum of r free R-submodules M; <m M of rank(M;) = k(i) that are 
invariant y(M;) C M; under y, formally: M = M, @---@M, 


(b) There are r square matrices Aj € maty;)(R) of size k(z), such that A is similar to the block 
diagonal matrix of the A;, formally: A + A, ®@---@®A, 


(4.47) Proposition: (viz. 599) 
Let (R,+,-) be a commutative ring and consider two R-modules M and N with the ordered bases M = 
(my,...,ms) of M and N = (nj,...,n,) of N respectively. Then we obtain a 1-to-1 correspondence 


between the bilinear forms 6: MZ @ N — R and the (r x s)-matrices over R, given by 


{b:M@N—-R| bis bilinear} <> mat,.(R) 
b > (b(m;, ni)) 


((2,y)4 (Bell) « B 
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In case M = N (and M = N) a bilinear form b: M @ M — Ris said to be symmetric, iff for any x, 
y € M we have b(x, y) = b(y, xz). Likewise a matrix B € mat,(R) is said to be symmetric iff B = B*. 
Now if B = (b(m;,mj;)) is the matrix corresponding to the bilinear form b, then b is symmetric if and 
only if B is such: 


bis symmetric < > _ B is symmetric 


(4.48) Remark: 

Note that bilinear means that b: M@®N — R is multi-linear, where the bi- refers to the fact that its 
preimage is composed of two modules. That is for any a € Rand any z, x’ € M, y, y’ € N we have 
b(ax +2',y) = ab(x,y) +b(2',y) and b(x,ay+ y’) = ab(z, y) + (2, y’). The word form is used for maps 
whose image lies in the base ring R again. 


(4.49) Remark: 

A map gq of the form g: M © M — R is said to be a quadratic form iff there is some bilinear form 
b: M@M — R such that for any zc € M we get g(x) = (x, x). Thus if we fix an ordered basis 
M = (m4,...,m,) of M then this means that there is some matrix B € mat,(R) such that 


q(t) = (Biz); [2]m) 
Thereby B = (b;,;) is given to be b;,; = b(m,;, mj). If we now take u = (u1,..., Ur) € R” to be the basis 
representation wu = [xz] of © M then we immediately find an explicit representation of g: 
g(a) = So djiug + SO (big + Opa uitey 
i=l i<j 


In other words: If q is a quadratic form, then there are some coefficients b;; € R such that the above 


equation holds. And conversely for any b;,; € R the above equation defines a quadratic form. 
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4.5 Determinants 


In this section we will introduce the most fundamental notion of a determinant, det(A) of a square matrix 
A, which will be a criterion for the invertibility of A and hence the solvability of a square system of 
linear equations. In a more general setting the determinant is an example of quantifier elimination: We 


will find the equivalency 


Bemat,(R) : AB=1, <= > det(A)€ R* 


Thereby the left-hand side of this equivalency contains an existential quantifier, thus it’s hard to check, 
whether this property is satisfied. The right-hand side however contains no quantifiers and hence is 
straightforward to check. That's what makes the determinant so powerful. 

But there’s even more to the determinant: In the previous section we have introduced the Gauss-algorithm 
that can be used to solve systems of linear equations. This algorithm works like charm for any given 
SLE, but it can only be applied to one SLE at a time. It lacks a general theory of how the solution is 
obtained. Cramer’s rule will be precisely this: A formula how the solution can be computed, an it will 
be formulated in terms of determinants. This theorem is the staging point for a lot of other powerful 
theorems, as it enables us to give computational answers to structural questions. 

In order to see how all this comes about let us regard the most simple non-trivial system of linear 


equations, a system of size 2 x 2 in general form, say 


1%, +a, 2%2 = by 


a21%1 +a22%2 = bg 


In this setting the determinant, Cramer's rule and everything else can be seen in an elementary way. The 


easiest way to solve this SLE is to multiply the upper equation by a2; and the lower equation by a1 


42,141,121 + 42,1012%2 = a21b1 
1,102,171 + 41,102,272 = a4,1b9 
If R is a commutative ring we have a21@1,1 = @1,1@2,; and hence we eliminate the variable x, by 


subtracting the upper from the lower equation. This leaves 
(41,102,2 — 42,191,2)%2 = a4,1b2 — aob1 


Here we have found the so-called determinant of A, it is the element d := a1,1G2,.2 — a2,1@1,2 € R. It can 


be computed for any 2 x 2 matrix and we will introduce the notation 


a1 a2\ | 
det <= 41,102,2 — @2,141,2 
2,1 42,2 
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Now, if d is an invertible element of R, then we have found a formula for the solution x2 (and in complete 


analogy we find a similar formula for 2}). 


b 
Cp. = ae : (a2,2b1 — ay,2b2) — d-! - det ( t S) 
b 
tg = di. (a1,162 — a21b1) = d-!. det (‘ i 


This already is Cramer's rule in the 2 x 2 case: The solution of a SLE can be expressed in terms of 
determinants. It can be generalized to SLEs of arbitrary size, but this will first require a generalization 
of the determinant for larger matrices. This is quite a strong result: If d = a1,1@2,2 — a2,1@1,2 is invertible, 


then the whole matrix is invertible. And looking at the formulas for x; and x2 above we even see the 


=a 
Q11 41,2 —_ a22 —4a1,2 
a21 42,2 —a21 A141 


More generally - if we ignore d for a minute - we have found another matrix (the so-called adjugate 


inverse matrix of A: 


matrix) that is an inverse up to the determinant d as a factor 


a1 1,2 a22 M2) _ 4. 1 0 
a2, a2 a2, a11 0 1 


So ifd € Ris a unit in R, then A has an inverse matrix. But the converse statement is true, as well: In 
case 2 x 2 it is a lengthy, but elementary computation, to show that det(AB) = det(A)-det(B). We skip 
this, as we will prove it for determinants of any size. However if A has an inverse matrix A7! it follows, 


that the determinant of A has to be a unit of FR, since 
1 = det(y) = det(AA~+) = det(A) - det(A7?) 


Thus we have proved the above equivalency for the case of 2 x 2 matrices. And along the way we have 
seen Cramer's rule and the adjugate matrix of a matrix. 

In the general case of arbitrary size the arguments will follow precisely the same line, all we have to 
do is define the determinant and then prove that it has some nice properties that enable us to the same 
computations in the general setting. 

For the definition we will require the notion of a permutation, though. This is a bijective map o : 
1...n <—+ 1...n. We have already studied the group S,, of all permutations of n elements in section 
1.2 and seen that this contains precisely #5, = n! elements. Any permutation can be decomposed into 
transpositions. This decomposition is not unique, but the number of transpositions required always is 
either odd or even. In case of an even number we set sgn(a) = 1 and in case of an odd number we set 


sgn(o) = —1. This is the basis for the following definition: 
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(4.50) Definition: 
Let (R,+,-) be a commutative ring and 1 < n € WN a natural number. If now A is an (n x n)-matrix 


having the coefficients 


G11 41,2 +--+» Ain 

a2,1 a2,2 ofc a2,n 
A= 

Qn Anj2 +--+ Anon 


then we define the determinant of A explicitly, to be the following element of R: (note that this definition 


makes sense, since the sum runs over the finite set S;, of all permutations on 1...) 


det(A) = S~ sgn(o) [J ai,01%) 
1=1 


oESn 


(4.51) Example: 
In case n = 2 there are precisely two permutations: the identity ll and the transposition (12). Thereby 


the determinant has two summands only, in this case 
det(A) = 41,1422 — a1,242,1 


In case n = 3 there are 6 permutations: The even permutations I, (123) and (132) and the transpositions 


(hence odd permutations) (12), (13) and (23). Therefore - in this case - the determinant is given to be 


det(A) = a4,142,203,3 + @1,202,343,1 + €1,302,143,2 


— Q1,242,143,3 — 41,342,243,1 — 41,142,343,2 


Our last example will be n = 4: Here Sy already contains 4! = 24 permutations. Beyond that it would 
be tedious to try to write out the determinant explicitly and we have to use other means to evaluate it - 
namely the expansion theorems of Laplace. For n = 4 there are 12 even permutations: The identity 1, 8 
3-cycles and 3 pairs of transpositions and another 12 odd permutations: 6 transpositions and 6 4-cycles, 


altogether: 


det(A) = 41,102,243.304,4 + €1,102,303,404,2 + 21,142,403,2043 
+41,302,203,404,1 + @1,402,203,104,3 + 1,202,403, 3041 


ao 


+1 402,103 344,2 + @1,202,303,104,4 + @1,302,103,204 4 


+@1,202,103 444.3 + @1,302,403,104,2 + @1,442,303,204,1 
— 4,142,203 444,3 — 01,102,403 344,2 — @1,102,303,204 4 


— Qj ,442,203,344,1 — 41,342,203,144,4 — 41,202,143 34,4 


ao 


— 1,202 343,444,1 — 01,202,403, 1443 — 01,302,103, 4042 


—@1,342,403,244,1 — 41,442, 303,144,2 — @1,402,143,204,3 


ay 
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(4.52) Definition: 
Let (R,+,-) be a commutative ring and 1 < n € IN a natural number. Let us now regard a map of the 
following form 

D: (R)" +R: (a1,a2,...,@n) 4 D(a, a2,...,@n) 


We have already defined what it means that D is R-multi-linear: Namely iff for any a1,...,a, € R”, 
any z, y € R” any b€ Rand any 7 € 1...n we get 


DM cep ay As Oat gt ae!) = DG oO a ett oh) DD ieOgol Yeti se) 


D(. . ,@j-1, 005, 0541, oe 2) = bD(. ++) @j—-1,47,Qj41,- a) 


In this case D is said to be a multi-linear form, where form refers to fact that D maps to the base ring 


R. Now D is said to be alternating iff for any aj,...,a, € R” and any permutation o € S;, we get 
D(a@o(1); Go(2))+++1@o(n)) = sgn(o)D(a1, a2,-...,4n) 


And finally D is said to be a determinant form, iff it is R-multi-linear and for any ai,...,a@n € R” and 


any 2 Aj €1...n we get the implication 
=a = Di Gita; nae) = 0 


(4.53) Remark: 


(i) As always we canonically identify the set (R”)” of n n-tuples over R with the set of (n x n)- 
matrices, by taking to the column-vectors of a matrix A. That is we consider A = (a1, @2,...,@n) 


where the a; € R” are the column vectors of A 


mat,(R) <> (R") 


Aw (coli(A), cola(A),..., coln(A)) 


ay ag ... Qn <4 (@1,42,.--, An) 


In particular if D is a multi-linear form and A is a matrix of appropriate size, then D(A) € R is 


just D applied to the columns of A 


DA = D(coli(A), cols(A),..., coln(A)) 


(ii) In the definition of the determinant (4.50) we used terms of the form a1 4(1)@2,6(2) --+@n,o(n) © RB. 
Note that letting 7 := o(i) € 1...n the entry a;5(;) of A can also be addressed, as 


Wea = Be G)s 
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Since R is commutative, the product runs over all 7 € 1...n and a is bijective, we can as well 


multiply over all 7 = o(i) € 1...m, such that 


Hew = [Lemmas 
i=l j=l 


Thus if the matrix A = (a;,;) has the column vectors a; = col;(A) = (a1,j, 2,;,---,@n,j) € R” then 


the determinant can be rewritten, as 


det(A) = det(a1,a2,...,@n) 


= D7 san) [Tamra 


That is det(a1,a2,...,@n) selects the o~'(j)-th entry a,-1(;),; from the j-th vector a; and sums 
up all these products. This may be a little awkward, but is ultimately due to the convention that 


in A = (a;,;) the index 7 enumerates the row and j enumerates the column. 


The online computer algebra system Wolfram a can also deal with vectors, matrices and compute 
determinants. Since this program is operated by command line, it stands to reason that it uses 


row-vectors. The input {x_1,x_2, x_3} is interpreted as the triple 2 = (71, 72,3) € R® for example. 


Likewise {{a_11,a_12, a_23}, {a_21, a_22, a_23}, {a_31, a_32, a_33}} denotes the matrix A = 


(aij) € mat3(R) whose row vectors are given to be row;(A) = (aj1, ai2, ai3). Of course Wolfram a 


can handle higher (and lower) dimensions, as well. 


If C and D are multi-linear forms and a € RF is a scalars, then it is clear, that both aD and C+ D 
are a multi-linear forms, as well. That is the set of all multi-linear forms (of the same size) is an 


R-module under the point-wise operations 
aD : mat,(R) > R: Aw a- D(A) 


C+D : mat,(R)>R: Aw C(A)+D(A) 


If any a; € R” is given to be a; = (a1,j;, a2,j;,...,@n,j) and o € Sy is any fixed permutation, then 
it is easy to check, that 


D(a1,42,-.-,4n) *= g(1),1%9(2),2-++Go(n),n 


is a multi-linear form. Therefore, ifr: S;,, + Ris any map that assigns every permutation o € S;, 


a scalar r(a) € R, then due to (iv) we obtain a multi-linear form, by letting 


1D(045095«2+5Gn) 2= S> T(7) Ag(1),1%0(2),2 +++ @o(n),n 
oESn 
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(4.54) Proposition: (viz. 684) 
Let (R,+,-) be a commutative ring, 2 <n € IN and D: mat,(R) > R be a multi-linear form over R. If 


now 2 = 1+ 1 €Nzp(R) is a non-zero divisor of R, then the following three statements are equivalent: 


(a) D is a determinant form: For any aj,...,@, € R” and anyi#Jj €1...n we get the implication 
Og = ag SS Dan aise yt): Se 10 
(b) D is alternating: For any ai,...,a@, € R” and any permutation o € S;, we get the equality of 
D(a6(1);Go(2))+++1%o(n)) = sgn(o)D(a1, a2,---,@n) 


(c) For any a1,...,@) € R” and any transposition 7 € S;, [that is 7 = (ij) for some i A 7 El... n] 


we get the following equality 
D(azq), Ar(2)r+++ 5 Or (n)) = —D(a1, A2,-++, An) 


Generally - for an arbitrary commutative ring - statement (a) is not equivalent, to (c), but (c) still implies 


2D(a1,42,...,@n) = 0. Therefore in general we find 
(a) => (b) = (¢) 


And if D : mat,(2) > R is a determinant form over some integral domain R, then for any n vectors ay, 


a2,...,4n € R” we find the following implication 
{ a1, 42,...,@,} linearly dependent = D(aj,a2,...,a4n) = 0 


If D : mat,;(R) > R is a determinant form over some non-zero, commutative ring R 4 0 only, then for 


any vectors @1, G@2,...,@, € R” we still find the implication 


ann(D(a1,a2,...,@n)) =0 = {aj,a2,...,a,} linearly independent 


(4.55) Lemma: (viz. 686) 
Let (R,+,-) be a commutative ring, 1 < n € IN and consider the determinant det : mat,,(2) — R defined 


in (4.50). Then this determinant satifies a couple of noteworthy properties: 


(i) If A € mat,,(R) is a matrix and A* denotes the transpose of A, then both A and A* share the same 
determinant, formally that is 
det(A*) = det(A) 


(ii) The determinant is a homomorphism from the (non-commutative) monoid of matrices (under mul- 
tiplication) to the (commutative) monoid of R under multiplication. l.e. for the identity matrix 
1, € mat,,(R) and any two matrices A, B € mat,,(R) we get 


det(1,,) 1 
det(AB) = det(A)- det(B) 
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(iii) The determinant det : mat,(2) — R is a determinant form, i.e. a multi-linear map, such that for 


any matrix A € mat,(A) that has two identical columns the determinant is zero, ie. 


AtAgjel...n: col(A) = colj(A) = > det(A) = 0 


(iv) If D : mat,(R) > R is any other determinant form on R, then D already is a multiple of the 
determinant. |.e. for any A € mat,(R) we get the following equality 


D(A) = D(ip)- det(A) 


(v) Laplace expansion theorem: Let A € mat,,() be any square matrix over R and for any p,q €1l...n 


let us denote the matrix in which the p-th row and q-th column are scratched from A by Ap 4g: 


a1,1 a1,2 sas Q1.q-1 Q1,q41 904 ain 

a2 a2.2 wees a2.q-1 Q2.qt Roe a2.n 
Apg = Ap-1,1 Ap—-1,2 +++ @p—ijqg—-1  Ap—1,gtl +++ G&p—i,n 
Ap+1,1 Ap+1,2 +++ A@ptig—1 Apti,gtl +++ Apti,n 

an,1 Qn,2 see Qn,q—1 Qn,q4+1 see an,n 


More formally let us define the maps a and 8: 1...(n—1) 4 1...n by a(t) := 7 if t < p and 
a(i):=i+1ifi> p respectively by 8(j) := 7 if 7 <q and B(i) :=j+1if 7 >¢q. Then Apa is the 
following matrix 


Apgq °= (400,90) 54. € matn—i(R) 


Now fix any p € 1...n, then we can evaluate the determinant of A by expansion along the p-th 
row of A, in the following sense 


n 


det(A) = S (-1)?*4ap det (Ap) 
q=1 


Likewise fix any gq € 1...n, then we can evaluate the determinant of A by expansion along the 
q-th column of A, in the following sense 


det(A) = S (-1)?*4apq det (Ap) 
p=1 


(vi) Let (S,+,-) be another commutative ring and a: R > S be a homomorphism of rings. For a matrix 
A = (aij) € matn(R) let us denote a(A) := (a(aij)) € matn(S). Then the determinant of a(A) is 


det(a(A)) = a(det(A)) 
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(4.56) Remark: 
It is worth to note that the above lemma has some immediate consequences: Since the determinant is 
linear in every column of A € mat,,(f) it is clear, that whenever a single column of A vanishes, so does 
the determinant: 


Ajél...n: colj(A)=0 = > det(A) = 0 


Of course this is also clear from the definition of det itself, as every product then contains at least one 
0. Also if A contains a row, that is 0, then A* contains a column, that is 0. But as A and A* share the 


same determinant, we likewise find 


tEl...n: row(A)=0 = > det(A) = 0 


Again, this is also clear from the explicit formula of the determinant. Furthermore since det is a determi- 
nant form, (4.54) tells us, that det also is alternating. That is, permuting the columns of A just changes 


the sign of the determinant 


Likewise transposing A permuting the columns of A* and transposing again, is just the same as permuting 


the rows of A. But since transposing does not change the determinant, we also see that 
— ag(1) — 1: —> 
det ; = sgn(o) - det 


—— &¢(n) —— ——_ an —— 


(4.57) Example: 
The easiest application of the Laplace expansion theorem is the case n = 2. That is we want to compute 


the determinant of the general (2 x 2)-matrix 


11 1,2 
A = 
21 42,2 


We choose p = | that is we will expand the determinant along the first row of A. As for ana € R we 


trivially have det(a) = a this quickly yields the same formula we encountered in the example before 


a1 4412 
det = a1,1det(a2.2) = ay,2det(a21) = 41,142,2 — 41,2021 
a2. a22 


More instructive is the case n = 3, that is we want to compute the determinant of the general (3x 3)-matrix 


a1 412 41,3 
A = | 421 a22 a23 


43,1 43,2 43,3 
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Let us choose q = 2, that is we will expand the determinant along the middle column of A - there is no 
special reason for this choice, apart from emphasizing that it can be done. Then the Laplace expansion 


theorem yields 


a1 41,2 41,3 
a21 42,3 aia G13 a1 41,3 
det a21 422 G23) = —41,2 det + a2, det — azo det 


a3,1 43,3 43,1 43,3 
43,1 43,2 43,3 


And using the formula for the determinants of those (2 x 2)-matrices we wind up with precisely the same 


formula, we found while looking at permutations 


a1 Q1,2 a1,3 —a1,2 (a2,103,3 = @2,343,1) 
det | a21 a22 a23] = +492 (41,1433 — 41,3431) 
43,1 3,2 43,3 — 43,2 (41,102,3 — 41,342,1) 


= —41,242,143,3 — 41,342,243,1 — 41,142,303,2 


+41 ,242,303,1 + €1,142,243.3 + @1,302,103,2 


The Laplace expansion theorem yields an algorithm to compute the determinant of any square matrix 
by recursion. Though this is a vast progress compared to the definition, it can result in an excessively 
long computation, that we would like to evade, still. However there are two major cases in which the 


computation of the determinant is easily feasible: 


(4.58) Proposition: (viz. 692) 
Let (R,+,-) be a commutative ring 1 < m, n € N and A € mat,,(R) and B, T = (t;,;) € matn(R) be 


square matrices over R. Then we get 


(i) Let also C € mat »(R) and 0 € mat, m, then we can compute the trace and determinant of the 


following block matrix, using 


tr é , = tr(A)+tr(B) 


0 B 
det & *) = det(A)- det(B) 


(ii) In particular the trace and determinant of a direct sum A @ B of matrices can be computed for A 


and B seperately, using 


tr(A ® B) tr(A) + tr(B) 
det(A® B) = det(A)- det(B) 


(iii) If Z’ is an lower triangular (i.e. 7 <j = ti; = 0) matrix or an upper triangular matrix (i.e. 7 > 


j ==> tj = 0), then the determinant of 7’ is just the product of its diagonal elements 
det(T) = [[%. 
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(4.59) Remark: 

It generally is a reasonable strategy to use the Gaussian algorithm to bring a matrix A € mat,,(R) into 
upper triangular form. The determinant of this matrix can then be computed using (ii). However the 
Gaussian algorithm makes use of elementary matrices, so we have to keep track how the determinant 
changes: If o € S, is any permutation, a € R is a scalar and 2 ¢ j € 1...n, then due to the 


multiplicativity of the determinant we get 
det(P,A) = sgn(c) det(A) 
det (D.(a)A) = a-det(A) 


det (Zi(a)A) 


det(A) 


Let us regard an example of this method: Say we would like to compute the determinant of the following 


(3 x 3)-matrix over Z. 


2 2 
A = |0 2 
3 4 


NNW DD 


We aim to get A into upper triangular form. In order to get there we divide the first row by 2 and 


interchange the second and third rows, arriving at 


13 1 
Aj = 3.7 «A 
0 2 2 
Due to our operations we know, that det(A;) = —1/2- det(A). Next we subtract 3-times the first row 
from the second row, now getting to 
1 3 1 
Ag = 0 -2 1 
0 2 2 


Note that this did not change the determinant at all: det(Ag) = det(A;). Adding the the second row to 


the third row we arrive at the upper triangular form already 


I. 3: 
T = 0 -2 1 
0 0 38 


Again this did not change the determinant det(Z’) = det(Az2). Since T is triangular it is easy to compute 


it’s determinant. And retracing our steps we thereby find the determinant of A 
1 
—6 = det(T) = det(A2) = det(Ai) = = det(A) 


—  det(A) = (-2)-(-6) = 12 
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Clearly the advantage of this method lies in the fact that it takes n steps to get A into upper triangular 
form. And from there the determinant is nothing but the product of the diagonal elements. Using the 


Laplace expansion theorem (for all its worth) requires to expand n! times. 


(4.60) Remark: 
There is an easy way to prove statement (ii) in (4.58): Simply define the map D : mat,,(2) > R by 
D(A) := det(A © B). As det is linear in every argument, so is D. Also it is clear that D inherits being 


a determinant form from det. Finally it is not hard to see, that 
D(Im) = det(ln@B) = det(B) 
Hence we may invoke (4.55.(iv)) to find that for any A € matm(R) we have 
det(A® B) = D(A) = det(A)-D(Im) = det(A) - det(B) 


However we chose to present a direct proof of this statement, in order to have more independence between 


proofs and as it is a natural reflex to split S,,4, into S,, and S,;, when looking at the construction of ADB. 


In the expansion theorem of Laplace (4.55.(v)) we encountered the submatrices A, in which the p-th 
row and q-th column of A have been deleted. Even though these seem to be just a peculiarity of the 
expansion theorem, these can also be applied to solving systems of linear equations. In order to formulate 


Cramer’s rule (which is a solution formula) we need to introduce some notation first: 


(4.61) Definition: 
Let (R,+,-) be a commutative ring and 2 <n €N, if now A = (a;,;) is a square matrix of size (n x n) 


and p, q€ 1...n are some indexes we denote (as in the expansion theorem of Laplace) again 


a1 a1,2 eee Q1,q-1 Q1,q4+1 see ain 

a2,1 a2,2 Nahe Q2,q—1 Q2,q+1 islets a2,n 
Ang = Qp-1,1 A@p—-1,2 +++ G@p—ijgq-1  Ap—1,gtl +++ &p—i,n 
Ap+1,1 Ap+1,2 +++ @p+ijg—1 Ap+i,q+1 Ap+i1,n 

Qn,1 Gn2 ++» Ong-1 On,q+ wean Ops, 


the matrix A in which the p-th row and q-th column have been scratched. Formall we define the maps a 
and 6:1...(n—1) 9 1...n by a(t) :=7 if i < pand a(t) :=714+1 if i> p respectively by (7) := 7 if 
j<qand Bi) :=j+1if 7 >q. Then Ay, is the following matrix 


Apg (= (2009.60), se4. een € mat,—1(R) 
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Now the cofactor matrix cof(A) is defined to be the (n x n)-matrix whose coefficients are (up to sign) 
the determinant of these A,. The transpose of the cofactor matrix is said to be the adjugate matrix A# 


of A. We also define these notions formally: 


cof(A) := ((-1)?Fdet(,,.)) 


A® = (cof()) . 


(4.62) Example: 
In case n = 2 the A, are particularly simple, since A, = a22 Aji2 = a2) Agi = a1,2 and Ag2 = a1). 
Hence the cofactor matrix cof(A) = (c;,;) has the coefficients cy; = a2,2 c1,2 = —a2,1 C21 = —a1,2 and 


C22 = a1. To get the adjugate matrix of A all we have to do is transposing: 


# 
a1 1,2 _ a22 —a1,2 
a21 42,2 —a21 G11 


The next step n = 3 already requires some accountant’s work. We will just present the result only, the 


reader is asked to fill in the details, as needed 


# 
@11 41,2 41,3 2,243.3 — 42,3432 41,343,2 — @1,293,.3 41,242,3 — Q1,302,2 
a2,1 422 42,3 = 42,343,1 — 42,1433 41,193,3 — 41,393,1 41,3421 — 41,142,3 
43,1 43,2 43,3 42,193,2 — 42,2431 41,243,1 — @1,143,2 41,142,2 — 41,2421 


(4.63) Theorem: (viz. 693) Cramer's Rule: 
Let (R,+,-) be any commutative ring 2 <n € IN and A € mat,,(R) be a (n x n)-matrix over R. Then 


the following statements hold true 


(i) For 7 € 1... let us denote a; := col;(A) the j-th column-vector of A. If now b € R” is another 
vector and x = (21, %2,...,%n) € R” is a solution of the SLE Ax = 8, then for any 7 € 1...n the 
x; satisfy the following identity 


(iit) The matrix A is invertible if and only if its determinant is a unit of R. And in this case the 


determinant of the inverse matrix is the multiplicative inverse of the determinant, that is 


det(A~!) = det(A)7! 


(iii) For any A € mat,(R) the adjugate matrix A* of A is the same as the inverse matrix A~! of A, 
up to the determinant det(A), as a factor. That is A% satisfies the equalities below. And if det(A) 


(and hence A itself) is invertible we can reformulate them to get A~! 
A#A = AA# = det(A)1, 
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A-t = det(A)~!A# 
(iv) The adugate matrix of the transpose matrix A* simply is the transpose of the adjugate matrix of A 
(A#ys = (A*)F 


(v) If A is invertible, then so is the adjugate matrix A* of A. And in this case we also give the inverse 


and the determinant of A* to be the following 


(at)? = (oy 


det(4*) 


I 
jae 
for) 
+ 

——~ 

a 

a 

i 
me 


(4.64) Remark: 
In commutative rings R, where transposition in the rule (ab)~' = b-'a~* has no impact, it is commonplace 
to denote the inverse of a € R by 

1 a4 

= = a 

a 
We usually try to avoid this, as we reserved this notation for localizations. However in this case it is 
worthwhile to rewrite the above equations in this notation, as it may be a little less confusing to have 


only one power —1. That is if A € mat,(R) is an invertible matrix, then we get 


1 
a5: = 
PORES), aaa 
Pe ae 
a i aay” 


(4.65) Corollary: (viz. 696) 
Let (R,+,-) be a commutative ring, 1 < n € IN and consider a square matrix A € mat,(f). Let us denote 


the rows of A by 7; := row;(A) and the columns respectively by c; := col;(A). That is 


we | 


— t_, — | | 
(i) Then for any commutative ring R the following 6 statements are equivalent 
det(A) € R* 
A is invertible 


) 
) 
c) IBeEmat,(R) : AB=1, 
) 
) 
) 


4IBemat,(R) : BA=1, 
{c1,€2,.--,€n } is a basis of R” 
{ 


T1,72,--+,Tn } is a basis of R” 
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(ii) And for an integral domain R also the following 4 statements are equivalent 


(a) det(A) =0 
(b) kn(A) 40 
(c) {c1,¢C2,---,¢,} C R” is linearly dependent 
(d) {71,72,---,T7} C R” is linearly dependent 


(4.66) Corollary: (viz. 697) Cramer's Rule 
Let (R,+,-) be any commutative ring 2 < n € IN and A = (a;,;) € mat,(R) be a square (n x n)-matrix 
over R. Also let M be an R-module containing the elements x; © M and y; © M (where 7 € 1...n). 


Finally suppose the following equations hold true 


ait, + a42%2 +e-°+ A n%n = YI 
G21%1 + 429% +::*+ Gan%n = Y2 
An1®1 + Gne%2 +++ + Gnntrn = Yn 
Then we may compute the solution (x1, 22,...,%n) € M” to the above system of linear equations in 


much the same way that holds true in case M = R. That is: For any 7 € 1...n we get 


n 


det(A)x; = S0(-1)*det(Ai;) y: 
a= 1 


If A is invertible, then this is a solution formula for the x;. And generally we thereby find the following 


inclusion of submodules of 17 


det(A) - Lh{21,%2,...,a%n} CGC Lh{ yr, y2,---, Yn} 


There is a generalization to the Laplace expansion theorem that deals with determinants of whole sub- 
matrices of A. In the next section these determinants of submatrices will be called minors and these will 
play an important role for the rank of a matrix and in the theory of canonical forms. For completeness 


purposes we present this generalization, as well. 

(4.67) Definition: 

Let 1 <n, r € WN such that r < n, then we define the set of ascending chains of indexes of length r by 
Asc(r,n) := f{a:l...r31...n| a(1) < a(2) <---<a(r)} 


And if a € Asc(r,) is such a chain of indexes, then we define its scope S(a) to be the set of indices 


that comprise a, respectively its absolute value |a| to be the sum of these indices, that is 


S(a) {a(i)|iel...r} 


la| 


f 
iad 
= 
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And if r < n then we also define the complementary chain of indexes a@ € Asc(n — r,n) of a to be the 
chain of length n — r that contains exactly these numbers, that a left out. That is @ is the uniquely 


determined ascending chain of indexes that satisfies 
S(@) = (1...n)\ S(a) 


Let (R,+,-) be a commutative ring, 1 < m,n € IN and A € mat», ,(R) be a matrix of any size over R. If 
now 1 <r, s € IN and we fix the maps a: 1...r31...mand 6:1...s 4 1...n then we define the 
submatrix Ala | 6] of A to be the following (r x s)-matrix 


Ge(1),6(1) Fa(1),6(2) +++ %a(1),8(s) 
ts Ae Gaui Villy 2 

Alo | 6) := ee vies oe ) € maty,(R) 
Ga(r),B(1) Ga(r),8(2) +++ Ga(r),6(s) 


(4.68) Example: 
We usually write out the chain of indexes a € Asc(r,n) as an r-tuple (a(1), a(2),...,a(r)) € (1...n)”. 
In this notation it is clear that Asc(3, 4) is the following set - as for any a € Asc(3, 4) the only choice is 
which index to omit: 

Asc(3,;4) = {(1;2; 3); (12,4); (1,3,4),. (2,3, 4) } 


Generally a € Asc(r,7) is uniquely determined by its scope, as we require the indices to be in ascending 
order. Therefore the number of elements of Asc(r,7) is precisely the number of subsets of 1... that 


contain r elements. This is one of the basic problems of combinatorics and the answer is 


#Asc(r,n) = (") 


Let us also present an example of a complementary chain of indexes: If we take a@ = (2,5) € Asc(2, 5) 
then the scope of a is S(a) = { 2,5} and thereby S(a@) = {1,3,4}. That is @ € Asc(3,5) has to be the 


chain @ = (1,3, 4) of indexes. 


(4.69) Remark: 
In the Laplace expansion theorem we used the submatrices A, of A. In the light of the above definition 


we can rewrite this as 
Ap.q >= Alp | qj 


Thereby p is the complementary chain of indexes of p in 1...m and ¢ is the complementary chain of 
indexes of g in 1...n. That is p and ¢ are the following maps: p: 1...(m—1) > 1...m is defined 
by p(t) = 7 for 7 < p and p(t) =i +1 for 2 > p. And likewise g: 1...(n—1) 4 1...n is given to be 
qj) = 9 for j <q and q(j) =j +1 for j > ¢. 
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(4.70) Proposition: (viz. 740) 


(i) Laplace expansion theorem: Let (R,+,-) be a commutative ring and A € mat,,() a square matrix 


over R. If we now fix any r € 1...n and any a resp. 6 € Asc(r, 7), then we find 


det(A) = S> (-2)e!+ldet(Ala | 8]) det (Ala | 8) 
BEAsc(r,n) 

= S- (-1)lelldet(Ala | 6}) det(A[a | f)) 
a€Asc(r,n) 


(ii) Cauchy-Binet formula: lf (R,+,-) is a commutative ring and A and B are matrices A € mat; (R) 
and B € matm»(R) such that C := AB is in C € mat;,,,(R). Then for any r € IN with l<r< 
min{ k,m,n} and any a € Asc(r,k), y € Asc(r,n) we get 


det(Cla| J) = So det(Ala | 6]) det(BIS | 71) 


BEAsc(r,m) 


These formulas are truly elegant: (i) obviously is a generalization of the Laplace expansion theorem in 
(4.55.(v)) and (ii) generalizes the multiplicative property det(AB) = det(A)-det(B). At the same time the 
Cauchy-Binet formula is astoundingly similar to the multiplication of matrices. The proofs are a different 
story, however: Both are technical colossi with little content from the department of insight. If you really 


need to look at these, you have been warned... 
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4.6 Rank of Matrices 


In section 3.10 we have introduced the rank of a module M/ to be the minimal number of elements that are 
required to generate M/. And we also found that we have to distinguish between this rank and the linear 
freedom, that is the maximal number of linear independent elements inside M. As the difference between 
these two invariants comes from torsion, they are equal when it comes to vector-spaces (i.e. when the 
base ring of M is a field). 

For a matrix A there are even 5 different ways one can think of, when defining the rank of A. And sadly 
things can get rather complicated, in general. However it will turn out that that in case of an integral 
domain R four of these notions will have the same result. And when RF is a PID (in particular for a field), 


all five will agree. 


(4.71) Definition: 
Let (R,+,-) be an arbitrary ring, 1 < m, n € IN and consider a matrix A = (a;,;) € Matm»(R) of any 
size over R. Then the image of A is a submodule im(A) <, R™. Thereby we define the image-rank of 


A to be the rank of the image of A, as a submodule of R”: 
i-rank(A) := rank(im(A)) 


To introduce the next two notions of a rank of A we need to take a closer look at A: Let us denote the 


rows of A be 7; := row;(A) and the columns of A by c; := col;(A), that is 


ee 
Then for any subset J C 1...m resp. any J C 1...n let us abbreviate the sets of rows of A with 
indices 7 € I by r; resp. the set of columns of A with indices 7 € J by c,, formally 

{r,|teT} C R” 

tq|lgeF} S RM 


TT 


CJ 


Then we define the row-rank (respectively the column-rank) of A to be the maximal number of rows 


(respectively columns) of A that are R-linearly independent. Formally that is 


r-rank(A) := max< #/ 
ry is R-lin. independent 


max #J 


I C 1...m, such that 


c-rank(A) 


J C 1...n, such that ! 


cy is R-lin. independent 
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(4.72) Proposition: (viz. 745) 
We continue with the notation of the definition above. In the following definition M is sometimes called 


the column-space of A and N is called the row-space of A 


M := Lh{c;|7e1...m} = im(A) <n R™ 
N := Lh{r,|tie1...n} = im(A*) <p R” 


IA 


(i) Let R 4 0 be a non-zero, commutative ring and consider any matrix A € mat,(R) over R. Then 


we find the following inequalities 


c-rank(A) <_ i-rank(A) 
c-rank(A) < min{m,n} 
r-rank(A) < min{m,n} 


(ii) Let R 4 0 be a non-zero, commutative ring and consider two matrices A € mat;,,(f) and B € 
Matmn(A) such that AB € mat;,,(R). Then 


c-rank(AB) <  c-rank(B) 
r-rank(AB) <_ r-rank(A) 


In particular: If R is an integral domain, we will see in (vi) that the column- and row-ranks of A 


agree rank(A) := c-rank(A) = r-rank(A) and hence in this case we have 


rank(AB) < _ minf{rank(A), rank(B) } 


(iii) If 1 <r, s © IN, a € Asc(r,m) and 8 € Asc(s,n), then the rank of the submatrix Ala | 3] cannot 


exceed the rank of A 


c-rank( Ala | 3]) 
r-rank(A[a | £]) 


IA 


c-rank(A) 
r-rank(A) 


/\ 


(iv) If R is an integral domain and S € mat,,(2) and T € mat,,(R) are square matrices with det(S) 4 0 
and det(Z’) 4 0, then 
c-rank(SAT) =  c-rank(A) 
r-rank(SAT) = r-rank(A) 


(v) If R is an integral domain and and A is in echelon form [recall, this means A = 0 or there is some 
1 <r € WN and some p € Asc(r,7) such that for any i € 1...r we have a; (3) #0 but for 7 < pu(%) 
we also have a;,; = 0. Finally 7, = 0 for any k € (r+1)...m]. Then the number of non-zero rows 


of A already is the column- and the row-rank of A 
c-rank(A) = r-rank(A) = r 
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(vi) If R is an integral domain, then the column-rank of A is just the linear freedom of the image of A 
and hence does not exceed the image rank of A. Also the row-rank of A is just the linear freedom 


of N and agrees with the column-rank of A. That is 


c-rank(A) = free(M) <_ i-rank(A) 
r-rank(A) = free(N) = c-rank(A) 


(vii) If R is a PID (in particular an integral domain), then the rank of the image im(A) equals the 


column-rank of A and hence we have the following (in)equalties 


c-rank(A) = r-rank(A) = i-rank(A) < min{m,n} 


(viii) If R is a skew-field, then the row-rank of A is precisely the dimension of N (as a vector-space). 


Likewise the column-rank of A is the dimension of M and both agree. These are the equalities of 


i-rank(A) = c-rank(A) = dim(M) = dim(N) = r-rank(A) 


(ix) Let R be an integral domain again and 21, %2,...,%m € R” be n-tuples where 1 < m<neWN 
where 1 <m<ne€N. For a € Asc(m,n) let us also denote the projection Py : R” > R™ that 
is defined by Pa(ai,.--,@n) = (G@aci);-++1@a(m))- Then we find the following equivalency [for a 


general commutative ring R we still have (b) ==> (a)| 


(a) {21,...,%m} C R” is linearly independent 


(b) There is some a € Asc(m,n) such that the set of projected n-tuples { P.(x1),..-,Po(am)} C 


R™ is linearly independent. 


(4.73) Remark: 

The tricky part in this proof is to show that the row-rank matches the column rank c-rank(A) = r-rank(A). 
Most textbooks derive this result from (iv) and (v): If we had (iv) and (v) then we could use Gaussian 
elimination (4.29) to find some matrix S € mat,(R) such that SA is in echelon form. Thereby S can be 
taken to be a product of elementary matrices. And as any elementary matrix has non-zero determinant, 


so does S. Then we see 
c-rank(A) = c-rank(SA) = r-rank(SA) = r-rank(A) 


We will derive (iv) from the equality however. Another method is using the minorial rank m-rank(A), 
which we will introduce next. It is clear that m-rank(A) = m-rank(A*), as the determinants are in- 
variant under transposition. So if we are able to prove c-rank(A) = m-rank(A) then we clearly have 
r-rank(A) = c-rank(A*) = m-rank(A*) = m-rank(A) = c-rank(A), as well. In fact we will also give 
prove for c-rank(A) = m-rank(A), but wanted to give an independent proof of c-rank(A) = r-rank(A) 


beforehand, even though this requires the somewhat advanced lemma (3.93.(i)). 


360 4 Linear Algebra 


(4.74) Example: 
If R is not an integral domain, then a matrix in echelon form may well have fewer (column) rank, then 
its size suggests. Also in this case row-rank and column-rank need no longer agree. Over R = Ze for 


example, we take a look at the following (3 x 4)-matrix 

0 0 

2 0 e mats 4(Ze) 
0 3 


This matrix features 1 = c-rank(A) < r-rank(A) = 2 < 3. Prob First of all it is clear that {c, } is 
linearly independent, but as 2cz = 0, 3c2 = 0 and also 2c, = 0 this set can not be extended, such that 
c-rank(A) = 1. Also {11,72 } is linearly independent: suppose 0 = ar; + br2 = (a, 3b, 2b, 0), then a = 0 
is obvious. But 3b = 0 only leaves b € { 0,2,4} and 2b = 0 only leaves b € {0,3}. Since b is this same 
we also get b = 0. But as 2r3 = 0 as well, neither {71,72} can be extended. Therefore r-rank(A) = 2, 


as claimed. 


(4.75) Example: 
If R is not an integral domain, then the image-rank of A may well exceed the column-rank of A. As an 


example take the ring R := Z7o and consider the matrix 


Wey dems 3 10 
3.14 


having the column vectors cy = (3,3) and co = (10, 14). As 3 © R* (with inverse 47) clearly {cz } is lin- 
early independent. However 35c2 = (0,0) such that { cg } is linearly dependent. Therefore c-rank(A) = 1 
with c; being the one linearly independent column. Yet cg ¢ Rc, such that im(A) cannot be generated 
by a single element, as im(A) contains both (1,1) and (20,0). Therefore 2 = i-rank(A) > c-rank(A) = 1. 


(4.76) Example: 
But even if R is an integral domain the image-rank of a matrix A may exceed its column-rank (or any 
rank equal to it). A very easy, but instructive example is the following: Let R := Z[t] be the polynomial 


ring over the integers and consider 
A := (2t) € matj2(R) 
Its image clearly is 2R+tR={f¢€R| f[0] € 2Z}. As this image cannot be generated by a single 


g € Rwe have i-rank(A) = 2. Yet the column rank cannot exceed 1 and hence c-rank(A) < i-rank(A). 


(4.77) Example: 
If R is a PID, then the image-rank and column-rank of A agree. However this is not due to the fact, that 


a maximal linearly independent subset of columns suffices to build up the image of A. E.g. regard 


Ava, Yo Ne 
0 3 4 
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Clearly the columns (2,0) and (0,3) are linearly independent and hence c-rank(A) = 2. They generate 
the submodule 2Z © 3Z of Z?. Yet this image of A also is generated by (4,4) ¢ 2Z @ 3Z and therefore 


2 0 
(5 |-(2 )} = 22002 Cc im(A) = 2Z0Z c @ 
(4.78) Remark: 


The equality of the row- and the column-rank of matrices over an integral domain R is a really strong 
property though. This can be gleaned from item (ix), which is a direct consequence of this equality. 
Generally speaking (ix) states: Over an integral domain R the linear dependency of the tuples 21, 
LQ,.-.,Lm € R” is determined in m dimensions already, no matter how many n > m entries these 
tuples have. And if R is not an integral domain, this property vanishes: As an example consider the ring 


R = Zzq and the following matrix 


> 
II 
IO D 


4 
6 € mats 2(R) 
5 


First of all we note that c-rank(A) = 2: Suppose we had aA; + bA2g = 0 then this would mean the 
equations 6a + 4b = 0 and 9a+ 6b = 0 and 7a+5b = 0. Subtracting the first from the third equation we 
find a+b =0. But equation one then turns into 2a = 0 and equation two into 3a = 0. This again means 
a = 0 and in turn b = 0, such that we see that A; and Ap are linearly independent. However all the 


(2 x 2)-submatrices of A have column-rank 1 only, as we can easily present some linear dependencies 
6 4 
10 +0 = 0 
9 6 0 
4 
S45 = y 


o 
AN GN 
I © 
Ne NS 
= 
= 
—~ 
aa 
Nay 
II 
——-~ 
— =) 
Ne 


(4.79) Proposition: (viz. 753) 
If (F,+,-) is a field and A € matm»(F) is a matrix over F, where 1 < m, n € NN. Let us abbreviate 
ry = row;(A) € F” and c; := col;(A) for any i € 1...m and j € ...n. Now consider any 7 € NN, then 


the following five statements are equivalent 
(a) c-rank(A) < r 


(b) A has r columns, that generate all of its columns. l.e. there is some subset J C 1...nwith #J =r 


such that for any k € 1...n we have 


Ck € Lhe{c;|jeJ} 
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(c) There are matrices C € mat,,,(F’) and R € mat,,,(F’) such that A can be factored into a product 
of the following form 
A= CR 


(d) A has r rows, that generate all of its rows. l.e. there is some subset J C 1...m with #J =r such 


that for any k € 1...m we have 


Th € Lhip{ >; |j ed 


(e) r-rank(A) < r 


In particular - for a field F’ - the column-rank (or likewise row-rank) of A can be characterized as the 


minimal number r for which A admits a decomposition of the form A = CR: 


c-rank(A) = rrank(A) = minfre N]| (c)} 


(4.80) Remark: 

Note that this provides a rather elegant method of proving c-rank(A) = r-rank(A) in case the base ring 
is a field. The only non-elementary ingredients in the proof are the basis selection theorem and (ii) the 
sub-multiplicativety of the rank c-rank(C'R) < c-rank(R) and r-rank(C'R) < r-rank(C). But the latter 


property is easy to see, as well. 


(4.81) Definition: 
Let (R,+,-) be a commutative ring, 1 < m,n € IN and consider a matrix A € mat,,,,(R) of any size over 
R. |f furthermore r € 1...min{m,n} and a € Asc(r,m), 8 € Asc(r,n) are ascending chains of indexes 


then recall the notation of a submatrix 


Ge(1),81) Cad), Be). <= Pat),e@) 
Ag a eh tie - 

Alo | 6) = oe (@),8@) @),B() € mat,(R) 
Ga(r),B(1) Ga(r),B(2) is Qa(r),B(r) 


The determinant of such a submatrix of A is called a minor of size r or simply r-minor of A. We will 


denote the set of all r-minors of A by 
Minor,(A) := {det(Ala|]) | a € Asc(r,m), 8B € Asc(r,n)} C R 


The minorial rank (also called determinantal rank) of A is the largest integer such that not all r-minors 


of A vanish [if A = 0 is the zero-matrix this set is empty and we let m-rank(0) := 0] 


m-rank(A) := max{reél...min{m,n} | Minor,(A) 4 {0} } 
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Now for any 1 <r < min{ m,n} the ideal generated by the set of r-minors of A is said to be the r-th 


Fitting ideal of A, which we will denote by 
f,(A) := (Minor,(A)), <j R 


For completeness purposes we also define f,(A) := R and for any larger index min {m,n} <r € IN we 
let f(A) :=0 <j R. If Ris a PID, then any ideal of R is generated by a single element f,.(A) = d,R. 
In this case a generator d, € R of f,.(A) is called an r-th determinantal divisor of A. Finally we define 
the Fitting rank of A to be the largest integer r such that the annihilator ideal of f,.(A) vanishes 


f-rank(A) := max{r€N | ann (f,(A)) =0} 


(4.82) Example: 


Let us give some examples of sets of minors of an arbitrary matrix A = (a;,;) € Matmn(R) over some 


7El1...m, 
jgEl...n 


Minorg(A) = Gilg = On gOn x 


commutative ring R. Clearly we have 


Minor;(A) = { 


And if A € mat,,(R) is a square matrix over R, then it is clear that A is the only n x n submatrix of itself 


A square matrix = > Minor,(A) = { det(A) } 


(4.83) Proposition: (viz. 755) 
Let (R,+,-) be a commutative ring and consider a matrix A € mat,,,,(R) where 1 < m,n € N over R. 


Given r, s € IN with 1 <r, s < min{ m,n} fix some a € Asc(r,m) and 8 € Asc(s,n). Then we find: 


(i) We have Ala | 3]* = A*[G | a] and in particular the matrix A and its transpose A* share the same 


minors. Formally this is the identity of the sets 
Minor,(A) = Minor,(A*) 


Consequentially we have the equalities f,,(A*) =f,(A) and thereby f-rank(A*) = f-rank(A) and of 


course m-rank(A*) = m-rank(A). 


(ii) For any 1 < r < m,n the r-minors are invariant under elementary equivalence up to sign. That 
is: If we denote +M := {m|meM}U{—m|meM } for any subset M C R, then 


A= B = +£Minor,A =+Minor,B 


(iii) By the Laplace expansion theorem the r-minors of A are R-linear combinations of the (r—1)-minors 


of A. In particular we find the following inclusions 
Minor,(A) C_ f,_,(A) 
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Minor,_1(A) = {0} =  Minor,(A) = {0} 


And thereby the fitting ideals of A form a descending chain of ideals in R. Also, if we denote 


jo := min{ m,n}, then by definition of these ideals we know that this chain has the form 
R= f(A) 2 f(A) 2... 2 F(A) 2 fays(A) =. = 0 


(iv) By definition the annihilator of a Fitting ideal of A is the set of all a € R that make am = 0 for 
any m € f,.(A). But as the minors Minor,(A) generate that ideal, it is clear that 


ann (f,(A)) = {a€R | Vme€Minor,(A) : am =0} 


And since the Fitting ideals form a descending chain of ideals, their annihilators form an ascending 


chain. With yz := min{ m,n} again this is the following chain of ideals 
0 =Sann({g(A)S vc ann(f,,(A)) ‘e ann(f,,,(A)) =.--=R 


(v) If A’ = Ala | 6] is a submatrix of A, then its minorial rank and its fitting rank do not exceed the 


respective rank of A, that is we find the following inequalities 


m-rank(A’) <  m-rank(A) 
f-rank(A’) <_ f-rank(A) 


(vi) If A has a minor m € Minor,(A) with trivial annihilator only, then the column- and row-ranks of 


A are at least r, formally this is 


ann (det (Ala | 8])) =O =~ min{ c-rank(A),r-rank(A) } > r 


(vii) The minorial rank is submultiplicative, that is: If A € matgm(R) and B € matmn(R) for some 
1<k,mandn€N, then we have 


m-rank(AB) <  min{ m-rank(A), m-rank(B) } 


(viii) The matrix A (as a linear map R” — R™) has no kernel if and only if its column-rank is m which 


is again equivalent to a Fitting-rank of n. Altogether 


kn(A) =O <— > c-rank(A)=n <== f-rank(A) =n 
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(4.84) Example: 


Consider any commutative ring (#,+,-:), 1 < m,n € WN and a pair of tuples u = (w1, u2,...,Um) € R™ 
and v = (v1, v2,---,Un) € R”. If now A € mat», »(R) is the following matrix 
U1U1 «-U1Ug «ws. U1 Un 
oo (i,) _ oe tee Se a 
Rip? gla ita Uap, 
Then for any 7 = (21, %2,...,%n) € R” we get Av = (x | v)u € R™ [if R is non-commutative, then 


Az =u(v | 2) still]. And thereby we have 
c-rank(A) = r-rank(A) = m-rank(A) < 1 


Prob If A = 0 then all these ranks are 0, so let us assume A # 0. Next note that col;(A) = vju such that 
any two columns of A are linearly dependent v;col;(A) — vjcol;(A) = 0. Therefore c-rank(A) < 1, which 
only leaves c-rank(A) = 1, since A 4 0. Likewise r-rank(A) = 1, as we also have row;(A) = wv. The 
minorial rank of A also is m-rank(A) < 1, e.g. det(A[(1, 2) | (1, 2)] = wiviueveg — uiveugv1 = 0, since R 


is commutative. The same is true for all the 2x2 minors of A. And as A ¥ 0 this is m-rank(A) = 1, as well. 


(4.85) Remark: 
Given 2 vectors x = (21,22,23) and y = (y1,y2,y3) in 3 dimensional space R® it stands to reason 
that there is precisely one direction perpendicular to both x and y. As we will see in chapter 4.8 the 


orthogonality x ln and y Ln (for some n = (ni, 72,3) € R) can be expressed in the equation 


ny 
G1 &2 £3 0 
ng — 
Yi Y2 YB 0 
n3 
By Cramer’s rule a solution n to this set of equations can be given in terms of the 2-minors of the matrix 


above and this is the so-called vector-product of x and y 


L2Y3 — L3Y2 
m= £AY = | w3y1 — 21y3 
L1Y2 — L2Y1 


If R is an integral domain and x and y are linearly independent, then x A y 4 0 since f-rank(A) = 
r-rank(A) = 2. If R is no integral domain, then it may happen, that zy = 0 even if x and y are linearly 
independent (refer to the example above). This is hard to imagine: The projections of x and y on any 


coordinate plane are in line, even though in space x and y themselves are not. 
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(4.86) Theorem: (viz. 760) 
Let (R,+,-) be a commutative ring, 1 < m,n € IN and A € mat,» (R) be a matrix over R of any size. 
Then the column- and row-ranks do not exceed the Fitting rank, which in turn is bound by the minorial 


rank. That is we generally have the inequalities 
max{ c-rank(A), r-rank(A) } < f-rank(A) < m-rank(A) < min{m,n} 


If R even is an integral domain, then the row-, column-, fitting- and minorial ranks of a matrix always 


agree. That is in this case we even get the equalities 
c-rank(A) = r-rank(A) = f-rank(A) = m-rank(A) 
And finally, if R is a field, then all five notions of the rank of a matrix yield the same result, that is 


i-rank(A) = c-rank(A) = r-rank(A) = f-rank(A) = m-rank(A) 


(4.87) Example: 
The following ingenious example is taken from [Adkins, Weintraub, Algebra, GTM 136], who sadly (while 
stating most theorems of this section) give next to no proof at all, concerning the rank of matrices. Consider 


the ring R = Zaio and the following (4 x 4)-matrix over R: 


oW NM OO 
oOo oO WW 
GoW DD W 
NO CO Oo 


r-rank(A) = 1 
c-rank(A) = 2 
f-rank(A) = 38 
m-rank(A) = 4 
i-rank(A) = 4 


Let us first check the row rank, as 105 row2(A) = 0 and 70row3(A) = 0 but also 30row4(A) = 0 we 
only have to look at the first row. But here, if arow;(A) = 0, we in particular find 2a = 0 and 3a = 0, 
such that a = 3a — 2a = 0. Therefore we have r-rank(A) = 1, as the first is the one and only linearly 
independent row. 

For the column rank we likewise find 105 colg(A) = 0 and 70col3(A) = 0. But hereby, if we have 
acoly(A) + bcoly(A) = 0 we have 2a = 0, 3a = 0 and 5b = 0, 7b) = 0. From the first set of equations 
we find a = 0, as before. From the second set we get b € ann(5) MN ann(7) = 42R/M 30R. But as the 
least common multiple of 30 and 42 is 210 = 0 this implies b € 210R = 0. Therefore the first and fourth 


columns are linearly independent and we truly have c-rank(A) = 2. 
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Actually the easiest part is the determinantal rank, since det(A) = 168 4 0 we have m-rank(A) = 4. But 
as 5-168 = 840 = 0 we have ann(det(A)) 4 0 such that f-rank(A) < 3. To find the equality let us take 
a look at the 16 (3 x 3)-minors of A: 


submatrix | minor = det | annihilator 
Ai 0 R 
Ai2 —84 = 126 105R 
A13 0 R 
Aj 0 R 
Ao1 42 oR 
A22 —63 = 147 10R 
A23 —42 = 168 oR 
Ag 0 R 
A3,1 84 5R 
A392 —42 = 168 oR 
A33 —28 = 182 15R 
A3.4 0 R 
Agi 0 R 
Ag? —60 = 150 7R 
A4g3 0 R 
Aga 24 35R 


Note that {24,147,182} C Minor3(A). And from this we find f;(A) = R, for example we have 1 = 
7-147 + 2-182 — 58-24 € f,(A) and therefore ann(f;(A)) = 0, such that m-rank(A) = 3. 
Recall that these minors are precisely the coefficients of the cofactor matrix of A and therefore we 


can also build up the adjugate matrix of A. In this case we get 


0 -—42 84 0 0 168 84 0 
A# = 84 -63 42 —60 = 84 147 42 150 

O 42 —28 O O 42 182 0O 

0 0 0 24 0 0 O 24 


As AA*x = det(A)x = 1682 for any « € R* we see, that the image of A contains the vectors (168, 0, 0, 0) 
to (0,0,0, 168). But these cannot be generated by three vectors and hence A has i-rank(A) = 4. 
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(4.88) Lemma: (viz. 762) 
Let (R,v) be an Euclidean domain, 1 < m,n € WN and A € mat,,,,(R) be any over R matrix. Then we 
find the truth of the following statements 


(i) If m < n then we can find scalar factors dj,...,dm € R that form a divisibly ascending chain, 
i.e. dy | do,...,dm—1 | dm such that A is elementary equivalent to 
dy 0 0 0 
A= 
0 dm 0 0 
And for any r € 1...m we find that the scalar factors d,,...,dm can be expressed in terms of 


minors of A: The product d;...d, is a greatest common divisor of the r-minors of A. In particular 


the d; are uniquely determined by A up to multiplication with units of R. Formally 


d,...d, © gcd(Minor,A) 


(ii) If nm < m then we can find scalar factors dj,...,d, € R that form a divisibly ascending chain, 
i.e. dy | dg,...,dn—1 | dn such that A is elementary equivalent to 
dy 0 
A= U dn 
0 0 
0 0 
And for any r € 1...m we find that the scalar factors dj,...,d, can be expressed in terms of 


minors of A: The product d;...d, is a greatest common divisor of the r-minors of A. In particular 


the d; are uniquely determined by A up to multiplication with units of R. Formally 


d,...d, © gcd(Minor,A) 
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4.7. Duality Theory 


In R” we have introduced the scalar product (x,y) of two tuples z, y € R”. Let us look at this from 


another perspective: For any y € R” the scalar product gives rise to a linear map, of the form 
R° = R: 2H (z,y) 


The set of all linear maps of the form M — R will be called the dual module M’ of M. So the scalar 
product induces a map from R” to (R”)’. In this section we will study the relation between M and its 
dual M’ and see that this is closely linked to studying bilinear forms - such as the scalar product. 

This is extremely fruitful in the case of the base field R or C and is the staging point of a lot of impor- 
tant theories - like Fourier analysis and Hilbert space theory in general. So at several points throughout 
this section we will have to leave the all-encompassing domain of modules and have to restrict ourselves 


to vector spaces over the reals or complex numbers. 


(4.89) Remark: 


Recall the construction of the complex numbers C = R @7R in (1.34.(i)). Thereby we have several maps 


re ©: COR: etiyou 


im : CoRR: et+iyry 


kK: C53C: «+iyHax- ty 


The map & is called the complex conjugation and we write Z := «(z). Note that « is an automorphism 


of the R-algebra C. That is for any w, z € C and any a € R we get 


wtz = W+zZz 
a°zZ = a:z 
WZ = WZ 


Also note that re and im are R-linear only and do not respect the multiplication of C. It is clear that « 


is self-inverse k2 = Il¢ and satisfies a special property: For any z = x + iy we find 
zz = a ty? € Rt 
In particular we may define the absolute value |z| of z = x + iy € C which we interpret as the the 


lz] t=: Weve SS 4fe? 9? 


Recall that the complex conjugation and absolute value of a complex number z € C with z 4 0 also 


distance of z from the origin 0 


provide a way to find the inverse of z 


370 4 Linear Algebra 


In the next section 4.8 we will introduce sine and cosine [even though the reader will probably know 
these already] and see that any point (x, y) = x + zy in the plane R? = C can be reached by by virtue 


of the polar coordinates 
Rt x [0,27[3 C : (r,a) Hr -cos(a) + ir - sin(a) 


If we take Ro x [0, 2a[— C* this map even is bijective, its inverse given by z +> (|z|,arg(z)), where the 
angle a = arg(z) of z can be computed by painstakingly distinguishing all the different cases, in what 


quadrant z is 


0 if« =0 and y=0 

tan—!(y/zx) if >O and y>0 

m/2 if =0 and y>0 

are(2) = n/2—tan\(r/y) ifa<Oandy>0 
am+tanl(y/z)  ifa<Oandy<0 

31/2 if =O andy <0 


2r+tanl(y/x) ife>Oandy <0 


Another way to use polar coordinates in the famous formula of Euler (Mf) which links the exponential 


function with sine and cosine in the following way 
r-e* = r-cos(a) +ir-sin(a) 


That is z = |z|- e*@"8@) for any z € C. The formula of Euler is usually proved in a course of analysis by 
comparing the power series expansions of the exponential function, sine and cosine respectively. It can 
be seen that sine gets the odd exponents and cosine gets the even exponents of the exponential series. 


However, we don’t want to go into details here. 
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The representation in polar coordinates has the advantage that z ++ e* is a homomorphism from the 


additive group (C,+) to the multiplicative group (C*,-). That is we have the following formula 


wtz W . p% 


for any w, z € C. In the case of the reals this even is an isomorphism of from (IR, +) to (Rso,-) but in 


the complex case things are a little more complex. However the homorphism property yields 


(r . e'*) . (s . e'®) = rg- elt) 
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(4.90) Remark: 
For any commutative ring (R,+,-) and any 1 < n € N we introduced the scalar product to be the 


following symmetric bilinear form on R” 
RSC RP 2 Ree) Se) So xin: 
i=l 


where « = (21, %2,.-.,%n) and y = (yi, y2,---,;Yn). This notation hides the dimension n however, so in 
fact theses are infinitely many maps. With the term bilinear we express the following properties for any 


u, v, © and y € R” and any a, b € R we get 


(autv,x) = alu,x) + (uv, 2) 
(u,ba+y) = b(u,x) + (u,y) 


The term symmetric clearly refers to (x,y) = (y, x) for any x, y € R” and form is reserved for maps that 
go down to the base ring. Also if z ¢ R", ye R™ and A € matmn(R) then we get 


(Az,y) = (2, A*y) 


where A* is the transpose of A. All this has been established in section 4.1. If R = R is the field of 


reals, the scalar product has another important property - it is positive: For any x; € R we find 


In fact the scalar product even is positive definite, that is for any x € IR” we also have the equivalency 


(tx) 0 ca | 


Prob If z = 0 then (a,x) = 0 is clear. Conversely if we had 2; 4 0 (for example) then x7 > 0. And as 
x? > 0 for any i € 2...n there is no negative number in (x, x) = x7 + 23 +---+ 2x? to cancel x? such 


that (x, x) > 0 as well. Therefore (x, 2) = 0 implies x; = 0 for allic1...n. 


(4.91) Definition: 
Now consider C” for some 1 <n € IN and w = (wj, wo,..., Wn) and z = (21, 22,.--,2n) € C”. Then we 


define the inner product on C” to be the following map 
c”xC" :5 C: (w,z) 6 (wz) = So wezk 
k=1 


And if A = (aj;) € matmm(C) is an (m x n)-matrix over the complex numbers, then we define the 


complex conjugate matrix A of A to be the transpose matrix of A in which all entries are conjugated 


A := (a;,i) € matn,m(C) 
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(4.92) Proposition: (viz. 765) 
Let 1 <m,n €N, then the inner product on C is a sesqui-linear form of C” with respect to the complex 


conjugation. That is for any t, w, z € C” and any a, b € C we get 


If we extend the maps of the real and imaginary part and the complex conjugation of C to C” component- 


wise by letting [as always, we take z = (21, z2,..., Zn) € ©” in the equations below] 
re(z) := (re(z1), re(z2),-..,re(Zn)) € R” 
im(z) :=  (im(z1), im(z2),...,im(zn)) € R” 
B=) ineapcssen) SO" 


then the inner product and scalar product are related (w | z) = (w,Z) and we also get the following 


identities for the real and imaginary parts of the inner product 


In particular the inner product is positive definite again, that is for any z € C” we have (z | z) € Rt is 


a positive real number, and we also get the equivalency of 


(z | z) 0 2 =) 


Finally, if w € C", z € C™” and A € mat, ,(C) then we get the following identity of the inner products 
(Aw | z) of C™ and (w | Az) of C” respectively 


(Aw|z) = (w| Az) 


Let us generalize these two notions: Both the scalar product and the inner product are maps of the form 
s: Mx M -— Rwhere M is R” or C” and R is the base field R or C€ respectively. Both maps are 
linear in the first argument, but in the second argument there can be some twist of the base field. To 
be positive definite means that the images s(x,x) are squares in the base field. Therefore we find the 


following common concept: 
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(4.93) Definition: (viz. 765) 
Let (R,+,-) be a commutative ring, « € rend(R) be an endomorphism of R and M be an R-module. 


Then a map of the following form 
s:MxM-—R: (2,y) s(z|y) 


is said to be a sesqui-linear form with respect to « [the word sesqui is derived from latin, meaning 


one-and-a-half, iff it satisfies the following three properties for any x, y, z€ Mand anyac R 
(1) s(a|y) = a- s(x] y) 
(2) s(a+y|z) = s(x|z)+s(y| 2) 
(3) s(y|x) = e(s(x| y)) 


Note that a sesqui-linear form with respect to ¢ = Ip is the same as a symmetric bilinear form. Generally, 


for any sesqui-liear form we already get the following additional properties 
(4) s(x | ay) = e(a)- s(a | y) 
(5) s(x; yt+z) = sel y) + sy] 2) 


The sesqui-linear form s is said to be positive definite, iff for any x € M with x £0 there is some unit 


a € R*, such that s(x | x) is of the form s(x | 2) = a-e(a). Formally that is 
xz =0 or s(x|ax) € {a-e(a)|ae R*} 


If P <m M is a submodule of M and s: M x M — Ris any sesqui-linear form on M, then we define 
the orthogonal complement of P to be the following submodule of M 


Pl := {rE M|VpeEP: s(x|p)=0} = () kn (2 + s(a | p)) 
pEeP 


If there are several sesqui-linear forms involved we will also write s(1| P) instead of P+ in order to fix 
the form used in the construction. Now a subset {m;|i¢ JI} C M is said to be an orthonormal basis 
(abbreviated as ONB) of M/ with respect to s, iff it satisfies 


(1) {m;|ie€I} is an R-basis of M and 
(2) Vi, 7 € I we get s(m; | m;) = 64,3 


If {m; | 2 € I} is an orthonormal basis with respect to some symmetric bilinear form b: M x M > R, 


then we will sometimes omit the "with respect to" part, if b is understood. 


(4.94) Remark: 

Let us take a look at the set Q := {a-e(a) | a € R* }: As € is a homomorphism of rings we find Q C R* 
as the inverse element of ac(a) € Q is just a te(a~') € Q. If e¢ = Il then Q is just the positive cone 
Q={a?|ae R*}. Incase R=R this is Q = Ryo. And in case R = € under the complex conjugation 


€ = k we also have @ = Ryo. 
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The reason we need this set is the Gram-Schmidt orthonormalization (4.97). Here we will use some 
r(a) € R* such that s(x, x) = r(x) er(z). In both cases R = R and R= C (and s is the scalar, resp. the 
inner product) we may take r(x) = \/(x | x) to do so. Later on we will take this for the definition of the 


norm of x and interpret this expression as the length of x € ©”. 


(4.95) Example: 


(i) The scalar product R” x IR” — R is a sesqui-linear form on the R-vector-space IR” [with respect 
to the identity map on Rl. It is positive definite, as for all x € R” with x 4 0 we have (x, 2x) > 0 


and thereby we have r € R* and r? = (x, x) for the square root 
r = vV(a,r) € Rso 


(ii) In fact for any matrix A € mat,(IR) with A = A* the map d(x | y) := (Az,y) is a symmetric 
bilinear form on R and hence a sesqui-linear form. However b need not be positive definite unless 
A satisfies further properties. We will later see, that a matrix A whose eigenvalues are all strictly 


positive will make a positive definite b. 


(iii) The inner product C” x C” > C is a sesqui-linear form on the C-vector-space C” [with respect to 
the complex conjugation « on C]. It is positive definite for the same reason as in (i). The scalar 


product on C” is not positive definite, as (z,z) =0 does not imply z = 0. 


(iv) As in (ii) the map s(x | y) := (Ax | y) for some matrix A € mat,,(C) that satisfies satisfies A = A 
is a sesqui-linear form with respect to the complex conjugation «. As in (ii) we have to imposes 


further restrictions on A to guarantee that s is positive definite. 


(v) Item (iii) can be generalized: If b: R” x R” + R is a symmetric bilinear form and € € rend(R) 
is some endomorphism of the ring R with <2 = Ip (in particular ¢ is bijective), then we let 
é(@) := (€(@1),...,€(%n)) for any v = (x1,...,%n) € R” and s(x | y) := b(a,e(y)). Thereby s is 


a sesqui-linear form, with respect to e. 


(vi) If V is a finite-dimensional IR-vector-space, then V admits a positive definite, symmetric, bilinear 


form b: Just choose a basis { v1,...,Un } of V. Then there is a isomorphism of vector-spaces 
n 
®:R"35V: (a1,...52n) + S > oeup 
k=1 


And thereby we can define the bilinear form b: V x V — R (that depends on the choice of the 
basis) by pulling back the scalar product from IR”, that is for u, v € V we let 


b(u|v) = (®*(u), ®*(u)) 


(vii 


~ 


Likewise if V is a finite-dimensional C-vector-space, then V admits a positive definite, sesqui- 
linear form s with respect to K: As in (vi) we choose a basis of V and take ®: C” SV. Then for 
u, v € V we let 

s(ulv) := (@*(u)| B*(v)) 
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(viii) Let MZ := mat,,,,(R) and for A, B € M define b(A | B) := tr(AB*), then b is a symmetric bilinear 
form. Specifically for R = C we may take s(A | B) := tr(AB), then s is a sesqui-linear form on 
M with respect to «. In fact b(A | B) is given by 


m 


b(A|B) := tr(AB*) = 5 “(row,(A), row;(B)) 


i=1 


(ix) Let M := C({a, 6], IR) be the R-vector space of continuous functions of the form f : [a,b] > R. 


Then we obtain a symmetric bilinear form on MW by letting 


Wf lg) = [ses 


Likewise for the C-vector-space M = C({a, b],C) of continuos functions of the form f : [a,b] > C, 


then in complete analogy, we obtain a sesqui-linear form on M, by letting 


s(f |g) := [10 


(4.96) Example: 

For any commutative ring (R,+,-) the Euclidean basis {€1,...,é€n } is an ONB of R” with respect to 
the scalar product on R”. In C” the Euclidean basis {€1,...,é€n } also is an ONB of C” with respect 
to the inner product on C”. However an ONB need not be unique: For example in the case R = R or 
R=C and n = 2 there is another ONB of R2, namely 


(4.97) Theorem: (viz. 766) 
Let (R,+,-) be a commutative ring with a fixed endomorphism ¢ € rend(f). Also let s be a sesqui-linear 
form with respect to « on the R-module WM. Then 


(i) A subset {m;|i¢€I} C M already is linear independent, if it is an ortho-normal system of M 


with respect to s, that is if it satisfies 
Vi,j el: s(mj | mj) — 0i,j 


(ii) If {m; | 7€ IL} is an ONB with respect to s then for any x € M the coefficients of the basis 


representation of x are given by s(x | m;) and therefore 


a S © 8(a | mi) mi 


iel 


(iii) If M is a free, finitely generated R-module and s is positive definite, then MZ has an ONB 
{ 91,---5;9n } with respect to s. And this can be gained in the following way: 
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Gram-Schmidt-Orthonormalisation: |f {m1,...,7™n } is a basis of M, then the following algorithm 
generates generates the ONB {91,...,gn } out of {m1,...,7™m™n }: For any 0 4 x € M there is 
some r(z) € R* with r(x) - e(r(x)) = s(x | x). Now define 


a ee 
Oe i ba se 0) aay 
te 


and start with g; := N(m,). For k € 2... suppose we have already constructed { g1,..., 9-1 } 
then gz is taken to be following element of 1 


k-1 
Gk W (me SE slme «| 


Then { g1,---;9n } ts an ONB of / with respect to s and for any & € 1...n this basis also satisfies 


ht gies 9e} = Lh{ my,..2,7~} 


(4.98) Corollary: (viz. 768) 
Let (F,+,-) be a field, ¢ € rend(£’) be an endomorphism of F, V be a finite-dimensional F’-vector-space 
and s be a positive definite sesqui-linear form on V (with respect to ¢). Recall the definition of the 


orthogonal complement of some subspace U <, V of V 


U+ = {reV|Vuel : s(z|u)=0} = () kn (+ s(@ | u)) 
ueU 


Then Ut <, V is another subspace and V is the inner direct sum of U and U+. Finally the orthogonal 


complement of U+ is U again. Together these are the following two properties 


V U@uUt 
=o 


And thereby V has an ONB { 91,..-,9r,--+;9n } © V with respect to s that splits V into the subspaces 
U and U-. That is, there is some r € 0...n such that we get 


U 
ut 


Lat ig ssSGey 
Lh{ gr4i,---,9n } 


(4.99) Definition: 
Let (R,+,-) be a commutative ring and WM, N be R-modules. Then we introduce the following notions: 


(i) The set of all linear forms f : M/ — R [which is an R-module itself, according to (3.67.(v))] is called 
the dual space of (/ and we denote it by 


M’ := mhompr(M, R) 
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(ii) As M’ is an R-module again, we may define the bidual M” of M to be the dual space of the dual 
space of M: M” := (M’)! = mhomr(M’, R). Thus we obtain the natural map 


8:M— 3M": «4 (fr f(2)) 


that is 3(x)(f) = f(x) € R. Clearly this is a homomorphism of R-modules again and M is said to 


be reflexive, iff this 6 even is an isomorphism. 


(iii 


a 


A map of the form 6: M x N -— R is said to be a duality of M and _N, iff it is linear in the first 
argument and additive in the second argument. That is for any u,v € M,2,ye NandacR 

(1) d(au,xz) = a-d(u,x) 

(2) d(u+v,z) = 6(u, x) + d(v, 2) 

(3) d(u,a+y) = d(u,a) + 6(u, y) 


Note that the properties (1) and (2) just state that for any x € N the map w++> d(u,z) is linear 


and thereby we obtain a natural map 


N—>M’' : +> dz where 6z(u) = 6(u, 2) 


iv) The ordered pair (M, N) is said to be a dual pair of modules under the duality 6 iff it satisfies the 
p ) y 
following three properties 
(1) 6: Mx N — Risa duality 
(2) VueM: (VeEeN:6(u,z)=0) = u=0 
(3) VrzeEN: (VuEeM:d(u,z)=0) = r=0 
v) Let MM), Mo, Ny, and Nj be R-modules and let vy; : My — Ny and wg: No — Mo be R-linear 
p v4 


maps. If also (141, M2) is a dual pair under dy¢ and (Ni, No) is a dual pair under dy, then we say 
that Y2 is conjugate or adjoint to y iff for any we My and any y € No 


dur(u,y2(y)) = dn(yi(u),y) 


In this case (if it exists) ye is uniquely determined by y; and we therefore write y) := Ye for it. 


Prob Suppose both w2 : Ng — Mo and Gy : No —- Mp2 are adjoint maps of 1. In particular we 
have dar(u, y2(y)) = dar(u, Go(y)) for any u € M and any y € No. But as (Mj, M2) is a dual 
pair under dj¢ we may subtract to find das(u, yo(y) — Po(y)) = 0, As this is true for any u © My, 
we get Y2(y) — Po(y) = 0. This again is yo(y) = Go(y) for any y € No such that ye = Dz is unique. 
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(4.100) Remark: 


i) By definition the second argument N > M’: u+> 6(u,2) of a duality 6: Mx N > Risa 
y g y 


(ii 


(iii 


(iv 


i) 


) 


— 


homomorphism from the additive group (M,+) to the additive group (2, +). In particular we have 


(4) Vue M : d(u,0) =0 
(5) Vue MVaeEN : d(u,—x) = —d(u, x) 


Prob As d(u,0) = d(u,0 +0) = d(u,0) + d(u,0) we find d(u,0) = 0 by subtracting d(u,0) once. 
And thereby 0 = d(u,0) = d(u,2—2) = d(u, x) +4(u, —x) such that d(u, —”) = —d(u, x), as well. 


If b: Mx N — R is a bilinear map, then b already is a duality of M and N. Likewise if 
s:Mx M => Risa sesqui-linear form with respect to some endomorphism € € rend(R), then s is 


a duality of / with itself. In particular 


R”xR”>R : (a,y)4 (z,y) 


Cc” xO" —>C : (w,z) wz) 


are dualities of R” resp. of C” with itself. Thereby (2”, R”) even is a dual pair under the scalar 


product and (C€”, €”) also is a dual pair under the inner product. 


Prob Everything is trivial, but the claim of the dual pairs: For this we pick up the Euclidean 
basis {e1,...,en } C R”. Then for any u = (w1,...,Un) € R” we have uz, = (u,ex). Thus 
we have property (2) of a dual pair. Likewise property (3) follows from x, = (ex,2) for any 
L = (X1,...,%n) € R". The proof for C” is exactly the same. 


For any R-module M we find a bilinear map (in particular a duality) of M and its dual space M’ 
by virtue of 
MxM'R: (2,f)# f(x) 


Prob As f € M’ is linear we get (ax+y, f) > f(ax+y) = af (x) + f(y) which is the linearity in 
the first argument. And as M’ is equipped with point-wise operations we also get (x,af +g) > 
(af + g)(x) = af (x) + g(x) which is the linearity in the second argument. 


(M) The following example is taken from integration theory, it is not needed four our purposes: Let 
(X, X, 41) be a measure space, that is X is a non-empty set, © a o-algebra on X and 4s a measure 


of &. For any 1 <p € R there is the R-vector-space of p-times integrable functions 
D?(X,m) := {f:X > R| |f|? is Lebesgue-integrable } 


Now let 1 < p, g € R with 1/p+1/q =1, then by the Holder-inequality (e.g. refer to Bauer, Mak- 
und Integrationstheorie, 14.6) we obtain the dual pair (L?(X, 1), LY(X, w)) under the duality 


EP(X, pw) x LUX, pw) > R : (fa) f Fe) o(@)l dno) 
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(4.101) Proposition: (viz. 769) 


Let (R,+,-) be a commutative ring and M and N be R-modules. Then the following statements are true: 


(i) 


(iii) 


(iv 


— 


380 


If {m1,..., Mn } is an R-base of M, then { m{,...,m/, } is an R-base of the dual space M’ (called 


the dual base of {771,...,™n }), where for any 7 € 1...n the element mi; € M’ is defined by 
n 
m; : MOR: So aim aj 
i=1 


Nota that this statement can not be generalized to infinite dimensions. Even over a field the dual 
space V’ over an infinite-dimensional vector-space V will exceed V in dimension, as the mi form 


a linearly independent set, that does not generate V’ however. 


Let {m1,...,7™n} C M bea basis of M and {m},...,m/, } C M’ be its dual basis. Likewise let 
{m{,...,m} C M” be the dual basis of {m{,..., mi, }, then we find that (for any k € 1...n) 


If M is a free R-module then the natural map 3 : M — M” is injective. If M is free and finitely 


generated, then § even is bijective. In particular any free, finitely generated module is reflexive. 
For any R-module M the following three statements are equivalent 


(a) the natural map £ is injective 
(b) (M, M") is a dual pair under 6(a, f) := f(x) 
() V2eM: (Vf eM’: f(z) =0) = c=0 


Let 6: M x N — R be any map and for « € N denote 6, : M — R defined by 6,(u) := d(u, x) 
again. Also let im(d) := { 6, | x € N } then (M,N) is a dual pair under 6 if and only if 


(1) 6: Mx N — Risa duality 
(2) VueM: (Vf €im(d): f(u) =0) = u=0 


(3’) the natural map N > M': x +> 6, is injective 


Fix an automorphism ¢ € aut() of the ring R ands: MxM — Ra positive definite sesqui-linear 


form on M with respect to «. Assume that M is free and finitely generated then the following map 
S:M3M': yh (44 2(e|y)) 


not only is well-defined and e-linear, but also is bijective. Recall that ¢-linear means that for any 


y, 2 € M and any a € R we get 


S(ay) = e(a)S(y) 
Syt+z) = S(y)+S(z) 


4 Linear Algebra 


Remark: Note that S is well-defined and e-linear for any sesqui-linear form S and any module 
M. If s is positive definite, then S already is injective. Also note that if R is noetherian and ¢ is 


surjective, then € already is bijective, as well, according to (3.77.(i)). 


(4.102) Remark: 


With this knowledge in mind let us return to the definition of the adjoint of a homomorphism of R-modules: 


(i) Recall the notation of (4.99.(v)) and let us present a diagram of what it means that yo : No + Mo 


is the adjoint of some module homomorphism vy : M, > No 


Om 7 M, x Mo > R 
J 1 + 92 
On : Ny x No > R 


(ii) This definition is usually applied to the following case: If M/Z is a free R-module then the natural 
map 2: M — M" is injective and hence (M, M’) is a dual pair under (a, f) := f(a) - according 
to (4.101) again. Let us fix this duality, then we get 


M x M > R: (a2,f) #& f(z) 
Le t¢ 
N x N + R: (yg) & aly) 


If MZ and N are free R-modules and y: M — N is a linear map, then y’ : N’ + M’ is the adjoint 
map of y if and only if 
VgEN' : gp = g'(g) € M’ 


Prob for any u € M and g € N’ we have 3(y(u), g) = g(p(u)) = gyp(u) and likewise B(u, y’(g)) = 
y'(g)(u). If vy’ is the adjoint of y then these are equal gyp(u) = y’(g)(u) and as u € M has been 


arbitrary this is the equality of maps gp = y’(g). 


(iii 


~ 


If (R,+,+) is a commutative ring and 1 < m,n € IN then (R™, R™) and (R”, R") are a dual pairs 
under the respective scalar products. Let now y : R” + R™ be given by the matrix A € matm»(R), 
that is y(a) = Az for any x € R”. Then the adjoint y’ of y is given to be the transpose matrix A* 
of A, as (x, y'(y)) = (a, A*y) = (Az, y) = (v(x), y) is true for any x € R” and y € R™ 


gy : R™ SR" sy Aty 


(iv 


— 


Specifically for R = C we also have the dual pairs (C™,C™) and (C€”,C€”) respective inner 
products. Again, if y : C” — €™ is given by the matrix A € mat,,,(R), that is p(x) = Az for 
any x € C”, then the adjoint map y’ of y is given to be the complex conjugate matrix A of A, as 
(x | v'(y)) = (2 | Ay) = (Az | y) = (y(z) | y) is true for any x € C” and y € C™ 


ge : C™ 3 C" : yo Ay 
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(v) Let M is an R-module and consider b: M x M — Ra bilinear map on M (e.g. the scalar product 
in case of M = R"”). As always there also is the natural map 3: M x M’: (a, f) > f(x). Now, 
if P <m M is any submodule of M we would like to compare the orthogonal complements of P 


with respect to b and to {, these are 


b(P |) {yEM|VaceP:b(x|y) =0} 
B(P|L) = {feM'|VceP: f(z) =0} 


Note that b(P |L) <m M and 6(P|L) <m M’ so they seem to be completely seperate concepts, 


so far. But according to (4.101.(vi)) b induces a canonical homomorphism of the form 
bo: MM’: ys (a O(r|y)) 


and for this it is clear, that b/(b(P |L)) C B(P |L). If M is a finitely generated, free R-module 


then b/ even is an isomorphism, and in this case we even get the equality 
v(O(P|L)) = BCP IL) 


Without 6 we could still have chosen a basis {m,...,7™,} of M and this would have induces an 
isomorphism M+ M’ by linear expansion of m, ++ mi,. However this isomorphism depends on the 
choice of the basis, which we express by saying that it is non-canonical. Given b the isomorphy is 


induced by b and this is why we call it canonical. 


(4.103) Proposition: (viz. 771) 


(i) Let (R,+,-) be a commutative ring and 1 < m, n € N. First of all we fix the scalar product 
bn : R” x R” > R: (x,y) (x,y) as a bilinear form on R” and respectively b,, on R™. If now 


A € matm»(R) is any (m x n)-matrix over R and A* € matym(R) is its transpose then 


kn(A) = (im(A*))~ 


kn(A*) = (im(A))~ 


Let (R,+,-) be a commutative ring, « € aut() be an automorphism of R and M and N be a finitely 
generated, free R-modules. Say s: Mx M— Randt: N x N > Rare positive definite sesqui-linear 
forms (both with respect to ¢) and consider y : M — N a homomorphism of R-modules. Then we get 


(ii) Since s is positive definite we have M+ = 0. Likewise, as t is positive definite we have N+ = 0 


Mt = {ue M|VveEM: s(u]v)=0} = {0} 
Nt = {rE N|VyEN: t(x|y) =0} {0} 


(iii) y has a (uniquely determined) adjoint homomorphism vy’ : N + M of R-modules. And if M and NV 
are ordered ONB of M and N respectively and A = [ey is the matrix representation of y, then 
y’ has the matrix representation [y’]4/ = e~(A*) and satisfies (for any u, v € M and z, y € N) 


t(y(u)|y) = s(ul ¢'(y)) 
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(«| e(r)) = s(e'(@) |») 


(iv) If yw’ is the adjoint homomorphism of y then we have the following identities for the kernels of y 


and y’ respectively 


(4.104) Definition: 
Let us append a generalization of the concept of an orthogonal complement introduced in (4.98) in 
the general setting of modules: Let (R,+,-) and (S,+,-) be any rings, a and 6: R > S be fixed 
homomorphisms of rings and consider the R-modules L, M and the S-module N. Finally let b be a map 
of the form 

b: LxM-4wN 


that is a-linear in the first and G-linear in the second argument. That is for any u, v € L, any x, y © M 
and any a € R we assume the following identities 
butu|z) = blu 
bulx+y) = Ov 
b(au|xz) = a 
) = B 


b(u | ax 


That is: If S = R and a= 6 = 1, then 6 is bilinear. For any subsets P C EL and @ C M we define the 
orthogonal complement of P resp. of Q with respect to b, to be the following submodules of / resp. of L 


Qt := {ueL|VqeQ: blu]q)=0} = () kn (ur b(u | @)) 
qeQ 


P' := {fE€M|VpeP: bW(p|x2)=0} = () kn(a ++ b(p | z)) 
pEeP 
In case of ambiguity we also write b(P | 1) := P' and b(L | Q) := Q+ to emphasize the a-$-linear 
map used in the construction of these sets. Now b is said to be non-degenerate iff both L+ = 0 and 
M+ = 0. That is iff b(u | 2) = 0 for any x € M is true only for u = 0 and likewise b(u | x) = 0 for any 
u € Lis true only for z = 0. Formally, iff for any vu € L and x € M we have 


(Va eM: H(u| 2) 0) u=0 


(Vue LD: d(u| 2) 0) e.=0 


A stronger version of this notion is the following: 6 is said to be integral, iff b(x | y) = 0 implies that 


x =Oor y=0. That is, iff for any u € L and x € M we have the implication 


b(u| x) = 0 t=) “or. a= 30 
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(4.105) Proposition: (viz. 768) 
As in definition (4.104) above, let b: Lx M — N be a a-f-linear map from the R-modules L and M to 
the S-module N. Then we get: 


(i) The maps P +> P' and Q ++ Qt are a Galois connection [refer to (0.20)] between the sets of 
submodules Subm(L) and Subm(M) partially ordered under the inclusion C of sets: 


Subm(M) — Subm(M") 


ee pT 
Be 24, PF 


(ii) We obtain another well-defined map b, that is non-degenerate, a-linear in the first and 6-linear in 
the second argument, by virtue of 


b: ware as aD >N: (c+M+,y+L") +> B(x, y) 


(iii) If (P;) C Subm(L) (where i € I 4 0) and (Q;) GC Subm(M) (where 7 € J #0) and are arbitrary 
families of submodules of L and M respectively, then we get 


er) 98 


wel 1El 
an 
au 
> 9 = ()Q 
jet jEJd 


(iv) Suppose that a = 6 and that b is integral, then all elements x € L and y € M share the same 


annihilator and if 4 0 this is a prime ideal in R. That is we get 
x#0 and y#O = = ann(x) = ann(y) € Spec(R) 


(4.106) Remark: 


The standard case of the a-{-linear map b in definition (4.104) is the canonical bilinear map of an 


R-module M and its dual space M’ given by 
6: MxMR: (2,f)% f(z) 


Let us repeat the definition of the orthogonal complements of submodules P <, M and F <p, M’ in 
this case respectively 


* 
& 
I 


“) {feEM'|VceP: f(x) =0} 
F- = 6(L|F) := {xeM|VfeF: f(x) =0} 
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This is what inspired our notation: If we consider M’ to be one level above M, then T raises P one 
level to P' C M’. Likewise | lowers F' one level F+ C M. This of course can be iterated, such that 
P'' C M" for example. However 3: M —> M” allows to pull back P'' onto the level of M. 


In this general setting let us consider the following example: The Z-module M = Z? is free and finitely 
generated with basis { e1, e2, e3 }. The dual module M’ then features the dual basis { e4,, e5, e5 }. We take 
a look at its submodule P = 3Z®Z@0 = Lh{ 3e1,e2 } <m M. Thus if we consider any x = (3a, 6,0) € P 
and any f = ue} + vey + we € M’ then f(x) = 3au + bv. In order to have f € P+ we need f(x) =0 
for any a, b € Z and in particular 3u = 0 and v = 0. As Z is an integral domain this implies wu = 0 such 
that f € Ze. Hence we see 

(Z3e;+Ze2)' = Les 


Likewise it is clear, that (Ze)+ = Ze, + Zeg which is a submodule of M strictly containing P. Thus - 
even over a PID - not every submodule of M satisfies (P')+ = P and hence there are submodules (like 


our P here) that are no orthogonal complement of some F <, M’. 
Z3e, + Zen C (Z3e1 +Zeo)'~ 


The reason behind this is that 3Z is not complemented in Z and hence P is not complemented in MW. In 
turn the Galois connection will only be bijective on the set of complemented submodules of /, not for 


all submodules. 


(4.107) Theorem: (viz. 774) 
Let (R,+,-) be a commutative ring and MW a finitely generated, free R-module where we fix the bilinear 
map M x M’ > R: (a, f) > f(x). Finally let P <, M be any submodule of M, then we get the 


following statements: 


(i) If R is an integral domain and {m,...,7™, } is a basis of M such that {a jm1,...,a-m, } is a 
basis of P where r € IN and ay,...,a, € R then we get the following identities 
RY =) Lh a paiaene 
P't = Lh{m,...,m,} = Hull(P) 


Nota that in case of a PID R we know by (5.28.(iv)) there always is a basis { 7™m1,...,7™n } of M 


and factors a,,...,a, € R such that {a ,m1,...,a-m, } is a basis of P. 
(ii) Let R be a field and M be a finite-dimensional R-vector space. Then there is a basis { 7™m1,...,7™n } 
is a basis of M such that {mj ,...,m, } is a basis of P (for some r € 0...n) and thereby 
PY 2 hl cese mt 
P'+ = th{m,...,m,-} = P 
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(iti) Let 6: M — M”: a+ 2" be the natural map again, that is x” is the map 2”: M’ > R: f + f(z) 


and consider some submodules P <,, M and F <,, M’, then we get the identities 


B (r+) = Fl — M! 
(iv) If R even is a PID, then the following statements on P are equivalent: 


(a) M admits a basis {7m1,...,™n} such that there is some r € IN such that the subset 


{m1,...,mry } is a basis of P. 


(b) P is complemented, that is there is another submodule @ <, MM such that M is the inner 
direct sum of P and Q 
M = POQ 


(c) There is some submodule F’ <, M’ of the dual space of M, such that P is the orthogonal 
complement of F’, that is 
PS Fe 


(d) P Hull (P) 
(P= “Pie 


(v) If Ris a PID again then the Galois connection of (4.105) interlocks the complemented submodules 


of M and M’. That is, if we denote the set of complemented submodules of M by 


Sube(M) := {P <m M|4Q <n M: M=POQ} 


then going to orthogonal complements yields a bijection between the sets of complemented sub- 


modules of M and M’ respectively. Formally 


Subc(M) << Subc(M") 
Pw» pl 
Bo 2. OF 


(4.108) Proposition: (viz. 773) 
Let (R,+,-) be a commutative ring M/ and N be R-modules and consider the following canonical maps 


concerning the direct sum M @ N 


im: MoOMON: £4 (z,0) 
in :MOM@ON: «+ (z,0) 
mm :M@N>M: (a,y)o2 
ty :MO@N>N: (a,y) Hy 
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Then we obtain the following isomorphy of the dual space of M @ N [note that faas + gan is defined 
by (fra + gtw)(2,y) = f(a) + 9(y)] 


(M@N) % MeN’ 
hw (hum, hen) 
fru+9t™m © (f,g) 


Likewise we obtain the following isomorphy of the bidual space of M @ N 


(M@N)" 4% M"@Nn" 
W (f+ w(frm), 90 w(gry)) 


(h > wa (hem) + wy (hey)) oa (was, wy) 
And if we denote the natural maps Gay: M > M": a2 (f+ f(x)) and By : NN”: y+ (g g(y)) 


respectively and likewise 8: M@N > (M@N)": (2, y) 6 (h+ A(z, y)) then we get the following 
commutative diagram OG = By X Bn where 


MON 


1 ‘\ 
(M@N)” 4% M’@N" 


B :M@NA>A(MEN)': (ay) (hb A(z, y)) 
bu x By : M@NGM"ON": (a,y) 4 (fH f(a),94 g(a) 
0 : (Mo@N)"%M"@N" (f 4 w(fam), 9 w(gtn)) 


(4.109) Corollary: (viz. 777) 


(i) Let (R,+,-) be a commutative ring, Z and N be R-modules and denote the natural maps fiz, Bn 
and £ as in (4.108). Also let x abbreviate any of the words injective, surjective or bijective. Then 


we find the following equivalency: 


Bisk <> By and By are x 


(iit) Let (R,+,-) be a commutative ring and M and N be R-modules then M @ N is reflexive if and 
only if both M and N are reflexive. 


(iti) (<>) Let again (R,+,-) be a commutative ring, P be any R-module and 3 : P — P” be the natural 


map. Then we find two implications 


P is projective => {is injective 


P is projective and finitely generated = > Ps reflexive 
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4.8 Vector Geometry 


This section will be quite different from the rest of this textbook, in two ways: First of all we will regard 
the case of the real numbers as the base field for most of the time, second we will apply our theory to 
elementary geometry where we will appeal to the mathematical intuition and third we use a few ingre- 
dients from basic analysis without proving them. We dare to do so, as from a formal point of view none 


of this is needed in the rest of the textbook. 


The most fundamental concept of geometry is that of a triangle. We find a right-angled triangle inside a 
circle by connecting the points A = (0,0), B = (b,a) and C = (b,0) € R?. The right angle is at point 


C’ of course. 


It probably is the most commonly known fact of mathematics, that the length of the hypotenuse (that is 
the line from A to B) is closely linked to the length of the legs (that are the lines from C to A and C' to 


B respectively). If you never saw the proof of this, look it up - it is really cute: 


(4.110) Lemma: (viz. 557) Pythagorean Theorem 
In a rectangular triangle of the points A, B and C, that has its right angle in C’ and the length of its 


sides are: a opposite to A, b opposite to B and c opposite to C’, we have the relation 


C= a+b? 


The perimeter of the circle (of radius c is) 27c (Ml) . Thus it stands to reason to define the angle a at 


the point A to be the fraction of the length s of the arc from F' to B times the radius c of the circle: 
aS |e [0, 27] 
c 


This number is independent of the radius and neatly describes the width of the opening of the triangle 
at A. It is a measure just how far we have to rotate F’ = (c,0) to reach B. Using this angle we define 


following functions 
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(4.111) Definition: 
The sinus of the angle a is defined as the ratio of the length of the side opposite to a times the length 
of the hypotenuse of the triangle. The cosine of the angle a is defined as the ratio of the length of the 


side adjacent to a times the length of the hypotenuse: 
sin(a) := 


cos(@)  := 


almoala 


Altogether sinus turns the fraction s/c into the fraction a/c, likewise cosinus that maps s/c++ b/c. From 
the theorem of Pythagoras we then find sin(a)? + cos(a)? = a?/c? + b?/c? = (a? + b?)/c? = 1, which is 


one of the fundamental properties of these functions: 
sin(a)? + cos(a)? = 1 


The theorem of Pythagoras also provides a way of measuring distances in a plane: Given a point 


x = (%1, 22) € R? we find, that this point gives rise to a right-angled triangle by looking at its coordinates: 


The distance d from (0 | 0) to x [in other words the length of the line from (0 | 0) to 2] can be computed 


d= 4) eae 


We will now generalize this to higher dimensions: Let us take a look at a point x = (x1, 72,273) € R? in 


using the Pythagorean theorem 


space. We can still illustrate this: 
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In order to compute the distance d of x from the origin 0 we use the projection p = (1, 22,0) of x to the 
level plane. It has distance b from the origin 0. But then another right-angled triangle emerges, having 


the side lengths b, x3 and d, where d is the distance of x from 0. Thus we can compute d 


Pe = af+a3 
2 2 2 2 2 2 
d —_ b + £3 => T{_+%Q+ 43 


So generally in n dimensions we expect d? = 27 +---+2?. This even is true for n = 1, where \/x? = |x| 


is just the absolute value of x; that measures the distance of x; to 0. Therefore we define: 


(4.112) Definition: 


If 1 <ne€WN and & = (24, %2,...,2%n) € R” is a vector (that is a point in n-dimensional space), then we 
define the norm of x by 
lal = fott+aht-- +02 
Likewise for z = (21, 22,.--,2n) € C” we define the norm of z to be the norm of the absolute values 
(\z1|, |za|,---, |2n]) € R” 
lel] = Vea? + [zol? +--+ + [enl? 


And if S C IF” is a subset of n-dimensional space, where F € { R,C} and x € F” is a point, thenp € S 


is said to be an orthogonal projection of x on S, iff it is a point of least distance in S from z, that is iff 


VYseES weget |lxz—pl| < |la—s|| 


(4.113) Example: 
In the light of the Pythagorean theorem we have to interpret the set of solutions x = (x1,22) € R? of 


the following equation as a circle or radius r > 0 around the center c = (ci,c2) € R? in the plane R? 


2 2 
(x1 _ c1) + (a2 = c2) = 7 
Likewise in three dimensions: We have to interpret the set of solutions 2 = (x1,22,73) € R® of the 


following equation as a sphere or radius r > 0 around the center c = (c1, ¢2,¢3) € R® in the space R® 


(01 — ex)? + (v2 — 02)? + (e309)? = 0° 

It is an interesting observation that geometric objects appear as sets of solutions of certain equations. 
This is the staging area of differential geometry (if we allow differentiable functions in the equation) and 
algebraic geometry (if we allow polynomial equations in the equation). 

The points that are closer to c, than the radius r form a circle or ball of radius r respectively. That is we 
have to interpret the set of solutions x of the following inequalities as circle or ball of radius r around 


the center c respectively: 


(v1 = ci)’ li (x2 = co)” < r? 


(a1 — c1)” + (x2 — ca)” + (a3 — 3)? < r? 
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The field of convex geometry is dedicated to studying sets of solutions of linear inequalities. Linear 
Optimization is the theory of finding the minimum of a linear function over such a set. Generalizing these 
interpretations we define the (n —1)-dimensional sphere and n-dimensional (closed) ball of radius r > 0 


arund the center c € IR” to be the respective set 


KN 
——. 
io) 
~~" 
II 


{xe R* ||la—el]= r} 
{ve R" ||la—el|< r} 


w 
3 
—~ 
ie) 
~~" 

I 


(4.114) Definition: 
Let (R,+,-) be a commutative ring and M be an R-module. A non-empty subset S C M is called an 


affine space in M iff it satisfies one of the two following equivalent properties 


(a) dp € S such that S—p <, M is a submodule of MZ 
(b) Vs € S the subset S—s <m M is a submodule of 


And in this case the submodules S—p = S—s are equal for any two p, s € S. Thus if the submodule S—s 
is free [e.g. if R is a PID and M is a free, finitely generated R-module] we may define the dimension of 


S to be the dimension of the shifted submodule S — s, formally 
dim(S') := dim(S — s) for an arbitrary s € S 


Prob We will first show that (a) implies S—s = S—t for any s, t € S. By assumption P := S—p <p M 
is a submodule. And if s € S then clearly d:= s—pe€ P. Therefore -d+ P= P. But hereby 


P= -d+P = -(s—p)+(S-—p) = -s+p+S-p=S-s 


Thus we have S—s = —d+P=P=S~—p for any s € S. In particular S—¢t = P= S — s for any two 
s, t € S. Now the implication (a) == (b) is easy: Since S — pis a submodule of M and we also know 
that S—s=S-—p <, M is the same set, clearly S—s <, M is a submodule, too. The converse 
implication (b) ==> (a) is trivial, as S is non-empty. 

(4.115) Example: 


(i) If P <m M is a submodule of M then P is an affine subspace of MZ. And the dimension of P as 


a module is precisely the dimension of P as an affine subspace [by taking s = 0]. 


(ii) Conversely any affine subspace S C M is of the form S = p+ P for some p € M and some 


submodule P C M. We will mostly regard the case of a line - a 1-dimensional affine space in 
S = p+Ru 


for some 0 £ u € Rora plane in M. The latter is spanned by two (linearly independent) elements 


u, v € M and hence is a 2-dimensional affine space in M@ 
S = p+ Ru+ Rv 
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(iii) If {.S; | i € I} is an arbitrary collection of affine spaces S; C M, then their intersections either 


empty of another affine space in 


()s: C M affine space <=> (iS #0 

iel iel 
Prob If S := (),;S; is empty, then there is nothing to prove. If not we pick up some p € S. 
Asp eS C S; for any it € I we find that P; :-= S;-—p <m M is a submodule of M. Let 
P :=();Pi <m M, then we will show: S = p+ P. As P C P; for any i € I we clearly have 
p+P C p+P, = Sj. Conversely if x € S then x-—peS;-—p=P, foranyze€ J. Thusx—pe P 
such that « € p+ P. And by S=p-+ P it is clear that S is an affine space. 


Elementary geometry usually starts in the some space IR” and considers points, lines, line segments, tri- 
angles, quadrangles and such. Using set theory we may model all these objects as subsets of the ambient 
space. E.g. the triangle T = ABC in R” is the collection of points in R” that lie inside T. We will now 
formalize these notions: Thereby the triangle ABC’ C IR” will be the convex hull Ch{ A, B,C } of the 
points A, B, C € R”. Generally speaking A; Ag... Am is just another notation for Ch{ Aj, Ag,...,Am }. 


(4.116) Definition: 
Let V be an R-vector-space, x, y € V be two points in V and C’, X C V be subsets of V. Then we 


define the following notions 


(i) We denote the line segment from x to y (that is the set of points in V starting in x and going 


straight to y) by [x,y]. Formally that is 


[zy] = {ar+by|a,beR*,a+b=1} 
= {r+b(y—z2z)|bER, 0<a<1} 


(ii) We say that CC V is a convex set, iff for any two points x, y € C the line from x to y is contained 


in C. Formally again this is the property 


Va,yeC: [x,y] CC 


(iii) For a finite set X = {21,...,a%, } C V we define the convex hull of X to be the set of all convex 


combinations of the elements x, € X 


Chiiseen ay = {dove mer Sant 
k=1 k=1 


Likewise the convex hull of an arbitrary subset X C V is the set of all convex combinations of 


any finitely many elements of X 


Ch(X) — {doa 
k=1 


1l<neEN, 4 EX 
a, € Rt, 4 
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(4.117) Remark: 

Examples of convex sets are abundant in elementary geometry: Clearly the empty set @ C V and any 
affine space S C V are convex sets in V. Also any line segment [x,y] C V is convex. Likewise any 
triangle, quadrangle and so on are convex sets. In V = R” the ball B,(m) := {x € R” |||a — ml|< r } of 
radius r with center m € R” is convex. This is untrue for the sphere S,(m) := {x € R” |||~z —ml|=r } 


of radius 7 with center m € R” however. 


(4.118) Proposition: (viz. 777) 


If V be an R-vector-space and X C V is an arbitrary subset of V the following 3 statements are true 


(i) The convex hull Ch(X) C V of X is a convex set. And if 2 € X is any fixed element of X, then 


we can also write it, as 


Chix = r+ | Soon) 
k=1 


1l<neEN, mE xX 
a, ER, pa ee <1 


(ii) If J A @ is any index set and for any i € I we are given some convex set C; C V, then the 


intersection of all the C; is a convex set in V 


(\c. Cc V is convex 


wel 


(iii) In particular there is a smallest convex set containing X. It turns out that this is precisely the 


convex hull of X, that is we have the identity 
aK 
(4.119) Example: 


In R” the n-dimensional simplex is defined to be the convex hull of 0 and the Euclidean basis vectors 


XC CO CY, 


C is convex 


= Ch(X) 


e€1 to ey. Intuitively speaking, this is the pyramid attached at 1 at every coordinate axis with apex in 0 
By, Ch Ope yy Oey 


As 0 is an element of the generating set of A,, we may use (4.118.(i)) (or an immediate comparison) to 


rewrite this into the following form 


Aye { (seat © 


n 
wert, asi 


k=1 


We see that A, contains a facet [,, that is projected P(I’,) = An_1 onto the (n— 1)-dimensional simplex 
An-1 © R"™! C R” under the forgetful map P:R” — R”—!: (ty, to,...,tn) > (te,..-, tn) 


n 
wert, rant 


Ee; = | (roent) © 
k=1 
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(4.120) Proposition: (viz. 779) 
Let 1 <n € WN and x € EF” be a point of n-dimensional space, where F € { R,C}. Then the following 


statements are true: 


(i) If U < EF” is a subspace of F” then there is a uniquely determined orthogonal projection p € U 
of x. And if we choose { 91,..-,9r,---;9n } CG F” an ONB of F” such that U = Lh{ gi,..., 9, } 


then we can even compute p by 
r 


p = ) A@| 9k) 9% 
k=1 
(ii) If S C I” is an affine subspace of I” then there is a uniquely determined orthogonal projection 
p€S of x. And if s € S is any point in S then we can compute p in the following way: Choose an 
ONB { g1,.--59r5-++59n } CG EF” of F” such that S — s = Lh{ gi,...,g, } then p is given to be 


Tr 
p= ot) G5 ge) oe 
k=1 


(iii) If S is a line in F”, that is S = {s+ au|ae€F} for some points s and u € F” with u ¥ 0, then 


the orthogonal projection p of x to S is uniquely determined and can be computed, by 


p = s+au where a = au 
a 
(4.121) Lemma: (viz. 780) 
Let 2<n€ NN and let x, y € R” be two n-tuples. Then we consider the triangle ABC defined by the 
points A=0¢ R", B=2 and C=y. Now the angle a in A of ABC satisfies the equation 


(x,y) = |x|] - llyll -cos(@) 


(4.122) Remark: 
Lemma (4.121) yields the interpretation of the scalar product as a way to measure the angle a between 
two vectors x and y € R” 
(x,y) 
lll - Ilyll 


Note that x and y are perpendicular iff cos(@) = 0 and this is the case iff the scalar product vanishes 


cos(a) = 


lg <=. pay =) 
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This is formally true for any x, y € IR” but we will use this interpretation far more generally by defining 
x and y € H ina Hilbert space to be perpendicular iff the inner product (x | y) = 0 vanishes. In this 
sense we can speak of orthogonal functions f, g : X — C for example. In the case of the base field C 
the interpretation of the angle is a little obscure. But the same reasoning yields the following result: 
Consider the complex lines Cw and Cz where w, z € C”. There are two angles a and a’ between these 


lines that sum up to a+ a’ = 7. Let a < a’ be the smaller of the two, then 


|(w | 2) = [wll - [zl] -cos(@) 


In 2 dimensions - in the plane R? - it is clear that for any given direction, defined by 0 4 x = (#1, x2) € R? 
there is precisely one direction n = (n1,n2) perpendicular to it. As we have just seen this n has to 
satisfy the equation 


fini + done. = (en) = 0 


This is a homogeneous, linear equation, so the set of solutions { i is a subspace of R? - not surprisingly, 


as only the direction of m is determined, not its length. And we immediately see the set of solutions 


ne fey = R( * ) 
dy 


So what happens in 3 dimensions? Suppose we fix 2 directions by giving a vectors x, y € R°. Unless x 
and y are colinear (= linear dependent) there should be precisely one direction n perpendicular to both 


x and y. This time n has to satisfy 2 equations, namely 


Coa) = 0 
(yn) = 0 


Lyn, + Lone + 13N3 


Yin + yan2 + y3N3 


Let us try to solve this system of linear equations, by eliminating a variable: If we multiply the first 
equation by y; and the second equation by x; we can eliminate n, by subtracting. Then we use the 


"2d'-trick to guess a solution (nz, 73) of this equation with two variables, only 
(wayi — Xiy2) N2 + (x3y1 — T1y3)n3 = 0 
eS — 

—n3 n2 


In order to find m1 we eliminate n3 by multiplying the first equation with y3, the second with x3 and 


subtracting again. This time we find 
(tiy3 — e3y1) m1 + (xay3 — w3y2)n2 = 0 
mn—~—)_—“—_ m—C'—~—)_——_ 
—n2 n1 


We see that our solution for nz agrees, so it seems we have stumbled upon something interesting: The 


direction {x,y} perpendicular to both x and y € R® seems to be given by 


L2Y3 — L3Y2 

L 
n€ {x,y} = RI a3y — x1y3 
L1Y2 — L2Y1 
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(4.123) Definition: 
Let (R,+,-) be a commutative ring and consider two triples 2 = (21,272,273) and y = (y1, ye, y3) € R? 


then we define the wedge product (which is more commonly called cross product) of z and y by 


XY Y1 L2Y3 — L3Y2 
rq |A ye i= L3Y1 — ©1Y3 
x3 ¥3 L1Y2 — L2Y1 


The wedge product is a classic construction that has surprisingly many applications. What we are 
interested in here, is that we may define a plane in IR? by giving a vector perpendicular to it. But the 
wedge product may also be used to compute the area of a parallelogram or the volume of a parallelepiped 


in IR°. So how do we define these objects in vector geometry? 


(4.124) Proposition: (viz. 782) 
If (R,+,-) is any commutative ring, a, b and x € R3 such that aA a = b, then we find that (a,b) = 0 and 


ac = bs +214 


agar = 0 + x28 


a3gu = —b + #34 
0 


Conversely: In case (a,b) = 0 and a; € R* we thereby find that the set of solutions x of the equation 
a x = bis the following line in R® 


0 
{xe R?|ahx=b} = a; 'b3 + Ra 


—ay'be 
Likewise, if (a,b) = 0 and ag € R* respectively if ag € R* then we find the following analoguos identities 


—az ‘bg 
0 + Ra 


-1 


{re R|ahx=b} 


{re R |ahx=b} = az;'b; | + Ra 
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(4.125) Definition: 
Let V be an R-vector space and xj,...,x% € V be any vectors in V. Then we define the parallelotope 


spanned by the 2; to be the linear hull of the x; with coefficients 0 < a; < 1 only 


k 
Pit 2.284} = { doen | ai € ou} 
i=l 


Let us append some elementary geometry: In planar geometry a parallelotope P = Ph{ x,y} (where z, 
y € R?) is called a parallelogram. In this case we define the area of P as shown in the figure below. 
And in spatial geometry a parallelotope Q = Ph{ x, y, z } (where x, y, z € R®) is called a parallelepiped. 


In this case we define its volume as shown in the figure: 


] ae | 
C 
a Li” 


x 
a 


Area(P) = ah = ab-sin(a) Vol(Q) = Area(P)-h 
= Area(P)-c-sin(B) 


(4.126) Proposition: (viz. 783) 
If (R,+,-) is a commutative ring and we are given five triples u, v, x, y and z € R° then the wedge 


product satisfies the following properties 
(1) cAxz = 0 
(2) cAy = —(yAz) 
(3) R? x R3 > R38: (2,y) 6 xy is bilinear 


(4) (a@Ay) Law and (r@Ay) Ly 


Oh Vay. Bo Yi 
Skye S x3 Os. ey Y2 
a 0) Y3 


(6) (x A y, 2) = det] x yY 2 
I | | 
(7) cA(yAz) = (@,2z)y — (2,y) 2 
(8) cA (yAz)+yA(ZAz)+zA (LAY) = 0 
(9) (uAv,zAy) = (u,x)-(v,y) — (uy) - (v, 2) 


(10) cAyA#0O <> {2,y} linear independent 
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Hereby property (7) is called the Jacobi and (9) is called the Lagrange identity of the wedge product. 
And if A € mat3(R) is any matrix, then we have the transformation formula (where cof(A) is the cofactor 


matrix of A, i.e. the matrix of (2 x 2)-minors of A) 
(Ar) A (Ay) = cof(A)(a Ay) 


Now, if R = R then the norm of the cross product is precisely the area of the parallelogram spanned by 


x and y. That is if a is the angle between theg vectors x and y then we get 
cA yl| = Area(Ph{ x,y }) = lal - llyll -sin(a) 


Likewise, if x, y and z € R®? then the volume of the parallelepiped spanned by x, y and z can be computed 
using the triple product of x, y and z 


CNG ey = Vol(Ph{ L,Y, z }) 


(4.127) Remark: (<) 
In the definition of the area of a parallelogram or the volume of a parallelepiped we strongly appealed to 
the intuition of the reader. There is an entire mathematical discipline called measure theory dedicated 
to the problem of defining the volume of geometric objects in IR”. The best answer to this problem is 
the Lebesgue-measure and it turns out, not all subsets X C IR” can be assigned a reasonable volume. 
There are X that are just too weird, to do so (e.g. the Banach-Tarski-Paradox). 

A very readable introduction to the topic is the first chapter of [Bauer, Ma&- und Integrationstheoriel. 
Theorem (8.4) in this textbook states that for any R-linear y : R” — R” and any Borel set A C R” 


[that is a set that can be assigned a reasonable volume] the Lebesgue-measure \ satisfies 
A(~(A)) = det(y) - A(A) 


In this light the volume formula above is just a special case of this: Define y : R® > R? by (ei) := 2, 
y(e2) := y and y(e3) := z. Take C := [0,1]° the standard cube in R3. It stands to reason, that \ has 
been defined in such a way as A(C) = 1. Then Q := y(C) = Ph{ a, y, z } and we get 


Vol(Q) = A(Q) = det(y)-A(C) = det] x y z] = (xAy,z) 


(4.128) Example: (viz. 786) 
Consider any four points A, B, C and D € R? in three-dimensional space. We say that their convex hull 
T := ABCD = Ch{ A, B,C, D} is a trapezoid, iff these points form a quadrangle in IR® such that two 


sides of the quadrangle are parallel. E.g. we may assume the property 


C= = {Bas 
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for some t € R?. In this case these four points lie in a plane in R® as C = A+t(B—A)+(D-— A). 


And the area of J’ can be computed using the wedge product in the following way 


Aea(T) = 5 (I((B-4)+(C-D)) A(C-A)| 


This is due to the fact, that we can decompose the trapezoid T = ABC'D into two triangles ABD and 
BCD and compute their areas using the wedge product of the edges u = B— A and v = D—A for 
ABD, resp. x =C— Band y= D—C for BCD 


(4.129) Theorem: (viz. 787) 
Let u and v € R® be any two linearly independent vectors in R°. Also let s € R® be any point, then we 
regard the following plane in R? 

S := s+th{u,v} C R? 


If we let rn := uAv and h := (n,s), then S is the set of solutions x of the linear equation (n,x) = h, 


formally that is: S' is given to be 


a {xe R®| (uAv,z) = (uAv,s) } 


(4.130) Remark: 
The above theorem tells us that there are two ways to define a plane S in R*: First of all we can give a 
parametrization of S, that is we choose a starting point s € IR? and two directions u, v € R®3 (note that 


{u,v} has to be linearly independent, to span a plane) and take S to be the set 
S := s+Ru+Rv Cc R? 


Secondly we can describe S implicitly by giving an equation f(x) = 0 such that S is comprised of all 
the points 2 € IR? that satisfy the defining equation f. In this case we pick up a perpendicular direction 
n = (n1,n2,n3) € IR® (which should be non-zero n # 0 to define a plane) and some scalar h € R and 
take f(x) = (n,x) —h. That is 


Ao: {x € R?| nix + norg +7323 = h} 
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By the theorem above, we can take n := u/Av and h := (n, s) then these planes agree H = S. Conversely, 
if we are given H in implicit form it also is easy to find a parametrization S: As n 4 0 there is some 
ni #0, say n3 #0. We need u, v and s € R® such that (n,u) = 0, (n,v) =0 and (n,s) = 0. But these 
are easy to find: For n3 # 0 let 


Ui I= (n3, 0, —n1) 
v := (0,n3,—Nn2) 
5. 4= (0,0; h/na) 


Then it is easy to see that uA v = ngn and (uA v,s) = ng3(n,s) = n3h. Thus for any x € R® we 
have (uA v,z) = n3(n,x) and (uA v,s) = n3h, such that (u A v,x) = (uA v,s) becomes equivalent 
to (n,x) = h. By the theorem above this results in H = S such that we can switch freely between a 


parametrization and an implicit description of a plane in IR®, as needed. 


This can even be generalized to arbitrary dimensions d > 2. Given any n = (n1,n,--.,a) € IR such 


that n £0 and h € R the set of solutions of the equation (n, x) = h is said to be a hyperplane in R@ 
He AS {reR*| (n, x) =n} 


This means that the dimension of H is one less, than the dimension of the ambient space R?@. That is we 


need d—1 vectors u1,...,Uq_1 € R®@ and a starting point s € R@ to span H. So let's take a look at 
S = s+Ruj+-::+Rug, C R? 
Note that thereby {ui,...,ua—1} has to be linearly independent of course. So what's the relation 


between these two descriptions? If mq 4 0 then it is easy to give the u; and s again: 


Uji Ng &j — Ny eq 


(h/na) ea 


s 


(where i € 1...d—1 and {e1,...,eq} is the Euclidean basis of R¢). Then (n, uj) = 0 and (n,s) =h 
such that S C H. But as both have the same dimension this means S = H. The converse direction 
requires some more effort however: Regard the matrix U € mat(q_1),q(R) that has the rows row;(U) = ui. 
That is Ux = ((u1,2),..., (Ug_1,z)). As the u,; are linearly independent it has row-rank d— 1 and 
hence x ++ Uz is surjective. By the dimension formula this means that its kernel is 1-dimensional, that 
is kn(U) = Rn for some n 4 0. We can find this n using the Gaussian elimination algorithm. Thus if we 
let h := (n,s) again then we have found n and h such that H = S. The computation of n is precisely 


what the wedge product does in three dimensions. 
Let us append a final comment on this, without going into details: The equivalence of an explicit 


parametrization S and an implicit description H remains true in the much more general setting of differ- 


ential geometry: 
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An r-dimensional submanifold of IR@ is a subset M C R¢ that can locally be parametrisized by (differ- 
entiable) maps py: D C R™ ~ M C R®@. And it turns out that this is equivalent to saying, that locally 
M can be described as the set of roots MNU ={x2€U| f(x) =0} of some (differentiable) function 
f:U C R4>R. But this is an entirely different story. 


(4.131) Remark: 
An elementary problem in geometry is the following: We are given a point 2 = (21,272) € R? and want 
to rotate it by the angle y € [0,27] around the center of rotation c = (ci,c2) € R?. Which coordinates 


x’ € R? is 2 mapped to? The answer is rather simple 


eS C1 cos(p —sin(y) Cy — 2 
- ( C2 z tas cos(y) ( C2 — £2 


This can also be expressed in terms of complex numbers: The multiplication by e’? = cos(y) + isin(y) 


rotates z € C by the angle y around 0 € C. Thus if c= c, + tcg and & = x1 + 2% then 


a = cte®-(x—C) 


(4.132) Remark: 

Rotations in spatial geometry require some more information: First of all we need to fix a center c € R® 
of rotation and a rotation axis, which is defined by some vector n € R® with n # 0. Now we want to 
rotate a point 2 € R® by the angle » € [0, 27]. To do this we need an orthonormal basis { w1, v2, u3 } of 


R® in which the rotation axis is a coordinate axis. If ny 4 0 this can be achieved by 


—N2 TNI1NZ My 

1 1 
ul = & ny » UZ = a —N2N3 » UZ = b ne 
0 n? +n3 n3 


where a := \/ni +n3 and b:= \/nj +n54+n3. Then uy and up are a basis of the plane E defined by 
(x,n) = 0 and ws is perpendicular to E. In case ni = 0 the same is true for 


1 0 0 

1 1 
uy = 0 aes n3 p UB ng 
0 —n2 n3 


In any case, all we need to do is rotate to find a basis representation of x — c in the basis { wy, ua, us } 
and rotate the first two coefficients as we did in R?. As { ui, u2, u3 } is an ONB the basis representation 
is easy to find by evaluating scalar products: If rz := (a —c, ug) then e —c = riui + reu2 + r3u3 and 


thereby zx is rotated onto 


/ 


v= ct (rn cos(~) — r2 sin(y)) u + (n sin(y) + re cos(\p) ) us + r3u3 
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Analogous to the planar case, there is a way of expressing this using quaternions: First of all we employ 
the usual embedding R? <> H that takes x = (x1, 22,73) > ix, + jag + kv that is x € R? is mapped 
to a quaternion with real part 0. Then we encode n and y in q € H by 

q t=) eos (=) + sin (=) |||] (ini + jng+ kns) 
Then x € R® is mapped onto the point x’ € R® under rotation, where x’ can be computed using the 
following conjugation with q 
x = ct+im (a(« — oq *) 
(4.133) Remark: (<>) 
As we have just argued the plane perpendicular to n = (n1,n2,n3) € R® (where n 4 0) that contains 


the point s = (s1, 52, 83) € R® is defined by the equation 
M121 + NXg +N3TZ = N11 + N82 +383 


Thereby "defined by" clearly means, that it consists of all the solutions 2 = (21, 22,273) € R® that satisfy 


this equation. Likewise we have seen that the equation 


(x1 = c)° a (a2 = c)” a (x3 = c3)" = 4? 

defines a sphere of radius r > 0 around the center c = (ci, c2,c3) € R? (in the same sense). Intersecting 
to planes we get a line. Algebraically speaking that is: We only allow those x € R® that satisfy both 
equations of the respective planes. Likewise the intersection of a sphere and a plane is a circle in space. 
Thus the intersection of geometric objects yields another geometric object (that may be empty). 

Note that the equations we used here are polynomial, this is the restriction we use in algebraic geometry. 
So generally speaking a geometric object X C IR” in this sense is the common zero-locus of a set of 


polynomials F C Riti,...,tn] (it is called an affine variety over IR or any other field). That is 
X = VWF) := {xeER"|VfeEF: f(r) =0} 


The mathematical field of algebraic geometry now tries to glean geometric properties of X by studying 
the algebraic properties of the ring O(X) of polynomial functions on X. That is p € O(X) is a so- 
called regular function p : X — R on_X, if indeed there is a polynomial f € R[ti,...,tn] such that 
p(x) = f(x) for any « € X. So let g € O(X) be another regular function on X, induced by the 
polynomial g € R[ti,..., tn]. When are p and gq identical? Clearly iff 


p=q <— VareEXx: f(x) = g(x) 
— f-geée{hERlh,...,tn]|VreX: h(x) =0} 
It is plain to see that the set I(X) :={h € R[ti,...,tn] | Va © X : h(x) =0} is an ideal in the polyno- 


mial ring Riti,...,tn]. It is called the vanishing ideal of X. So the boon here is, that the ring of regular 


functions is nothing but a residue of the polynomial ring 
Rlts--stal/ ay) SOCK) a FI for fa) 
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Chapter 5 


Structure Theorems 


5.1 Primary Decomposition 


In section 2.8 we introduced the notion of primary ideals and the primary decomposition of an ideal 
a <j R. The theory culminated in the theorem of Lasker-Noether: If R is a noetherian ring anda ~AR 
is a proper ideal, then @ admits a minimal primary decomposition. That is there are some primary ideals 
Q1,...,0,% € Spri(R) such that d is the intersetion of the a; but not of a subset of these. That is for any 
jE€1...k we get 


k 
aq = () 4: 

4=] 
as ()a: 

iAj 


Also, if we denote p; := \/@; and ass(@) := {P,,...,P, }, then p; € Spec(R), as the a; are primary 
ideals. And we can choose the Q; in such a way, that the p, are pairwise distinct [all we have to do, is to 
take the intersection of all the a; that belong to the same associated ideal ) © ass(Q), then the resulting 


intersections are a new set of Q; that satisfy the properties above and] 


Vig El...k 2 py =P; t= J 


And in this case the following information on @ is uniquely determined: (1) the number k of ideals in 
the primary decomposition, (2) the set ass(@) of associate prime ideals and (3) the so-called isolated 
components of d. These are the primary ideals 4; for which p, is a minimal element of ass(@). Formally 


that is: The following set is uniquely determined, as well 


iso(@) := { a; J Viel.b BCP, pr. =p,} 


In fact the minimal elements of ass(@) are precisely the prime ideals that are minimal over a. Therefore 


the set of isolated components of @ can also be expressed in the following way 
iso(a) = {a | p, © {4 Spec(R)|a cq}, } 
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Note that ideals @ <i R are nothing but modules over R. So in this section we will generalize the 
Lasker-Noether-decomposition to the case of modules over a commutative ring R. In order to do so we 
will have to introduce the notion of a prime ideal associated to a module M. This decomposition will be 
used to prove the uniqueness of the invariant factors, but the notion of an associated prime ideal is of 


importance in its own right. 


(5.1) Definition: 
Let (R,+,-) be a commutative ring, M be an R-module, L <, M a submodule of M and consider some 
p © R. Then we define the p-primary component L(p) of L to be the subset of elements of L that are 


annihilated by some power of a, formally that is 


Lip) := {xe LlineN: p’x=0} 


And we say that p annihilates L, iff L = L(p), that is iff for any x € L there is some n € WN such that 


px = 0. Note that different x may require different powers n of p. 


(5.2) Remark: 

In mathematical literature there are an awful lot of ambiguities concerning this topic. The primary com- 
ponent L(p) is often denoted L, but this can be confused with the localizations {Lee a ets or 
even (R\ pR)~'R. Hence we chose a different notation. Also some textbooks say that L is primary if 
L = L(p) for some prime element p € R. This notion only is suitable over PIDs however. Hence we will 
reserve the word primary for a more general notion, that has to be introduced yet and will work fine over 


general noetherian rings R. This notion will be taken from Bourbaki. 


(5.3) Proposition: (viz. 950) 
Let (R,+,-) be a commutative ring, fix some p € R, let M be an R-module and consider L <, Ma 


submodule of MZ. Then the following statements are true 
(i) Clearly for any a € R we have L(p) C Lap). 
(iit) The p-primary component L(p) of L is a submodule of L, formally: L(p) <m Lo <m M. 


(iii) We find that p annihilates M if and only if p annihilates both L and the residue module M/L. 


That is the following two statements are equivalent: 


(a) p annihilates 7 
(b) p annihilates both, ZL and M/L 


(iv) If p annihilates finitely many submodules Ly,...,L, <m M [that is if for any i € 1...r we have 
L;(p) = Lj], then p also annihilates their sum Ly +---+ L,; <m M, too. 


(v) If N is another R-module and y: M — N is a homomorphism of R-modules, then for any p € R 
we have the inclusion (M(p)) C N(p). And if y is injective we also have ~~ !(N(p)) C M(p). 
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(5.4) Example: (viz. 950) 

Let (R,+,-) be an UFD, s € IN and for any j € 1...s let p(j) € R be a prime element of R, such that 
the p(j) are non-associated, that is for any j, k € 1...s we suppose p(j) = q(k) => j =k. Also for 
anyj El...sletl1<I(j) € Nand fori c1...J(7) let 1 > n(i,7) € IN. Then we regard the R-module 


s I(j) 


M = OOD */ nyo 


j=l i=1 


Note that the torsion part of any finitely generated module over a PID can be written in this invariant 
factor form, as we will see in section 5.2. Then for any prime g € R we either have M(q) = 0 iff g = p(j) 


is untrue for all 7 € 1...s and conversely, if g ¥ p(k) for some k € 1... 5, then 


(5.5) Definition: 
Let (R,+,-) be a commutative ring and M be an R-module. Recall that for any x € M we defined the 
annihilator of x to be the ideal of all a € R such that ax = 0, that is 


anna(z) := kn(R>M:arar) G R 


(i) The set of all proper annihilators of M is denoted by Annsp(M). The set of annihilator ideals, that 
also are prime ideals called the annihilator spectrum of M and is denoted, by Sannr(M). That is 


Annsra(M) := {anne(x)|0OAxEM} C Ideal(R) 
Sanne(M) := Annsry(M)N Spec(R) 


If the base ring R is understood, we will usually omit the index R in all these notations and just 
write ann(2), Anns(/) and Sann(J/) instead. 


(iit) A prime annihilator ideal p € Sann(/) of M is said to be an isolated prime iff it is minimal in 
Sann(M/), that is iff for any g € Sann(/) we have the implication 


q cP q=P? 


And we denote the set of all isolated primes of M by Sann(M),. A prime annihilator ideal 
p € Sann(M) of M that is not minimal is said to be an embedded prime of 1. 


(iii) Finally we define the support of / to be the set of prime ideals of R that contain an annihilator 


ann(a) of some element x € M, formally that is the following set 


Supp(M) := {pe Spec(R)|3x2eM : ann(x) C p} 
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(5.6) Example: (viz. 951) 


(i) If (2, +,-) is an integral domain and M <, R is a non-zero submodule (ie. ideal) of R, then the 


R-module M has a single annihilator ideal: the zero-ideal 0. That is we get 


Annsry(M) = Sannre(M) = {0} 


(iit) More generally: If (R,+,-) is a non-zero, commutative ring and M is a torsion-free R-module, 
which is 0 = Torn(M)={2€ M|idae R:a#0 and ax =0}, then we distinguish two cases: 


{0} if M #0 and R is an integral domain 


0 if M =0 or Ris not an integral domain 


Sann(M) = 


(iii) If (2,+,-) is a commutative ring and M a simple, non-zero module [i.e. P <m M implies P = 0 
or P = M], then ann(M) ={ae R|VxeEM : ax =0} is a maximal ideal and this ideal is the 


one and only annihilator ideal of MM. That is we get 


Annsr(M) = Sannr(M) = {ann(M) } 


(iv) If (2,+,-) is a commutative ring and p € Spec(R) is a prime ideal of R then p is the one and only 


annihilator of R/p considered as an R-module. Formally that is 


Anse (F/y) = Sanne (®/y) = {0} 


Nota Thereby a € Annsp(R/d) is true for any proper ideala <j R,a 4 R of R, but for the converse 
inclusion the property ab€ p,b ¢P => a€P ofa prime ideal is required. 


(v) Consider any commutative ring (R,+,-) and any ideal a <j R and recall the notation V(Q) for the 
set of prime ideals containing 4, i.e. V(@) := {Pp € Spec(R) |a C Ph. If we now regard R/d as an 


R-module, then we obtain the identity 


Suppr (®/q) = Va) 


Nota in particular for @ = 0 this yields: If we regard R as an R-module, then every prime ideal of 


R already is contained in the support Suppp(R) = Spec(R) of R. 


(5.7) Lemma: (viz. 952) 


Let (R,+,-) be any commutative ring and M be an R-module, then the following statements are true: 


(i) If N is another R-module, . : 14 — N a monomorphism of R-modules and x € M, then we find 


that ann(v(a)) = ann(x) <j R. In particular this yields the following inclusions 


Annsry(M) Cc Annsr(N) 
Sannr(M@) C_ Sannr(N) 
Suppr(M) © Suppp(N) 
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Nota In particular, if 14 =, N are isomorphic, then the above inclusions even are equalities. In 


other words: Isomorphic modules share the same support and annihilator spectra. 


(ii) If p € Spec(R) is a prime ideal of R and x € M an element of MV, then P is the annihilator of x if 
and only if there is an isomorphism of R-modules between R/P and Ra <, M. Formally 


Dp -=.ann(z) <= Ri, i Lee 
Nota Thereby for any annihilator @ = ann(x) <j R we obtain the isomorphism R/A> Rx: ar ax 
of R-modules, but for the converse implication we require a prime ideal p of R. 


(iii) Recall the definition of the annihilator ann(M) ={ae R|Va eM :ax=0} of M and for some 
a C R the notation V(a) = { p € Spec(R) | a C p}. Then the following subsets of the spectrum 
of R are equal and this subset is called the support Supp(/) of M 


Supp(M) V(ann(M)) 
{p € Spec(R) | My £0} 


{p € Spec(R) | dae M : ann(x) C p} 


(iv) Recall the definition zo(M) := {ae R| dx € M: x40 and ax = 0} of the set of zero-divisors 


of MM. This set is the union of all annihilator ideals of M/, in formal terms 


[JAnns(M) = zo(M) 


(v) Ifa € Anns(M) is a maximal annihilator ideal [that is for any 6 € Anns(M/) witha C 5B we already 
get a = 5] then a already is a prime ideal and hence 4 € Sann(M/). Formally this is 


(Anns(M)) C Sann(M) 
(5.8) Proposition: (viz. 953) 


Let (R,+,-) be a commutative ring and M be an R-module. Then we find the following statements 


concerning the annihilator spectrum of MZ 


(i) If P <m M is a submodule of M, then the annihilator spectrum of M is contained in the annihilator 
spectrum of P and M//P, that is 


Sann(P) C Sann(M) C Sann(P)U Sann (“// p) 


More generally: If 0 + L +— M — N - 0 is an exact chain of R-modules then we obtain the 


following inclusions of the annihilator spectra 


Sann(L) C Sann(M) C Sann(L)U Sann(V) 
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(ii) Let P; <m M be an arbitrary (i € I) family of submodules of M that cover M, ie. M = UL, P,. 


Then the annihilator spectrum of M is the union of the of all the annihilator spectra of the P; 


Sann(M) = LJ Sann(Pi) 


tel 


(iii) Let P; <m M be an arbitrary (i € I) family of submodules of M such that (); P; = 0. Then the 


annihilator spectrum of M/ is contained in the union of the of all the annihilator spectra of M//P; 


Sann(M) C L Sann (4/p,) 


wel 


(iv) Let M; be an arbitrary (2 € J) family of R-modules M;. Then the annihilator spectrum of the direct 
sum of the /; is the union of all the annihilator spectra of the M; 


Sann (@™) = U Sann(M;) 
iel i€l 


(v) If p € Spec(R) is a prime ideal of R, then P is in the annihilator spectrum of M if and only if there 
is a monomorphism v of R-modules, that maps R/p into M, that is 


p< Sann(M) <> vey, + M 


(vi) If R is a non-zero, noetherian ring, then the annihilator spectrum of M/ is empty, if and only if M 
is the zero module, that is 


Sann(M)=0 — M=0 


(vii) Recall zo(M) := {ae R| ix Ee M:x2 #0 and ax =0} and suppose R 4 0 is non-zero, noethe- 
rian ring. Then zD(M) also is the union of all its associated prime ideals. Formally that is 


(J Sann(M) S20 VE = J Anns() 


(viii) Let S C Sann(M) be an arbitrary subset of the annihilator spectrum of M, then there is a 
submodule P <, M of M satisfying the properties 


Sann(P) = § 
Sann (4/p) m Sann(P) = 0 


Sam(§/p) 


Sann(M)\ S$ 


IN 


(5.9) Example: 


If (R,+,+) is an integral domain and we consider R as an R-module, then for any a € R with a £0 we 


have ann(a) = 0 and thereby 0 is the only element of the annihliator spectrum 
Sann(R) = {0} 
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If R is any commutative ring and p € R is prime let us consider R/pR as an R-module. Then a € 
ann(b + pR) is equivalent to ab € pR. But as p:p is prime and b ¢ pR this means a € pR. Hence for any 
b+pRA#A0+pR we get 

ann(b+pR) = pR 


Sann (7) =. {pr} 


This example illustrates that the quotient module 1//P may have annihilators that the base module M 


did not. In other words the inclusions in (i) above may be strict and need not be equalities 
Sann(R) = {0} Cc {0,pR} = Sann(pR) U Sann (*/,R) 


(5.10) Example: 
Proposition (5.8.(vi)) is surprisingly strong and widely used. Alas it is untrue in the non-noetherian 
case and in fact this is the main reason, why the later theorems require the noetherian property. As a 
counter-example regard the polynomial ring in infinitely many variables R := Z[ti, to, t3,...] and pick 
up the following ideal in R 

Oe at eh 


That is @ is generated by the squares t? of the variables t;. Then we will see, that the R-module 


M := R/Q does not have a single associated prime ideal and thereby 


Sam (fa) = 1 


Prob consider any « = f +a ¢€ M with « 4 0. We will prove that ann(zx) is not prime: By definition 
ann(z) = {gE R| gx=0}={gE R| gf © a}. Because of x 4 0 we have f Za. As f € R only has 
finitely many summands there is some n € IN such that f € Z[ti,...,tn]. As t2,, € Gwe have t7,,f €a 
but neither ¢t,41 nor f are elements of @. Hence ann(z) is not a prime ideal and as x # 0 has been 


arbitrary this means R/d does not have a single associated prime ideal. 


(5.11) Example: (viz. 959) 


(i) Let (R,+,-) be a PID and M be a non-zero finitely generated R-module, such that M = M(p) 
for some prime p € R. Then pR is the one and only associated prime ideal of M, that is 


Sann(M) = {pR} 


(ii) If (R,+,-) is a PID and a € R with a £0, then the associated prime ideals of R/aR are precisely 
those pR where p € RF is a prime divisor of a. Formally that is 


Sannpr (*/cR) = {pR|pe€R prime, p | a} 
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(5.12) Proposition: (viz. 956) 
Let (R,+,-) be a commutative ring, U C R be a multiplicatively closed set and M be an R-module. We 
regard U-'M as an U-!R-module and thereby obtain the following properties: 


(i) If p = ann(ax) € Sann(M) is a prime annihilator (of some 0 4 x € M) such that pn U = 9, then 


the annihilator of x/1 € U~'M also is a prime ideal, namely we get 


U~tann(2) = ann (=) € Sanny-ip(U~'M) 


(ii) Thereby p ++ U~'p is an injective map from the annihilator spectrum of M into the annihilator 


spectrum of U-!M. And if R is a noetherian ring, then this map even is bijective, that is 


{p € Sanna(M) |pnU =0} <> Sanny-ip(U-'M) : prrum'p 


(iii) The surjectivity in (ii) is due to: If p € Spec(R) is a finitely generated prime ideal of R, such that 
poU =@ and U—!p € Sann(U~!M), then p € Sann(M) is the annihilator of some element of M. 


(iv) Let R be a noetherian ring and S be the subset of all prime annihilator ideals of M/, that do 
not meet U. That is S := {p © Sann(M) | pNU =O}. Then there is precisely one submodule 
P <m M of M that satisfies Sann(P) = Sann(M) \ S and Sann(P) 9 Sann(M/P) = @ and this 


is the kernel of the canonical homomorphism from M to U-'M 


a kn (M > U-'M z+ =) 


(5.13) Corollary: (viz. 958) 

Let (R,+,-) be a non-zero, noetherian ring and M be any R-module. If p € Supp(/) is any ideal in the 
support of /, then there is an associated prime ideal @ € Sann(M) such that @ C p. From this property 
we see, that Sann(J/) is contained in Supp(/) and that the minimal elements of these sets coincide. 
In particular the intersections of all associated prime ideals resp. of all prime ideals in the support of M@ 


yield the same result. Altogether this is 


Sann(M) C  Supp(/) 
( )Sann(M) _ ( )Supp() 
(Sann(M)) , (Supp(/)) , 


(5.14) Theorem: (viz. 960) Noetherian Filtration: 

Let (R,+,-) be a non-zero, noetherian ring and M be a finitely generated R-module. Then there are 
finitely many submodules Md; <m M (where i € 0...n) and prime ideals p; € Spec(R) (where i € 1...) 
such that the MM; and p, combine to yield the follwoing two properties 


(1) 0=McMc...cC M,=M 
(2) for any 2 € 1... we have an isomophy of the form MT ies ~n Ble. 
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Thereby n > rank(M) and the annihilator spectrum of M is contained in the set of ideals of p, to p,, 


which in turn is contained in the support of M/. In particular Sann(J/) is finite and we have the inclusions 


Sann(M) C {Py,---,P,} CS Supp() 


(5.15) Remark: 

Let us regard M = Z as an R = Z-module, for example. We have Sann(Z) = {0}, as Z is an integral 
domain and Supp(Z) = Spec(Z) is a given, by (5.6.(iv)). Obviously 0 C Z is a noetherian filtration 
using ~, = 0. But we also find a different noetherian filtration 0 C 5Z C Z. Here we have P. = 5Z 
and p, =0 <j Z, which is legit, as 5Z/0 =m Z/0 are isomorphic, as modules. From this example we 


can glean a few limitations of this method 
e The inclusions Sann(M) C {p,,...,),, } C Supp(JZ) may both be strict. 


e The length n of the filtration is not uniquely determined and may well exceed the rank of M, as 


an R-module. However we also see rank(/) < #Supp(/). 


e The support Supp(/) may contain infinitely many elements, even for rank 1 modules over a PID. 


(5.16) Corollary: (viz. 961) 
Let (R,+,-) be a non-zero noetherian ring, @ <j R be an ideal in R and M be a non-zero, finitely 


generated R-module. Then we obtain the following three sets of equivalencies 


(i) For any z € M let us denote az := { ax | a € @}, then the following four statements are equivalent 


dpeSann(M) :acp 
(c) da € M : © £0 and ax = {0} 
(d) Vaea ax e€M : «£0 and ax=0 


(ii) The following three statements are equivalent, as well 
(a) a C ()Sann(M) 
(b) Sann(M@) C V(a) 
(c) JneN: a°M =0 


(iii) For any a € R let us denote the homothety \4 : M — M: 2+ az. To say that A, is nilpotent 
means A’ = 0 € end(M/) for some n € N. If now p <j Ris a prime ideal of R, then the following 


five statements are equivalent 


e) Va€ Rwe have: ae€z(M) — Vere M AneN: a’x=0 
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Nota that in this case we find p = {a€ R| Aq is nilpotent} = {ae R| ine WN: a"M =O}. 


And this set always is an ideal of R, but not necessarily prime, in general. 


(5.17) Definition: 
Let (R,+,-) be a commutative ring, p € Spec(J) be a prime ideal of R and M be an R-module. Then 
we say that / is p-primary, iff Pp is the one and only associated prime of M, formally iff 


Sann(M) = {P} 


And if P <m M is a submodule of M then P is said to be f-coprimary in M iff the quotient module 
M/P is )-primary, that is iff p is the one and only associated prime ideal of M/P 


Sann (“/p) =>4 pt 


Finally M is said to be primary, iff M is ~-primary for some prime ideal p € Spec(J/). Likewise P is 
said to be coprimary in MV, if L is coprimary in M for some prime ideal ) € Spec(/). 


Nota if R is non-zero, noetherian and M is non-zero, finitely generated, then corollary (5.16.(iii)) boasts 


a rather extensive list of equivalencies to M being a p~-primary module. 


(5.18) Example: (viz. 963) 
Let (R,+,-) be a non-zero, noetherian ring and a <j R be an ideal of R, witha 4 R. Denote p := Va 


then @ is primary, as an ideal of R if and only if a is P-coprimary in R, as an R-module. Explicitly this is 
dis a primary ideal < > Sanne b27 @) = {p} 


(5.19) Remark: 

This example is the reason why most textbooks (including Bourbaki) say that P <, ™M is p-primary, 
iff P is P-coprimary (in our sense). This is a problematic notion however, as it depends not only on P, 
but also on the parent module M. For this reason we follow the same lines, the CRing project does, 
hoping to further a modernization of mathematical nomenclature. Also we would like to thank the authors 
of the CRing project [https://math.uchicago.edu/~amathew/cr.html] for sharing their insights. In classical 
literature what we call p-primary remains undefined or is called ~-coprimary. Effectively the notions of 


primary and coprimary are interchanged in these textbooks. 


(5.20) Proposition: (viz. 963) 
Let (R,+,-) be a commutative ring, p <; R be a prime ideal and M be an R-module. Also let P and 
P,,...,Pn <m M be submodules of M, then the following statements are true: 


(i) If R is non-zero and noetherian, M is finitely generated and P 4 0 is non-zero, then we get the 


implication: If M is p-primary, then P is p-primary, too. 


(ii) If for any k € 1...n the submodule P, is ~-primary (all to the same prime ideal ), then the sum 
Pi +---+ Py <m M of these submodules is p-primary, too. 
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(iii) If R is non-zero and noetherian, M is finitely generated and for any & € 1...n the submodule F;, 
of M is p-coprimary in M (all to the same prime ideal p), then the intersection P:N---1 Py <m M 


of these submodules is P-coprimary in M, too. 


(iv) Consider a short exact chain 0 — L — M — N -— 0 of R-modules, then we get the following 
implication: If both LZ and N are p-primary, then M is p-primary, too. 


(5.21) Definition: 
Let (R,+,-) be a commutative ring and M be an R-module. Also let P,Q <m M be any two submodules 


of M, then we define the following notions: 


(i) A submodule L <,, &™ is said to be prime iff any non-zero submodule P of L has precisely the 


same annihilators, formally that is the following implication for any submodule P <,, L: 


PEO >. ann) S-annh) 


(ii) A submodule P <,, & is said to be irreducible, iff it is not the intersection of two submodules 


strictly containing P. Formally that is iff for all submodules U, V <m M we get 


P=UNV = P=UorP=V 


(5.22) Theorem: (viz. 964) 


(i) If (R,+,-) is a non-zero, noetherian ring, M is a finitely generated R-module and P <p, M isa 
proper, irreducible submodule of M then P already is coprimary in WM. More explicitly, that is 


P#M, P irreducible = > Jp e€ Spec(R) : Sann (hp) = {p} 


(ii) Let (R,+,-) be a commutative ring, M be a noetherian R-module and L <, M be a submo- 
dule of M. Then L admits an irreducible decomposition, i.e. there are finitely many submodules 
P,,...,Ps <m M satisfying the following two properties 

(1) b= Pepe pies 
(2) Pj is irreducible, for any j €1...8 

(iii) Let (2,+,-) be a non-zero, noetherian ring, M be a finitely generated R-module and L <, M 

be any submodule of M. Then L admits a reduced primary decomposition, that is there is some 


1 <s € Nand for anyi € 1...s there are a submodule P; <m M and a prime ideal p, € Spec(R), 


such that the following four properties hold true: 


L= PO---OP; 


) 

(2) Vie l...swe get L # (),2; Pj 
) Vie l...s we get P; is p,-coprimary in 
) 
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Nota hereby properties (1) and (3) constitute a primary decomposition of L. And in presence of (2) 


and (4) we speak of a reduced decomposition. 


(iv) We continue with (iii): If U C Ris a multiplicatively closed set, then we regard U-!'L and U~'P, as 
U~1R-submodules of U-!M. And thereby { UP, |1€1...8,p,NU = g is a reduced primary 
decomposition of U-'L where U~'P, belongs to the prime ideal U~!p, € Spec(U~" R). 


Nota this decomposition has some further useful properties: For anyi€1...s withp,rU 40 we 
even find U-!P; = U~!M and if p; NU = 0 we get P; =x 1(U~'B,), which explicitly reads as 


P, = {rE M|JducU: ure Pi} 


(5.23) Corollary: (viz. 967) Primary Decomposition: 

Let (R,+,-) be a non-zero, noetherian ring, M be a finitely generated R-module and L <, M be any 
submodule of M. Also let P,,..., Ps; be a reduced primary decomposition of L and for 2 € 1...s denote 
the prime ideal associated to M/P; by p;. This is (5.22.(iii)). Then we find further properties: 


(i) The following map is an injective homomorphism of R-modules. Thereby, as any P; is p,-coprimary, 
we have Sann(M/P;) =, for anyiel...n 


s 
es oy @™/p, : a+ Ls (c+ P) 
i=l 


(ii) The prime ideals p, are precisely the associated primes M/L. In particular the set {p,,...,P, } 


of the prime ideals occuring in the decomposition is uniquely determined 
sann (4/7 ) = se eeeaere Ce: 


(iii) If p, is a minimal element of {p,,...,P, } [Le. there is no ic 1...s such that p, C p,] then P; is 


uniquely determined, as it is given to be the following submodule of 


PR = {tE€M|AucR\p, : uz € L} 


Pe L = in (M/2 > (M/r)y : rt =*) 


(5.24) Example: 


(i) Consider R = Zand M = Z@ Zz Zo5, then M has the following associated prime ideals Pp, and 


corresponding )~;,-coprimary ideals in M/, given in the table below 


k | p, = ann(z) | a | Pr 

0 0 (1,0+ 7Z,0 + 25Z) | 08 Z7 @ Dos 
1 TZ (0,1+7Z,0+25Z) | Z@0@ Zos 
2 5Z (0,0+7Z,5+25Z) | Z@Z7,e@0 
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Clearly M = PoN Pi 1 Pp = 0 is a reduced primary decomposition of the zero-module L = 0 is M. 
Note that {Pp,P,,P. } is uniquely determined by Sann(V). Also, as Py = 0 is minimal, Po also 
is uniquely determined, in fact Po = Tor(M). Yet P; and P, are not uniquely determined, e.g. we 


could replace P: by P3 where we let 


Py := {(k,k+7Z,0+25Z)|keZ} 


(ii) Again for R = Z we take a look, at M = Z? @ Z5 © Zo5. Then M has two associated primes Py 


and p,, only. As above, the following table also gives the corresponding ,,-coprimary ideals in MZ 


k | p, = ann(z) | x | Py, 
0 0 (1,0,0+5Z,0+25Z) | 0? © Zs © Zos 
if 5Z (0,0,0+5Z,5+25Z)| Z?@000 


Then M/Py &m Z? which is torsion-free such that Py = 0 is the one and only associated prime of 
M/Po. And M/P, =m Zs @ Zos5, which is annihilated by 5 € Z such that M/P, is ~,-coprimary 
in M where p, = 5Z. We hence see, that the number s of coprimary components occuring in the 


decomposition be fewer than the rank of /. 


(5.25) Example: 

Generally if (7,+,-) is a PID, s € IN and for any 7 € 1...5 let p(j) € R be a prime element of R, 
such that the p(7) are non-associated, that is for any 7, k € 1...5 we suppose p(j) = q(k) => j=k. 
Also for any 7 € 1...s5 let 1 < I(j) € WN and fori € 1...7(j) let 1 > n(z,7) € IN. Then we regard the 
R-module [the torsion part of any finitely generated R-module can be written in this form, by (5.32.(v))] 


s Ij) 
M= OB "Yognion 
j=l i= 


We have already seen in (5.4) that for any k € 1...s the p,-primary component of M is given to be the 


following [we have also seen M(q) = 0 for any gq € R prime, that is not associated to any of the p,| 


1(k) 
M(pr) = D */ sar R 
i=1 


In particular we find that M = M(p,) @---@ M(p,) is the inner direct sum of p;, R-primary components, 
as we have seen Sann(M(px)) = { pe } in (5.11.(i)). For any k € 1...s let us now denote 


P= Ue QD M(p;) 
j#k 
Then M/Pr =m M (px) and from this it is clear that we have found a reduced primary decomposition of 
the zero-submodule L = 0 in M 
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In particular (5.23) tells us that we have an embedding of the following form, [but as M//P, =m M (pp) 
again and M = M(p,) ®---® M(p x) this even is an isomorphism in this case] 


As all the p,R are minimal in {p;R| 7 €1...s} here, the p,R-coprimary components of M are uniquely 
determined. This becomes untrue, as soon, as we also gain 0 as an associated primary ideal of M/, by 
adding a non-torsion part N := Z/ @ M to M. In this case 


Sann(V) = {0,p1R,...,psR} 


so for convenience let po := 0 € R. We also have to modify all the P;, before, by adding Q; := Z/ @ Py. 
If we also let Qo := 0 M, then Q, is ppR-coprimary in N, as N/Qo &m Z/ and for any k € 1...8 
we still have V/Q; =m M(p,). Thus we have gained a reduced irreducible decomposition of 0 again 


s 
Como” oM/a a, = 0 <m ZoM 
J= 
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5.2 Invariant Factors 


In this section we will present a complete classification of finitely generated modules over PIDs. Note 
that this encompasses finitely generated abelian groups, as these can be regarded as Z-modules under 
the scalar multiplication Z x G > G: (k,g) > g*. So let us outline the ultimate goal of this section: 


First of all any finitely generated module M over a PID R can be decomposed into 


M &, MT ron(M) ® T0R(M) 


This is due to the fact that 1//Tor(M) is torsion-free and finitely generated and over a PID this implies 
that M/tor(M) even is free. So the torsion-free part M/tor(M) of M is free and hence of the form Rf 
for some f € NN. It remains to study the torsion-part Tor(/). It will turn out, that this part is of the form 


ror(M) n @P/ ap 


i=1 


This is not so much of a surprise, as R/ann(x) ~ Ra is true for any x € M and tor(M) is finitely 
generated again. But if we do it right, we can arrange the invariant factors d; in such a way, that they 
form an ascending chain under the division relation d; | dz, dz | d3 and so on until dn_1 | dy. And it 
turns out that these d; are unique up to associatedness. 

We will also present two variations of this representation of MM: By primary decomposition of the 
invariant factors and application of the Chinese remainder theorem, we also find a form using elementary 
divisors: That is there are (distinct) primes p(j) € R and powers 1 < n(i,7) € IN such that the torsion- 


part is of the form 
s I(j) 


TOR(M) Sn B B BL @ntir 


j=l i=l 
It is this form from which we can also construct the primary decomposition of M, as we have already 
outlined in section 5.1, refer to (5.25) for details. But of course these external isomorphies define the 
inner structure of M/. If M is a non-zero, finitely generated module over a PID, it can be written as an 


inner direct sum of cyclic submodules 


M= QB Rm 
i=l 
such that ann(m 1) D ... D ann(m,,). Thereby the chain of annihilators has the length n = rank(//) 


and is uniquely determined. This is another consequence of the invariant factor form. We will present a 
remark that describes in detail how to get from one form to the other. 

Later on the chain of invariant ideals will play an important role in canonical form theory: If V is a 
finitely generated vector space over a field F' and y: V — V is linear, then V can be turned into an 
F'{t|-module. But as F'[t] is a PID, we can decompose V into cyclic submodules and thereby study y. 
But in order to get to that point we need some more tools, most notably the notion of a primitive element 


p€M and the content of an element x € M. 


418 5 Structure Theorems 


(5.26) Definition: (viz. 968) 


(i) Let (R,+,-) be a commutative ring and M be an R-module. Then an element p € M is said to be 
primitive iff for any x € M and any a € R we get the implication 


P= => ae R 


(ii) If (R,+,-) be a commutative ring, M is an R-module and P <, M is a submodule of M, then we 
recall the definition of the hull of P to be the set of all 2 € M that have a multiple in P, that is 


Hull(P) := {xe M|daceR: afO0andare P} 


If R is an integral domain, then Hull(P) is a submodule of M/ that contains P and all torsion 
elements of M7, i.e. we have P+Tor(M) C Hull(P) <m M. 


(iti) If (R,+,-) is an UFD and M 4 0 is a non-zero free R-module with basis { m; |i € I} then for 


any x € M we define the content of x to be the greatest common divisor of the coefficients of x 


cont(z) := gcd{a;|7¢I} where x = So aim 
wel 
Recall that thereby c € cont(zx) is equivalent, to cont(xz) = cR*, as the greatest common divisor 
is is unique up to associatedness. And note that this is well defined, that is independent of the 
choice of the basis of M. If {n;|7¢J} is another basis of M and « = 5°; b;n; then we have 
gcd{a; |i eI} =gced{b; |i eT}. 


(5.27) Example: 


(i) The 3-tuple x = (4,6,0) € Z? is not primitive, as it can be written as x = 2p where p = 
(2,3,0) € Z?. Clearly p is primitive, as we cannot pull out any common factor of the coefficients, 
as 1 € gcd{ 2,3,0}. This example illustrates that p is primitive if and only if cont(p) = 1, which 


we will prove next. 

(ii) If Fis a field and V is an F-vector space, then p € V is primitive if and only if p 4 0 is non-zero. 
Prob 0 € V is not primitive, as 0 = Oz for any x € V and 0 ¢ F*. Conversely if p £ 0 then p = az 
implies a 4 0 and hence a € F*. Admittedly this is somewhat artifical, but true nevertheless. 

(iii) If R is a commutative ring and we regard M = R as an R-module itself, then p € M is primitive, 
if and only if p € R*. 

Prob clearly p = p- 1 is generally true. But if p is primitive, this implies p € R*. And conversely if 


p € R*, then p = az yields 1 = (ax)p~! = a(xp~') such that a € R*. 


(iv) If we regard Q as a Z-module, then Q has no primitive elements at all, as always u/v = 2(u/2v) 
but 2 ¢ Z* is not a unit. 
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(5.28) Proposition: (viz. 969) 


(i) 


(i 


If (R,+,-) is a commutative ring, MW is a noetherian R-module and « € M an element with 


ann(a) = 0, then there is some primitive p € M and some a € R such that 
C= ap 


If (R,+,-) isan UFD and M a free R-module, then any x € M with x £ 0 is primitive, if and only 


if cont(x) = 1. Formally we find the equivalency of 
x is primitive <= 1 € cont(z) 


In particular if we choose any c € cont(x), then there is some primitive p € M such that x € 0 can 
be written in the following form 


2 -= (op 
If (R,+,-) is a PID, M is a free R-module and p € M is any fixed primitive element of J, then 
there is a basis {m,; |i € I} of M that contains p, ie. p € {m; | ie I}. 


If (R,+,-) is a PID, M is free R-module and P <m M is a finitely generated submodule of M, 
then there are a basis M = {m,; |i € I} of M, a finite subset {p;|ic1...n} C M anda set 
of scalars {d;|i1E€1...n} C R\ {0} that satisfy 

(1) {dip;|7E1...n} is a basis of P 

(2) for any 7 € 2...n we have dj_, | dj 


(5.29) Remark: 


420 


Let us sketch the proof of (5.28.(iv)) how to find the invariant factors d;. This is done iteratively, by 
the rank of P: If P = 0 then n = 0 and hence there are none. If P 4 0, let My := M and P, := P 


and consider the following set of ideals of R 
A; <= {cont(@)R| ee Pi, 240} 


Thereby cont(x)R is the ideal generated by cont(z) C R, but this is equivalent to cont(z)R =cR 


for an arbitrary c € cont(z). 


As R is noetherian (even a PID) the set A; of ideals has a maximal element cont(x1)R € Aj. 
Let dy; := cont(x,) and x; = djp; for some primitive pj € M. Then we find a basis M, of My 
containing pi. If we let Mz := M, \ {pi }, Mo := Lh(Mo2) and P2 := P, M M2 then 


P, = Rr OP 


So we can commence with P, in the same way: Define A», pick some x2 € P» such that cont(x2) R is 
maximal in Ag, write 22 = dzp2 and so on until P,41 = 0. By construction { p1,...,pn }UMn41 is 
a basis of M and {71,...,2% } = { dipi,...,dnpn } is a basis of P. And the respective maximality 
of cont(z;)R € A; ensures dj_1 | dj. 
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(5.30) Example: 
The following example will illustrate (5.28.(iv)): As the base module we choose M := Z°. Now let 
1 := (2,4,0), vo := (2,-2,0) and a3 := (4,20,0). Let P := Lh{ x1, 22,23 } be the submodule of M 


generated by x, to x3. In other words P is given to be 


2 2 4 
P := im/4 —2 20 an 1 Te 
0 0 O 


Clearly cont(#1) = cont(x2) = 2 and cont(x#3) = 4. Thus 2Z is the maximal ideal of A; and we take 
d, := 2. In general there may be several ideals maximal in A;. In this case the natural choice is x1 for 
an element with maximal content such that p; = (1,2,0), as dyp; = 71. We can append { p; } to a basis 
{ p1, m2, mz } of M by taking m2 := (0,1,0) and mg := (0,0,1). Then Mz =0@ Z? and 


Py = PLN Mz = {(0,4a— 2b + 20c,0) | 2a + 2b + 4c = 0} 


where a, b and c € Z. The condition 2a + 2b+ 4c = 0 can be rewritten as b = —a— 2c and inserting this 


into P2 we find the following presentation of P» 
P. = {(0,6(a+4c),0)|a,cEeZ} = 086280 


That is dz = 6 and pz = (0,1,0) = mg. In this lucky case { p2,mz3 } is a basis of Mz again such that 
{ dzp2 } is a basis of Py. Since M3 = 0?@Z and P; = P21 M3 = 0 we are done. Altogether we have found 
a basis { pi, p2, mg } and { d;, dz } such that { d1p1, dzp2 } is a basis of P. Hereby dp; = (2,4,0) = x1 
and dgp2 = (0,6, 0). 


By now we have all the ingredients needed for the proof of the classification of finitely generated modules 
over PIDs. Note however that the sequel of proves does not match the order in which the theorems are 
given. To us the invariant factor form seems to be the natural choice, but there are direct approaches to 
the forms of invariant ideals and elementary divisors, as well. 

So let us first study modules that are in invariant factor form - these are well-behaved even over 
UFDs. After that we will prove that over a PID any finitely generated module is isomorphic to such a 


module. And the other two forms will be derived from the invariant factor form. 


(5.31) Proposition: (viz. 972) 
Let (R,+,-) be an integral domain, f, r € IN and { d,...,d, } C R® be non-zero, non-unit elements of 


the base ring such that for any i € 2...r we have the divisibility condition dj_1 


d;. Then we get the 


following statements concerning the R-module 


M := R!@T where T := DP/ar 
i=l 


(i) free(M) = f 


(iit) ann(T) = d,R 
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(iii) tor(M) = {0} ar 
(iv) M is free if and only if r = 0 
(v) M is a torsion-module if and only if f = 0 
And if R even is an UFD we can also control the rank of this module M, as we find the equalities of 
(vi) rank(T) = r 


(vii) rank(M) = ft+r 


(5.32) Theorem: (viz. 974) 
Let (R,+,-) be a PID and ™ a finitely generated module over R. Then we find the following statements: 


(i) Invariant Ideals: If 14 4 0 is non-zero and n := rank(M) < o is finite, then there are some 
M1,.--,7n € M\ {0} such that M is the inner direct sum 


M = Rm @-:-@ Rm, 


and ann(m ) D ann(mzg) D ... D ann(m,) = ann(M). This descending chain of ideals in R is 


said to be the chain of invariant ideals of M. And in this case for any 2 € 2... we also get 
eT a 


(ii 


—a 


The chain of invariant ideals of MW is uniquely determined, that is: Suppose m, n € IN and let 


Pis-++)Pm and q,---,dn © M \ {0} be some vectors, such that M is the inner direct sums 


Bro = M = OBRy 
i=l j=n 


and ann(p;) D ... D ann(p,) and ann(q;) D ... D ann(qg,). Then we already have m =n and 


for any i € 1...n we also get the equality of the annihilator ideals 
ann(p;) = ann(q) 


(iii 


a 


Invariant Factors: If 1/ 4 0 is non-zero and finitely generated, then there are some f, r € IN and 
a set {d;|iel...r} C R of scalars, such that the following three properties are satisfied 
(1) for any i € 1...r we have d; € R® 
(2) for any 7 € 2...r we have dj_1 | d; 
(3) M is isomorphic, as an R-module, to the direct sum: 
Ya 
Mm D*/a,n eR! 
i=1 
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A set of scalars {d;|ie€1...r} C R that satisfies the properties (1) to (3) above is called 


invariant factors of M. And thereby we get the additional properties 


f = _. free(M) 
f+tr = _— rank(M) 
r=0 <> MOM is free 


f=0 <> M isa torsion-module 


(iv) If 12 #0 is non-zero and finitely generated, then the invariant factors of M are essentially unique, 


in the following sense: If g € IN and {e; | 7 €1...s} C Ris another set of invariant factors of M 
r 
Mm D*/aper 
i=1 


M =m © eee ® RI 
j=l 


then we already have f = g and r = s and for anyz € 1...r there is some unit u; € R* such that 


a 
< 
= 


Elementary Divisors: If 14 4 0 is non-zero and finitely generated, then there are some f, s € IN, a 
set {p(j)|7 €1...5s} C R of prime elements of R and powers n(i,7) € IN (where 7 € 1...I(j)), 


such that for any j, k € 1...s the following three properties are satisfied 
(1) p@G) © pk) = jak 
(2) n(1, 9) 2 n(2,9) 2--- 2 nUG),9) 21 
(3) M is isomorphic, as an R-module, to the following direct sum: 
s I(j) 
oo al © © */puyreor oF 


A set of prime elements { p(j) | 7 € 1...s} C Rand powers { (n(i,7)| 7 €1...5,4E1...1(7) } 
that satisfies the properties (1) to (3) above are called elementary divisors of M. 


(vi) If MZ A 0 is non-zero and finitely generated, then the elementary divisors of M are essentially 


unique, in the following sense: If g € IN and {e; | 7 €1...s} C Ris another set of elementary 
divisors of MZ 


5.2 Invariant Factors 423 


then we already have f = g and s = ¢ and there is a permutation 0: 1...s <> 1...t such that 


for any 7 €1...5 and anyi€l...I(j) 


(5.33) Remark: 


424 


e Theorem (iii) is an ultimate consequence of proposition (5.28): As M is finitely generated there 


is some epimorphism w : R” -—» M where n = rank(M). Let P := kn(w) be kernel of that 
epimorphism, which is a submodule of R”. Then we can apply (5.28.(iv)) to P such that there is 
a basis {p1,-..,Pr,7m1,-.., my } of R” and {dj,...,d,} CG Rsuch that {djpj|iel...r}isa 
basis of P. Then R”/P can be written as a direct sum of R/d;R. As n = rank(M) there are no 
d; € R*. And any m; that occurs in the basis of R” but not among the {p1,...,pr } adds an R 
to this direct sum. Then the first isomorphism theorem R”/P ~ M can be twisted, as to give the 


desired isomorphy. 


If the base ring R even is an Euclidean domain (and not only a PID) we can omit the preparations 
of (5.28), as we can replace theorem (iv) by (4.88.(iii)). Here’s how: If  := rank(M) and we pick 


up some generators M = Lh{21...,2» } then we have an epimorphism 
n 
oO: R”° »M: (b:) SO bai 
i=1 


Thereby kn(g) <m R” is a free module, as R” is free and R is a PID. That is there is a basis 
{a1,...,ar } C R” of kn(g). If we denote the matrix A := (a1 a2...a;) € matn,(R) with the 
columns col;(A) = a;, then kn(g) = Lh{ a1,...,a@, } =im(A). But we can use (4.88.(iii)) to turn A 


into the form 


dy 0 
0 4 | | 
= De= SAT = S ay, ar T 
0 0 
| ie 
0 0 


where S € gl,,(R), T € gl,(R) and dj-1 | d; for any 7 € 2...r. Thereby the d; are the invariant 
factors of M, so we have found an alternative way of computing these (for Euclidean domains). 
Let us argue, why: As D = SAT we have A = S~!DT™! and thereby im(A) = S~tim(D) by 
(4.45.(iii)). But im(D) = d;R@---@d,RO OF (where f :=n—r) and thereby we have 


Dane = E(B) mee kn(o) 


i=1 
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where the isomorphism is given by b+im(D) ++ S~'b+kn(@). Thus we have found a decomposition 


of M with the d; as invariant factors: 


DF/ap oR! % M : b+im(D) + o(S™) 


i=1 


(5.34) Remark: 
Let (R,+,-) be a PID and M be a non-zero, finitely generated R-module. Then we find the following 


correspondences between these forms of M/: 


e Invariant Factors to Invariant Ideals: Consider M in the invariant factor form of (5.32.(iii)), let 
n:i=r-+f =rank(M) and d; := 0 for any j > r. Then R/d;R = R and dj_, | d; is true for any 


7 € 2...n, such that the isomorphism takes the form 


b : DP ar 4% M 
i=1 


For any j €1...n let g; := (0;,; +d; R) be the canonical generators of the module on the left side. 
Then the m; := ®(g;) € M generate M = Rm, ©---® Rm, of M and ann(m;) = ann(g;) = diR 


such that we have the chain ann(m,) D ... D ann(m,,) of invariant ideals. 


e Invariant Ideals to Invariant Factors: If M = Rm, @---® Rm, such that ann(m ;) D ... D 
ann(m,) then we let d;R = ann(m;) and r := max{i €1...n| ann(m;) 40}. If we now regard 


the epimorphism 


n 
o: R° + M : (ai) +S asm; 
i=l 


then kn(g) =d,R@®---@...d,;R@Of where f =n—r. Thereby the d; are the invariant factors 
of M and we find the isomorphism 


D : D*/ ar @eRIsM : (a;) + kn(0) So aim 
i=1 i=1 


e Invariant Factors to Elementary Divisors: \f M is in invariant factor form again (as above) and we 
look at the isomorphy 
r 
‘ R f 
o>: @*/ipoR' >M 
i=l 
Then we use a decomposition of d, into prime factors d, = a,p(1)"™ ...p(s)) where the p(j) € R 
are pairwise non-associated primes and n(j) > 1. Then, as d; | d, all the d; have the a prime 


decomposition of the form 
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for any i € 1...r. Let n(i,7) = (p(y) | dr4i-i) © IN where j € 1...5 and i € 1...r and let 
Ij) := #{ie1...r| n(i,j) 40}. Then we found the elementary divisors of M, as 


BO Youyoner! a M 


In a less formalistic, but easier to understand way, let us build up a table containing the powers of 
p(j) occuring in the prime factorisation of d;. Then then powers n(i,7) of the elementary divisors 


occur in this table, in inverse order 


pd) _p(2) p(s) 
di | ate): rere 2) n(r, 8) 
ca: | (2, 1)- 2, n(2, 8) 
Get. th) eat, n(1,s) 


e Elementary Divisors to Invariant Factors: If conversely we have the elementary divisors of M, as in 
(5.32.(v)): r := max{ I(j) | 7 € 1...s} and n(i,7) :=0 for any 7 €1...s and I(j) <i<r. Then 


are the invariant factors of MM (that is: you can use the table above, to multiply up the d; along 


the rows of this table) such that we find an isomorphism of the form 


DP/a.n or! % M 
4=1 
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5.3. Diagonalization 


To begin with let us think of a little geometry: A linear map may dilate (and contract) vectors and even 


rotate around a certain axis. What a linear map cannot is shift, as ~(0) = 0 is fixed. E.g. consider 


0.5 0 0 cos(a) —sin(a) 0 
A: 1 O|, B := |sin(a) cos(a) 0} € mats(R) 
0 2 0 0 if 


Clearly A shrinks any vector 2 € R® by half in the direction of e; (= the x-Axis) and doubles x in the 
direction of e3 (= the z-Axis). The direction of eg (= the y-Axis) is unaffected. Thus if A is in diagonal 
form it is plain to see, which direction is dilated by which factor. 

B is another interesting example: It rotates any vector x € IR? around the e3-Axis (= z-Axis) by the 
angle a [if we look down from the positive side of the z-Axis the rotation is counter-clockwise]. Thereby 
the e3-coordinate of x remains unchanged. That is any cylinder with Re3 as its middle axis is invariant 
under the action of B. Here we see the property the rotation axis must have: It is invariant under the 


action of y. That is we look out for vectors « € R” such that 
pla) = Ax 


for some \ € R. These vectors will be called eigenvectors of yp [eigen is a German word meaning own or 
self, so it could be translates as a vector belonging to y]. The factor is the dilation factor of x and will 
be called eigenvalue of y. It might be appealing to study eigenvectors simply for geometrical reasons, 
but the theory provides much more: First of all eigenvectors are the fundamental notion of canonical form 
theory - most notably the Jordan normal form. The Jordan normal form is the key when trying to solve a 
system of ordinary, linear differential equations (linear ODEs). For example chaos theory relies heavily 
on this. 

In statistics consider the problem: Given data (21, 2%2,...,%n) for every single individual within a 
large group and of course these values x; vary. There may be certain unknown variables u; behind 
the scene, that control entire combinations of the x; - e.g. a tall person usually has large feet and is 
heavier. But the color of eyes is independent of height. An intelligent student will probably have better 
grades all around, a student who has to work for his living has less time for his studies and may have 
worse grades. Factor analysis now tries to find the combinations of variables x; that belong to a common 
controlling variable u;. These combinations will be the eigenvectors of the variance matrix of the x; 
and the corresponding eigenvalues will be the weights to what extend the variance of this combination 
contributes to the variance of the entire set of data. In quantum mechanics a linear map y models an 
observable such as location, energy or impulse. A vector x models the state the physical system is in - 
which is a probability distribution over the certain "pure" states. These pure states are the eigenvectors 
of vy, the eigenvalue X is the result of measuring vy if the system is in that state. 

We could go on with applications of this beautiful theory for quite some time, but by now it should 
be clear, that it is truly fundamental and closely linked to applications. For now we stick to the case 
of finitely many dimensions however, which covers most of its applications - but not quantum mechanics. 
General quantum mechanics requires the theory of unbound operators and also is genuinely stochastic 


which both is beyond the scope of this textbook. 
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(5.35) Definition: 
Let (R,+,-) be an arbitrary ring, M be an R-module and consider y € end(M), that is a linear map 
y:M— M from M to itself. Then a submodule P <, M is said to be invariant under y¢ iff 


The set of all eigenvectors to a given A € R is called the eigenspace of y to \. And the set of all 


eigenvalues of y is said to be the spectrum of y. We will denote these sets by 


Eig,(A) := kn(p—Allm) 

{e€M | ole) =x} 

{r€R| Eig,(0) £0} 

= {\ER|ArxeEM:xF0and y(z) = Ax} 


Spec(y) 


(5.36) Example: (viz. 787) 
Let (R,+,-) is an integral domain, M an R-module and y € end(M) be an R-module endomorphism. 
Suppose there is a basis {m1,...,7™n } of M, such that for any 7 € 1...n there is some a; € R such 


that y(m,;) = aj;m,; (such an endomorphism will later be called diagonizable). Then for any A € R 
Eig,(A) = Lh{m;|jel...n, aj =A} 


In particular all the eigenspaces of a diagonizable endomorphism y are finitely generated and free 


R-submodules of M again. Their dimension is given to be the number of a; that equal A 


rank (Eig, (A)) = #17 €lican |a;= A} 


(5.37) Proposition: (viz. 788) 
Let (R,+,-) be a commutative ring, M be an R-module and y € end(M) be a module-endomorphism on 
M. Then the following statements hold true: 


(i) For any \ € R the eigenspace of y to \ a sumbodule of 1, that is invariant under y, which means 
e(Eig()) ¢ Eig,Q) 


And if M is torsion free [which is az =0 =» a=0 or x = Oj, then any eigenspace Eig,,(A) even 
is a pure submodule of J, that is for any a € R with a F 0 we get the implication 


ax € Eig,(A) => 2 € Eig,() 
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Nota if & is a PID, then by (4.107.(ii)) this implies, that any eigenspace of y is complemented, that 
is M = Eig,(\) @Q for some Q <p M. However, Q need not be y-invariant again. 


(ii) Let R be an integral domain and M be free and finitely generated. Then the spectrum of is 
precisely the set of roots of the polynomial fuction R > R: A+ det(y — Alls), that is 


Spec(y) = {AE R| det(y— Ally) =0} 


(iii) Let R be an integral domain and M be torsion-free, then eigenvectors to distinct eigenvalues are 
linearly independent: Given \1,...,An € R pairwise distinct elements [that is Ay; = A; => i= J] 
of Rand a; € Eig, (Ai) with x; #0 for any ie 1...n then {21,...,2p } is linearly independent. 


(iv) More generally: If R is an integral domain, M is torsion-free and \1,...,An € R are pairwise 
distinct elements of R, again. Then we consider some subsets U; C Eig,(Ai) where i € 1...n. If 
now all the U; are linearly independent, then U is linearly independent as well: 


= LG Sa 


i=1 


(5.38) Example: 
Let (R,+,-) be an integral domain, fix 1 < n € IN and consider the diagonal matrix D with entries 
Ai,--+;An € R and another matrix J which has 4 € F on the diagonal and 1 € R one step above 


26 0 4 0 
pi |o » re 5 
“0 1 
0 Of he 0 


Then the spectrum of D is precisely Spec(D) = {A1,...,An }, whereas J only has in its spectrum 
Spec(J) = {A}. And if {e1,...,en } is the usual Euclidean basis of R” then for any a € R the 


eigenspace of a is given to be 


Eig p(a) Lh{e;|iel...n,r4,=a} 
Eig,(A) = Re, 


These are the two classic examples: D shows how neatly the eigenspaces of a diagonal matrix are 
arranged and J is an example of a matrix that cannot be diagonalized. These matrices J will later be 
called Jordan-blocks. 


Prob Clearly De; = A;e; such that any e; € Eigp(A;) is an eigenvectors of D to the eigenvalue j, in 
particular A; € Spec(D). Conversely the equation Dx = ax breaks down into n equations in R, namely 
Aix; = ax; and hence (A; — a)a; = 0. Soifa Z{A1,...,An } then (as R is an integral domain) x; = 0 
for any i € 1...n and hence x = 0. Thus the \; are all the eigenvalues D has. The same reasoning 


shows that Dx = az implies x € Lh{ e; |2 € 1...n, A; = a} and the converse inclusion is clear. 
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Prob Clearly Je; = Ae, such that e; is an eigenvector of J to the eigenvalue A. Conversely the equa- 
tion Jz = ax breaks down into the equations Ar, = ax, and Ax; + X41 = ax; for any 1 <2 < n. 
Thus if a 4 A then (since R is an integral domain) we have z,, = 0. Then the (n — 1)-th equation is 
ALn—-1 = AXy—-1 such that %,-1 = 0 as well. By induction we find that x = 0, such that A is the one 
and only eigenvalue of J. The matrix All, — J = —N has the entries —1 on the upper off-diagonal only. 
Hence (All, — J)” = —(%2,%3,...,2n,0). From this we see, that the kernel of All, — J is precisely Re, 


and this is the eigenspace of J to the eigenvalue J. 


(5.39) Example: 
Consider any commutative ring R, e.g. R = Z and the free R-module M := R® of dimension 3. The 


endomorphism y(a, b,c) := (2a,c,0) has the following representation as a matrix (in the euclidean basis) 


2 
A= 10 
0 


oOo Oo 
eS 


Obviously e; = (1,0,0) is an eigenvector of A, to the eigenvalue 2, as Ae; = 2e; and also eg is an 
eigenvector of A, to the eigenvalue 0, as Aez = Oe2 - generally Eig,(0) = kn(y). It is clear [e.g. be 
regarding the characteristic polynomial c,(t) = t?(t—2), see below] that 0 and 2 are the only eigenvalues 


of wy. Both eigenspaces are direct summands of M, as 
R® = Re, @ Rey © Re3 = Eig, (2) Eig, (0) © Reg 


However the complement Rez is not invariant under y, as Ae3 = e2 € Eig,,(0). This example shows, that 
is well possible, that a vector outside an eigenspace can be sucked into an eigenspace (under vy). But 


once inside they remain trapped, regardless of how many times we apply y. 


(5.40) Remark: 
If (R,+,-) is a commutative ring, f € Rt] is a polynomial and A an element of an R-algebra, in our case 
here A € mat,,(J2) a square matrix over R, then we defined the evaluation of f in A to be the following 


element of the R-algebra again: 
f(A) = DU F(RIAY © mata(R) 


This is well-defined, as f has finite degree d, such that in truth the sum is finite only. More explicitly, 
if f(t) = agt4 +--+ a,t + ao then f(A) is given to be 


f(A) = agA +--+ +a,A + aoln 


And if M is an R-module, then end(J/) also is an R-algebra, under the composition of maps, for 


multiplication. Hence we may evaluate f € R[t] is an R-module endomorphism ~ € end(M), as well 


f(y) = So flkly* © end(M) 


=0 
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By construction of R[t] the evaluation Rit] > end(M) : f + f(y) is a homomorphism of R-algebras. 
For convenience, if f(t) = aat¢ + +--+ a,t + ao again, then 


fv) = aget+---+aip+aoly 


Recall that mat,,(R) +end(R”) : A ++ yay is an isomorphism of R-algebras, where ya(x) = Ax. The 
inverse of this isomorphism is the basis representation end(R”) > mat,(R) : ~ +> [y]e, where € is the 
Euclidean basis of R”. It is clear, that for any « € M and k € IN we have y'(x) = A*x and thereby 
f(pa)(x) = f(A)x. Generally, as At> yy is an R-algebra homomorphism, it is clear that 


f(~a) = F(A) 


(5.41) Definition: 
Let (R,+,-) be a commutative ring and M be a free, finitely generated R-module. If now y € end(M) 
is an endomorphism of modules, then we introduce the following notions: 

(i) For a square matrix A = (ai) € mat,(R) over R we regard the following square matrix (of the 


same size) over the polynomial ring Rit] 


t—a11 —4a1,2 ae —A1.n 
a21 t—ag2 
tl, —A = 
—an-1,n 
—an 1 ce —ann-1 t— ann 


This is an (n x n)-matrix over the polynomial ring Rt] and thereby we define the characteristic 


polynomial c,4(t) of A to be the determinant of this matrix 
ca(t) := det(tl,—A) € Rf[f] 


(ii) For an endomorphism ~ € end(J/) we define the characteristic polynomial c,(t) of yp using the 
following construction: Choose any ordered basis M C M of M and let A := [py] be the matrix 


representation of y, then c,(t) is taken to be 
Galt) “= eal]: Aid 


Prob We need to check that this is well-defined, that is if MM and M’ are any two ordered 
bases and A = [y],, and A’ = [y],y are the respective matrix representations, then we need 
to show ca(t) = ca(t). Yet by (4.42.(iii)) there is an invertible matrix JT © mat,(R) such that 
A’ = TAT™!. And since til, commutes with any matrix of mat,,(R[¢]) we find T(t, — A)T~' = 
Ttl,T~'—-TAT~! = tll, — A’. And as T is invertible in mat,,(R[t]) as well (with the same inverse) 
(4.55.(ii)) implies that the determinants are equal 


ca(t) = det(t, — A’) = det(T(tl, — A)T~) 
= det(T) - det(tll,, — A)-det(T)~! 
= det(tl,— A) = ca(t) 
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(iii) Let A € R be any scalar, then we define the algebraic multiplicity of 1 in ~ € end(M) to be the 


largest natural number m € IN such that (t — A)’ divides the charakteristic polynomial of ~ 
AM,(A) := max{ ke | (t—A)* | &(t) \ 


(iv) For any scalar \ € R we also define the geometric multiplicity of \ in y € end(M) to be the rank 
of the eigenspace Eig,(A) = {x € M | p(x) = Ax} of ¢ to the eigenvalue A 


GMy(A) := rank (Eig,,(0)) 


(v) Let R be an integral domain and M an arbitrary R-module: The minimal polynomial of y € end(/) 
is the uniquely determined polynomial that satisfies the following three properties - refer to (5.40) 


for details on f(y) and note, that generally y might not have a minimal polynomial, at all 


(1) my(y) = 0 
(2) my is monic 
(3) VF ERE: f(y) =0 — me | f 
Prob Suppose m ,(t) and mg(t) satisfy the above three properties. In particular, as m2(y) = 0 we 


have m1 | mg. Likewise m1 | mg and as R is an integral domain this yields m1 = amg for some 


a € R{t]}* = R*. But as both are monic we can compare coefficients to find m, = m2. 


(5.42) Proposition: (viz. 800) 
If (R,+,-) is an integral domain, M is an R-module and y € end(M) is an endomorphism of MM, then 


we get the following statements concerning the minimal polynomial of y 


(i) The set { f € Rit] | f(y) =0} is an ideal of Rit], called the null ideal of vy. In fact it is the kernel 
of the evaluation homomorphism R[t] > end(M): f > f(y), that is 


{fe RE] | f(y) =0} = kn(fe fy) a Rie 


(ii) If MZ is free and finitely generated and the null ideal of y is a principal ideal then there also is a 


monic polynomial m, € R{t] that generates it, and in this case my is the minimal polynomial of y 
mR] = {fe Rit}| f(y) =O} 


iii) There are several equivalent formulations of whether a polynomial m € R[t] is the minimal poly- 
q poly poly 
nomial m = my of y: That is the following three statements are equivalent 
(a) The polynomial m satisfies: (1) m is monic, (2) m(y) = 0 and (3) for any f € Rit] we find 
that f(y) =0 implies m | f. 
(b) The polynomial m satisfies: (1) m is monic, (2) m(y) = 0 and (3) for any f € R{t] with f 40 
we find that f(y) = 0 implies deg(m) < deg(f). 


(c) The polynomial m satisfies: (1) m is monic and (2) m generates the null ideal of y, formally 
that is: mR[t] = { f € Rit] | f(y) =O}. 
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(iv) If P <m M is a y-invariant submodule, that is y(P) C P again, and y| P: P > P denotes the 
restriction of y to P, then - supposed the minimal polynomials of y and y | P exist - we find the 
following divisibility relation 


Mgip | Mg 


(5.43) Example: (viz. 789) 


(i) If A = all, that is A is the matrix belonging to y(x) = ax for some a € R, then the minimal 
polynomial of A is ma(t) = t — a, as clearly m,4(A) = 0 already. And for the characteristic 
polynomial of A we find c4(t) = (t— a)”, as the multi-linearity of the determinant yields 


det(¢l, —all,) = det((¢—a)I,) = (t—a)"det(I,) = (¢—a)” 


(iit) More generally: If A = dia(a1,...,an) is a diagonal matrix, let A; be the distinct elements among 
the aj. That is {A1,...,Ar } = {@1,-.-,@n } and A; = A; is true for 7 = 7 only. Also let k(z) be 
the number of occurrences of A; among the aj, that is k(t) := #{jEl...n|aj; =A}. lf Risa 


commutative ring, then we find cy and if R even is a noetherian integral domain we also find m4 


Tr 


ca(t) = [][@-r)*O 


ma(t) = [le =);) 


(iii) If T= (t;,;) € tri,(R) is an upper (or lower) triangular matrix, then the characteristic polynomial 


of T’ splits into the linear factors ¢ — t;;, where t;,; is an element on the diagonal of T’ 


iv) An easy example is the general 2 x 2 matrix A, that has the rows (a,b) and (c,d) € R?. For this 
(iv) y p g 


matrix the characteristic polynomial is 


$=@ 6 
st ( : t ; = (t—a)(t—d)—be = t? —(a+d)t+ad—be 
—C — 


— 
< 
= 


If A € mat, (2) is any square matrix and A* is the transpose of A, then both A and A* share the 


same characteristic polynomial, since 


cax(t) = det(til, — A*) = det((til, — A)*) 
= det(tl,— A) = ca(t) 
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(vi) For a monic polynomial f € R[t] of degree n := det(f) let us introduce the companion matrix of f 


to be the following n x n square matrix 


O20) -see30r 410) 
10:--- 0 fff] 
compcf), c=") 0" 2 vee 00 =F) € mat,(R) 


For example let us present the companion matrix of the polynomial f(t) = ¢? +at+6 and compute 


its characteristic polynomial 


t b 
st ( = dete) toa 2 tata 
—l t+a 


Note that the Euclidean basis { €1, €2,...,€n } is cycled in the following way: comp(f)ex = e441 
for any 1 < k < n and comp(f)en = —(f[0], f[1],..., f[m — 1]). But more importantly both, the 


characteristic polynomial and the minimal polynomial of comp(f) are f again: 


Ccomp(f) (t) = ™Meomp(f) (t) = f(t) 


(5.44) Lemma: (viz. 791) Cayley-Hamilton Theorem 


(i) Let (R,+,-) be commutative ring and A € mat,(R) be an n x n matrix over R. Then the charac- 
teristic polynomial c4(t) = det(tl,, — A) € R[t] is a monic polynomial of degree n over R, whose 


coefficients are given to be 
ea(t) = t” —tr(A)t™ 1 +---4+(-1)"det(A) © Rie] 


More generally the k-th coefficient c[k] of ca(t) where k € 0...n—1 is given to be (—1)* times 


the sum of all prinicipal minors of A of size r = n—k. That is we have the formula: 


ca(t) = t™+50(-1)" S> det(Afa | a]) | 
r= 


aé Asc(r,n) 


(ii) If we regard A € mat,(R) as an endomorphism A: R” —> R” by virtue of A(x) = Az, then A 


satisfies its own characteristic polynomial, that is we have 


ca(A) = YS ea[k]A* = 0 € mat,(R) 
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(iii) If (R,+,-) is a commutative ring, MW a free, finitely generated R-module and y € end(M) an 


R-module endomorphism of M, then ¢ satisfies its own characteristic polynomial 
n 
coy) = YS eglkle* = 0 € end(M) 
E20 


(iv) If (R,+,-) is a commutative ring again, M is any finitely generated R-module and y: M > M 
is an R-module endomorphism, then there is a polynomial f(t) € Rt] of deg(f) = rank(M) such 
that y satisfies f, formally that is 


rank(M) 


f(y) = flkle* = 0 € end(M) 
k=0 


(5.45) Remark: 


(i) The proof of the general formula in (5.44.(i)) is a technical ordeal. It is far easier to only prove 


the reduced formula c4(t) = t” — tr(A) +---+det(A) only, which can be done by induction on n. 
And actually the only property truly needed is the fact that c4(t) is a polynomial of degree n with 
c4(0) = det(A). So the reader is actually better off to prove this by induction, as an exercise, than 
to work through the proof here. 


(ii) The proof of (5.44.(ii)) also is more or less technical and relies heavily on Cramer’s rule. But why 
do we need to prove this anyway? Isn't it obvious that c4(A) = det(All,, — A) = det(0) = 0? 
Well yes, of course det(All,, — A) = det(0) = 0 € R. What Cayley-Hamilton tell us, is that if we 
evaluate the polynomial c, in A we obtain the zero-matrix c4(A) = 0 € mat,,(R) and this is quite 


a different story, as there are many matrices with zero-determinant, that are non-zero themselves! 


(iii) From now on we have to be aware, that we have two different ways of evaluating a polynomial 
f € Rit}: First of all we can compute f(a) € R for any a € R, as we did before. But secondly 
we can now compute f(y) € end(J) for any y € end(M). A special case is A € mat,,(R) where 
M = R”. Not to distinguish between these two different notions may lead to misconceptions like 
the one we described in (ii). In particular c4(B) is not det(BI,, — A) [unless n = 1], as the first 


is an element of mat,,(J2) and the latter is an element of R. 


(iv 


— 


Part (iv) of the Cayley-Hamilton theorem is proved indenpendently from part (iii). Of course, if M 
also is free, then we are done, by pointing out f = cy. But in (iv) we did not require to be free. 


So we loose the information which polynomial f turns vy to 0, but still, there is one. 


(v) If c4(0) = det(A) € R®* is invertible, then A is invertible. Using the Cayley-Hamilton theorem we 
always have the following equation 
n-1 


0 = ca(A) = A®+ 5° calr]A” + det(A)1, 


r=1 


n-1 
A (an +S0 cana) + det(A)1, 


r=1 
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Thus if det(A) is invertible, this equation may be used to show, that the inverse even is a polynomial 


(of degree n — 1) in A, namely we can compute A~! by virtue of 


n—2 
Ar = det(A) (a + So calr + na) 


r=0 


(5.46) Proposition: (viz. 801) 


(i) Let (R,+,-) be a commutative ring, M an R-module and y € end(M) an R-module endomorphism. 
If now a € M such that v(x) = Ax for some x € R, then for any polynomial f € R[t] we get 


(ii) If (E£,+,-) is a field and V is a finitely generated E-vector space, then any £-vector space 


endomorphism y € end(V) has a (uniquely determined) minimal polynomial my. 


(iti) If (R,+,-) is a normal domain (e.g. an UFD), M a finitely generated, free R-module and y € end(M) 


an endomorphism of R-modules, then y has a (uniquely determined) minimal polynomial my. 


(iv) Let (R,+,-) be an integral domain, M a free, finitely generated R-module and y € end(/) be an 
R-module endomorphism. Then the characteristic polynomial cy, and minimal polynomial my (if it 
exists) share the same roots in R. That is for any \ € R we get the equivalencies 

(a) A € Spec(y) 
(b) cy(A) = 0 
(c) me(A) = 0 
(d) det(y — Ally) = 0 
(v) Let (R,+,-) be a PID, M a free, finitely generated R-module and y € end(/) be an R-module 


endomorphism. Then for any A € Spec(y) the dimension of the eigenspace of y to lies in between 


1 and the algebraic multiplicity of A 


1 < GMy(A) < aMg() 


(5.47) Remark: (MH) 
In fact (5.46.(iii)) can be extended a little: If R is a normal domain (that is an integral domain, that is 
integrally closed in its quotient field), then any square matrix over R has a minimal polynomial and vice 


versa. That is for an integral domain R the following three statements are equivalent: 
(a) Ris a normal domain 
(b) For any A € mat,,(R) the ideal { f € Rit] | f(A) =0} of Rit] is principal 
(c) For any A € mat,,(A) the ideal { f € R[t] | f(A) =0} of Rit] is generated by a monic polynomial 
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That (a) implies (c) is (iii) and has also been shown by W. C. Brown in his paper Null Ideals and span- 
ning Ranks of Matrices (1998), whereas (b) implies (a) has been proved by S. Frisch in Integrally closed 
Domains, Minimal Polynomials and Null Ideals of Matrices (2004) and (c) implies (b) is trivial. 


(5.48) Proposition: (viz. 808) 
Let (R,+,-) be commutative ring and L, M and N be finitely generated, free R-modules. Then we get 


the following statements 


(i) If e € end(M) is an endomorphism on M and ®: MN is an isomorphism of R-modules then the 
characteristic polynomial of the transferred endomorphism 7 := ®y@—! € end(N) is unchanged 


If now f € R[t] is any polynomial, then f(w) = ®f(y)&+ and hence w has a minimal polynomial 


if and only if y has a minimal polynomial. And in this case we also get: 


(ii) If gp € end(M) and P <,, M is a free submodule of M such that y(P) C P and M/P is free, 


too, then we denote the maps 


y|P : PoP : £H v(z) 
@ : M/p+M/p : ©+P+4 y(a)+P 


Thereby the characteristic polynomial of y splits into the characteristic polynomials of y | P and 


@ and in particular the characteristic polynomial of the restriction y | P divides c,(t) 
colt) = cyp(t) - cpt) 


(iii 


a 


If ¢ € end(M) again and M is the inner direct sum MW = P, @---@P, where for anyi € 1...7 the 
submodule P; <m M is free, finitely generated and y(P;) C P,; then we denote the restrictions 
yi = y | P; again. And thereby the characteristic polynomial of y splits into 


Co(t) — [Lu 
g= 1 


(iv) Theorem of Fitting: If M is a free R-module of dim(M/) = n and y € end(M) an endomorphism 
of M and fi,..., fn € Rit] are any polynomials such that f;(y~) = 0 for any i € 1...n, then the 


characteristic polynomial of wy divides the product of the f;, formally 


cp | fir... Sn 
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(v) Let A € end(L), w € end(M) and v € end(N). Further let py: L + M andy: M— N be 


homomorphisms of R-modules. Suppose that the following diagram is commutative and that its 


rows are exact, then we get: c,(t) = c,(t) - c(t) 
Gets Es ee ae eS LD 
4% O J# OO LY 
00> L +> M > N + 0 
~ w 


(vi) If (S,+,-) is another commutative ring and a: R — S is a homomorphism of rings, then we turn S 
into an R-algebra using as := a(a)s fora € Rand s €S. If now y € end(M) then we regard the 
change of base rings Ms := S ®@ M and ys := S ®@ y € end(Ms). If now 


a: Rit] > S{¢] : Saye 4 5 a(ax)e! 
k=0 k=0 


Then the characteristic polynomial of the endomorphism ys changed to S is just the characteristic 


polynomial of ~ mapped under @ 
Cys(t) = a (cy(t)) 


(5.49) Corollary: (viz. 811) 

Let (R,+,-) is an integral domain and M is a free, finitely generated R-module of dimension n := 
dim(M). Consider an R-module endomorphism y € end(V) that has a minimal polynomial (e.g. if R is 
an UFD). Then the minimal polynomial divides the characteristic polynomial, which in turn divides the 


n-th power of the minimal polynomial 
My | Cp and cy | my 


In particular the minimal polynomial my and characteristic polynomial c, share the same prime factors: 


That is for any prime element p € Rit] we have p | my => p | Cp. 


(5.50) Definition: 
Let (R,+,-) be a commutative ring 1 <n € IN and A € mat,,(R) be a square matrix over R. Then A is 
said to be a diagonal matrix, iff for any i #7 € 1...n we have a;,; = 0. In other words there are some 


A1,--+;An € R [namely A; = a;,;] such that A is given to be 


Ai 0 0 

By te 0 rp» 
gg 
0 O. Ay 


And A is said to be diagonizable iff there an invertible matrix T’ € gl,,() such that TAT! is a diagonal 
matrix. Let now M be a free, finitely generated R-module, then an endomorphism y € end(M) is said 


to be diagonizable iff there is some ordered basis MM C M of M such that the matrix representation 
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[y]m of vy is a diagonal matrix. 


4M C M ordered basis of M, such that [y],4 is a diagonal matrix 


An entire set { y; | i € 1} C end(M) of endomorphisms of I is said to be simultaneously diagonizable 


iff there is some ordered basis M of M, such that all matrix representations [y;],4 are diagonal matrices 


4M C M ordered basis of M, such that Vi EI : [yi], is a diagonal matrix 


(5.51) Remark: 
If (R,+,-) is an integral domain, M is a free, finitely generated R-module and y € end(M) a diagonizable 
endomorphism of M, the we will see next, that there is an R-basis {m1,...,7™n } of M, such that for 


any j € 1...n there is some a; € R, such that y(m,;) = ajm,. Clearly, the matrix representation of ~ 


in the ordered basis M := (m,...,7™n) is diagonal 
at 0) 0 
0 ag 
lylm = 
0 
0 0 ay 


We have studied this situation before: In example (5.36) we have seen that for any A € R the eigenspace 


of y to J is the following free, finitely generated submodule of MZ 
Eig(A) = Lh{m;|jel...n, aj =A} 


And in example (5.43.(ii)) we continued: Let A; be the distinct elements among the a; again. That is 
{A1,---, Ar} = {a1,---,@n } and A; = ; is true for i = 7 only. Then by in (5.38) we know that 


Spec(y) = {A1,..-,Ar} 


And if k(i) is the number of occurrences of A; among the aj, that is k(t) :-= #{j E1...n|]aj=Aj}, 


then (for a general commutative ring R) we found the characteristic polynomial of y to be 


r 


c(t) = [[@-r)*° 


i=l 
And if R even is a noetherian integral domain, then in (5.43.(ii)) we have been able to prove, that the 
minimal polynomial of y is the much same, only without multiplicities 


r 


mgt) = [[@-») 


i=1 
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(5.52) Theorem: (viz. 441) 
Let (R,+,-) be a commutative ring, M be a free, finitely generated R-module. Also let y € end(M/) be 
an R-module endomorphism and Spec(y) = { A1,..-,Ar } C R be the spectrum of vy. Then the following 


statements are equivalent - recall that in this case y is said to be diagonizable: 


(a) There is a basis {m1,...,7™n } C M (for some n € IN) of M, such that for any i € 1... there is 
some A; € R, such that y(m,;) = Aymj. 


(b) There is an ordered basis M C M of M, such that the matrix representation [yp], of y in M is 


a diagonal matrix, formally: 4A1,...,An € R: [yl = dia(\y,.--, An). 


(c) For any ordered basis M C M of M the matrix representation [yp] of y in M is a diagonizable 


matrix, formally: 3Aq,...,An € R: [yl & dia(A1,..., An). 


If R even is an integral domain, then we may append this list of equivalencies: In this case (d) and (e) 


are equivalent to the above statements (a) to (c), as well, where: 


(d) For any i € 1...r the eigenspace Eig.(\;) is a free submodule of M and M is the sum of the 


eigenspaces of y 


M= S > Eig, (As) 
i=1 


(e) For any 7 € 1...r the eigenspace Eig,(\;) is a free submodule of M and M is an inner direct 


sum of the eigenspaces of y 
M= B Eig,,(i) 
i=1 


By (5.51), if R is an integral domain, then (a) implies the following properties (f) and (g). And if R is a 
noetherian integral domain, then (a) also implies (g). If R even is a field, the converse implications are 


true, as well: In this case (f) to (h) are equivalent to the above statements (a) to (e), where: 


(f) The sum of the dimensions of all the eigenspaces of y equals the dimension of M, that is we have 
the identity 


dim(M) = 5° cmy(A,) 
i=1 


(g) The minimal polynomial of vy splits into distinct linear factors over R. These linear factors are then 


given to be t — \;, where the A; are the distinct eigenvalues of y. Altogether we get 


r 


mp = [](t->r) 


i=l 
(h) The characteristic polynomial of y splits over R and for any eigenvalue A; of y the algebraic 
multiplicities AM, (Ai) = k(i) and geometric multiplicities Gm,(A;) = dim(Eig,,(Ai)) coincide 
c(t) = [[t-Ai)* where k(é) = dim (Eig, (A;)) 


i=1 
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Proof of (5.52): 


e Let us first prove the equivalencies of (a), (b) and (c) in case of a general commutative ring R: 
Starting with (a) there is a basis {771,...,7™n} such that y(m;) = Aym;. We order this basis 
arbitrarily, say M := (my,...,™n). Then v(m) = Aim; tells us that [y(mi)]a, = ALe:. That 
means [y]jq = dia(A1,..., An) is a diagonal matrix, such that we have arrived at (b). Now consider 
any (other) ordered basis M’ of M. We want to prove that [y],y is diagonizable and start with a 
diagonal matrix D = [py]. By change of base (4.42.(v)) we let T’ := [ita and hence find 


vel = TDT' 2 D 


That is we have arrived at (c): [y]jy is diagonizable. Now we need to return to (a). That is we 
have A = [y|jy = TDT~! for some diagonal matrix D = dia(\1,..., An) and need to find a basis 
{™1,...,7Mn } of M such that y(m;) = Aym;. Let M’ = (m‘,...,mi,) and A = (a;,;), likewise 
T = (tj) and for any j € 1...n define 


e She. t; / 
My = i,j M4 
i=1 


As T is invertible (4.42.(iii)) tells us that M := (m1,...,™n) truly is an ordered basis of 1 and 
that T = [Mal and T~! = [ily], are the matrices of base change. Thus we have 
[yim lm = [yluimgla = (Mh [yl (IMM Ima = TAT e; = De; = Aye; 


Returning from the basis representation of M (using R° + M : ato aym,+...GnM,y the inverse 


isomorphism) we see y(m,;) = Aj;m; which is (a). In the end we have come full circle. 


e Let us now assume, that R is an integral domain, then we will prove (a) => (e), (e) = > (d) is 
trivial and we will return by proving (d) ==> (e) and (e) == (c). As (a) and (c) are equivalent, 
this suffices. The easy part is from (a) to (e): 


If {m1,...,7™Mn } is a basis of M such that y(m,;) = ajm; we have already seen in example (5.36) 


that for any A € FR the eigenspace of y to A is given to be 
Eig,(A) = Lh{m;|jel...n, aj =A} 


Let us denote the distinct elements of the a; by A; again, that is {a1,...,@n} = {A1,.-.,Ar}. 
Then it is clear that we get a partition of {7m1,...,7™n }=M,U---UM, by taking 


M, := qty |S, Lak are, aj = Ai} 


and as the M, are linearly independent and generate Eig,(\;) they even are a basis of the 
respective Eig,,(A;). In particular any Eig,,(A;) is a free submodule and we have decomposed into 


an inner direct sum 


M= A Eig, :) 
i=1 
This is (e) and in particular M is the sum of the eigenspaces, which is (d). Just to be sure: Any 
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x € M can be expressed (in a unique way), as a sum of the form 


We now want to prove (e) from (d), that is we have to prove that the sum is direct, automatically, 


as we deal with eigenspaces. For ease of notation consider some 


%1€ Eig,(A1) a S> Eig.,(Ai) 
i=2 
That is there are some 2; € Eig,,(A;) (for i € 2...r) such that ] = 42 +---+2,. If we had x1 4 0 
then there would have to be one or more x; # 0 fori € 2...r. Yet 1 #0 € R and by (5.37.(iii)) 
non-zero x; would be linearly independant. Thus we find x; = 0 and hence conclude (e) again. 
It remains to prove (c) from (e): As the eigenspaces M; := Eig, (Ai) are free by assumption (e) 
we can choose bases M; = { mj,; | j € 1... s(%) } for M; each. This enables us to decompose 


further, into the inner direct sum 


r r s(t) 


i=l i=1 j=l 
As mij € Mi; we get y(mij) = Ami € Rm; which means that all the Rm; are invariant 
under y. And of course Rmj,,; is free, as {mij } is its basis. In particular we find that M := 
{mij |tiel...r,j €1...s8(4)} is a basis of M and hence s(1)+---+s(r) =n. Let A:= [yl] 
be the representation of y» with respect to this basis. By (4.46.(iii)) we find that 


A = D := Ai®@-:-@Apn 


where any A; is a matrix of size 1. Clearly D is a diagonal matrix, by construction and hence A is 
similar to a diagonal matrix. If now M’ is any other ordered basis of M, then by (4.42.(v)) [yl aw 


is similar to A = [y]y, as well. Hence [y],y is diagonizable, as ~ is a transitive relation: 


lela © [yl and [yl & D = [ylw & D 


criteria to be diagonizable AW 4.4.30 bis 4.4.32 und 4.4.40 und 4.4.49 how to diagonalize a matrix 
+ example simultaneous diagonalization AW 4.3.36 spectral projections 

R integral domain, ¢ € rend(R), s: R” x R” > R sesqui-linear for with respect to « yp € end(M) 
symmetric, ie. s(y(x),y) = s(x, y(y)) then for any x € Eigy(A), y € Eigy() we have A = e(js) or 
s(z,y) =0 

R=R then: A diagonizable iff A= A* R=C then: A diagonizable iff AA = AA 

functional calculus f(y) fiir f € C(R) 
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5.4 Normal Forms 


(5.53) Definition: (viz. 634) 

Let (R,+,-) be a commutative ring, (17,+,°) be an R-module and fix an R-module-endomorphism 
y € end(M). Then we turn M into a module (M,,+,A) over the polynomial ring R[t] using the 
following construction: The base set of My is just M again: M, := M. Also the addition + on My is 
just the addition + of M. The new ingredient is another scalar multiplication 4 on My defined by 


A: Rit] x My > My : (f,2) > f(y)(e) = D7 flkle*(@) 
k=0 


Again we write fx := f Ax = f(p)(x). More explicitly: If f € R[t] is any polynomial over R, written as 
f = ant” +---+ait+ao € Rit] and x € My is any element of Mz, then the scalar multiplication is 


fe = flp)(@) = ang™(a) +--+ + arp(a) + aoa 


Nota even though My, = M is the same set and the addition + is identical we have to distinguish MZ 
and M,, because of the different base ring and scalar multiplication. And as we only write M, in place 


of (M,,+,4) we have no other option, as to adapt the name of the base set. 


(5.54) Remark: 

The above definition might look a little artificial, but in fact it is a most ingenious construction that 
links module theory to linear algebra. In fact the entire theory of canonical forms of an endomorphism 
(e.g. Jordan canonical form) will arise by applying the theorem of Priifer to this module. Hence it is 


worthwhile to linger here for a moment to reflect on what we just defined: 


As we have seen in (3.67.(vii)) (end(/),+,0) is a ring under the point-wise addition p+ yw: 41> 
p(x) + w(x) and the composition o as multiplication yy : x y(w(x)). Thereby R C end(M) can be 


considered a subring, using the embedding a @ ally. If now f =a,t"+---+ ait + ao € Rit] is any 


polynomial over R, then we can evaluate f in y 
f(y) = any” +---+a1p+aolly € end(M) 


This is a well-defined endomorphism of M. And the scalar multiplication on M, has then been defined 
by the action of f(y) on M@ 


fe = flp)(@) = anger(a) +--+ + arp(a) + aoa 


Note that the image of the ring-homomorphism R[t] > end(M) : f + f(y) is the commutative subring 
Rly] of end(M). And also we see that fx = 0 if and only if f(y)(x) = 0 and thereby the annihilator of 
x € Mz is the set of all polynomials f such that f(y)(x) = 0 


ann(z) = {fe Rit] | f(y)(@) = 04 
And thereby the annihilator of the entire module M, is the set of all polynomials f such that f(y) = 0 
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is the zero map x ++ 0 
ann(M,) = {fe Rl] | f(y) =0} 


(5.55) Proposition: (viz. 635) 
Let (R,+,-) be a commutative ring and consider two R-modules M and N. Also let ys € end(M) and 


v € end(N) be two endomorphisms on these. Then the following statements are true: 


(i) The A[t]-submodules of M,, are precisely the p-invariant R-submodules of M. That is for any 
subset P C M we find the equivalency 


P <m M, <= P <m M and p(P) C P 


(ii) The R[t]-linear maps from M,, to N, are precisely the R-linear maps y from M to N that commute 
with yz and v. More formally we find, that 


mhomayj(M,, Nv) = {¢ € mhomr(M,N) | yu = ve } 


(iii) Let ¢ € end(M) be another endomorphism on M and ®: M — M bea map from M to itself. Then 
® is an isomorphism from M, to My, if and only if ® is an automorphism of M that commutes with 


e and y. That is the following equivalency golds true 


®:M,%M. — ©: MSM withe =o! 


(5.56) Proposition: (viz. 804) 
Let (R,+,-) be a commutative ring and M be free R-module of finite dimension n = dim(M) < on. If 


now ~ € end() is an endomorphism of 1, then the following statements are true: 


(i) For any z € M the following four statements are equivalent - and in this case z is said to be a 


cyclic vector for y 


(a) M, = Rit]a 

(b) M = Lhra{y*(x) | ke N} 

(c) M = Lha{y*(2)|0<k <n} 
) 


(d) {p*(x)|0<k <n} isa basis of M 


(ii) If 2 € M is a cyclic vector of M,, and we denote the ordered basis M = (x, y(x),..., p*(x)) then 
there is a monic polynomial f € Rit] of degree n such that 


[elu = comp(f) 


(iti) If M = (x1, %2,...,%n) is an ordered basis of M such that [py], = comp(f) for some monic 


polynomial f € R[t] then we find the following isomorphy of R[t]-modules 
RLY pra > My : g+fRit] > gry 
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(iv) Combining the three items above, we find the equivalency of the following three properties 
(a) There is some x € M such that x € My is a cyclic vector. 


(b) There is an ordered basis M of M anda monic polynomial f € R[t] such that [y]j, = comp(f). 


(c) There is an some monic polynomial f € Rit] of degree deg(f) = n such that we have an 
isomorphy of the following R[t]-modules 


RIOT p rg ~, M, 


(5.57) Proposition: (viz. 806) 
Let (R,+,-) be any commutative ring and M be an R-module. Then we use change of base rings (3.151) 
and regard the R-module and Rit|-module My := Rit] @ M. 


(i) By (3.140.(v)) any element of Mpjy can be written in the following form, where d € IN and x, € M. 


And this representation is unique in the sense that the x; thereby are uniquely determined 
d 
S> i © XE 
k=0 


(ii) If M is a free R-module having the R-basis {m1,...,™m™n} then by (3.153.(i)) Mary is a free 
R{t|-module, having the R{t|-basis {1 ® mj,,...,1® mp }. 


Now fix any endomorphism y € end(J/) of R-modules. Then we introduce two well-defined homomor- 


phisms Ay : Mp > Mr and my : May) + My of R[t]-modules by linear expansion of 


> 
6 
a 

@ 
eee 

I 


(tf) @r+ f @ v(z) 
fe = f(v)(z) 


> 
6 
— 
ay 
® 
8 
wa 
I 


(iii) These maps now form an exact chain of homomorphisms of R[t]-modules (or R-modules, whatever 


you prefer). That is the following chain of 7, after Ay, is exact 


0o-7 Mri —-> Mri -> My > 0 


(iv) Thereby, if {m,;|7¢Z} C M generates M as an R-module, then {t®m;—1® y(mi) |i eI} 
generates the kernel kn(7%) <m Mapp as an R[t|-module. 


(v) If M is a free, finitely generated R-module, then so is Mppy by (ii). And in this case we find the 


characteristic polynomial of y to be the determinant of Ay, 
det(A,) = e,(t) € Rit] 


Einstieg mit AW 4.4.6 zu zeigen: p(t) = f(t) und: cy(t) = fi(t)----- fx(t) 

ann(M,) = {f © Ri] |VxeM: fr=0} = {FER |VeeM: f(y) =0} = kn(f + f(y) 
wird erzeugt, durch my also my = fr 

Beispiel zu zyklischen Vektoren: M = R{t|/f R[t], n = deg(f), f monisch, hat die Basis 1,z,...,2"~! 
wobei x =t+ fR[t]. Die Matrixdarstellung von g(t) + fR[t] + tg(t) + f Rit] ist die Begleitmatrix von f. 
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5.5 Solving linear ODEs 
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Chapter 6 


Functional Analysis 


6.1 Metric Spaces 


def: metric d rem: pseudo-metric induces metric via ~ y := > d(x,y) = 0 def: sequence, convergence 
def: Cauchy-sequence, completeness pro: completion 

def: convergence relation — rem: metric induced convergence relation 

def: (G,+) commutative group F = (F,,) filtration on G, iff (1) F, C G, (2) Fo = G, (3) 
Fnaii C Fy, and (4) 1) Fn = {0} rem: metric on G induces filtration by Fo := G and F, := 
{xz €G|d(x,0) <1/n} pro: filtration induces metric on G under d(x, x) = 0 and d(z,y) := 1/(n +1) 
where n := maxm € N| x-—y€ Fm 

vector metrics (tpn) 4 x and (yn) > y then (az,) > ax and (ap + Yn) > «+ y linear metrics 
d(axz, ay) = jald(x,y) and d(x, z) < d(x, y)+d(y, z) are vector metrics infinite sums infinite sums by the 
sequence of partial sums infinite sums over arbitrary index sets 
(6.1) Definition: 
Let X be an arbitrary, non-empty X # @ set. Then an function x of the form x : IN + X is said to be 


a sequence in X. It is usual to denote x, := x(n) and (ap) = x in this case. Also, if A C X is an 


arbitrary subset of X, then we write (x,) C A to abbreviate 
VnEN : a,€A 


We now introduce a relation < on the set FIN, X of sequences in X: if x = (x,) and y = (y,,) both are 
sequences in X, such that x < y, then z is said to be a subsequence of y. Thereby we let x < y if and 


only if there is some n: IN > N such that 
(1) for any k, 2 € IN we getk < £ = > n(k) < n(@) 
(2) x = yn that is, for any m € N we get 2m = Yn(m) 
(6.2) Remark: 
It is easy to see that the subsequence-relation < is reflexive and transitive, that is for any sequences z, 
y and z € F(IN, X) we get x < xand (x <yandy<z) = @K<z. 


Prob the reflexivity x < « is clear, just take n = Il. Also the transitivity x << yandy<z = x< zis 


easy: if x = ym and y = zn then x = ym = (zn)m = z(nm). 
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However < is not a partial order as it is not anti-symmetric. E.g. take X = Z and x = (x,) where 
Ln = 14+ (—1)” that is x = (2,0, 2,0,2,0,2,...). Likewise let y = (yn) where y, := 1 — (—1)” that is 
y = (0, 2,0, 2,0,2,0,...). Then for n: N+ IN: m+ m+ 1 it is obvious, that x = yn and y = xn that 
is x <yand y < & although x F y. 


(6.3) Definition: 
Let X be an arbitrary, non-empty X # @ set again. Then a binary relation —> between sequences in X 
and elements of X 

> C F(IN,X)xxX 


(where we - as always - write (x,,) > x instead of ((x,),7) €—) is said to be a convergence relation 


on X, iff it satisfies the following three properties 
(1) for any « € X the constant sequence (x) converges to z, that is (x) > x 


(2) — is right-unique, that is for any sequence (z,,) in X and any x, y € X we get: if (z7,) > x and 
(an) + y then already 2 = y 


(3) if (ym) ts a sequence in X, such that (yn) > y and (an) < (yn) is a subsequence of (y,), then 
(tn) > y as well 


If now — is a fixed convergence relation on X and (by abuse of notation) — is another fixed convergence 
relation on Y, then a function f : X — Y is said to be continuous, iff for any sequence (x,,) GC X and 


any element x € X we get the following implication 


(tn) > 2 => (f(@n)) > F(2) 


6.2 Banach Spaces 


normed space sub-multiplicative norm Banach space Banach algebra 
Let (£7, || - ||z) and (F; || - ||~) be any two normed spaces over field I’ = R of real or F = C complex 
numbers. If f : D — F is any function over some open subset D C FE and x € D is a point therein, 


then f is said to be differentiable in x, iff there is some linear map L : E — F such that 


[f(a +h) — L(h) — f(a)lle 


= 0 
h—0 |A\le 


Thereby (due to the triangle inequality) the map L is uniquely determined and called the derivative of 
f in x, written as: df(z) := L. If now D(a, F) denotes the set of all functions f : D > F that are 
differentiable in x, then we find that D(z, F’) is a subspace of F(D, F’) and that the derivation f + df(zx) 
is an F-linear map as well: 

D(z, F) 9 L(E,F) : fru df(az) 


6.3. Hilbert Spaces 


inner product = special case of sesqui-linear form 
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6.4 Operatoralgebras 
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Chapter 7 
Polynomial Rings 


Polynomials are a powerful tool in algebra, as they simulate all the algebraic operations (finite additions, 
multiplications and powers) that are native to algebras. In this setting polynomials are the generic 
example of R-algebras and we will find some very powerful statements (like the lemma of Gauss or 
noetherian normalisation) of general importance by studying polynomials. On the other hand polynomial 
rings are very tame, as by definition the variables are independent of one and another. Therefore 
polynomials are the perfect stepping stone on the way to general algebras. 

Also polynomials have been one of the origins of modern algebra. While the solution formula for 
quadratic equations is ancient, the formulas for cubic and quartic equations defied discovery until the 
16. century by Cardano, resp. his student Ferrari and others. Interest grew (literally) as there was a 
lot of money to be made, by computing the best rates of interest for italian bankiers and traders. But 
mathematicians kept their insights a secret, at that time, for competetive reasons. So in fact these formulas 
were discovered independently by several mathematicians - apparently the time was just about right for 
these discoveries. 

Although the formulas for solving equations of degree 3 and 4 have been found in short sequel, 
equations of degree 5 remained unsolved. It took another 200 years until, the reason for this had been 
unearthed: In the 18. century Abel was able to prove, that there is no general formula to solve equations 
of degree 5 or higher - quite interesting, he had found general limits to what mathematics can do (much 
like Gédel’s incompleteness theorem). This will be a major spin-off of Galois theory, which combines 
group theory with field extensions. 

However we will not pursue the theory of solving polynomial equations right now, but rather chose a 
top-down approach: We start with the general concept of group rings R[t | A] and only later specialize 
to A = IN” which yields the polynomial ring R[t),...,tn] in nm variables. And only after that we come 
full circle to study the special properties polynomial ring R{#] in one variable. We will encounter group 
rings again, when we tackle representation theory. 

For now we aim at the general theory: If we order the monomials in a reasonable way, we will be able 
to introduce Grébner-bases (of ideals of polynomials) which provide powerful computational algorithms, 
such as Buchberger’s algorithm, that determines whether a polynomial is contained in a certain ideal, or 


not. This is a powerful generalization of division with remainder of polynomials in one variable. 
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7.1. Monomial Orders 


We have already introduced the polynomial ring R/t] in one variable (over a commutative ring R) as an 
example in section 1.4. And we have also used this concept several times before (e.g. for the characteristic 
polynomial of a linear mapping). In this chapter we will now introduce a powerful generalization of this 
ring - the polynomial ring (also called group ring) Rit | A]. Thereby R is a commutative ring once more 
and A will be any commutative monoid. On the other hand polynomial rings are natural examples of 
graded algebras. So it may be advantageous to first study graded algebras as a general concept. This 
will be done in the subsequent section. 

There are a multitude of special cases of this concept which we will regard in this chapter, as well. 
The most important special case will be the polynomial ring R{t1,...,tn] in (finitely many) variables. The 
polynomials f € Riti,...,tn] are the working horses of ring theory, as they describe all the compositions 
(addition, multiplication and powers) that can be performed in a ring. This makes the study of the 
polynomial ring a task of vast importance and likewise gives the theory its punch. 

The polynomial ring R/t] is included into this general theory as the polynomial ring R[t | A] where A 
is chosen to be the the natural numbers A = N. Yet the algabraic structure of IN is not the sole important 
property for Rit]. The natural order < on WN is of no lesser importance. Therefore we will first study 
moniods A that carry an adequate order, as well. 

So first recall the definition of a linear order (also called total order). If you are not familiar with 
this notion take a look at the introduction (section 0.3) or (re)read the beginning of section 2.1 for even 


more comments. So let us now introduce the basic concepts of ordered monoids: 


(7.1) Definition: 
Let (A, +) be a commutative monoid and denote its neutral element by 0. Then we introduce the following 


notions: A is said to be integral iff for any a, 6 and y € A we get the implication 
aty=B+y = a=8 


[in particular any commutative group A is an integral monoid]. Further A is said to be solution-finite iff 


for any fixed y € A the equation a + 8 = ¥ has finitely many solutions only, formally that is 


VyEA : #{(a,8)€ A? |a+B=y7} < ©O 


(7.2) Proposition: (viz. 574) 
If (A, +) and (B,+) are two commutative monoids, then their product A x B is another commutative 


monoid under the point-wise addition 


(a, 6) + (7,8) = (a+7, 8 +9) 


The neutral element of A x B is 0 = (04,0g). And if both A and B are integral, resp. solution-finite 


then A x B is integral resp. solution finite again. 
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(7.3) Definition: 
(i) The triple (A,+,<) is said to be a positively ordered monoid, iff it satisfies both of the following 
two properties 
(1) (A,+) is a commutative monoid (with neutral element 0) 
(2) < is a positive, linear order on A. That is < is a linear order such that for any elements a, a’ 


and 6 € A we get the implication 


/ 


axa = at+B<a'+ 


(iit) The triple (A,+,<) is said to be a strictly positively ordered monoid, iff it satisfies both of the 
following two properties 


(1) (A,+) is a commutative monoid (with neutral element 0) 


(2) < is a strictly positive, linear order on A. That is < is a linear order such that for any 


elements a,a’ and ( € A the implication above even is strict 


/ 


a<a = at+B<a'+B 


Nota that we used the notation a <b :=> a<banda#b here. And if a = a’ then clearly 
a+ 8=a' +8, hence it is clear that a strictly positively ordered monoid already is a positively 
ordered monoid. 


(iti) Finally (A, +, <) is said to be a well-ordered monoid and < is said to be a monomial well-ordering 
on (A, +) iff both of the following properties are satisfied 
(1) (A,+,<) is a positively ordered monoid 
(2) < is a well-ordering on A, that is a total order, such that any non-empty subset VM of A has 


a minimal element, formally the latter can be written as 


VOAM CA Ayn € M such that Vue M we get px < 


(7.4) Remark: 

If now (A, +, <) is a positively ordered monoid, we extend A to A by formally picking up a new element 
(that we introduce a new symbol —oo to A) A := AU{-—oo }. We then extend the composition + and 
the order < of A to A by defining the following operations and relations for any a € A 


(—co) # a 

(—oo) < a 
(—co) +a@ := -co 
a+(—oo) := —o0o 


Nota clearly (A, +) is a commutative monoid again and if < has been a positive order or even a monomial 


well-ordering on A then the extended order on A is a positive order resp. a monomial well-ordering again. 
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(7.5) Example: 
The standard example of a monoid that we will use later is IN” under the point-wise addition as the 
composition. However we will already discuss a slight generalization of this monoid here. Let J 4 ( be 


any non-empty index set and let us define the set 
WY := fae NWN’ |#{ielT|a 40} <x} 


If I is finite, say J = 1...n, then it is clear, that IN®C--”) — IN". We now turn this set into a commutative 


monoid by defining the composition + to be the point-wise addition, ie. for any a = (a;) and 8 = (f;) 


(ai) + (Bi) <= (ai + Bi) 


And it is clear that this composition turns IN°/ into a commutative monoid, that is integral and solution- 
finite (for any y € IN®/ the set of solutions (a, 8) of a+ 8 = ¥ is given to be { (a,y—a)|ai < y% $, 
which is finite, as y; = 0 for all but finitely many z € J). For any 2 € I we now define 


6; : ION : jr bij 


where 0;,; denotes the Kronecker symbol (e.g. refer to the notation and symbol list). From the construction 


it is clear, that any a = (a;) € IN is a (uniquely determined) finite sum of these 6; since 
(ai) = S° ay; 0 
tel 


This sum in truth is finite as only finitely many coefficients a; are non-zero and we can omit those 7 € I 


with a; = 0 from the sum. This enables us to introduce some notation here that will be put to good use: 


e Let us first define the absolute value of a = (a;) € IN®/ to be the sum of its entries [this is the 


1-norm of a] and the norm of a to be the maximum entry of a [this is the co-norm of al: 


let) = Ss, Qj 
tel 
ja|| := max{a;|7e I} 


e For a fixed weight w € IN! we introduce the weighted sum of « (note that this is well-defined, as 


a € IN® only has finitely many non-zero entries and hence the sum is finite only) 


leeks. = So wi ai 


tel 


e Another often useful notation (for any a € N® and any k € NN with |/a||< k) are the faculty and 


binomial coefficients, which are defined to be 


ie 


tel 


Q 
I 


aN 
o > 
pee 
li 
oS 
2 = 
7 
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And if x = (a;) € R! is an I-tupel of elements of a commutative ring (R,+,-) we finally introduce 


the notations (note that these are well-defined again, as a € IN®! has only finitely many a; 4 0) 


AX = ) Ay XM 


(7.6) Proposition: (viz. 574) 


(i) 


(i 


(iii 


~a 


(iv) 
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Let A be any set and < C Ax A be a linear order on A. Then any finite, non-empty subset 
M C A has uniquely determined minimal and a maximal elements. le. for any M C A with 
1<#M <o we get 


Alin EM: VpeM : pwe<p 
Alw*eM :VpeM : pep 


Nota we will refer to these uniquely determined minimal and maximal elements of M by writing 


min(M) := ws and max(/) := pu* respectively. 


Let A be any set and < C Ax A be a well-ordering on A. Then any non-empty subset WM C A 
has a uniquely determined minimal element. l.e. for any M@ C A with M 40 we get 


lu, EM: VnweM: pe <p 


Let (A,+) be a commutative monoid and let < C Ax A bea linear order on A. Then the following 


three statements are equivalent 


(a) A is integral and < is a positive order on A 
(b) (A,+,<) is a strictly positively ordered monoid 


(c) for any a,6,y € Awe geta< 8B — at+y7<B+y 


Let (A,+,<) be a strictly positively ordered monoid. Let further 1/4, N C A be any two subsets 
and pu. € M respectively v, € N be minimal elements of MM and N, that is we have 


VueEeM:up<p and VvEN: yA<v 


Then for any elements u € M and v € N we get: If w+v equals the sum pu. + v, of minimal 


elements then necessarily js = px and vy = v, are these minimal elements already, formally 


BBtv =-fethye = pw=ps andv=y, 
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(7.7) Example: (viz. 576) 

Let now (I, <) be a well-ordered set (i.e. J 4 0 is a non-empty set and < is a well-ordering on J) and fix 
any weight w € IN’. Then we introduce two different linear orders on the commutative monoid (IN®/, +). 
Of these the w-graded lexicographic order will be the standard order we will employ in later sections. 
Thus consider a = (a;) and 6 = (@;) € IN®/ and define 


e Lexicographic Order 


A Stex 8 => (a = 8) or (*) 


(*) := dkeT such that ag < 8, and Vi<k : aj = 8; 


Then the lexicographic order <je, is strictly positive, ie. the triple (IN°/,+,<j.) is a strictly 
positively ordered monoid. And in case of J = 1... is finite, we will see that <jex even is a 


well-ordering, i.e. the triple (IN”, +, <jex) is a well-ordered monoid, too. 


e w-Graded Lexicographic Order 


ay PB = (ale < [Blu) or (aly = [Blu and a <tex 8) 


Analogously the w-graded lexicographic order <,, is strictly positive, ie. (IN°!, +, <,,) is a strictly 
positively ordered monoid. And in the case J = 1...n is finite it even is a well-ordering, i.e. the 


triple (IN”, +, <.,) is a well-ordered monoid once more. 


(7.8) Remark: 

For an arbitrary, non-empty set J 4 @ the well-ordering theorem says, that there is some linear well- 
ordering < on J. Even though we can’t put it explicitly, there is some. We already know, that (IN°/, +) 
is a commutative, integral monoid. Now the example above also tells us that(IN®°/,+,<je,) even is a 
strictly positively ordered monoid. This property is nice to have, since this will be the standard monoid 


for polynomial rings. 


(7.9) Remark: (Mf) 
We wish to append two further linear orders on (IN®, +). However we will not require these any further 
and hence abstain from proving any details about them. The interested reader is asked to refer to [Cox, 


Little, O’Shaea; Using Algebraic Geometry, GTM 185] for more comments on these. 


e Reverse Graded Lexicographic Order 


Sig 8 <=> (a= 8) or (lal < |B) or (la| = [6] and (2)) 


(2) := AkeT suchthat a, > 8, and Vi<k : aj = 8; 


Just like <,, the reverse graded lexicographic order <,gi is positive and in the case of J =1...n 


it even is a well-ordering again. 
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e Bayer-Stillman Order 
For the fourth order we will require J = 1...n already. Then we fix any m € 1... and obtain 


another monomial well-ordering on IN” 
Q <bs(m) B <=> (3) or ((4) and a <q 8) 


GB) eS ae an See, 


Dect Gh Spee Be 
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7.2 Graded Algebras 


(7.10) Definition: 
Let (D,+) be a commutative monoid and (,+,-) be a commutative ring. Then the ordered pair (A, deg) 
is said to be a D-graded R-(semi)algebra, iff it satisfies all of the following properties 


(1) A is a commutative R-(semi)algebra 


(2) deg : hom(A) — D is a function from some subset hom(A) C A to D, where we require 0 ¢ hom(A). 
Thereby an element h € A is said to be homogeneous, iff h € hom(A) U {0 }. 


(3) For any d € D let us denote Ay := deg ‘(d) U{0} C A. Then we require that Ag <m A is an 


R-submodule of A and that A is decomposed as an inner direct sum of submodules 


A= @QAa 


deD 


(4) Given any c, d € D we require that the product gh of the homogeneous elements g of degree c and 
h of degree d is a homogeneous element of degree c+ d. That is: If we define the set of products 
Ac-Ag:={gh|g€Ac,h € Ag}, then we require 


A.Aa Cc Ac+d 


(7.11) Remark: 


e By property (2) Aq is a submodule of A, that is the sum g + h of two homogeneous elements of 
degree d again is a homogeneous element of degree d. And likewise the scalar multiple ah is a 
homogeneous element of degree d as well. Thus for any g, h € hom(A) with deg(g) = deg(h) and 
any a € R such that ag +h 4 0 we get 


deg(ag +h) = deg(g) = deg(h) 


e Property (4) asserts that the product of homogeneous elements is homogeneous again, in particular 
hom(A) U {0} is closed under multiplication. And thereby the degree even is additive, that is for 


any two homogeneous elements g, h € hom(A) we get 
gh #0 =» deg(gh) = deg(g) + deg(h) 


e According to (3) any element f € A has a unique decomposition in terms of homogeneous elements. 
To be precise, given any f € A, there is a uniquely determined sequence of elements (fa) (where 
d € D) such that fg € Aq (that is fg = 0 or deg(fa) = d) the set {de D| fa £0} is finite and 


i = Ooi 


deD 


Thereby fg is called the homogeneous component of degree d of f. And writing f = >°4 fa we 


will often speak of the decomposition of f into homogeneous components. 
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It is unsatisfactory to always distinguish the cases h = 0 when considering a homogeneous element 
h € hom(A) U{0} C A. Hence we will add the symbol —oo to D as outlined in (7.4). Then the 


degree can be extended canonically to all homogeneous elements 


deg(h) if h £0 


deg : hom(A) U{0} > DU{-co} : mn 
—o ifh=0 


If A is an integral domain this turns "deg" into a homomophism of semigroups, from hom(A) U { 0} 
(under the multiplication of A) to D. That is for any g, h € hom(A) U {0} we now get 


deg(gh) = deg(g) + deg(h) 


In the literature it is customary to call the decomposition A = @, Ag itself a D-graded R-algebra, 
supposed A-Aq C A-+q. But this clearly is equivalent to the definition we gave here. Just let 


hom(A) := |) Aa\ {0} 
deD 
Then we obtain a well-defined function deg : hom(A) > D by letting deg(h) := d where d € D 
is (uniquely) determined by h € Ag. And thereby it is clear that (A,deg) becomes a D-graded 
R-algebra, with deg~'(d) = Ag \ {0} again. 


(7.12) Example: 


If (R,+,-+) is any commutative ring and (D,+) is any commutative monoid (with neutral element 0), 


then there is a trivial construction turning R into a D-graded R-algebra. Just let hom(R) := R\ 0 and 
define the degree by deg : hom(R) — D:h+> 0. That is Ro = R, whereas Ry = 0 for any d F 0. 


Thus examples of graded algebras abound, but of course this construction won't produce any new insights. 


(7.13) Remark: 


Given some commutative ring (A,+,-) (and a commutative monoid (D,+)) there are two canonical ways 


how to regard A as an R-algebra 


(1) We could fix R := A, in this case the submodules Ag <m A occurring in property (3) would 
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be ideals Ag <j A. So this would yield a quite peculiar property: As Ag is an ideal we have 
Ac Aq © Ag but also A-Ag C Acya by property (4). But if c+d Ad then A.igN Ag = {0} 
such that A-Aqg = 0. So homogeneous elements of non-zero degree have to delete each other by 


multiplication. 


Secondly we could fix R := Z, in this case the submodules Ag <m A occuring in property (3) 
would only have to be subgroups Ag <g A. Thus there no longer is a reference to the algebra 


structure of A. Hence we will also speak of a D-graded ring in this case. 


7 Polynomial Rings 


(7.14) Example: Rees Algebra 
Let (R,+,-) be a commutative ring anda <j R be an ideal of R. Note that for any n € IN the quotient 
a” /a”*+ becomes an R/d-module under the scalar multiplication (a + a)(f +a"*+) := af +a"t! which 


is well-defined. Let us now take to the exterior direct sum of these R/d-modules 
RQ) = BO /grn 
nelN 


Therefore R(@) can be turned into an R/d-algebra (the so called Rees algebra of R in a), by defining 


the following scalar multiplication and multiplication 


(a@+4) (fn+ Gers) = (afn+ ant) 
(fi “4. a) (Gn 4 ae) = S- fig 4 qrtt 
i+jg=n 


(3.30)). Further we define the homogeneous elements of R(a) to be hom(R(a)) := U,, R(G)n \ {0}. Then 
(R(a), deg) becomes an IN-graded R/d-algebra under the graduation 


Let us denote R(a),, :=a"/a"*t! where we consider R(@), as a subset R(Q), C R(a) canonically (as in 


deg : U 0" [gnvt \ {0} +N of, ge Esa 
nelN 


(7.15) Definition: 

Let (D,+) and (E+) be commutative monoids, (,+,-) be a commutative ring, (A, deg) be a D-graded 
and (B,deg) be an E-graded R-algebra. Then the ordered pair (y,¢) is said to be a homomophism of 
graded algebras from (A, deg) to (B, deg) (or shortly a graded homomophism) iff it satisfies 


(1) ¢: A — Bis a homomorphism of R-algebras 
(2) ¢: D— E is a homomorphism of monoids 
(3) Vk € hom(A) we get y(h) € hom(B) and deg(y(h)) = e(deg(h)) 


If both (A, deg) and (B, deg) are D-graded R-algebras, then a homomophism y : A > B of R-algebras 
is said to be graded iff (y, 11) is a homomorphism of graded algebras, that is iff it satisfies 


(1) y: A — B is a homomorphism of R-algebras 
(2) Vh € hom(A) we get y(h) € hom(B) 


(3) Vk € hom(A) we get deg(y(h)) = deg(h) 
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(7.16) Definition: (viz. 640) 
Let (D,+) be a commutative monoid, (R,+,-) be a commutative ring and (A,deg) be a D-graded R- 
algebra. Then a subset h C A is said to be a graded ideal (or homogeneous ideal) of (A, deg), iffy <, A 


is an ideal, that satisfies any one of the following three equivalent properties 


(a) h can be decomposed as the inner direct sum of its R-submodules hM Ag <m b, that is 


b= Bbhn Aa 


deD 


(b) is closed under going to homogeneous components. That is if f € h is decomposed into homoge- 


neous elements f = >>, fa, any homogeneous component fa € Aq is an element of } 


f= fach = VdeD: fach 


deD 


(c) h is generated (as an ideal) by a set H of homogeneous elements of A, in formal terms that is 


4H C hom(A) such that b= (A); 


(7.17) Remark: 
If (A, deg) is a D-graded R-algebra and a <j A is a graded ideal of (A,deg), then it is clear, that 
(a, deg) becomes a D-graded R-semi-algebra under the graduation inherited from (A, deg) 


hom(@) := hom(A)na 


deg deg Inom(a) 


(7.18) Proposition: (viz. 641) 
Let (D, +) be a commutative monoid (with neutral element 0), (R,+,-) be a commutative ring and (A, deg) 


be a D-graded R-algebra. Then the following statements are true 
(i) If D is an integral monoid, then 1 € Ag 


(ii) If (B,deg) is another D-graded R-algebra and y : A > B is a graded homomophism, then the 


kernel of y is a graded ideal in A, therefore we get 


kn(y) = Ekn(y) 9 Ag 


deD 


(iii) If a <, A is a graded ideal of (A,deg), then the quotient A/a becomes a D-graded R-algebra 
again under the induced graduation deg(h + @) := deg(h). The homogeneous elements of A/d are 


hom (Fa) <= {h+a|he€hom(A) \a} 


And thereby the set of homogeneous elements of degree d € D is precisely given to be the following 


Cer, 


460 7 Polynomial Rings 


(iv) Let (D, +) even be a commutative group and consider a multiplicatively closed subset U C hom(A). 


Then the localization U~!A (as a ring) is a D-graded R-algebra again. Thereby 
4 h 0 
hom(U~A) := 4 — | hehom(A), we U > \ 7 
u 


Then the graduation is defined to be deg(h/w) := deg(h) — deg(u) and the R-submodule of U-'R 


of homogeneous elements of any degree d € D is given to be 


a h 

(OA). = { uéU, h€ Aasaeee) } 

(v) Suppose D = WN and consider some ideal a <j A. If now @ is a graded ideal, then its radical 
Ja <i Aisa graded ideal, too. 


(7.19) Remark: 

The above statement (iv) has an easy generalization to the case where (D,+) only is an integral, 
commutative monoid. In this case U-!A becomes a gr(D)-graded R-algebra, where gr(D) denotes the 
extension of D to a group, as thereby deg(h/u) := deg(h) —deg(u) = [deg(h), deg(w)] is a legit operation 
in gr (D), again. 

Formally that is gr(D) := (D x D)/ ~ where (c,d) ~ (c,d) <= c+d' =c' +d. Then gr(D) becomes 
a well-defined group under [c, dj] + [c’, d’] := [c+c',d+d'] with neutral element [0,0] and —{c, d] = [d, c]. 
And D is included canonically into grD by virtue of D —@ gr(D): c+ [c, 0]. 


(7.20) Definition: 
Let (R,+,-) be a commutative ring, (D, +, <) be a positively ordered monoid and (A, deg) be a D-graded 
R-algebra. If now f € A with f 4 0 has the homogeneous decomposition f = S°4 fa (where fy € Aa) 


then we define 


deg(f) 
ord(f) 


max{de€ D| fa #0} 
min{de D| fy 40} 


Nota this is well-defined, as only finitely many fg are non-zero and < is a linear order on D. And thus 
we have defined two functions deg: A\ {0} — D and ord: A\ {0} > Don A. 


(7.21) Proposition: (viz. 644) 
Let (R,+,-) be a commutative ring, (D, +, <) be a positively ordered monoid and (A, deg) be a D-graded 


R-algebra. Then the following statements are true 


(i) The newly introduced function deg : A \ {0} — D is an extension of the original degree function 
deg : hom(A) + D. Formally that is 


he Ag, h#0 => deg(h) =d 


7.2 Graded Algebras 461 


(ii) It is clear that the order and degree of some homogeneous element h € hom(A) will agree. But 


even the converse is true, that is for any non-zero element f € \ {0} we get the equivalency 


f €hom(A) <=>} ord(f) = deg(f) 


(iii) For any elements f, g € A such that fg # 0 the degree is sub-multiplicative and the order is 


super-multiplicative. That is we obtain the estimates 


IA 


ord(f) deg(f) 
deg(fg) < deg(f) + deg(g) 
ord(fg) > ord(f) + ord(g) 


(iv) And if (D,+,<) is a strictly positively ordered monoid and A is an integral domain, then for any 


f,g€A\{0} we even get the equalities 


deg(fg) = deg(f) + deg(g) 
ord( fg) ord(f) + ord(g) 


(v) Thus if (D,+,<) is a strictly positively ordered monoid and A ¥ 0 is a non-zero integral domain 


again, then the invertible elements of A already are homogeneous 


A* C_ hom(A) 


(vi) If (D,+,<) is a strictly positively ordered monoid, A is an integral domain and h € hom(A) is a 


homogeneous element of A, then any divisor f of h also is a homogeneous element of A, formally 


fl h =  f €hom(A) 
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7.3 


Defining Polynomials 


Polynomials are of tremendous importance in ring-theory, since they embody all the operations of rings 


and fields. We already introduced the polynomial ring in one variable as an example, but now we wish to 


turn to the general setting. In this section we only require the notions of section 7.1 and not the graded 


algebras of section 7.2 yet. Later on, in section 7.4 we will specify this general setting to the cases that 


are used most often, the polynomial rings R[t),...,t,] at their center. 


(7.22) Definition: 
Let (R,+,-) be a commutative ring (denoting its neutral elements by 0 and 1 as usual) and let (A, +) 


be a monoid (denoting its neutral element by 0, too), then we introduce the following notions 


(i) 


We define the set of formal A-series over R to be all the functions from A to R and denote it by 
Rit| A] := {f|f: A> R: avn fla} 


Note that in order to get an unambiguous notation we have already abandoned our standard 
notation and wrote f[a] := f(a) € R instead. Also please be aware that the use of the variable 


symbol t in Rit | A] is purely notational and will be explained in the subsequent remark. 
We now turn Rt | A] into an R-module by defining the following addition and scalar-multiplication 
f+tg:A7R: av fla] + gla] 


af: A>R: ava-flal 


If A is solution-finite the formal A-series R[t | A] even becomes an R-algebra under the following 
multiplication - where f,g € R[t | A] and a € R of course and 7,4 ¢_, 
over the set { (a, 8) € A? | a+ 8 =~7} ofall pairs (a, 8) that satisfy a+ 8 = 7 


denotes the (finite) sum 


f-g: ASR: 74 S© flol- olf 


at+B=y 


We define the set of A-polynomials over R to be the functions from A to R that are non-zero on 


finitely many elements a € A only 
R[t| A] = {f:A>R| #{a€A| fla] 40} <0} 


Nota it is clear that the polynomials R[t | A] thereby become an R-submodule of the formal A- 
series R[t | A]. And R[t | A] even is an R-algebra under the above multiplication, even if A is not 
solution-finite, as the products f[a] - g[] are zero for all but finitely many (a, 3) € A”, such that 


the sum )> remains finite, even if {a+ 8 =7} is infinite. 


at+B=y 
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(7.23) Remark: 


(i) 


(i 


(iii) 


464 


From the definition of the polynomial ring Rit | A] is clear, that this is a free R-module of rank |A| 
as an R-basis of R/t | A] is given by {t® | a € A}, where the monomial t® is defined to be the 
following A-polynomial 

0 fora¥zB 


t?: ADR: BH 
1 fora=6 


And thereby the monomials satisfy the following important multiplicative property for any a, 8 € A 
Ee ee YG 

Prob consider any y € A, then (¢®¢°)[y] = ey 

1 if and only if a’ = a and 6’ = B. Hence if y = a+ G then we get (¢* t°)[y] = 1 for this one 


combination. And if y 4 a+ 8 then the combination a’ = a and 8’ = 8 does not occur, such that 
(t@ t?)[y] = 0. But this is precisely, what t°+? does and hence t® t? = t°+ as claimed. 


da’,a08',8 and the product dg/46g’,g yields 


We will use this standard basis most often and the variable symbol ¢ in R[t | A] denotes just 
what symbols ¢® we will use for the monomials. Now any polynomial f € Rt | A] has a unique 


representation in this standard basis, given by 


Note that this sum in truth is finite only, as (by construction) the coefficients f[a] are zero for all 


but finitely many a € A. 


We will formally adopt this representation to R[t | A]. Note however that this sum can be infinite 
and hence may well have absolutely no meaning apart from fixing the coefficients f|a] of the power 


series f. That is, we also write 


S- flalt® = (ASR: ay flaj) 


acA 


This is precisely the reason why we defined the multiplication of formal power series and poly- 
nomials, in the way we did: This multiplication neatly incorporates the general rule distributivity. 
Combined with the notation in (iii) the multiplication of formal power series (if A is solution-finite) 


and polynomials (in general) f and g yields 


(5: sow) S- oll? |} = So| So flalglel |e 


aca BEA yEA \atB=y 
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(7.24) Proposition: (viz. 646) 


Let (R,+,-) be a commutative ring and (A, +) be a monoid, then all of the following statements are true 


(i) The unit element 1 of the polynomial ring R[t | A] is given by 


1 if = 
1=?2:ASR: avn De 
0 if a0 


(ii) R is embedded into all the polynomial rings over R. That is: We have an injective homomorphism 
of R-algebras by virtue of 
te: Ro Ri{t| Al: aval 


In this sense R will always be interpreted as a subring of Rit | A], eg. if f € Rit | A] is a 
polynomial we will write f € R to express that f is of the form f = a1 for some Ra € R and such 


a polynomial will be called a constant polynomial over R. 


(iii) If (B, +) is a commutative monoid, such that A <, B is a submonoid of B, then we find a canonical 


embedding of the polynomial rings 


fie] if BEA 
rie) a) <> Ri a= fo (sf ea i) 


l.e. this map is a monomorphism of R-algebras. And if B is solution-finite then this embedding 


extends to the rings of formal power series 


| fl] it BEA 
rie ay > REL BL o> (| 0 i io 


(iv 


— 


If (S,+,-) is another commutative ring and y: R— S is a homomorphism of rings, then we obtain 


another homomorphism @ of R-modules 
P+ R[s| A] > Sle] A]: D7 flelt® > 7 (fla) 
acA acA 


Clearly this homomorphism restricts to the polynomial ring and in fact it is a homomorphism of 


R-algebras there. Also @ is a homomorpism of R-algebras, in case A is solution-finite 


— : Ris| A] > SlE| A]: SO flalt* 4 SY) v(flal)e 


acA acA 


Let us abbreviate any one of the words injective, surjective or bijective by x, then we obtain the 


following property: If y is x, then @ is x, as well. 


(v) The polynomial ring Rit | A] is commutative iff the monoid A is such. And if A is solution-finite 


the same is true for the formal A-series. That is we have the following two equivalencies 


R{t | A] is commutative <= A is commutative 


Rt | A] is commutative < = A is commutative 
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(vi) Consider any two commutative monoids (A,+) and (B,+). Then the polynomial ring over B over 
the polynomial ring over A is isomorphic to the polynomial ring over A x B. That is we have the 


isomorphy (of R-algebras) 
Ris | Ajft| B) > Rix|Ax B 


» b> F[A]la] «) Pow S> fl Bla] a9) 
( 


BEB \aEA a,B)EAxB 


And if both A and B are solution-finite, then the same isomorphism runs between the formal power 


series over B over A and over A x B. Formally again 
Ris | Aj[é| B] > Rix | Ax Bl 


= satel" Pome YT sléllale" 
( 


BEB \acA a,B)EAxXB 


(vii) Let (A,+, <) be a positively ordered monoid such that (A, +) even is integral. Then the following 


two statements are equivalent 


(a) Ris an integral domain 


(b) R[t | A] is an integral domain 


And if R[t | A] is an integral domain, we denote its quotient field by R(t | A), which is called the 


field of rational fractions of R over A. Formally that is 
R(t| A) := quot(R{t | A]) 
(viii) Let (A,+, <) be an positively ordered monoid such that (A, +) even is integral and solution-finite. 
Then we also have the equivalency, of 


(a) Ris an integral domain 


(b) R[t | A] is an integral domain 


And if R[t | A] is an integral domain, we denote its quotient field (without giving a name to it) by 


R((t| A)) := ouor(R[t | AJ) 


(7.25) Example: 

Let (R,+,-) be a commutative ring, a <j, R an ideal of R and let (A,+) be a monoid. We consider 
the residue ring S := R/d and the canonical epimorphism 9: R > S: b+) 6+4. Then the induced 
homomorphism @ : R[t | A] > S[t | A] is surjective and has the kernel kn(@) = a[t | A] which is to say 
ait | AJ:={f © Rit | A] | Vae A: fla] © a}. In particular we obtain an isomorphy of R-algebras 


ee rae ee (F/q) 1 Al : f talt| Alo S> (flo +a) 


acA 
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Prob by (7.24.(iv)) @ is an epimorphism, too and o(f) = 0 is equivalent to fla] € a for any a € A. In 
other words this is f € a[t | A], so the isomorphy is granted by the first isomorphism theorem. 


(7.26) Lemma: (viz. 649) 
Let now (R,+,-) and (S,+,-) be commutative rings and (A,+) be a commutative monoid. Further 
suppose that y : R > S is a homomorphism of rings and 0 : A + S is a homomorphism of monoids from 


(A, +) to (S,-) (see the remark below, for the explicit properties, we require of o) 


yp : R-S isa ring-homomorphism and 


ao : A-+S isa monoid-homomorphism 
Together y and a induce a ring-homomorphism o, : R[t | A] > S that also satifies o,(af) = y(a)-o4(f) 
for anya € Rand f € Rit | Aj]. And this homomorphism is uniquely determined by the properties 
e VAE Rwe get o,(A1) = v(A) 


e Vac Awe get o,(t*) = o(a) 


(7.27) Remark: 


e By the property that o is a monoid-homomorphism we understand that o(04) = lg and that for 
any a, € A we get o(a+ 8) =a(a)-o(). 


e Note that this ring-homomorphism o, can be given explicitly: It simply is the R-linear expansion 


by a+ (a) of t? + o(a), that is ay is given to be 


Oy ( Ss Qa e) -_ S> ~(da) o(a) 


acA acA 


e The standard situation is A = N® and S = R of course. In this case we usually fix an J-tuple 
of elements 2 = (2;) € R! and take o to be the mapa: at x® := T]; oo), Note that this 
product is well-defined, as a(i) = 0 for all but finitely many 7 € J. Then we get 


fa) s=-a(f) = © flel2* 


acNel 


(7.28) Remark: (viz. 649) 
This proposition has an strange consequence: Any commutative ring (R,+,-) is the epimorphic image 
of an integral domain. That is there is an integral domain (S,+,-) and a surjective homomorphism @ of 


rings of the form 
o:S5 » R 
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(7.29) Definition: 
Let (R,+,-) be a commutative ring and (A,+) be a commutative monoid. Further fix a total order < on 


A then we define the following notions 


(i) For a polynomial f € R[t | A] we define the degree deg(f) € AU{-—co} of f to be the maximal 
index a € A such that fla] 4 0. If there is none (i.e. f = 0), then we let deg(f) = —co. Altogether 


max{aéeA| fla] AO} if f #0 


deg(f) := ne es 


(iit) And thereby we define the leading coefficient lc(f) € R of f © Rit | A] to be this non-zero 
coefficient fla] © R\ {0} of f, for which a = deg(f) is maximal. If f = 0, we let lc(f) :=O0ER 
instead. If lc(f) =1¢€ R, then f is said to be monic. Altogether 


de if 0 
Ic(f) = 1 oe 


(iii) Further we define the leading monomial lm(f) € R[t | A] of f € Rit | A] to be this monomial t® 
for which a = deg(f) is maximal. If f = 0, we let lm(f) := 0 € R{t| A] instead. Altogether 


deg(f) ; 
Oif f=0 


(iii) Finally we introduce the leading term It(f) € R[t | A] of f € R[t| A] to be f[a]t® for this maximal 
a = deg(f) again. If f = 0, we let lt(f) := 0 € Rit | A], as before. Therefore we can either take 
It(f) = lc(f) lt(f) or explicitly define lt(f) to be 


(A) = 


fldeg(f)] te if f 40 
Oif f=0 


Note if we are dealing with several total orders e.g. <; and <2 then we will use subscripts such as deg, 


or lcg,... to denote which of these orders we refer to. 


(7.30) Proposition: (viz. 663) 
Let (R,+,-) be any commutative ring, (A,+) be a commutative monoid equipped with a positive order 


< and let f,g € R[t | A] be two polynomials. Then the following (in)equalities hold true 


deg(f + 9) max{ deg(f), deg(g) } 
deg(f-g) < deg(f) + deg(g) 
lt(f) lc(f) - lm(f) 


A 
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If R is an integral domain and A is integral, too then the leading coefficient of the product f - g is the 


product of the leading terms of f and g and hence we obtain some further, noteworthy equalities 


deg(f-g) = deg(f) + deg(g) 
Ic(f-g) = le(f) -le(g) 
Im(f-g) = lm(f)-tm(y) 
It(f-g) = It(f) - ity) 


Nota even if R is any commutative ring (not necessarily an integral domain) and A is integral, then the 


four equalities above hold true, if at least on of the polynomials f or g is monic. 


(7.31) Remark: 
In the proof of (7.30) we even saw a little more: If R is an arbitrary commutative ring (not necessarily an 
integral domain) we obtain the equality for the degree in most cases, namely if the leading coefficients 


do not cancel each other. That is if f, g € Rit | A] are two polynomials, then we still get the implications 


Ic(f)+le(g) #0 => deg(ft+g) = max{deg(f),deg(g) } 
Ic(f)-lc(g) #0 => deg(f-g) = deg(f) + deg(g) 


However these implications are not very useful, as for general polynomials we just don’t know anything 
about their leading coefficients. Yet for a monic f and non-zero g € Rit] we have lc(f) -lc(g) = le(g) 4 0 
and hence deg(f - g) = deg(f) + deg(g). Easy counterexamples, where the degree truly decreases, are 
easy to provide - e.g. consider the base ring R := F¢ then 


Ge (tl). 2 
(2¢+1)-(3t-1) = t-1 
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7.4. The Standard Cases 


In the previous section we have introduced the notion of a polynomial ring R[t | A] over an arbitrary 
commutative monoid A. We also studied ordered monoids at the beginning of this chapter. The most 
important case however is the monoid IN® which has been introduced in example (7.5). This monoid 
is commutative, integral and solution finite and e.g. the graded lexicographic order is a positive well- 
ordering on it. This monoid will give rise to the polynomial ring R[t; | ¢ € I] which can be seen as 
the base ring R to which J-many algebraically independent elements t; have been added. In complete 


analogy to the construction of IN® we will regard the monoid (in fact even a free group) Z©! 
Z! = {aeZ!|#{iel|a 40} <o} 


If I is finite, say J =1...n, then it is clear, that Z el.) — 7". We now turn this set into a commutative 


group by taking to the same point-wise addition as on IN®, that is 
(ai) + (Bi) := (ai + Bi) 


Note that Z®! and Z” are commutative, integral monoids, but neither of them is solution-finite. Hence 


the module of power series over these monoids do not form a well-defined ring. 


(7.32) Definition: 
Let (R,+,-) be a commutative ring, then we define some abbreviations and slightly different notations 


for the polynomial and formal power series rings of R over the monoids IN®/ and Z©! 


e For a non-empty index set J 4 @ we denote the polynomial ring resp. formal power series ring of 
R over the monoid IN® and specifically for J = 1...n we also denote the polynomial resp. formal 


power series ring of R over the monoid IN” by 


Rit; |¢e I] := Rit | N°] 
Rlti,..-,tr] := Re IN") 
Rit, |¢e I] := Rit | IN] 
Riti,...,tn] := Rlt| N"] 


Nota as we have already seen in (7.24) Rit; | i € I] and Rit;,| 7 € I] are integral domains, iff the 


base ring R is an integral domain [as A = IN® always is integral and solution-finitel. 


e The symbols ¢; in the above two definitions can be given a concrete meaning: Define ¢; to be the 


monomial ¢; := t® where 6; = (5:3) € IN®! then any other monomial t* where a = (a;) € IN® is 


a 


wel 


a finite product of the form 


Prob it is clear that a = }), a;6; and in truth this sum is finite only, as only finitely many a; 4 0 
are non-zero. But since t°+° = tt is true for any a, 8 € IN® this implies ¢* = [], 0% by 
induction on the number of non-zero a;. But since a;d; = 6;-+---+ 6; (ag-times) again, we likewise 


see t%* = ¢% by induction the power a; now. Altogether we found t® = [], ¢ =], t. 
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e Let J 4 @ be a non-empty index set again. Then we denote the polynomial rings over the monoids 


(even groups) Z®! and Z” by 


Rig |¢eT) 2] Rie ee) 
Regt isestist ) 2S RPA" 


Nota again we have seen that these rings are integral domains, iff R is an integral domain itself. 
Note however that the multiplication of the formal power series R[t | Z®/] is not well-defined (as 
Z*! is not solution-finite), even if I is finte. Hence we do not need to introduce the like notation 


for formal power series over the monoid Z®. 


(7.33) Remark: 
The most important case is the polynomial ring R[ti,...,tn] in n variables over R, so let us linger and 


reflect the above definition in this case: First of all the variable symbols t, to t, are maps of the form 


we 


0 if else 


Liha (Us 001) 
th : N°OR: avn 
0 if else 
Thus by definition of the multiplication of R[t1,...,tn] we find the following equality for any multi-index 


a = (a1,...,@) € IN” (we have just proved this in the definition above) 
bats Sete 


where t® : IN” — R is the usual map that sends ~+> 1 and any 6 € IN” with 6 4 a is sent to BH 0. 
Thereby any polynomial f € Riti,...,tn] can be written, as the following (in truth finite) sum 


f= Yofel® = SO VM fleimevolie uae 


aclIN” ai=0 an=0 


Any formal power series f € R[t1,...,tn] can be written in precisely the same form, but the sum need 
not be finite in this case. However it is still possible to multiply two such expressions, as the base monoid 
IN” is integral and solution finite. So by construction of the polynomial ring { t* | a € IN” } is an R-basis 
of R[ti,...,tn], but not a generating set of R[ti,...,tn]J. Yet the main difference between polynomials 
and formal power series becomes apparent, if we try to evaluate f: 

If A is a commutative R-algebra and x1,...,2%, € A are elements of it, then we can insert these into a 
polynomial f € R[ti,...,tn], getting a new element of A. Recall that we have already introduced the 


notation 7° := aft... 2° early on in (1.39). This notation now fits perfectly, as it allows to rewrite the 


n 
sum in terms of multi-indices a = (a1,...,a) € IN” again 
(oe) (oe) 
Fler.) = Soe Yo flay. san)ee et = So flalat e A 
a ,=0 Qn =0 aceIN” 
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Thereby the addition and multiplication of polynomials have been defined precisely in such a way, that 
Riti,...,tn] 2 A: f > f(x1,...,2n) is a homomorphism of R-algebras, according to (7.26). It is not 
possible to insert x1 to x, into a formal power series f € Rt1,...,tn] though, as in general the sum will 
not be finite in this case! To do so would require to install a notion of convergence on A and to select 


those power series for which f(21,...,%n) converges. This is a topic of a course in analysis, by nature. 


(7.34) Proposition: (viz. 665) 
Let (R,+,-) be a commutative ring, J be an arbitrary index set and J C J be a subset of J. Then we 


have a canonical embedding (an R-algebra monomorphism) of the form 


Ri lie] O Rie lgeJ 


a (a+{ 1 if a) 
0 if AjeJT\I: Bj) 40 


And if R is an integral domain and we consider Rit; |i € J] <, R[t; | i © J] as a subring under this 
embedding, then R{t; | i € I] also is a saturated multiplicatively closed set in R[t; | j € J]. That is for 
any f, g € Rit; |i € J] with f, g 40 we have the equivalency 


fandge Rt |iel] — fg € Rt lie] 


(7.35) Proposition: (viz. 661) 


(i) For any commutative ring (R,+,-) we obtain an epimorphism of R-algebras from the formal power 


series in arbitrary many variables onto R by evaluation of the constant term f(0] of f: 
ée: Rit |tel] > R: fo fd 


(iit) For any commutative ring (22,+,-) ring of power series in n + 1 variables is isomorphic to a ring 


of power series in 1 variable over a ring of power series in n variables 
® ; Rit, to, Cpe | [tn+i] — Rit, to, eer tea 


And this isomorphism ® is given by ®(f) : a> flan41] [a1,@2,...,Qn]. In particular ® restricts 


to an isomorphism between the respective polynomial rings 


Wot ibid, tel lbnes || “Se Albi ta tetaa | 


(iii) Let again (R,+,-) be a commutative ring and fix any n-tuple of elements a = (a1,...,@n) € R”, 


then we obtain an R-algebra automorphism on the polynomial ring in n variables by 


®, : Rifts, to,..., tn] = Rfti, to,..., tn] : f(t) f(t+a) 
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(iv) If (R,+,-) is a commutative ring and a = (aj,...,@n) € R” again, then we also get: Given any 
f € Riti, ta,...,tn] there are some polynomials gy, € Riti,...,tx] (for k € 1...n) such that f can 


be written in the following form 


Piiecacvie) = ar(ti,.--, te) (te — ax) + f(a) 


> 
ll 
mn 


(v) If (R,+,-) is an integral domain then the invertible elements of the polynomial ring in finitely many 


variables are just the constant polynomials of invertible elements of R 


Rig sect, = al | wer} 


(vi) And for any commutative ring (,+,-) the invertible formal power series in finitely many variables 


are those whose degree constant term is invertible in R 


Ritiy.: sta] = {fe Rlhiy...,t] | [0] eR" } 


(7.36) Remark: 


e If we are given a formal power series f (in the variable t,,41) over the ring R[t1,...,tn] of formal 


power series in the variables ¢; to t,, then we first express f in the form 


S> (x Homes ey 
An4+1EIN \acIN” 


Using this formal "basis representation" of f the image ®(f) under the isomorphism ® in (ii) simply 


reads as the following power series in m + 1 variables: 


®(f) = Ss" falter reel | orem ripe eee 


aeINntl 


e As A:= Riti,...,tn] is an R-algebra, it is clear what we mean by the term f(t+<a) for a polynomial 
f € Riti,...,tn]: Namely ¢+ a = (t1 +. a1,...,tn +n) is an n-tuple of elements of A and hence 


we may evaluate f on this tuple, that is 


f(t+a) ae fla] (1 +a) «2. tH" (tn + an)™ 
aeIN” 


e In the case of one variable only we can recursively compute the inverse f~* of an invertible power 


series f € R[t]* by the following recursion formula. In the case of finitely many variables the 


inverse of f € Riti,...,tn]* can be computed sequentially using the isomorphism given in (ii). 
fo] = fl 
n-1 
fp] = -F10* D fle - adr 
i=0 
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(7.37) Lemma: (viz. 665) 
Let (R,+,-) be a commutative ring, J 4 @ an index set and denote the polynomial ring A := Rit; | i € J). 


We consider R C A: a++ al canonically. Then we obtain the following statements 


(i) Any p € R is prime in R if and only if p = pl is prime as an element of A 


peR prime => peEA prime 


(ii) If R is an integral domain, i € J and a; € R are arbitrary, then t; — a; € A is a prime element of A. 


(iii) Lemma of Gauss: If the base ring R is a factorial domain, then the polynomial ring A is a factorial 


domain, too and vice versa. That is the following equivalency 


RisanUFD <= > A isanUFD 


Now let R be an UFD and denote its quotient field by E := quot(R), then we consider R C FE: atrva/l 
canonically. Also denote B := E|t; | i € I], in particular A C B. Recall (5.26) where f € A was said 
to be primitive iff f #0 and 1 € cont(f). Thereby the content of f € A (as an element of a free module) 
has been defined to be 

cont(f) = ged{ fla] | ae N%, fla] 40} 


(iv) Consider a € R and f € A, then a divides f (in A) if and only if a divides the content cont(f) of 
f (in R). That is for any c € cont(f) we have the following equivalency of 


alcinR <= a|finA 


(v) For any polynomial f € A and any c € R we find that c is the content of f if and only iff f = cf; 


for some primitive polynomial f; € A 


ce€cont(f) — Jfie A: f=cfi and f; primitive 


(vi) If « € B with u ¥ 0 is a non-zero polynomial over the quotient field EL, then there are some a, 


be R\ {0} and a primitive polynomial wu; € A such that u can be written, as 


a 
U >= TU1 
b 


(vii) The content of polynomials is multiplicative. That is for any polynomials f, g € A with c € cont(f) 
and d € cont(g) we have cd € cont(fg). In particular the set U := { f € A| f primitive} of 


primitive polynomials is a multiplicatively closed set in A. 


(viii) Let us abbreviate either the word primitive or monic by * and consider u, v € E{t] any polynomials 


over F, such that the product uv € E{t] in fact is a x polynomial of R{¢], formally 


uv € Rit] and uv is x 
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Then there are a, b, cand d€ R\ {0} and polynomials ui, v1 € R{t] that satisfy the properties 


(1) wand v € Rit] are x 
(2) u = Fur and v = $v} 


(3) wv = uv 


(ix) If p € A is primitive and f € A is any polynomial then p divides f in A if and only if p divides f 
in B - that is the equivalency given below. In fact, if f = pq for some q € B, then q € A already. 


p\|f inA <= p|finB 


(x) Let p € A\ R be primitive and let x abbreviate one of the words prime or irreducible. Then p € A 
is * in A if and only if it is * in B, formally again 


pEAisxk = feEeBisx 


(7.38) Definition: 
Let (R,+,-) be a commutative ring and regard the polynomial ring in n variables R[t1,..., tn]. Also fix 


some weight w € IN” and recall the weighted sum of a € IN” to be 
Jaly := wiayt-+++Wnan 


Then for a polynomial f € R[ti,...,tn] we define the (unordered) degree deg,,(f) € INU—oco of f under 
the weight w € IN” to be the maximum weighted sum |a|,, among all multi-indices a that contribute a 


non-zero coefficient f[a] 4 0 to f. Formally, that is 


max{ |a|. |a@éEIN”, fla] 40} for f 40 


degu(f) = —oo for f =0 


For ease of notation we further introduce some specific unordered degrees of some specific weights w 


deaf) s=:-dex,(f) for oct. “U). = (Ra rare h) 
deg;(f) := deg (f) for w := (6:3) = (0,..-,1,.--,0) 
Wotty).. =. dee. (f) <tr om t= C@)r = Been cin) 


(7.39) Proposition: (viz. 664) 
Let R be a commutative ring, 1 < n € IN and fix any w € IN”. Then for any a € R and any two 


polynomials f, g € R[ti,...,tn] the unordered degree satisfies the following four properties 
lal, ifa #0 
deg, (at®) = 
—oo ifa=0 
deg.(f) = max{deg,,(flalt*) | a € IN" } 


deg(f +g) < max{deg,,(f), deg.,(g) } 
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deg. (f : 9) < deg.,(f) + deg,,(g) 


If deg.,(f) # deg.,(g) then this even implies the equality in the degree of the sum f +g, that is we 
get deg,,(f + g) = max{ deg,,(f), deg,,(g) }. And if R is an integral domain or f or g is monic, then we 
always have equality of these for the degree of the product f - g, that is we get 


deg.,(f - 9) = deg.,(f) + deg,,(g) 


Until now we have regarded polynomial rings R[t], formal series R[t] and even Rit, t~']. In complex 
analysis and p-adic analysis there even occur mixtures of these structures - so called Laurent series. We 


are not particularly interested in them, but they are important enough to not go unmentioned here. 


(7.40) Proposition: (viz. 670) 
Let (R,+,-) be a commutative ring, fix a natural number 1 < n € WN and let us abbreviate the module 


M := R[t | Z”] of formal power series over Z” with coefficients in R. Then we introduce the notions 


(i) A formal power series f € M is said to be a (formal) Laurent series, iff its negative powers do not 


drop indefinitely, i.e. they don’t proceed below some finite degree @. Formally that is: 


42EZ:VaEeZ" with fla] 40 we get Viel...n: <a; 


The set L := { f € M | f is a formal Laurent series } of all Laurent series is a submodule L <,, M 


of M. In fact it even becomes a commutative ring under the usual multiplication 


(> se") = oa?) = 1 palais) e 


aeZn Bez” yeEZ” \at+b=y7 


(ii) This construction allows us to define the order of a formal laurent series f € L (where f #0). Fix 
some weight w € IN” and define the (weighted) order of f to be the minimal weight of an non-zero 


coefficient of f, formally that is 
ord. (f) := min{lal,|aeZ”, fla] 40} 


If such an index does not exist, ie. in the case f € M \ L we formally take the order to be 


ord.,(f) := —co and as a very special case, we let ord,,(0) := oo. 


(iii) The weighted order on L has most of the properties of a valuation: It is sub-additive and sub- 


—a 


multipliative. l.e. for any w € IN” and any two Laurent series f, g € L we get 


ord.,(f) +ord.(g) <  ord.(f g) 
min{ ord, (f),ordu(f)} < ord(f +g) 
ord(—f) = ord.(f) 


And if R is an integral domain, then the order even is multiplicative, that is we get the property 


ord.,(fg) = ord,(f) + ord.(g) 
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(iv) Let us abbreviate the ring of formal power series by P := Rt | IN"]. Then the subset of monoids 
U ={t*|a@eN"} C P is multiplicatively closed and the ring of formal Laurent series is iso- 
morphic to the localization of P in U, formally 

U'PSL : f Esters 

(v) In the case n = 1, if R is a field we even get the following isomorphy between the quotient field of 

R{t] and the ring of formal Laurent series L = R[t][t~*] by virtue of (where ord := ord,,)) 


quot (R[Z]) ~ Rite] . , rae ff og ea g\ 2 


We conclude this subsection by regarding powers and products of formal power series in one variable. 
We will compute an explicit formula for f(a1,...,@n) and study how the higher powers depend on the 
powers of the a;. This is interesting for expansions of analytic functions as power series and for spaces 
of arcs on affine varieties. The letter is a method of analyzing the higher-order curvature of an affine 
variety, much like a Taylor expansion analyzes the curvature of a function. It is a little technical and not 


required to understand the rest of this textbook. 


(7.41) Definition: 
We fix 1 < n € W and consider any commutative ring (R,+,-), a polynomial f € Riti,...,tn] inn 


variables and n formal power series a1,...,@n € R[e] in one variable € over over R 


Fltt,.-stn) = SD flale 


aelN” 
ai(e) = a;[j] <7 
j=0 
Let us denote the n-tuple a := (a1,...,@n) € Rle]” then we want to deprive a of its algebraic structure 
and only store the coefficients of the series a; in the following form: Let a[k] := (ai[k],...,@n[k]) € R” 


for any k € IN and also define 
n\ IN 
a := (a(0], afl], a[2],...) € (R") 


In the following, for any k € IN, we want to define a function £; that assigns a polynomial in the 
variables t;,;, where i € 1...n and j € IN to a given polynomial f € Ri[t1,...,tn]. This will require some 


preparations, though: First of Let us denote 


B= (Ne)" 
P, Rigg | 7s d.eg SN | 
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Recall that |a| := a, +---+ ap for a multi-index a € IN”. We now need to transfer this notation to the 


case of multi-multi-indices. That is for 6 = (51,...,8,) € B we further define the following notations 
(where B; = (Bio, Bins Bir, ee ) — IN®N) 


|B] = SS Bigwas So € IN” 
j=0 


|Sl| = Sey en 


i=1 j=0 
As any £3; only has finitely many non-zero entries {;,; A 0 the same is true for § and also || and || (|| 


are well-defined. In fact, if if 6;,; 4 0, then ||3|| geqj and hence we get (;,; = 0 for anyi € 1...n and 
j > |||. Therefore for any a € IN” and any k € WN the following subset of B is finite 


Bla,k) := {Be B||6| =a, |Bl|=k} 


If now 8 € B (as above) and a = (a1,...,an) € IN” satisfy |G| = a then we may define the binomial 
coefficient of a over @ to be the following (note that the product in truth is finte, as 3;,; = 0 for all but 
finitely many 7 € 1...n and j € NN, such that 6;,;! = 1 in this case) 


-1 


(5) = I(j) = ie Te. e N 


i=l 


Finally consider some sequence @ = (a;,;) where ai; © Randi €1...n, j € IN and let 6 € B be as 


above. Then we generalize our notation of powers by multi-indices somewhat, to 


- TI’ < 2 


1=1 j=0 


= T1TTef 


1=1 7=0 
Using these notations let us define the function £2; : R[ti,...,tn] > Py for any k € WN to be (note that 
this truly is a polynomial, as f{a] = 0 for all but finitely many a € IN” and B(a,k) is a finite set) 


ap= ey (5) flake e Pr 


a€N” BEB(a,k) 


Nota and as §;,; = 0 for any 7 >|| || = & the polynomial £;(f) € P, does not contain any of the 


variables t;,; whenever j > k. In other words £;(f) is contained in the following subring of P, 


Le lf) e Ripe | pelican, 7 E02 2k] 
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(7.42) Proposition: (viz. 672) 
Fix n € IN and let a(e), ai(e),...,an(€) € R[e] be formal power series in one variable over the commu- 


tative ring R and let f, g € Riti,...,tn] be polynomials in n variables over R. 


(i) Let bi(e),...,6n(e) € Re] be further formal power series such that 6; is identical to a; up to some 
degree | € IN, ie. for allie 1...n and k € 0...1 we have aj[k] = b;[k]. Then f(a1,...,@n) and 
f(b1,..-,6n) agree up to degree / as well: 


VkeE0...1 weget f(a1,...,@n)[k] = f(b1,...,6n)[K] 


(iit) For a general polynomial f € Riti,...,tn] we use the notations of (7.41) introduced above and 


thereby obtain the expression 
f(a, ss , Gn) (E) = S > Lx(f)(4) ef 
k=0 


(iii) Then the map f +> L;(f) from Rit,...,tn] to Rit; |e 1...n, 7 € O...k] clearly is R-linear 
and satisfies the following multiplicative property for any f, g € Ri[ti,...,tn] 


Eig) = >) EAL) 


itk=k 


(iv) Suppose the aj;(t) are of degree / — 1 only, i.e. we regard the polynomials a; and consider these 
polynomials with another (the /-th) term appended 


aj(é) = a,[0)+a,[lle+---+a,[l - Yel 
Gj(e) := a;(e) +a;[le! 


Let 0; f denote the formal derivative of f to the j-th variable ¢; then the J-th coefficient of the 


evaluated expression f(@,...,@n)(€) is modified as follows: 


f@Ul = flajl+ 


J 


(9; f)(a[0]) - a5[d] 


1 


(7.43) Remark: 

By construction £;(f) is a polynomial in P, = Rt; | i € 1...n, 7 € IN] in which no ¢;,; with 7 > k 
appears. This is the reason why we may consider L;(f) € Ritijy | i € 1...n, 7 € O...k] which we 
regard as a subring of P,,. Therefore, if we evaluate £;(f) on a = (a[0], a[1], a[2],...) in Ly(f)(a) there 
does not appear any coefficient a;|j] = t;,;(@) for any index j > k. Hence we may omit alj] for any j > k 
as in truth £;,(f)(a) only depends on a[0] to ak] 


Ly(f) (a0), a[1], a[2],...) = Le(f)(a[0], [1], ..., a[k]) 
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(7.44) Example: 
Let R be a commutative ring and consider the polynomial f(t,,t2) := t? + t3 — r? defining a circle X 
of radius r around the origin of R?. Also let a, := a;[0] + ai[l]e and az := a2[0] + aa[lle and append 


@ := a1 +a4[2]e? and Ge := ag + ag[2|e” respectively. Then an elementary computation yields 


f(ai,az) = (a0 * + ag[0]? — c) 
+2(a;[O]a; [1] + a2[0]a2[1])e 
+ (a ile + az[1]*)e? 
f(%1,%) = (a0)? + a2[0]? — r?) 
+2(ay[O]a; [1] + a2[0]a2[1])e 
+(aj[1]? + 2a; [0]a; [2] + 2a2[0]a2[2] + a2[1]?)e? 
+2 (ay [1]a; [2] + a2[1]a2[2])e* 
+ (a; [2]? + az[2]*)e* 


From this we see that f(ai1,a2) and f(@,d@2) share the same coefficients for k = 0 and k = 1, as 
predicted in (i). And for k = 2 we have 0, f = 2t,, such that (0; f)(a[0]) - a1[2] = 2a1[0]a1 [2], likewise 
(02 f)(a[0}) - a2[2] = 2a2[0]a2[2]. So, as predicted in (iv), we truly have 


f(t, G2) [2] = f (a1, 42) [2] + (Arf) (al0}) - a1[2] + (A2f)(a[0)) - a2[2] 
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7.5 Polynomial Functions 


In this section we will be primarily concerned with functions of polynomials f in one variable over a 
commutative ring R, more specifically with roots of these functions. In case of one variable the sets of 
solutions of equations of the form f(a) = 0, where f € R[t] is a polynomial, are finite collections of points 
x € R only - at least so, if R is an integral domain and f ¢ 0. In general (with 2 or more variables) this 
is untrue, e.g. s—t € R[s, t] already has the solutions (x, 7) where x € R. As this is the diagonal in the 
plane R? we already see, that the set of roots of a polynomial in several variables is a geometric object. 
That is, looking at polynomials, we are able to study both algebra and geometry simultaneously. 

Yet as R[s,t] is just another version of R[s][t] the restriction to one variable is no restriction at all, for 
general commutative rings R. It is a restriction, when we require the base ring F to be a field, though. 
Some of the following theorems are veritable cornerstones of algebra and some have direct impact on 
general polynomial rings R[t1,...,tn]. As polynomials mimic generic algebraic operations they are the 
prototype of any algebra. And it is precisely the method of evaluating a polynomial on elements of an 
R-algebra, that transfers the algebraic operations back into the algebra. This is what makes polynomials 


so universally useful. 


(7.45) Definition: 

Let (R,+,-) be a commutative ring and fix any 1 < n € N. Also consider a polynomial f € Rity,..., tn] 
and scalars 21,...,%, € Rand let x := (2,...,%n) € R”. We have already introduced the notation 
x = axf!...2°" € R for any a € IN” in (7.5) and generalized this to f(x) in (7.33) 


fies) = S> fla] Caan Pe 
(x) 
f(x 


eo 


That is any f € Rity,...,tn] induces a map Py : R" + R by virtue of P(x) := f(x). Clearly the set of 
functions F(R”, R) from R” to R is another R-algebra under the pointwise operations (af)(x) = af(x), 
(f + 9)(x) = f(x) + g(x) and (f - g)(x) = f(x) - g(x) respectively. Thus by (7.26) this assignment P 
even is a homomorphism of R-algebras 


P : Riti,...,tn] 3 F(R", R) : fo P; 


Bet eS hes eee) 


The function Py is said to be the polynomial function induced by f € R[t1,...,t»]. And (by slight abuse 
of notation) we denote the set of roots of Py by V(f) again 


VO) = VE) Sj 1eeR"| fep= oy 


(7.46) Remark: (<) 
This even holds true if S : R is a ring extension and 21,...,%, € S. In this case we have x = 
(1,-..,2n) € S” of course and get f(x) € S again. That is Py is a function of the form Py : S" > S 


and thereby we obtain an homomorphism of R-algebras 
Pr: RiGee sata — F(S”,S) : fie Py 
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As the operations on F(S",S') are pointwise and Pr(x) = f(x) this is to say, that for any a € R, f, 
g € Riti,...,tn] and x € S” we have the identities (af)(x) = af(x), (f + g)(x) = f(x) + g(x) and 
(f -g)(x) = f(x) - g(x). The set of roots of f thereby is a subset of S” 


Ws(f) «= {we S"| flz)=0} C S™ 


(7.47) Lemma: (viz. 650) 
Let (R,+,-) be a non-zero, commutative ring consider a polynomial f € Rit] in one variable over R. Let 
n := deg(f) be the degree of f, where < is the standard total order on IN. Then we get 


(i) Ifa € Ris any element of the base ring, n € IN is any natural number and g(t) := f(t)-(t—a) € R[t], 


then we obtain the equivalency of the following two statements 


(a) g is a monic polynomial of degree n 


(b) f is a monic polynomial of degree n — 1 


(ii) If f € Rit] is any polynomial over R and a € R any element of the base ring, then there is another 
polynomial g € Rit], such that f can be written in the following form 


ft) = at): (¢-a@)+ fla) 


(iii) For any polynomial f € Rit] and any a € R we find, that the evaluation f(a) = 0 is zero, if and 
only if the polynomial t — a divides f in R[t]. Formally this is the equivalency 


fla) =0 <> (t-a) | fl) 


(iv) If Ris an integral domain and 21,..., 2 are pairwise distinct roots of f [that is for all 7, 7 € 1...m 


we have f(a;) = 0 and a; = 2; => i=] then there is some polynomial g € R[¢t] such that 
f(t) = (t—21)...(t- tm) a(t) 


In particular, if R is an integral domain and f #0 is non-zero, then the number of distinct roots of 


f cannot exceed the degree of f. In formal terms that is 
#{xER| f(x) =0} < deg(f) 


(v) If R is an integral domain and f, g € Rit] are polynomials, whose number of intersection points 


exceed their degrees, then f and g already are equal. Formally that is 


max { deg(f),deg(g)} < #{veER| fe)=g@)} — f=g 
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(7.48) Example: 
If R is not an integral domain, then the equation f(x) = 0, where f € R[t] can have more solutions, than 
n = deg(f). As an example consider R = Zg and f(t) := t? — 1. In this case f(x) = 0 boasts 4 different 
solutions, namely 

{xe Zg|z?-1} = {1,3,5,7} 


This example also shows, that (in a non-integral domain) x? = 1 can have more solutions than the 


classical 1 and —1. And in fact these roots give rise to two distinct factorisations of f, namely 


Pet S-G2G=7)) =" C=] 5) 


(7.49) Remark: (viz. 651) Interpolation 

Consider an integral domain (R,+,-) and some points (2;, y;) € R? in the plane of R, where 1 <n EN. 
To avoid redundancies or contradictions we have to assume that the x; are pairwise distinct i.e. x; = 2; 
implies i = 7]. We are looking for a polynomial f € R[t] that satisfies f(x;) = y; for anyie€1...n. As 


we have n unknown yj1,...,Y%n € & it stands to reason to also regard n variables - the coefficients of f 
FQ = filn- err +---+ F[let fl] 


(i) Brute Force: The set P,, := { f € Rt] | deg(f) < n} is a free R-module of dimension n, as a basis 
is given to be { 1,t,...,t”~! }. If we write out f(xi) = yi we arrive at f[n— Var 1 +--+ f[lagt 


f [0] = yi. As this shall be true for any 7 € 1...n we arrive at an n x n-system of linear equations 


Uy ee f(0] Yi 
Ly ee ay fl] — | 
Uh. Bags eee ee fin-]j Yn 


The n x n-matrix occurring in this system is called the Vandermonde matrix of the x;, denoted 
by Van(21,...,2n). By Laplace-expansion of the determinant we find that the determinant of this 


matrix is given to be the product of the x; — x; where 7 < 7: 


det(Van(er, ore ian) = II (xj — 24) 


1<i<j<n 
Hence, if this determinant is a unit of R, we may compute the coefficients of f by solving this 
system of linear equations. In effect we get: If the determinant of the Vandermonde matrix of the 
xi, is a unit of R, then there is a uniquely determined polynomial f of degree deg(f) <n such 
that f(x;) = y; for all i € 1...n. While this is feasible in theory this approach is rarely used for 


practical computations, as solving this system takes too much effort. 


(ii) Lagrange Interpolation: We use that P,, := { f € R[t] | deg(f) < n} is a free R-module of dimen- 


sion n again, but this time we choose a more suitable basis: For a fixed 7 € 1...n let 


0; (t) = [[ ¢-) 


iAj 
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which is a polynomial of degree n — 1 over R. Let u; := £;(x;) and suppose that all the u; € R* 


are invertible. Then we may introduce the following polynomials 


= t— x 
Ly) = wig) = T= 
tAj ; 
Then by construction we have L;(x;) = 6;,; and hence { L1,...,Ln} © Pry is a linearly indepen- 


dent subset, even a basis of Py. And we obtain a polynomial f € P, such that f(a) = y; (for any 
a€1...n) simply by taking 


n 
Soy L t 
= 


(iii) Newtonian Interpolation: Lies somewhere in between the brute force approach and the approach 


of Lagrange. Again we try to find f € P, as a linear combination of certain polynomials N; € Py, 
n—-1 
S> aj Nj(t 
j=0 
However in this case we start with No(t) := 1 and for 7 € 1...n—1 we recursively define Nj; by 
j 
N,(t) := Nj-it)- (t-2;) = [[ (¢-2) 
i=l 


In particular we have deg(N;) = j and thereby Nj; € Py. Also for any i € 1...j we see that 
N;(xi) = 0 by construction. Hence for any i € 1...n the equation f(x;) = y; is reduced to the 


sum of a;Nj(a;) where 7 <i <n. In the language of matrices that is 


1 0 0 vee 0 
a 
i Nie) 0 “me @ : a 
ai Y2 
1 Ni (x3) No(23) . = : 
5 i : : eee ji 
1 Ni(an) No(%n) ++» Nn—-1(2n) 7 7 


This SLE can be solved if for any i € 2... we have N,_1(2;) € R* is a unit. Thereby the product 
of the Nj;-1(x;) is the determinant of the Vandermonde matrix, hence this again is equivalent to 
the determinant being invertible. The advantage of this approach is (1) this SLE is easy to solve, 
(2) the polynomials N;(t) can be computed recursively and (3) it is easy to append another point 
(@n+41; Yn+1) by just adding another row to the matrix. This makes this method the preferred algo- 


rithm for interpolation in numerical applications. 


(7.50) Corollary: (viz. 653) 


i) Let (F,+,-) be a field, 1 <n € IN and consider (x;, y;) € F? such that x; = x; implies i = j. Then 
j (Mp 


there is a uniquely determined polynomial f € F'[t] that satisfies the following two properties 
(1) deg(f) <n 
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(2) Vie l...n we get f(r;) = % 


(ii) Let (F,+,-) be a field and consider the map P: F[t] > F(F,F): f ++ Pp where Pp: FOF: 
xt+ f(x). If F is finite then P is surjective, but not injective. And if F is infinite then P is injective 


but not surjective. Formally 


#F <c <== ft P: Py is surjective 


#F =o <= fHP:Py is injective 


Algebraic Sets: 

So far for polynomials in one variable only. Let us take a very short glance behind the curtain: Algebraic 
Geometry studies the set of roots of a polynomial in severable variables in case the base ring R is an 
algebraically closed field. Though this would be a course of its own, let us introduce the basic notions 
here, up to the Zariski-topology on R”: 

So what is a root, anyway? Recall that if f € R[ti,...,tn] is a polynomial over a commutative ring R, 


A is a commutative R-algebra and x = (x1,...,%n) € Ais a point we have defined in (7.33) 


fa) = SD flalat-...-a% 
ace IN” 
And thereby R[ti,...,tn] > A: f + f(x) is a homomorphism of R-algebras according to (7.26). If 
f(x) = 0 we say that x is a root of f or equivalently that x satisfies f. So where’s the geometry? Here 
it is: E.g. in three dimensional space, the following equation defines a sphere of radius r around the 


centre C = (ci, c2,¢3) € R? 


f (ti, t2,t3) = (t1 — 1)? + (t2 — cg)? + (t3 — 3)? — r? 


The set of x € R® that satisfy f (that is f(a) = 0) geometrically has the shape of this sphere. Generally 
speaking geometric objects are sets of roots of functions and combinations thereof. In algebraic geometry 
these equations are taken to be polynomial and this already allows a multitude of objects. 

So what do we mean by combinations thereof? If X C R” is defined by the equation f € Rit1,..., tn] 
and likewise Y € R” is defined by g € Rit1,...,t,] then the intersection X NY is defined by f(x) = 0 
and g(x) = 0. Likewise the union X UY is defined by f(x) = 0 or g(x) = 0. If R is an integral 
domain, this is (f - g)(~) = 0. Here we already see that geometric operations correspond to algebraic 


compositions. Let us dig just a little deeper: 


(7.51) Definition: 
Let (R,+,-) be a commutative ring and fix 1<neéN. If X C R" and F C Riti,...,tn] are arbitrary 
subsets, then we define the algebraic set to be the common zero-locus V(F’) of the polynomials f € F, 


resp. the vanishing ideal I(X) to be the set of polynomials that vanish on X identically. Formally 


= 
a 
I 


{xe R"|VfeF: f(x) =0} 
1 peRitpecstes) (VEPer a tao 


= 
= 

Ps 
~" 

] 
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(7.52) Proposition: (viz. 654) 
Let (R,+,-) be a commutative ring and fix 1 <n € NN. Then we find the following relations between the 
algebraic sets V(a@) and vanishing ideals I(X): 


(i) Let f € Riti,...,tn] be a polynomial and X C R” be an arbitrary subset. Then from the above 


definitions it is immediately clear, that we have the following equivalencies 
felix) = xXcwf) = VIX) C V(f) 


Likewise, if F C Riti,...,tn] is any family of polynomials over R and x € R” is any point, then 


we obtain the equivalencies 
cEV(F) = FCI(c) — IV(F) CI(z) 


(iit) Let X C R” be an arbitrary subset, then the vanishing ideal I(X) of X truly is an ideal of 
Riti,...,tn]. And if nii(R) = 0, then I(X) even is a radical ideal. Formally that is 


1) S 16). SR 


(iti) Let F C Rity,...,tn] be an arbitrary sunset and let a := (F'); denote the ideal of Rit1,..., tn] 
generated by F’. Then F' defines the same algebraic set as 0 itself (that is V(F’) = V(q)) and if 


NIL(f) = 0, then we even get 


(iv) For the moment being let us denote the power set of R” by P(R”) := {X | X C R"} and by 
T(R) := {a|a <j Riti,...,tn]} the set of ideals of R[ti,...,t,]. Then we have the defined the 


functions 


Vi: TRO P(R") : avn V(a) 
I: P(R")3T(R) : XH TX) 


Note that both Z(R) and P(A”) are partially ordered under the inclusion "C" of sets. Then we 
find that V and I form a Galois connection between these ordered sets. That is for any X, Y C R” 
and any 4,5 <; R[ti,...,tn] we get 


XCY = I(X) Cy) 
ach = V(b) C Va) 
X Cc. VI(X) 
a Cc IVv(a) 


In particular by (0.20) we have VIV = V and IVI =I. And thereby V and I are bijective, mutually 


inverse maps when restricted to the respective images, that is a 1-to-1 correspondence 
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V(aq) asa 


(v) Consider the non-empty index sets J € 1...r or an arbitrary J # Q respectively. For any i € J let 


a; < Riti,...,tn] be an ideal. Then the respective algebraic sets satisfy the properties 
Vv(0) = R" 
V(a1)U++-UV(@,) CG V(a,N-+-Nan) 
V(aA-+-NG,) C Vay Qn) 


= 
iM 
2 
enme, 
lI 
=) 
< 
L 


And if R is an integral domain we even get V(d,)U---UV(a,) = V(Q,N---Na,) = V(d1-...-a,). 
Conversely let X; C R” be arbitrary subsets of the n-dimensional space over R (where 7 € 1), 


then we retain some of the dual properties of the above, that is we also have 


I(@) = Rigs | 
( ) ie) SI (U x) 
ier wel 


> 1X) I [n x) 
wel wel 


(vi) If R A 0 is non-zero, then V(R[ti,...,tn]) = @. And if R is an integral domain that contains 


infinitely many elements (i.e. ##R = oo), then the vanishing ideal of the entire space R” is the 


IM 


zero-ideal, formally 
TAP) = 0 


(7.53) Remark: (<) 
If (2, +,-) is an integral domain, then we have just seen, that the algebraic sets V(@) are closed under 


finite unions and arbitrary intersections, as we have the identities 
V(a1)U-:-UV@,) = V(a1-...-) 


() Va) = v(xa 


iel iel 
As also V(0) = R” and V(R[ti,...,tn]) = 0 the algebraic sets form the closed sets of a topology on 
R”. This is called the Zariski topology of R” and this is the staging area of algebraic geometry 


Z = {V(a)|a < Riti,...,tn]} 


Symmetric Polynomials: 
After this short excursion let us return to the main path: We still are interested in the roots of a polynomial 
in one variable, but this time we take take the back door: What if we knew all the roots, what can we 


say about its coefficients, then? 
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The answer to this question is provided by the theorem of Vieta. In order to formulate this we have to 
introduce symmetric polynomials, which are of interest in their own right. We begin with an example, 
that illustrates how the elementary symmetric polynomials emerge. After this we will formulate prove 
the theorem of Vieta - even though the polynomial in question has a single variable only, it has several 
roots. And as we represent any root by a variable, symmetric polynomials have finitely many variables, 


by nature. We conclude by studying symmetric polynomials in general. 


(7.54) Example: 

Consider any commutative ring R, e.g. R = Z and a monic polynomial f € Rit]. We are interested in the 
roots of f, that is the solutions x € R to the equation f(x) = 0. As these can be very hard to find, let 
us first start the other way round: Suppose that f splits over R, that is there are some 21,...,%, € R 


such that f can be written, as 
f(t) = (t-—a1)(t-—22)...(t-2n) 


Then clearly for any i € 1...m we have f(x;) = 0 and (if R is an integral domain), these also are the 
only solutions to f(z) = 0. So how do the roots build up the coefficients of f? In case n = 1 we see 


f{1] =1 and f[0] = —21. This is not very instructive. In case n = 2 we compute 
fit) = ?P-(a1+22)t+a122 


That is f[1] is the negative sum of the roots, whereas f{0] is the product of the roots. Let us check, what 


happens in case n = 3, here we find 


fit) = B- (a, +22 + 23)t? + (ay 29 + 2143 + rx3)t — 212923 


Again the second highest coefficient f[2] is the negative sum of the roots, and the constant term f[0] is 
the negative product of the roots - it seems we are after something (the theorem of Vieta). The middle 
coefficient f[1] is a little weird, at first glance. But it a sum of pairs a;x;. No wonder: f[k] is accompa- 
nied by t* so we need to pick n — k of the a; from the brackets, when expanding the term of f. Thereby 
any combination of x; is allowed, but of course we may not pick from the same bracket twice. This is 
the reasoning behind the definition of the elementary symmetric polynomials (see below) and the reason 


why the theorem of Vieta holds true. 


(7.55) Definition: 
For any 1 <n € WN denote S, := {o:1...n—41...n|o is bijective } the set of permutations again. 
Also let (R,+,-) be any ring and f € Riti,...,tn] be a polynomial in n variables over R. If o € S;, is 


any permutation, we denote 


of = THis) S. Sele ayers © Aige a 


aeIN” 
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Now a polynomial f € Riti,...,tn] is said to be symmetric iff it is invariant under any permutation. 


That is iff for any o € S we see of = f. We denote the set of all symmetric polynomials by 
Rliti,..., trlsym = fF Ce Rib .tstp). | Vos Sy ses = x } 


And a polynomial f € Rit),...,tn] is said to be anti-symmetric iff its sign changes under permutation. 


That is iff for any o € S we see of =sgn(o)f. We denote the set of all anti-symmetric polynomials by 
Aiiiwcrastalagny 2 Ad © Bligh.) |Voes, fos Ssgn(a) ft 


Recall that for k € 1...n we defined Asc(k,n) ={a:1...r41...n] a(1) < a(2) <--:< a(k)} the 
set of k ascending indices in 1...n. We use this to introduce the k-th elementary symmetric polynomial 


in n variables to be the following polynomial of R[ti,..., tn]: 


s\”) (ty, ety) SS Ss ta(1) +++ talk) 
a€Asc(k,n) 


Nota for ease of notation it is sometimes beneficial to also take s(t, ..+,¢n) := 1. And by definition 
it is clear, that s\” (t1,..., tn) =t, +to+---+t, up to 3) (ty,..., tr) = tyto...tn. For ease of 


understanding let us also write out 3” (ty, ...,tn) in more informal terms 


8 (ty, weeytn) = titettitg+---+titn + tots + tots +--+ +tn—itn 


(7.56) Remark: 
Clearly S;, x Riti,...,tn] > Riti,...,tn] : (o,f) — of is a group action. That is for any polynomial 
f € Riti,...,tn] and any permutations 0, a € S;, we have the properties 


Inf = f and o(of) = (co)f 


And thereby for a fixed permutation o € S,, the map T,(f) := of is an R-algebra automorphism of 
R{t1,..-, tn], with inverse (T,)~! = T,-1. That is we have oO = 0, o1 = 1 and for any scalara € R 
and polynomials f, g € R[ti,...,tn] also 


a(af) = a(cf) 
o(f+g9) = (of) + (09) 
o(f-g) = (cf): (cg) 


Prob the properties of a group action are immediately clear from the definition and (T,)~! 


= Lei is 
consequential. The properties of an R-algebra homomorphism are covered by (7.26), as of has been 


defined by the evaluation f(t,(1),---,to(n)): 
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(7.57) Theorem: (viz. 656) 
Let (R,+,-) be a commutative ring and fix some 1 <n € N. First of all recall the usual degree deg(f) 
and weight wgt(f) of a polynomial f € R[ti,...,tn] in n variables 


deg(f) := max{a,+---+an|a€N and fla] 40} 
wgt(f) := max{l-ar+-:-+n-an|aé€WN and fla] 40} 


(i) For any k € 1...n the k-th elementary symmetric polynomial 3\”) in n variables is of degree k. 


And for any polynomial f € R[t1,...,tn] we find the following identity 


deg (s\”) — k 
deg (f(s”,...,s)) = wgt(f) 


(ii) For & = 0 we have 3”) = 1 and for n > 2 and k > 1 the elementary symmetric polynomials in n 

variables can be generated by recursion on elementary symmetric polynomials in n — 1 variables: 
so} - so a 3”) 

(iii) Theorem of Vieta: For any n-tuple a = (a1,...,an) € R” of scalars, the product (t—a,)...(t—an) 

is a polynomial of degree n over R, whose coefficients are the elementary symmetric polynomials 


evaluated in a, formally we find 


[] @-4s) = @+>0(-1)?* (ae 


> 
lI 
ua 
> 
ll 
° 


In other words: If f € R[t] splits over R, then we can express its coefficients in terms of the 
elementary symmetric polynomials in its roots: That is if f(t) = b(t — a1)...(t — an) then for any 
k €0...n the k-th coefficient of f is given to be 


fk) = (-1)"-* bs) (ay,...,an) 


(7.58) Proposition: (viz. 657) 


Let (R,+,-) be a commutative ring and regard the polynomial ring R[ti,...,t,] in 1 <n € IN variables 


over R. We abbreviate the elementary symmetric polynomials by s; := si”) € Riti,...,tn]. Then the 


following statements are true 


(i) The symmetric polynomials form an R-subalgebra of R{t,...,tn] and this subalgebra is generated 


by the elementary symmetric polynomials, formally that is 
bigs sat leun = Io Siiekegea| = ( Sine yen) |) FS big oes |. 


(ii) Let f € R[ti,...,t,] be any polynomial and regard f in the isomorphic copy R[ti,...,tr—1][tn] of 
Riti,...,tn]. That is we write f in the form 


f = f[0)|4+ fllltnt+---+fldjt2 where f[k] © Riti,...,tn—a| 
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Now, if f is symmetric, then for any k € IN the coefficient polynomial f[k] of f is a symmetric 


polynomial in R[t1,...,tn—1], as well. That is we get the implication 


f is symmetric = > VkEN : f{k] is symmetric 


(iii) The evaluation of a polynomial in the elementary symmetric polynomials is injective. That is: For 


any two polynomials f, g € Riti,...,tn] we obtain the equivalency 
J (Sigegse) = eee) SS fF Ha 


In particular any symmetric polynomial s € R[ti,...,tn] can be expressed uniquely in terms of the 


elementary symmetric polynomials. And this polynomial g generating s satisfies wgt(g) < deg(s). 


4!g Ee Rity,...,tn] such that s = g(s1,..., Sn) 


(iv) () Let S : R be a ring extension and f € R{[t] be a monic polynomial of degree d. Further assume 
that f splits over S, ie. there are %1,...,%q € S such that f takes the form 


Gav CSep)) = fE- Sart ag 
If now s € Riti,..., ta] is a symmetric polynomial, then there is a polynomial h € Rit1,..., ta] such 
that s evaluated on the roots 71,...,2%q is the same as h evaluated on the coefficients a,,...,aq 
SH peg ha) = Ay Ga) EC R 


(7.59) Proposition: (viz. 660) 
Consider a (R,+,-) commutative ring, that contains the rationals Q C R [in other words the integers of 
R are invertible: ¢: Z © R*]. If now f € Riti,...,tn] is a polnomial over R, where 1 <n €N, then 


we define its symmetrization reps. its anti-symmetrization to be the following polynomial again 


1 
sym = al S° of 
oESn 
2 Sa 
fasym  *= aI S- sgn(a)of 
oESn 
Thereby fsym € lbs <bean and fasym € Filta; 21.4talasym truly are symmetric resp. anti-symmetric 


polynomials and the symmetrization of f equals f if and only if f was symmetric beforehand (likewise 


for anti-symmetric polynomials) 


f= fsym — fe Rit, ---5tr}sym 
f= asym — fe Rit, ---;trJasym 


Nota as S:: f ++ feym is R-linear we thereby find, that S is a projection S? = S on the R-module 
Rlti,..-,tn] with image R[t,,...,tn]sym- Likewise the same is true for A: f +> fasym- 
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7.6 Grodbner Bases 


Buchbergers Algorithmus 


7.7. Solution Formulae 


Wurzeln: 
{1} if2|n 


ee eed 


Qif2|n,r<0 
{sER|a2®=r}h= { ¥r\if2|nr>0 


{-Vr,+Vr}if2]n 


{z€€|2"=1}={ ew (7) | ke0...n-1} 


{zeC]"=r-e} = yee (EA) | ke0...n-1} 


n—-1 
(ae ea w”) = (x = w) . (< wnticta) 
k=0 


Lésungsformeln fiir Grad 1 bis 4 
what to do with higher degree polynomials 


7.8 Irreducibility Tests 


fragments - algebra - rings: proposition 47 to remark 50, lemma 53 to corollary 55 


Fundamentalsatz der Algebra 


7.9 The Discriminant 


Ableitung von Polynomen + Eigenschaften repeated roots algebraic multiplicity Resultante Diskriminante 
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Chapter 8 


Ring Extensions 


8.1. Basic Notions 


The most famous ring extension is C over R and this already gets the idea across: There is some base 
ring R = R and a larger ring S = C, that contains R. In this case we write S : R spoken S over R. 
Another popular example is the polynomial ring R[t] over some commutative ring R. But let us take a 
closer look: What does it mean, that R is contained in S? Clearly R C S could be s subset, but this 
need not be the case. With R{t] : R for example there only is an embedding 


Ro Rit] : avat? 


Another important example is a localization U-'R: R of some commutative ring R. In this case we have 
a canonical homomorphism again 
a 
kK: R>3U'R: as 


but « only is injective iff U C Nzp(R). So in general we may not even expect an embedding of the 
subring. This is the reason why we give a very general definition of a ring extension S : R, even though 
we usually think of a subring R C S. This will be a fixed homomorphism a: R — S of rings, but the 
next lemma tells us this is just the same as an R-algebra S. However you will see, that the intuition of 


a subring R C S will work just fine. 


(8.1) Lemma: (viz. 981) 


(i) If (R,+,-) is a commutative ring and A a commutative R-algebra, then we obtain the so-called 
structural homomorphism a : R > A by defining a(a) to be the scalar-multiplication of a € R and 


1,4 € Ain A. And thereby this a is a homomorphism of ring 


a:R7AA:avnal, 


(ii) If (2,+,-) and (S,+,-) are commutative rings and a: R — S is a homomorphism of rings, then S 


can be turned into an R-algebra using the multiplication of a(a) and sin S as scalar multiplication 
RxS—>S: (a,s)¥ a(a)-s 
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Nota as a(a) € S satisfies a(a) = a(a)- 1g = als it is clear, that this a thereby becomes the 


structural homomorphism of S under this scalar multiplication induced by a. 


(iii) Let (R,+,-) be a commutative ring and S 4 0 be a non-zero commutative R-algebra. If S is torsion 
free, as an R-module (that is for any a € R and any s € S we have as = 0 implies a = 0 or s = 0) 
then the structural homomorphism a: R > S:a++ alg is injective. If S is an integral domain the 


converse implication is true, as well. 
S is R-torsion free = > a is injective 


Nota if we take R := Zr] and S := Zlr,s]/rsZ[r, s] as an R-algebra induced - in the sense of 
(ii) - by a: a(r) H a(r) + rsZIr, s], then S is not torsion-free, as r(s + rsZ[r, s]) =0+ rsZr, 5] 


by construction, but a is injective, still, as s | rs | a(r) would imply s | a(r), which cannot be. 


(8.2) Definition: 
We call the ordered pair (R, 7) a ring extension - written, as T: R - iff (R,+,-) is a commutative ring 
and T’ is a commutative, unital R-algebra. In this case we interpret R as a subring of 7’, that is by abuse 


of notation we sometimes denote the following R-subalgebra of T’ by R again: 
Rip := {alr|aeR} <, T 


The rank of T': R is defined to be the rank of T as an R-module and will be denoted by [Z': Rj. The 
extension T': R is said to be finite iff [T : R] < co, that is iff T is finitely generated, as an R-module. 


[T: R] := rankr(T) 


And finally S is said to be an intermediate ring of 7’: R - written, as T': S: R, iff. S <, T is a subring 


of T’ that also satisfies one of the following two equivalent properties 
(a) {alr|aER} CS 
(b) for anya € Rand s€S we getaseS 


Prob If (a) then for any a € R and any s € S we get as = a(1rs) = (alr)s € S, as both aly and s € S. 
Conversely we start with (b): As S <, Tis a subring, we have 17 € S, by definition. So if we pick up 
anya € Rand lets=17€S then as=alr € S such that {alr|aeR} CS. 


(8.3) Example: 


(i) If (Z,+,-) is a commutative ring and R <, T is a subring, then 7’: R clearly is a ring extension. 
The scalar multiplication az where a € R and x € T is just the usual multiplication - of 7’. And an 


intermediate ring S is just another subring S <, TZ’ such that R C S. 


(ii) Clearly C : R and R: Q are ring extensions of fields - these are called field extensions. Thereby 


R is an intermediate ring of C : Q. Also Q: Z is a ring extension, but not a field extension. 
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(iii) If (R,+,-) is a commutative ring and R[t] the polynomial ring over R, then we already mentioned, 
that R[t] : R is a ring extension. This is generally true for any commutative monoid A, which gives 


rise to the ring extension Rit | A] : R. Recall that the scalar multiplication is point-wise, that is 


a)” flat = Safa] t* 


acA acA 


iv) If (R,+,-) is a commutative ring and U C Ris a multiplicatively closed subset, then U~!R is an 
(iv) yy g p y 


R-algebra [and thereby a ring extension U-!R: R] under the scalar multiplication 


Nota that is U-'R : R is induced, by: RW UR: a+ a/l = aly-ip. Recall that by 
(2.110) « is injective, if and only if U C nzp(R) - that is if for any wu € U and any a € R we get 


au =0 = > a=0. This situation will be generalized in the next example: 


(v) The most general and most important example is (8.1.(ii)): If (R,+,-) and (S,+,-) are commutative 
rings and a: R > S is a fixed homomorphism of rings, then S : R is a ring-extension taking the 


multiplication of a(a) and s in S as scalar multiplication 


(vi) If S : Ris a ring extension and a: R + S:a++ alg its structural homomorphism, then this 


induces another R-algebra homomorphism @ : R[t] > S[t] by virtue of (7.24.(iv)). 


= (Sst) = Vatrene 
k=0 k=0 


By abuse of notation we will denote the @ by a again and in this sense any ring extension S: R 


already is accompanied by this ring extension S/t] : R[t]. 
(vii) If R is a commutative ring, M any R-module and vy € end(M) an R-module endomorphism of M. 
Then we studied f(y), where f € Rit] is a polynomial, in (5.40). Thereby 


S:= Ry] = {fe)lfe Rl} < end(()M) 


is a commutative ring, as any f(y) commutes with any other g(y), where f, g € Rit]. And Rly] 
clearly is an R-algebra under the scalar multiplication a f(y) = (af)(y) such that we have another 


ring extension R[y] : R. 


(viii) If (S,+,-) is a commutative ring and u, » <j S are ideals of S such that WU C %, then we obtain 


another ring-extension of the quotient rings of S 


S/,:5/y 


under the scalar multiplication (a+U)(a+) := ax+¥. This is well defined, as a+U = 6+ implies 
u:=b—ae€EU C ¥ such that uz € Y and therefore bx + 9 = (a+ u)a+¥)=ar+ur+)=ar+Y. 
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(ix) A special case of (vii) is 1 = 0, hereby we have S/t = S canonically such that for any ideal ) <j S 


we have the ring extension (under the scalar multiplication a(a + 9) = ax + %) 
S/. 
/y:8 


(8.4) Definition: (viz. 981) 
Let S.: R be any ring extension and U C S be an arbitrary subset of S. Then we denote the R-sub- 
algebra of A generated by U by the following symbol 


RU GS Oe. = lO <a 8 (USO) 


Let us give a more explicit construction of the intermediate ring R[U]: If we S is any element of S then 


we write Ru] instead of R[{ wu }] and this is just the image of the evaluation homomorphism by u, that is 


Rlul = {fw | fe Rl} = { Done! 
k=0 


neat 


Likewise if wi, u2,...,Un € S are finitely many elements of S, then we write R[u1,..., un] instead of 
Ri{ u1,...,Un }] and again this is the image of the evaluation homomorphism in the uz 
Rlwiecosy | = FF isting) | FS Blige tel } 
= {So ow nemacer| 
aelN” 


also confer to example (7.33) for more comments on this. Clearly this is an intermediate ring of S : R, 
as it is the image of a homomorphism of R-algebras. Finally, for a general subset U C S we find the 
intermediate ring of S : R generated by U to be the following: If U = @ then R[U] = R and ifU £0 is 


non-empty, R[U] is the union of all finitely generated subrings R[u,..., un] where uz € U, formally 
Be ted l1<neN 
n 
R[U| = Mico € Rith,...,tnl, = Riui,...,Un = , 
U) = 4 Fey ytin) | Fe Ribas stl Ut unset aeNae 


Uy,---,Un €U 


(8.5) Proposition: (viz. 982) 
lf S: Ris a ring-extension, ui, u2,...,Un € S are (not necessarily distinct) elements of Sandkel...n 


then we have the following identity of intermediate rings of S: R 
Fil Gigs yh ecisess tie) SB leas oti | 


Note that the case k = 0 is trivial, as we have R[@] = R as mentioned in the definition above. A little 
more general: If U, V C S are subsets of S, then R[U][V] is an intermediate ring of S : R[U] and hence 


of S: R, as well. And for these we have the following identity of sets 


RU\V] = RIUUV] 
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(8.6) Proposition: (viz. 983) 
Let S be an intermediate ring of the ring extension 7’: R. Also consider some non-empty subsets X C S 
and Y C T of S and T respectively. Then we denote the set XY := {ay|xeEX,yeY} C T of 


point-wise products and thereby obtain the following statements: 


(i) If X generates S as an R-module S = Lhy(X) and Y generated T as an S-module T = Lhs(Y) 
then XY generates T' as an R-module, that is 


T = Lhr(XY) 


(ii) If X is R-linearly independent and Y is S-linearly independent, then the set XY of point-wise 


products is R-linearly independent, as well. 
(iii) In particular: If X is an R-basis of S and Y is an S-basis of T, then XY is an R-basis of T’. 


(iv) Hence in any ring extension 7: R with an intermediate ring S the degree of 7’: R cannot exceed 


the product of the degrees of 7’: S and S':: R. Formally we have the inequality 
| =: RSS (SR) 


And if R and S are fields, then the degree of 7’: R even equals the product of 7’: S and S: R. 
That is - if R and S are fields - we have the equality 


[PR] = [Fss]-[S 8] 


(8.7) Definition: Transfer of Ideals 

Let (R,+,-) and (.S,+,-) be commutative rings and a: R > S be a fixed homomorphism of rings, between 
these. If now a <j Ris an ideal of R and U <j; S is an ideal of S. Then we define the pull-back UN R 
of U and the push-forward 4S of @ to be the following ideals of R and S respectively: 


UNR = at) = {aE R| ala) cu} 


aS := (a(a)) = (a(a)|aea); 


Nota thereby UM R <j R is an ideal, according to proposition (1.74.(vii)) and aS <j S is an ideal, as it 
has been defined as the ideal generated by the subset a(@) C S. This means that any element f € aS 


is of the following form for some s1,...,5, € S and aj,...,@n € a: 


f = a(ai)+s1 +--+ +a(an): Sn 


(8.8) Proposition: (viz. 984) 
Consider the commutative rings (R,+,-) and (S,+,-), an arbitrary subset A C R and a homomorphism 
a:R-S of rings. Let d:=,(A), <j R be the ideal generated by A, then the push-forward of @ is just 
the ideal of S generated by a(A): 

as 


] 
= 
= 
IA 
W 
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(8.9) Proposition: (viz. 985) 
Let (R,+,-) and (.S,+,-) be commutative rings and a: R > S bea fixed homomorphism of rings, between 
these. Then for anya <j Rand any WU <j S we obtain the following inclusions 


a ¢ (aS)OR 


(UNR)S CU 


And if d= Un RF already is the pull-back of some ideal U <j S, then we find that the pull-back of the 


push-forward even returns to @, that is we then find the identity 
(QaS)NR = a 


For any prime ideal p € Spec(R) we find that the above equation holds true if and only if p is the 


pull-back of some prime ideal q € Spec(.S). That is the following two statements are equivalent: 


(a) P = (PS)NR 
(b) 39 € Spec(S) : p= qnR 


(8.10) Remark: 


(i) Both of the above inclusions in (8.9) need not be equalities: As a counter-example for the first lets 
us consider S := Q, R:= Z and 0 := 2Z. Then 1 € aS and hence aS = Q such that ASN R= Z 
exceeds a. As a counter-example for the second let us take to S := QJjt], R := Q and U := tS. 
Then clearly UM R = {0} such that (UN R)S = {0} is smaller than u. 


(ii) If S : R is any ring extension, then the pull-back ¢M FR of a prime ideal q <j; S is a prime ideal 
again, due to (2.16). However the push-out pS of a prime ideal p <j, R need not be prime again. 
As a counter-example, take a look at Z[/2] : Z and the prime ideal 2Z <j Z. Then the push-out 
of 2Z is 2Z[/2], but 2 = V2- V2 no longer is prime. 


(8.11) Remark: (viz. 986) 
Let us take a look at a slightly more general situation: Consider homomorphisms of rings, of the form 
t:R—+>S anda: S — R, such that 7 = Ip. We consider S:: R as a ring-extension, induced by v. If 


nowa <i Rand wu <j S are ideals, then we obtain the following statements: 
(i) a is a homomorphism of R-algebras 
(ii) aS C a *(a) 
(iii) UNR C 7(U) 


However the converse inclusions need not be true: For a counter-example let R := Q[x] and S := Q[z, y]. 
Here vu: R > S is the canonical inclusion u(f)[a, 6] = fla] for 6 =0 and =O for G40. Anda: S>R 
is the evaluation homomorphism 7(g) = g(x,0). Then clearly mu(f) = f. 
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Now take a := #R, then aS = 2S and hence y ¢ aS. However 7(y) = 0 € @ and hence y € 1~!(a). 
Likewise let U := (y+1)S, then UN R = 0, as the only f € R such that u(f) is divisible by y + 1 is 
f =0. Yet m(y +1) =1 and hence 1 € m(U). 


(8.12) Proposition: (viz. 987) 

Let (R,+,-), (S,+,+) and (T,+,-) be commutative rings anda: R — Sand 8: S + T be homomorphisms 
of rings. Then we regard S:: R and T’: S as ring extensions. Likewise T’: R is a ring extension induced 
by Ba: RT. Ifnowa <j Randc <j T are ideals, then we obtain the following identities concerning 


the transferred ideals: 


(as)T aT 
((NS)NR = tnR 


(8.13) Proposition: (viz. 987) 
Consider a homomorphism a: R — S between the commutative rings R and S. Thus S':: R is a ring 


extension under a and any ideal induces another ring extension on the quotient rings, according to: 


(i) If U <, Sis an ideal and a := UN R is the pull-back of U, then we obtain a well-defined, injective 


homomorphism of rings, by virtue of 
ve as Sly :a+adra(a)t+u 


(ii) If a <i S is an ideal and U := aS is the push-forward of 4, then we obtain a well-defined, 


homomorphism of rings and in case @ = (5) R this homomorphism even is injective 


wee > Sly :a+adra(a)t+u 


(8.14) Remark: 

If a: R — S is surjective, then clearly the homomorphisms in (i) and (ii) in the proposition above, are 
surjective, as well - and hence isomorphisms. It may also happen, that they are surjective, even if a 
is not, e.g. in the case R = Z, 0 = 2Z and S = Q we have AQ = Q. But generally this is not the 
case: Consider any ring A, even the algebraically closed field A = C and let R:= A[s], @ := sAls] and 
S = Als,t]. Then aS = sS and thereby we get 


A> Alsl/', Als] od al sAls, t] 
a +> a+sAl[s] a+ sAls,t] 


Yet the latter ring is isomorphic, to Alt] + Als, t]/sA[s,t] under f(t) f(t) + sA[s,t] and hence the 


monomorphism is not surjective, it cannot reach any element of the form tg(s,t) + sAl[s, t]. 
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(8.15) Proposition: (viz. 987) 
Consider any ring extension S: R and a non-empty index set A #@. For any A € A let, <i; R be an 
ideal of R, respectively Uy, <j S be an ideal of S. For ease of notation, also let a, b <d Randu,» <j S 


be ideals. Then we find the following statements 


(i) The pull-back of ideals is compatible with intersections of ideals. For the sum (of any) and product 


(of finitely many) ideals, the pull-back still satisfies a one-sided inclusion: 


[n ws) on = ()(anR) 


AEA AEA 


(x45) NR D So (NR) 


AEA AEA 


(UNR)-(2NR) C (U-d)AR 


(ii) The push-out of ideals is compatible with taking sums of ideals. For the intersection (of any) and 


product (of finitely many) ideals, the push-out still satisfies a one-sided inclusion: 


(x8) S = > (a8) 


AEA 


(n ®) S ¢ {()(@S) 


AEA 
(as)-(6S) C (a-b)s 
Nota in fact we will prove that the sum of the ideals 4) S equals the following set: Let A C R be 


the union of the ideals A := U, (,, then the sum of the ideals contains finite sums of elements of 


the form s; a(a;) where s; € S and a; € A. Formally, that is 


AEA 


nemaesiaes| 


(8.16) Example: 
The inclusions in the above proposition may be strict: E.g consider the base ring R = Z[t;, tz] and the 
ideals ] = t1R and dg = teR. As R is an UFD we have 01 1 d2 = titeR. The extension ring S is 


= Blt, ta, u] / 


Ss ree — tou) Riu] (tiu — tou) Zt, to, ul 


Let us abbreviate ) := (tu — tou)Z/t1, t2,u] Then R — S under f(ti,t2) H f(ti,te,0) + such that 
we can even regard R as a subset of S. Let us also abbreviate s := u+¥€ S. Then by (8.8) the ideals 
a, S = t;S and (Q, 1 Q2)S = tyt2S are principal again and thereby ¢;s € a; 5. But by construction we 


have t;s = tgs such that we thereby get 
tis € SNS 
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However tis ¢ (Q,MQ2)S' = t,t2S' - suppose there was some f € Z[ty, tz, u] such that t7s = tyta f+ ES, 
then t(tef — u) € 0, but tof can’t get rid of the tg. Hence we have found an element 


tis ¢ (41 102) 


The counter-example for the sum is even less intricate: Just consider the ring extension Z[t] : Z and 
regard the ideals U; = (+ 1)S and U2 = (t—1)S, where S = Z[t] of course. Then it is clear, that 


2 = ¢+1)-(@-1) € (h+W)nZ 


Yet Uy MZ = 0: Suppose there was some f € Z|t] such that g := (t+ 1)f € Z, then we find g[0] = f[0] 
and for any & > 1 also 0 = g[k] = f|k] + f[k — 1]. Thus if f[0] 4 0 is non-zero, then f would not be a 
polynomial, but a formal power series, as for any k > 1 we had f|k] = —f[k — 1]. Likewise lon Z = 0, 
as in this case f[k] = f[k — 1] for any k > 1, such that 


2 ¢ 0 = (NZ) + (NZ) 


(8.17) Remark: 

Consider any ring extension S : R and denote its structural homomorphism by a: R — S. That is we 
think of R as the sub-ring a(R) = {alg | ae R} of S. Then by (8.3.(vi)) this gives rise to another ring 
extension S[t] : R[t]. In this sense: If g1,..., 9 € S[t] are polynomials, then gi -...- 9g, € R[t] means 


VkKEN : (g1-...+9r)[k] € a(R) 


And likewise, if f € R[t] then in gi-...-g- = f the left-hand side polynomial lies in S{¢] and the 
right-hand side polynomial lies in R[t]. To say that they are equal means 


VREW : (g1-...-9)[8] = aff) 


(8.18) Proposition: (viz. 989) 
If S': R is ring extensions under its structural homomorphisms a: R > S and f € Rit] is a polynomial 
over Ff, then we say that f splits over S, iff there are elements 51,...,$, € S such that f can be written 


as a product of the linear factors t — s;,, formally that is 
FO) = le(A) T] se) 
k=1 


And if 7’: S is another ring extensions under the structural homomorphism 6 : S — T,, then we regard 
T : S as a ring extension under Ga: R— T. Thereby, if f € R{t] splits over S (as above), then it also 
splits over JT’, as we get 


ft) = le(f) [] (= (sx) 


k=1 
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(8.19) Lemma: (viz. 990) 


(i) If (R,+,-) is any commutative ring and f € Rit] is a monic polynomial of degree n := deg(f) > 1. 
Then we take a look at the R-algebra 


Sm BY pr 


Thereby S : Ris a ring-extension, in which we can consider R as a subring under the monomorphism 
a:R o> S:at+ at? + fR[t] of rings. Also S is a free, finitely generated R-module of dimension 
[S : R] =n. An R-basis of S is given by the following set 


{t+ PRI |0<k<n} 


(ii) If (2,+,-) is any commutative ring and f € Rit] is a monic polynomial of degree n = deg(f) > 1 
again, then there is another commutative ring (5,+,-) satisfying the following three properties: 
(1) S: R can be turned into a ring extension under an injective homomorphism a: R @ S 
(2) S is finitely generated, as an R-module, its rank being bound by [S: R] < n! 
(3) The polynomial f splits over S, that is: There are elements s1,...,5, € S such that f can 


be written as a product of linear factors of the form ¢ — s; over S, formally 


f(t) = [eee 


(iii) If (R,+,-) ts any commutative ring and fi,..., f- € R{t] are monic polynomials of the degrees 
n(i) = deg(f;) > 1 again, then there is another commutative ring (S,+,-) satisfying 
(1) S: R can be turned into a ring extension under an injective homomorphism a: R > S 
(2) S is finitely generated, as an R-module, in other words [S : R] < co 
(3) All the polynomials f; to f, split over S simultaneously, that is: For any 7 € 1...r there 


are elements s;,; € S (where j € 1...n(i)) such that f; can be written as a product of linear 


factors of the form ¢ — s;,; over S, formally again 


(8.20) Remark: 


(i) The property that f € R[t] is a monic polynomial is absolutely crucial for this result. If we start 
with 2t — 1 € Z[t], then Z[t] - Z[1/2] : g + g(1/2) has the kernel fZ[t], such that Z[t]/fZ[t] 
and Z[1/2] are isomorphic. Yet Z[1/2] is not finitely generated over Z. Also refer to (8.27) for this. 


(iit) The benefit of this construction is the following: Let R be any commutative ring and f € R{[t] 
be a monic polynomial over R. It may happen that f does not have any root in R, such as 
f(t) =t? +1 € Rit]. We now extend R to S, thereby R is embedded into S by virtue of 


ROS: avvat?+fRff] 
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But if we take a := t+ fRi[t], then x € S and z is a root of f, as now f(x) = f(t+ fRit]) = 
f(t) + fRit}] =0+ fRit}]. That is we have found a larger ring S, that contains R, in which f has 
a root. Starting with R = R and f(t) =t? + 1 € R[t] this is the construction that yielded S = C. 


(iii 


a 


Iterating (i) is precisely the method we used to find the splitting ring S of f in (ii), by inductively 
building up S, adding one root s; at a time and proceeding with the rest f without (t — s;). This 


result has a sister-theorem in the case of fields, where f € E/t] splits in a field extension F': E. 


(iv 


— 


Consider the R-module endomorphism y: S > S: s+> xs where x =t+ f Rit] again. Then the 
R-basis { 1,z,...,2”~! } of S in (i) is just the cyclic basis { p*(x) |0<k <n} of x under y. In 
this light (i) here and (5.56.(iii)) are much the same result, in different settings. 


Shifting Ideals in Polynomial Rings 

We conclude this section by presenting a situation in which the transfer of ideals is particularly well 
behaved: Ideals in polynomial rings over the same base ring, with differently many variables. Though it 
is not needed for the rest of this text, this is the algebraic counterpart of regarding an algebraic set in 


ambient spaces of different dimension. 


(8.21) Definition: 
Fix any commutative ring (R,+,-) and any n € NU {co}. Let us abbreviate the polynomial ring in n 


(respecitvely for m = oo in countably many) variables by R,. That is we let 


Ry 
Roo 


Rit | N"] = Rlti,...,tal 
Rit | N°N) = Rit, te,...] 


For any k <1 we can consider IN* as a subset of IN! via IN* = { (Q1,...,@%,0,...,0)| ae IN‘ } CN’. 
Hence it is clear that this induces canonical embeddings of the polynomial rings into one and another, 


due to (7.24.(iii)). Therefore we get an ascending chain of commutative rings 
R=Ry 3D Rh CO RO... SD Ro 


where we will denote i. > Ry © R. If we now have k <1 < m€ NU {oo} and are given an ideal 
a <j R; in R;, then we can transfer @ alongside this chain arbitrarily: According to definition (8.7) above, 


we will denote these transferred ideals by 


QRm = ("(a)) <t Rn 


an Ry io Ry 


I 
— 
7 
wa 

Me 
= 
i=) 
wa 


Finally an ideal @ <j Ro is said to be quasi-finite iff it is the push-out of some ideal @ <i, R; originating 


in some finite polynomial ring ;. Formally that is 


LE IN 3a < R; suchthat a = GRy 
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(8.22) Proposition: (viz. 992) 
Let (R,+,-) be a commutative ring, consider k <1 <m € NU{ co} (where infinity is allowed, explicitly) 


and use the notations introduced in definition (8.21) above. Then the following statements are true: 


(i) Let fi,..., fr € Rm and a,ay,...,a, € Ry be polynomials and let us denote @ := 17"(a) © Rm 


and aj := 17"(ai) € Rm. If we now have a = f1a@1 +--+: + fray then 


4b,,...,6, € Rp such that a= b, a, +---+b,a, 


(ii) Expanding an ideal into a larger ring and returning to a smaller ring actually is unaffected by the 


primary expansion. Formally - for any ideals a <j; Ry and b <j R; we get the following identities 


(A Rm) A Ri = QR, 
(6 Rm) Re — DOR, 


(iii) And for an arbitrary ideal @ <i Roo we find, that a in fact is the capstone of the ascending chain 
of ideals (AN Ry) Roo C (AN Ri) Roo. This is to say, that 


Ma, 


(QNR))Ro = a 


ll 
° 


(8.23) Definition: 
Continuing with definition (8.21) we consider an arbitrary index set A and a function J: A — IN. Further 
suppose that for any \ € A we are given some ideal @) <i Ry). Then for any m € N, let us denote the 


set of indices belonging to ideals that come from level m or less, formally that is 


Aira). 4] {XS AAO Se os Os. =O Bese | 


It is immediately clear that the sets A[m] of indices satisfy A[0] C A[l] C ... C Alm] C ..., te. they 
form an ascending chain that exhausts A = L,,, A[m] and that for any A € A and m € NN we get 


lA)<m = A€Alm] 


We will now use these sets of indices to define the following ideals (for any m € IN) of Rx. And as the 
A[m] form an ascending chain if index sets, it also is clear that the a{m] thereby form an ascending chain 
a{0} C afl] C ... C alm] C ... C Aloo] of ideals of Ro 


Gals. So ay 
AE Alm] 

Q[oo] := S > a Roc 
AEA 
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(8.24) Proposition: (viz. 994) 
Polynomial Compactness Theorem: Let (R,+,-) be 


a noetherian ring and use the objects and notations 


introduced in definition (8.23) above. Then for any f € G[oo] there is some | € IN such that f € Ql]. 
Likewise for any / € IN there is some ideal a[/] <j R, such that a[l] = G[l] Roo. Also 


s alm] 


m=0 


And if Q[oo] is the push-out of some other ideal 6 
level ideal Q[m]. Put formally we find the following 


Qo] =bR, = JF 


= [oo] 


<i, R;, then Alco] already is identical to some finite 


implications for any ideal b <j R; 


meEWN : aloo] = alm] 


Valo] = VbR,o = JF 


meEN : Valco] = Valm] 


Nota even if 2 is not noetherian, the first part of this theorem remains true, that is we retain: f € a{/] and 


a{l] = [1] Ro and the identity for @[oo]. However the implications may fail, if b is not finitely generated. 
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8.2 Integral Extensions 


The historic origin of the following notions is a classic problem: The squaring of the circle: That is we 
want to find (ideally even to construct) a square, that has the same area, as a given circle. It is well 
known that the area of a circle of radius r is mr? and the area of a square of side length a is a”. So this 


amounts to solving the equation 


to a. The solution is a = r\/7 of course, but this is not so simple, as it may seem to us today: The reals 
are complete and hence satisfy the supremum property. So \/7z clearly is a real number. But classically 
there only are rational numbers. So the question is: Is \/7 = a/r a rational number? In other words 
still: Does 7 satisfy a polynomial of the form t? — q € Q[t] for some q = a/r € Q? 

But maybe this is a little too much to ask for. We could just start with any polynomial f € Q{é] 
(apart from f = 0 of course) for which f(7) = 0. So, is there any? It turns out the answer is no! For 
any f € Q|t] we have f(z) 4 0 unless we started with f = 0 in the first place (though the proof of this 
is far from obvious). This means that 7 is not a combination of algebraic operations (including roots of 
any power), of rational numbers, whatsoever. In this sense 7 is outside algebra’s reach, if we start from 
Q. You have to use infinite computations in order to reach it. The following beautiful formula of Leibnitz 


is an example of this (though its proof is not easy, as well): 


T Te thins Vall «Pe ey es 
— 1 weiss 
rake ae an D241 


Of course we would have to establish a meaning, what an infinite sum is supposed to be, but we leave 
this to any basic course on analysis. Mathematicians use to say that m is transcendent over Q, which is 
to say that you cannot reach it by finite means. The complementary notion is: If there is some f € Q[t] 
with f #4 0 such that f(z) = 0, then z is said to be algebraic or integral over Q (we will soon make 
a slight distinction between these two notions, but over Q they coincide). All the rational numbers and 
any roots thereof are examples of this. But there also are exceptions, like 7 and e. 

The notion of being transcendent resp. integral not only is of interest in number fields, where it is 
the staging point of quite some theory. But it turns out that the same property has deep geometric 
interpretations and hence is one of the fundamental concepts of algebraic geometry. But we are getting 


ahead of ourselves, lets start with the basic definitions: 


(8.25) Definition: Intergal Extensions: 
Let S : R be a ring extension and consider some element x € S. Then z is said to be algebraic over 
R, iff for any element « € S there is some non-zero polynomial f € R{t] such that x is a root of this 


polynomial; formally 


fe Rit] : f #0 and f(x) = 0 


Now S : BR is said to be an algebraic extension iff any x € S is algebraic over R. Somewhat more 
restrictive: x is said to be integral over R iff there is a monic polynomial m € R{t] such that x is a root 


of this polynomial. Formally again 


Ime Rit] : le(m) = 1 and m(z) = 0 
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Likewise S': R is said to be an integral extension iff any x € S is integral over R. The set of all algebraic 
resp. integral elements of S' is said to be the algebraic closure (resp. the integral closure) of Rin S and 


will be denoted by 


alg(S : R) 
int(S:R) := {x2 €S |< is integral over R } 


{xz € S'| x is algebraic over R } 


(8.26) Remark: 
Let us take a closer look at the definition above - in other words this reads as: If 2 € S is an integral 


element of the ring extension, then there is a power 1 < n € IN and elements ao,...,@,—1 € R such that 


1 


ve” + ayn -1"" +++: +ayr+a9 = 0 


In particular: If a € R, then we may take m(t) := t—a € R{t] to find m(a) = a—a =O. Hence any 


a € R of course is integral over R, formally this is the inclusion 
Rig C int(S ; R) 


If x € S is algebraic only, then this equation need not be monic, that is there is a power 1 <n € IN and 


elements ao,...,@n € R (as not all the a; are allowed to be zero we may take a, 4 0) such that 


1 


Ant” + ane" ~t+:-+tajyrt+ay = 0 


If R is a field then we can divide the respective equation f(z) = 0 by the leading coefficient a, of f. 
Hence - supposed R is a field - any algebraic extension already is integral. However if R is an integral 


domain only, then an algebraic extension need not be integral. 


(8.27) Example: 
Consider the ring extension Q : Z, then 1/2 € Q is algebraic over Z, since it is a root of f(t) = 2t— 1. 


However 1/2 is not integral over Z. Suppose we had an equation of the form 


1\” n-1 1 k 
(5) + Sa, (5) 5G 
k=0 
then multiplying this equation with 2” and rearranging a little would yield the following equation, which 


cannot be true, since 2 ¢ Z* 


n-1 n-1 
1 = —S 7 a,2"* = —25a,2"-1* ET, 
k=0 k=0 
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(8.28) Proposition: (viz. 995) 
Let S : R be a ring extension and U <j S be an ideal in the extension ring S. Then we obtain the 


following statements 


(i) If  € NzD(S) is a non-zero divisor of S (that is zy = 0 implies y = 0) and z is integral over R, 
then there is a monic polynomial m € R[t] over R, such that m(x) = 0 and m(0) 4 0. 


(ii) If S : Ris an integral extension such that the structural homomorphism a: R > S:aralsg is 


injective, then a(R*) = $*. That is for any a € R we find [and in this case a(a)~! = a(a~*)| 


a € R* <= aa) e S* 


(iii) If S.: R is an integral extension and UM R = 0, then WU is contained in the zero-divisors of S. 


Formally that is the implication: 


unR=0 uC z(S) 


(iv) If S.: R is an integral extension then the following ring extension is integral, as well (where the 


structural homomorphism, given by @:a+UN RH a(a) +4, is injective) 
Sly : Flunp is integral 


(v) If{U C Ris multipicatively closed, then we regard U-'S as an U~' R-algebra, as in (3.117). If now 
S: Ris integral, then the ring extension U-'S : U~!R is integral, as well (where the structural 
homomorphism, is given by U~'a: a/u (alg)/u = a/uly-ig) 


U-'S:U™!R is integral 


(8.29) Lemma: (viz. 997) 
Let S : R be a ring extension. Then we find the following relations between the notions of a finite, 


integral or algebraic ring extension S : R to be true: 


(i) If 2 € Sis an integral element over R, then R[x] : Ris finite. More precisely: If m € R[t] is a monic 
polynomial of degree deg(m) =n such that m(x) = 0, then { 2* |0<k <n} isa generating set 
of Rix] over R and hence [R[x] : R] <n. 


(ii) If v1,...,a%n € S are finitely many elements of S, that are integral over R and S = R[x1,...,2n], 


then [S : R] < oo is a finite extension. 


(iii) If S : R is a finite extension, then S : R also is integral. More precisely: If n = [S : R] then for 


any x € S there is some monic polynomial m € R{t] of degree deg(m) < n such that m(x) = 0. 


(iv) If S : R is a ring extension generated by integral elements, then the entire extension S : R is 
integral. More precisely: If X C S such that S = R[X] and for any x € X we have z is integral 


over S, then any s € S is integral over R. 
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(v) We find the equivalency: S': RF is a finite ring extension (i.e. there are finitely many s;,...,5, € S 
such that S = Lhpr{ s1,..., 5% }), if and only if S : R is integral and finitely generated (i.e. there 
are finitely many 7,...,2%, € S such that S = R[x1,...,%n]) 


(vi) If S : Ris any ring extension, then the set R :=int(S: R) C S of elements of S that are integral 
over R, is an intermediate ring S: R: R of S: R. And for this we get 


int(S:R) = R 


(vii) If 5: B is any ring extension in which F is a field and x € S is an algebraic element over FE, then 
E|x] already is a field. 


(viii) If S : R is an integral ring extension, where S ¥ 0 is a non-zero ring, then the following two 
combinations of properties or R and S are equivalent 
(a) Ris a field and S is an integral domain 
(b) S is a field and S is a torsion-free R-module 
Nota As S in (b) also is an integral domain, (8.1.(iii)) tells us that it suffices that the structural 
homomorphism a(a) = alg is injective. Then S already is a torsion-free R-module. 


Nota If S in (b) is not torsion-free, then R in (a) need not be a field: As a counter-example just 


look at the ring extension Z7 : Zo in which Z7 is a field, as 7 € Z is prime, but Za is not. 


(8.30) Lemma: (viz. 1000) 
Let (R,+,-), (S,+,-) and (T, +, -) be commutative rings anda: R — Sand 8: S + T be homomorphisms 
of rings. Then we regard S:: R and T’: S as ring extensions. Likewise J’: R is a ring extension induced 


by Ga: R—- T. Then the following statements are true: 


(i) The property finitely generated is transitive, this is to say: If S : R is finitely generated, say 
S = Ris1,...,5m] where s; € S and T: S is finitely generated, too, say T = S[ti,...,tn] where 
t; € T, then T : R is finitely generated, by T = R[G(s;),..., (Sm), t1,.--,tn], as well. 


(ii) If @ is injective, then the following two statements (a) and (b) are equivalent: Nota if 6 is not 


injective, then we still retain (b) == (a) and (a) = T: S is integral. 


(a) ZT’: R is integral 
(b) both 7: S and S: R are integral 


(iii) In the following two statements, we generally have (b) ==> (a). If Ris a PID and £ is injective, 


then the statements (a) and (b) are equivalent: 


(a) 7’: R is finite 
(b) both 7’: S and S: R are finite 
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(8.31) Theorem: (viz. 1002) 
Lying over Theorem: Let S : R be any integral ring extension, with S 4 0 and denote its structural 


homomorphism by a: R > S with a(a) = alg. Then all the following statements are true: 


(i) As always © := Spec(a) is well-defined. But since S': R is integral, © even is surjective. That is 
for any prime ideal p <j, R there is some prime ideal g <i S, such that we get p=qQOR 


s : Spec(S) - Spec(R) : queqnR 


(ii) The restriction © : Smax(.S) —» Smax(R) is well-defined and surjective, as well. In fact, for any 
prime ideal N € Spec(S) we find that: 11 is a maximal ideal of S, if and only ifnN R <i Risa 


maximal ideal of R. Formally 


Vn € Spec(.S) : N is maximal <— > NMR is maximal 


(iit) The map © is somewhat weaker than injective: If 1 and ® <j S are prime ideals, such that their 


pull-backs are identical and one is contained in the other, then they already are equal, themselves: 


u Cc VY) 


=> w=?” 
UnNR = ey 


(iv 


— 


Recall that for any 6 <j S we defined V(b) := { q € Spec(S) |6 C q}. Then for any ideal b of S$ 


we obtain the following identity of sets of prime ideals of R 
x(V(b)) = V(bnNR) 


Nota the V(b) can be used as the closed set of a topology on the spectrum Spec($), the so- 
called Zariski-topology. \|n this sense (iv) tells us, that © is a closed map with respect to the 


Zariski-topologies on the spectra Spec() and Spec(S). 


(v) For any prime ideals p <,; Rand q <j S we get: If =qQNR then p = (PS) RF and q is a minimal 
prime over pS. The latter is to say: ~.S' C q and for any q/ € Spec(S) we find that pS C q/ C q 
implies q/ = q. Formally that is 

aie) © VPS), 


(8.32) Lemma: (viz. 1002) 
Lemma of Gauss: Let S': R be any ring extension and abbreviate R := int(S : R). If now p, q € S{t] are 
monic polynomials, such that pg € R[t], then p, q € Rit] already. 


(8.33) Remark: 
Recall that we defined (R,+,-) to be a normal domain iff it is an integral domain, that is integrally 
closed in its quotient field & := quot(R). That is, the word "domain refers to property (1), whereas 


"normal' refers to property (2) of 


(1) Ris an integral domain: 0 € 1 and zo(R) = { 0} 
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(2) R is integrally closed in E: int(E: R)=R 


By now we have seen two situations, that guarantee R to be a normal domain: (i) Any UFD is a normal 
domain, by (2.62) and (ii) if R is an integral domain, then R := int(E : R) is a normal domain, by 
(8.29.(vi)). And in this light the Lemma of Gauss (8.32) can be seen, as a generalization of (7.37.(ix)). For 
a normal domain R it can be formulated as: 

Lemma of Gauss: Let (R,+,-) be a normal domain and F := quot() its quotient field. If now p, g € E[t] 
are monic polynomials, such that pg € R[t], then p, g € Rit] already. 


(8.34) Remark: 
If S : Ris a ring extension and x € S, then we obtain an R-linear map on S by multiplication with x 


(from the left). That is the following map 2, is an R-module endomorphism of S 
Ary: SOS: uv cu 


The additivity A,(w+v) = Ax(u) + Az(v) is due to the first identity in (M) of an R-semi-algebra and the 
R-linearity A,(au) = ad,(u) is part of property (A), there. This map is the link between linear algebra 
and ring extensions, it will be used to define the characteristic and minimal polynomials of an element 
xéS: lf f € R[t] is any polynomial and z, u € S, then is is clear that f(A;)(u) = f(x) u, as 


fx)(u) = (s-sent] (u) = So f[kla*u = f(x)-u 
k=0 k=0 


In other words that is f(Ax)(u) = f(x) u = Agca)(u) and hence f(Ax) = Ape, as this is true for any 
u € S. In particular we find that f(A,) = 0 € end(M) is equivalent to f(x) =0 € S: If f(A;) = 0 then 
0= f(Ax)() = f(x) 1 = f(z) and vice versa. Let us emphasize this important equivalency 


fr) = 0 — f(r) =0 


Therefore the null ideal { f € R[t] | f(Az) =O} of Az is just the same as { f € Rit] | f(x) =0} the null 
ideal of x. In this sense the minimal polynomial of a ring-extension is just a special case of a minimal 


polynomial of an endomorphism. Nevertheless let us reformulate (5.42.(iii)) for this special case: 


(8.35) Definition: 
Consider a ring extension S : R where R is an integral domain. For a fixed x € S we call the kernel 0, 


of the evaluation homomorphism ¢€, the null ideal of x 
Ey : Rit] 7S : fr f(x) 


Mw = {fe Rl | fe) =O} SG RE 


Clearly x is algebraic over F if and only if ¥; #0. And a polynomial m € R{t] is said to be the minimal 
polynomial of z, iff it satisfies one of the following four equivalent properties. If such a polynomial exists, 


it is uniquely determined and we write mz := m again. 
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(a) The polynomial m satisfies: (1) m is monic, (2) m(x) = 0 and (3) for any f € Rit] we find that 
f(x) =0 implies m | f. 

(b) The polynomial m satisfies: (1) m is monic, (2) m(x) = 0 and (3) for any f € Rit] with f 4 0 we 
find that f(z) = 0 implies deg(m) < deg(f). 


(c) The polynomial m satisfies: (1) m is monic and (2) m generates the null ideal of x, formally that 
is: mR{t] = { f € Rit] | f(~) =O}. 


(d) The polynomial m is the minimal polynomial of A; € end(S), Ax(u) := xu in the sense of (5.41.(v)). 


(8.36) Definition: 
Let S : R be a finite ring extension, such that S is a free R-module. For any x € S we regard the 
homothety Az : S — S:y++ zy, which is an endomorphism of R-modules. Then we may define the norm 


and trace of x to be the determinant resp. trace of this endomorphism Az 


Nsg:r(2) = det(Az) 
Ts:p(2) = tr(Azx) 


Thereby Ng-:r and Ts5.pz are maps of the form S — R. And in complete analogy we define the characteristic 


polynomial of x to be the characteristic polynomial of Az, that is 
cn(t) := c,(t) = det(tlg—A,z) € Rit 


Nota that both the determinant and trace of \, € end(.S) are independent of the specific ordered R-basis 


chosen for S, according to (4.43). And the same is true for the characteristic polynomial, due to (5.41.(ii)). 


(8.37) Proposition: (viz. 800) 
Let S : R be a finite ring extension of degree n := [S_: R], such that S is a free R-module. Then 
Ts.p:S — Ris R-linear and Ng.r: S > Ris multiplicative. That is for any z, y € S anda € R we get 


Ts:r(az) = aTs.r(z) 
Ts:n(@t+y) = Ts:r(x) + Ts-r(2) 

Ns:r(ls) = Ir 

Ns:r(ax) = a"Ng.p(2) 

Ns:r(zy) = Ns-r(x)- Ns-r(y) 


Also « satisfies its own characteristic polynomial, that is c,(2) = 0 and the norm and trace of x occur as 
the coefficients c,[0] = (—1)"Ng:r(x) and c,[n — 1] = —Ts.r(x) in the characteristic polynomial of x. A 


little less formal that is 


c(t) = t*—Ts.p(x)t + +--+ (-1)"No-.r(z) 
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(8.38) Example: 


(i) 


Consider the field extension C : R in its standard ordered basis (1,7). Asi-1=1 andi-i=-—1 


the matrix representation of A; is given to be the following 


[Ai] = (: ‘y 


In particular we find Te: (i) = 0 and Ne.r(i) = 1, likewise c;(t) = t? + 1. This is an example of 
the property c;(i) = 0 and as i ¢ R we can also conclude ju;(t) = ¢? + 1. 


More generally: If S : R is any ring extension and x € S is integral over R, then Riz] : Ris a 
finite ring extension. Suppose x has a minimal polynomial mz, that is mz is the monic generator 
of the null ideal ), = kn(f + f(x)) ={f © Rit] | f(~) =0}. Then 


Fla ne RIE + Riz] : f+mzR[t] > f(x) 


is an isomorphism of R-algebras, by the first isomorphism theorem. Now by (8.19.(i)) R[x] : R has 


Poa) 


the ordered basis (1,2,...,2 where n := deg(mz). As Ax(a®) = a**4 for any k <n and 2” 


can be expressed, as 2” = —m,|0] — m,[l]a —---— m,[n — 1Ja”~! we find the following matrix 


representation of A; in this ordered basis: 


00 +--+ 0  —m,[0] 
10 +) 0 —me[l] 

[Ae] = JO 1 +++ 0 —me[2] | = comp(mz) 
6 De asa, Snape 


Both, the characteristic and minimal polynomials of this matrix are m, again, according to (5.43), 


even for an arbitrary commutative ring R. Formally that is 


Cr,](t) = mpy,j(t) = me(t) 
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8.3. Krull Dimension 


definition der Dimension und Hohe artinian rings (e.g. fields) have dimension 0 R noetherian or valuation 
ring: dim (R[t1,...,t»]) = dim(R) +n going up and down Krull’s principal ideal theorem Krull’s height 
theorem + converse (Brodmann 10.17, 10.20) (Eisenbud 10.2, 10.5) 

Gegenbeispiel: p := (xz — y?, yz — 23,2°y — 27), <, R = F{z,y,z] ist prim, hat Hohe 2 aber 
kann nicht mit weniger als 3 elementen erzeugt werden! Denn X = V(p) ist eine algebraische Kurve, 
parametrisiert durch (t3,¢*, t?) und irgendwas mit complete intersection 

Beispiel: a := (xz,yz)i <j R = Flz,y,z] definiert die x-y-Ebene, zusammen mit der z-Achse. 
Hat also 2 irreduzible Komponenten der Dimension 2 bzw. 1. Entsprechend haben wir die minimalen 
Primideale zR und eR + yR iiber a. Diese haben aber verschiedene Hohen 1 und 2. [Ebbinghaus, 


exercise 9.6] gibt Beispiel fiir co-dimensionalen noetherschen Ring ref. to dimension theory (wiki) 


8.4. Noetherian Normalisation 


vergleiche Brodmann Abschnitt 10, was davon habe ich noch nicht? insbesondere 10.2 und 10.4 


8.5 Galois Theory 
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Chapter 9 


Group Theory 


9.1 Basic Notions 


normal subgroups, kernel+image, isomorphism theorems, quotient groups 


(9.1) Example: (viz. 515) 
Consider a metric space (Y,d) and a non-empty subset 0? 4 X C Y, then a map f : X > X is called a 


symmetry of X, if it reaches all points and preserves distance. That is iff 
(1) f is surjective 


(2) for any x, y € X we get d(f(x), f(y)) = d(@, y) 


The set of all symmetries of X will be denoted by sym(X) and in fact this is a sub-group of of the 
permutation-group of X. That is any symmetry already is bijective and sym(X) is closed under compo- 
sition and taking inverse. 

sym(X) <g Sx 


Proof of (9.1): 
First of all, we need to show that any symmetry f : X — X is injective: So pick up any x, y © X and 
assume f(x) = f(y). As f preserves distance this would mean 0 = d(f(x), f(y)) = d(x, y) and hence 
x =y. This already is the injectivity. 

It is also clear, that Ly € sym(X). And if f and g are symmetries of X, then we have d(g(x), g(y)) = 
d(x,y) and d(f(u), f(v)) = d(u, v) for any u, v, « and y € X. Let us take « = f(u) and y = f(v) then 
we see 


d(gf(u), gf (v)) = d(g(x), 9(y)) = d(x, y) = d(f(u), f(v)) = d(u, v) 


such that gf € sym(X) again, as gf also is surjective. As f is invertible we also get u = f—'(x) and 
v = f(y) such that we also find f~! € sym(X) (and hence sym(X) is a group contained in Sx) from 
the equation 


d(f-'(x), f-"(y)) = d(u,v) = d(f(u), f()) = (x,y) 


conjugation, sylow theorems, p-q theorem, ordered groups, representation theory, invariant theory 
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9.2 Group Actions 


(9.2) Definition: 
Let (G,o) be a group and X be an arbitrary set, then a map yp: Gx X + X (written as ys: (g,2) + ga) 


is said to be an operation of G on_X, iff it satisfies one of the following two equivalent conditions 
(a) G—> Sx : g++ Ty, where T, : X — X : a+ gz is a group-homomophism 
(b) Vg, hE Gand Vax € G we get the properties ex = x and (gh)x = g(hz) 


And in this case we define the following notions: for any x € X we define the orbit Ga C X and the 
stabilizer G? C G. And for any g € G we also define the fixed point set X2 C X and the set X@ of 


invariants 
Gr := {gr|geG} 
G? i= {geG|oqu=c2} 
G* = {ge€G|VaeeX > ge= 2} 
MA =, {HEX | gr =2} 
X? s= {xEX|VgeG:gr=2} 


Finally a subset A C X is said to be G-invariant iff for any g € G we get 


gA := {gx|reEA} C A 


(9.3) Example: 


(i) If X A is any non-empty set then any subgroup S <g Sx of the permutation group Sx operates 
on X in a most obvious way 
Sx XX : (0,2) a(x) 


(ii) By (1.12.(ii)) any group G operates on itself, by multiplication from the left, that is we get an 


operation on G' by 
GxGoG: (g,h) gh 


(iii) Finally any group G operates on itself by conjugation, that is we obtain another action of G on G 
by letting 
GxGs>G: (g,h) 6 ho = ghg 


Prob first of all it is clear that for any x € G we have x° = exe! = x. Also for any g, h € Gwe 
can compute 29” = (gh)x(gh)~! = ghah~'g-! = g(x")g7! = (a")9, so that both properties are 
satisfied. 

(9.4) Proposition: (viz. 572) 


(i) It is easy to see that an operation G x X — X defines an equivalency relation on X by letting 


cvy = Jdge€G:y=gz. And the equivalency classes of this relation clearly are the orbits 
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Ga. The quotient set of X under this relation is denoted by 
ie: = {Gr|rex} 


(ii) It also is immedeately clear that the stabilizer G’ <g G is a subgroup of G. Another well-known 


fact is the following 1-to-1 correspondence 


Gu <> C/ x : gx» gG” 


(iii) If A C X is G-invariant, then for any g € G we have gA = A. And we can thereby restrict @ to 


an operation of G on A, that is 
@: GxAOSA: (9,2) gx 


(iv) If A is G-invariant, then the complement X \ A is G-invariant, too. 


(v) Orbit Formulas: If (G,o) is a finite group, that operates on the finite set X, then (for any x € X) 


the following equations are true 


#G 
#GL EG 

1 

#X = #4. D> ZG 

Gre x/G oe 


(vi) Formula of Burnside: If (G, 0) is a finite group, that operates on the finite set X, then the following 


4G-#%/q = Hx! = 4c 


gEG xEx 


equation holds true 


(9.5) Definition: 
Let (G,o) be a group and (IF,+,-) be any field. Now a group-homomorphism x : G > IF* from G to the 


multiplicative group IF* is called a character of G. 


(9.6) Proposition: (viz. 518) 
Let (G,o) be any group and (I',+,-) be any field. If now y1,...,xr : G — F* are pairwise distinct 
characters of G (i.e. for any i A j € 1...r we have x; # xj) then the set {x1,...,xr } C F(G,F) 


already is F-linear independent (as F-valued functions). 


(9.7) Definition: 
Let (G,o) be any group and R be a commutative ring. Then pp: G x R > R is said to be an algebraic 


operation, iff we get the properties 
(1) w:Gx R—- Ris an operation of G on R 


(2) for any g © G the map T, : R > R: a+ ga is a homomorphism 
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And in this case we define the invariant ring under the operation jz to be 
R° = {a€R|VgeG:ga=g} 


Nota as Ty is bijective with Tee = T,-1 we find that (2) already implies that any 7, even is an auto- 
morphism of the ring R. And it is immediately clear that the invariant ring R° <, R is a subring of R. 


(9.8) Proposition: (viz. 520) 
Let G be a group, R be a commutative ring and A be a commutative monoid. If now yp: Gx R—- Ris 
an algebraic operation, then this canonically induces an algebraic operation G x R[A] > R{A] on the 
group ring RA], by 

Gx R[A] > RIA] = (9. f) > D (of lade 


acA 


And for this operation we obtain the following identity of the invariant rings 


(9.9) Proposition: (viz. 519) 
Let G x R— R:a+> ga be an algebraic operation of the group G on the commutative ring R. Let now 
a <j R be any ideal, then we get 


(0 =] 4ee0|Veee foo=a) = cn Re S, Re 


(ii) If @ is an G-invariant ideal (that is ga C a for any g € G) then we obtain an algebraic operation 


of G on the quotient ring, via 
Gx He =i Ho : (g,b +0) gb +a 


(iii) And in case @ is an G-invariant ideal, then we obtain a well-defined, injective homomophism of 


rings by virtue of 
a > Gan ae ree oeetece peor 


(9.10) Proposition: (viz. 520) 
Let Gx X > X : (g,x) ++ gx be a group operation and let R be a commutative ring. Further consider 
A := F(X, R) the R-algebra of functions from X to R. Then we obtain an algebraic operation of G on 
A by letting 

Gx ASA: (gf) (4 f(g-*z)) 


And if M C X isa G-invariant subset (that is gM C M for any g € G), thenI(M):={feA|VaeM: f(x) =0} 
is a G-invariant ideal (that is IW) <j A is an ideal and gI(M) C I(M) for any g € G). And in this 


case we finally we obtain the isomorphy 


Ane a (4/1) : f +I(M)o 4 f +1) 
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Proof of (9.6): 
If 7 = 1 then the linear independance is clear, as x1 # 0. So pick up the minimal number & > 2 such 


that there are a,...,ax € F* and (pairwise distinct) 71,...,7, € 1...r satisfying 
Q1Xiy +e + OKXy, = O 


renumbering the x; we may assume 2; = 1 and tg = 2 and so on until 4 = k. Let us now denote 


b; := a;/ax then we obtain the central equation 
k-1 
S > bixi + XK = 0 
i=l 


As x1 # Xx (remember k > 2) there is some h € G such that x1(h) 4 x(k). For any g € G let us now 


insert gh into the central equation, this yields 


k-1 
S- bixi(g)xa(h) + xe(g)xe(h) = 0 
i=1 


On the other hand (for any g € G we may first insert g into the central equation and afterwards multiply 


with yz(h). This yields another equation 


k-1 
Sbivilg)xe(h) + xe(g)xa(h) = 0 
i=l 


Subtraction these two equations we obtain another identity (for any g € G) 


k-1 

S/ bi(xe(h) — xu(h))xi(g) = 0 

i=l 
As any G := bi(xe(h) — xx(h)) € F is scalar we have found a linear dependance with fewer that k 
elements. As & has been minimal this can only be if c; = 0 for anyz € 1...(K— 1). But by construction 


we have ci 4 0, a contradiction. Thus k could not have be chosen in the first place and this is just the 


linear independance of the xj. 


Proof of (9.9): 


(i) From the definition of a@ it is clear that a? =an R®. Yet R: RG is a ring extension and hence it 
is a general fact thatam R& <i R°. 


(ii) We first prove the well-definedness of the operation: consider }, b’ € R with b+a = b' +4. That 
is b'! — b € Gand hence (as a is G-invariant) gb’ — gb = g(b! — b) € ga C a. And this again yields 
gb +a = gb’ +a. Now as b+> gb + is nothing but the composition of b+ gb+> gb +4 we also 
find that b+ ++ gb+ 4 is a homomophism. That is the operation even is algebraic. 


(iii) Let us first consider R° + (R/a)° : b+> b+. This clearly is a well-dfined homomophism as 
g(b +a) = gb +a =b-+4. And the kernel of this homomophism clearly is {b€ R&| bea} = 
am R& =a%. Hence the map in the claim is well-defined and injective. 
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Proof of (9.10): 
As ef (x) = f(e-'x) = f(x) we clearly have ef = f for any f € A. And given g, h € G, f € A and 
x € X it is straightforward to compute 


AGG) Sen 2] fg hs) = En a) S (Gn pe) 


Thus G x A - A is a group action. And the operations of A are point-wise it is clear that this operation 
also is algebraic. Next we prove that I(1/) is a G-invariant ideal. The properties of an ideal are 
immediatley clear. Let us consider f € I(M), g © G and any « € M. As M is G-invariant we get 
g ‘x €g ‘iM C M. Andas f €I(M) this yields (gf)(x) = f(g-tx) = 0. As x has been arbitary, this 
proves gf € I(M), which also yields the G-invariance gl(M) C I(M). It remains to prove 


AY yan? “a (A/a) : f +1(M)% 4 f+1(M) 


We have already proved the well-definedness and injectivity of this map in (9.10). For the surjectivity we 
are given some f + I(M) which is G-invariant. That is gf + 1(M/) = f +1(M) for any g € G. In other 
words that is f(g-tx) = (gf)(x) = f(a) for any g € G. Let us denote ly : X > R the characteristic 
function of M and let f := lyf. If x ¢ M then we clearly have f(x) = 1yy(x) f(x) = 0. And as X \ M 


is G-invariant as well, we get lay(g~!x) = 0 and hence (gf)(x) = f(g~!x) = 1m(g7'2) f(x) = 0, too. 


Thus f(z) = 0 = gf(a) for any x € X \ M. Conversely if x € M then ly(x) = 1 = 1yg(g tx) which 
yields gf(x) = Fig) = alge) fe) = Slg""2) = (GAV(0) = F@) = Ana) fla) = Fle) as 
x € M. Altogether we have proved f = gf, (for any x € X) which is the G-invariance of f. And we 
have already seen that f(x) = f(x) for any x € M. But we have also seen, that f +1(M) = f +1(M), 


which means nothing but f +1(M)° > f +1(M) under the map in question. 


Proof of (9.8): 
We will first prove that G x R[A] — R[A] truly is a group action. To do this consider any g and h EE G 
and any f € R[A]. By definition we clearly have ef = f. And further we find 


ght) = 9 (Sovtene") = So g(hflalyt® = So(gh)flalt® = (gh)f 


acA acA acA 


From the homomophism property of R > R:at> ga we find that (g, f) ++ gf truly is an algebraic 
operation (we omit tedious computations). So it only remains to prove R[A]° = R°[A]. The inclusion 
">" is trivial. Conversely consider any f € R[A]. Then we have to show that for any a € A and any 
g © Gwe get gfla] = fla]. Yet to see this it suffices to compare coefficients 


S Gflale =of = f= Dy) fale 


acA acA 


9.3. Representation Theory 
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Chapter 10 
Homological Algebra 


Consider a module M over a (not necessarily commutative) ring (#2,+,-). To say that M is finitely 
generated means that there are finitely many elements m, to m, € M such that any « € M can be 
written in the form x = 5 b;m,; for some b; € R. In other words iff the following homomorphism is 


surjective 


pw: R° +» M : (bi, .--;bn) 4 S> dym; 
j=l 


In the language of chains of homomorphisms this can be put as: The chain R” — M — 0 of module 
homomorphisms is exact. In order to have a more accurate description of M it would be nice to also know 


the kernel of py. 


In fact this is the question: Which b € R” yield oe b;mj = 0?’ which amounts to a system of linear 
equations. We will concern ourselves in section 4.3 with solving these, but the best we can hope for is 
finding a parametrisation of kn(j). That is we want to have some base vectors k, to ky, € R™ such that 
(b) = Oif and only if b = ayky+---+amkm for some a, to am € R. In turn kn(y) is the image of another 
homomorphism « : R™ + R” : (a1,...,@m) 4 95, aiki. In the language of chains of homomophisms 
again, this is the exactness of 

RSs M0 


A module / that allows such a chain is truly well-displayed, as the first isomorphism theorem of modules 


then allows to describe it, in the form 


n 


Fe ine) +M : b+im(n) 4 S° bym; 
j=l 


(10.1) Definition: 
Let (R,+,-) be an arbitrary ring and M be an R-module. Then MM is said to admit a finite free 
presentation (or simply to be finitely presented) iff there are integers m, n © IN such that there is an 


exact chain of module homomorphisms of the form 
R™ > R” +> M0 
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10.1 Diagram Chasing 


snake-lemma et al 


10.2 Projective Modules 


AW (6.3) projective modules over PID are free 


and injective modules - wikipedia! 


10.3. Flat Modules 
10.4 Homology Modules 


chain (co)complexes, (co)homology modules, (co)homology morphisms, examples 


10.5 Differentials 


Matsumura - commutative ring theory - chapter 9 
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Chapter 11 


Categorial Algebra 


11.1 Categories 


Generally speaking, algebra provides the structural concepts for all other fields of mathematics: Rings 
are the general concept of the base numbers, vector spaces are the general concept of function spaces 
and tangent spaces, algebras and derivations appear in calculus and so on. But you, the reader, probably 
noticed similarities, like homomorphisms have kernels or the existence of direct sums and products. Hence 
it makes sense to attempt a second structurisation that shall unify all these separate concepts in a general 
way. What we want to do here is introduce the concept of a category, that is a one-size-fits-all approach 
to all these different structures that allows to study their similarities in a general setting. 

Hence we will define what we mean by a category and present the most fundamental examples of 
specific categories after that. The most prominent example is the category of sets - that is the entity of 


all sets. But it does not make sense to speak of the set of sets, say 
Q := {X|Xisaset} 


This Q is also called the universe in mathematics. However, if it was a set again, then we had Q € 2 
which not only is contra-intuitive (as we needed (2 to build up Q in the first place), but can also lead to 
contradictions - the hell of mathematics. The solution is simple: We need a different name for arbitrary 
large collections of sets - let us call them classes. 

In this chapter we will use the term class naively: A class is any collection of sets, with no restriction 
imposed on which or how many there are. As such a class need not be a set, any set is a class, but not 
every class is a set. A class that can also be build up as a set is said to be a small class. E.g. any set 
is a small class. A class that cannot be build up by set-theoretic constructions is called a proper class. 
E.g. the universe 2. above is a proper class. 

You may think of a class as an expression of the form { X | p(X) } where y(X) is any expression 
of set theory concerning the variable symbol X. We have given a formal approach to classes, using the 
NBG axioms and a formal language with two variables (one for sets, the other for classes). And we have 
included a comment on alternative approaches to classes, at the end of this section, for the interested 
reader. But actually we recommend to use the term class naively, thinking of an arbitrary collection of 


sets, that might be too large to be a set itself. 
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(11.1) Definition: 
A category is a triple C = (¥,.M,0o) consisting of three classes 7, M and o of the following form, that 
satisfy the properties (C1) and (C2) below: 


e X is just any class, called the objects of the category C which we will also denote by obj(C) := ¥. 
If Y even is a set we say C is a small category, if V is a class but no set, we say that C is a proper 


category. 


e M is a function of the form M : X2 — Q that assigns every pair (X,Y) € 2X? of objects a 
set M(X,Y). The elements of M(X,Y) are called morphisms of C and we will also denote 
C(X,Y) := M(X,Y). Lastly we will sometimes use the notation: 


mor(C) := U M(X,Y) 


(X,Y)ex? 


e For any triple (X,Y,Z) € 2° of objects, there is a so-called law of composition ox yz of the 


morphisms. That is a map of the form 
M(X,Y) x M(Y, Z) > M(X, Z) 


If pe M(X,Y) and w € M(Y, Z) are any morphisms of C we will write wo y as an abbreviation 
of ox y,z(¥, Y). 

(C1) For any four objects U, X, Y and Z € X and any morphisms y € M(U,X), ~ © M(X,Y) and 
x € M(Y, Z) we always have the following law of associativity of the composition 


(xov)oy = xo(pog) 


(C2) For any object Y € 4X of C there is a morphism ly € M(Y,Y), called the identity on Y, that 


satisfies the following two properties: 


VX EXVpPEM(X,Y) : ly oy 
VZEXVXEM(Y,Z) : xoly 


(11.2) Remark: 
In any category C, for any object Y € obj(C) the identity morphism ly guaranteed by property (C2) 
already is uniquely determined. 

Because if Ey and Iy € C(Y,Y) both satisfy the properties of Ly in (C2), then we could take y = Iy 
and x = Ey to find ly = y = Ey oy = Ey oly and likewise Ey = x = yo ly = Ey o ly. Together 
this is ly = By oly and Ey = Ey o ly such that Ey = ly. 
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(11.3) Remark: 

In case of doubt let us append some comments on this: We can use almost any construction of sets for 
classes, too. If 4 and Y are classes and X € ¥ and Y € J) are sets therein, then the ordered pair 
(X,Y) is a well-defined set again (namlely { X,{ X,Y }}). Therefore we can build up the product of 


the classes ¥ and Y, which is just another class 
XxyV:= {(X,Y)|xXex,Yey} 


A relation between X and ¥Y is a subset (or more correctly a subclass) of & x Y and thereby a class in 
itself. A function ¥ — ) is a relation between ¥ and Y satisfying certain properties (totally defined and 
right-unique) and thereby a class again. This is how we can understand M as a class, that is a function 
from the product V x # to the universe 2, in other words yet, a suitable subclass M C Vx Xx. 

Even the law of composition o is a function of the form o : 4° — Q in such a way that ox yz = 0(X,Y, Z) 


is a function of the form 
oxyz € F(M(X,Y) x M(Y,Z), M(X, Z)) 


As M(X,Y) x M(Y, Z) and M(X, Z) are sets there is a set of functions and ox y,z is one of these - 
and hence ox, yz € 2 a set again. So in fact all these constructions can be done with classes as well. 
There are some things to be aware of, however: As a function between classes V — ¥ is a class again, 
we cannot built up the class of all functions F(¥,)), as the elements need not be sets here! We will 
have to avoid this construction entirely. 

In fact we cannot even build up an ordered pair (4%,.)) of classes, in the von Neumann way 
{¥,{*,Y }}, for the same reason: the elements need not be sets. But we only need to use this naively: 
That is two categories C = (V,M, oc) and D = (Y,N,op) are considered equal C = D if they share the 
same objects Y = J, for any two objects X, Y € X they have the same morphisms M(X,Y) =N (X,Y) 
and for any three objects X, Y, Z € &X and morphisms y € M(X,Y), vw € M(Y,Z) the respective 


compositions agree: woe p= wWopy. 


(11.4) Example: 


(i) Our first example shall be the category Set of sets as this is where the terminology of categories 
comes from. The objects of this category simply are all the sets there are, that is obj(Set) := 2. 
Recall that the universe 2 is the class of all sets. Now for any tow sets X and Y the morphisms 


of Set simply are all the functions from X to Y 
Set(X,Y) := F(X,Y) 
Note that in case X = or Y = 0 we also have F(X, Y) = {0}, as O is the only subset of X x Y 


and this trivially satisfies the properties of a function. 


The law of composition o of Set is the usual composition of functions, that is if f € Set(X,Y) 
and g € Set(Y,Z) then go f © Set(X, Z) is the function defined by go f := gf which is 
(go f)(x) := g(f(x)). The identity on the set Y is the identity map ly(y) = y. In case Y = @ we 
have lly = @ again. 
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(ii) 


(iii 
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) 


— 


(<>) Looking ahead we already note the following: In this category the epimorphisms are precisely 
the surjective maps, monomorphisms are precisely the injective maps and hence isomorphisms are 
precisely the bijective maps. The empty set @) is the one and only initial object of Set, whereas any 
set X with #X = 1 is a terminal object. 


As a next example let us introduce the category Ring of commutative rings. That is obj(Ring) := 
the class of all commutative rings (R,+,-). And for any two objects R = (R,+,-) and S = (S,+4,-) 


the morphisms of Ring are just the usual homomorphisms of rings 
Ring(R,S) := rhom(R, S) 


Note that ? and S are triples of sets here and not classes, in contrast to our usual convention. 
Hence we will also write Ring(, 5’) for the set of morphisms, as we did before, since the algebraic 


operations + and - on R and S respectively, are understood. 


The law of composition o of Ring is the usual composition of functions, that we used for Set already. 
And clearly Ip is an endomorphism of the ring (J, +,-) and hence we do have the identities required 
in (C2). 


() Looking ahead again we note: The notions of monomorphism, epimorphism and isomorphism in 
Ring coincide with the notions we introduced before. The zero-ring R = 0 is both, the initial and 


terminal object of Ring. 


Another classical example is the category Modr of R-modules, over a fixed ring (R,+,-). That 
is obj(Mod,) := the class of all modules (M,+,¢) over the ring R and for any two R-modules 
M = (M,+,°) and NV = (N,+,¢) the morphisms are just the R-linear maps 


Modr(M,N) := mhomr(M, N) 


Again we will write Modr(M, NV) in order to stay in conjunction with the notation used so far, 


which is not a problem, as the addition + and scalar multiplication o on M and WN are understood. 


The law of composition o of Modg is the usual composition of functions, that we used for Set 
already. And clearly yy is an endomorphism of the R-module (/,+,¢) and hence we do have 
the identities required in (C2). 


(}) Looking ahead once more we note: The notions of monomorphism, epimorphism and isomorphism 
in Modg coincide with the notions we introduced before. The zero-module M = 0 is both, the 


initial and terminal object of Modp. 


Another widely used category is that of topological spaces. To give this we first have to present 
the definition of a topological space: This is an ordered pair (X,Q©) consisting of a set X and a 
family of subsets O C P(X). The sets U € O are called the open sets of X and the collection 
O itself is said to be the topology on X. Hereby we demand, that @ and X are open sets and 
that finite intersections and arbitrary unions of open sets are open again. That is we require the 


following four properties of the topology O: 


(T1) dE O 
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(12) Xe€O 
(73) U. VEO = UnNVeEO 
(T4uUCcCO = YUed. 


These are the objects of the category Top of topological spaces: Formally obj(Top) := the class of 
topological spaces (X,Q). If now X = (X,Ox) and Y = (Y, Oy) are topological spaces then a 
function f : X — Y is said to be continuous if the preimage of an open set in Y is open in X, that 
is iff for any V € Oy we have f~!(V) € Ox. The morphisms of Top are precisely the continuous 


functions in this sense 
Top(¥,¥) = {f:X 3Y|VVEOy: f-l(V) € Ox} 


Hence we have Top(4’, ¥) C F(X,Y) and can take the usual composition of maps, as in (i), as the 
law of composition o for Top. Usually Top(%’, V) is just denoted as C(X,Y). Yet as this notation 


suppresses the topologies Ox and Oy involved, it can only be used, when these are understood. 


Clearly 1 (V) = V such that the identity map on Y is continuous. As the associativity of o is 
inherited from Set we find that Top indeed is a well-defined category. 


(}) Looking one more time we find: The isomorphisms in Top are bijective, continuous maps. But 
as the inverse of a continuous map need not be continuous, this is not equivalent. The isomorphisms 
of this category are called homeomorphisms or bicontinuous maps. This is a bijective map f € 
C(X,Y) such that f~! € C(Y,X) again. A counter-example is the following: Take X; = X29 = 
{0,1} under the topologies O; := P(X) and Og := {0, X }. Then x : X1 > Xo is bijective and 


continuous, but its inverse ly : X_ — Xj, is not continuous. 


(v) Another neat application are punkctured topological spaces, these are triples (X,O,2.) where 
(X, O) is a topological space and x, € X is a point. These are the objects of the category Top, of 
punctured topological spaces obj(Top,.) := the class of all punctured topological spaces (X, O, xx). 
A morphism f from 4 = (X,Ox,2,) to (Y,Oy,y.) is a continuous map, that respects the fixed 
point f(x») = Ys, that is 


Top,(V,Y) == {f € Top(¥,¥) | flax) = ys} 


The law of composition o once more is just the usual composition of maps and as Iy(yx) = yx we 


also have the identity morphisms required for a category. 


(vi) Let us return to our introductory example, the category of sets, and expand it a little: We want to 
introduce the category Rel of relations - though the name is not perfectly chosen, as it refers to 


the morphism not the objects. 


The objects are all the sets again, obj(Rel) := 9. But given any two sets X, Y the morphisms from 
X to Y are just the relations 
Rel(X,Y) := P(X xY) 
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(vii) 


(viii) 
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Ifnow R C X xY and S C Y x Z are relations between X and Y resp. between Y and Z, then 


we define the composition of these So R = SR in the following way 


SR := {(¢,z)eXxZ|AyeY : (a,y) € Rand (y,z) € S} 


Note that in the usual notation this reads as: 7S Rz if and only if xRy and ySz for some y € Y. 
It is easy to see that this construction is associative and the identity ly on Y is given to be the 


diagonal (i.e. the identity function) ly = {(y,y) | y € Y }. 


Our final example will be a general construction: Given any category C we define the opposite 
category C°? of C by keeping the objects, but reversing the direction of all morphisms. Formally 
C°P is defined in the following way: The objects of C°P are just the objects of C again 


obj(C°?) := obj(C) 


Now for any two objects X, Y € obj(C°?) the morphisms from X to Y are just the morphisms of C 
from Y to X 
c(X,¥) := C(Y,X) 


Consequentially the law of composition of C°P is just the law of composition of C reversed: If 
f €C?(X,Y) and g € C(Y, Z) then 


gof u= foeg ©€ Ch) 


Thereby the identity ly of C also is the identity on Y of C°. (<>) And looking ahead it is clear 
that monomorphisms and epimorphisms are interchanged by going from C to C°?. Ilsomorphisms are 


preserved, but initial and terminal objects are interchanged again. 


(}) Our last example is a little more sophisticated - it is the underlying concept of differential 
and algebraic geometry - spaces with I-valued functions, where (IF,+,-) is a fixed field. Let us 
first define the objects of Space, this category: A space with functions is an ordered pair (X, 0) 


satisfying the following properties: 

(S1) X (more precisely (X,7)) is a topological space. By abuse of notation, we suppress writing 
out the topology 7 and apologize for having changed the letter. This is customary, though. 

(S2) O is a collection of F-algebras O(P) <a, F(P,F) of F-valued functions. These are called 


the regular functions on X. 


(S3) If P, @ C X are open subsets with P C Q, then we require that for any regular function 
q € O(Q) the restriction alp € O(P) is regular again. 


(S4) If P C X is an open subset and p € O(P) a regular function, then we require, that D(p) := 
{xe P| p(x) 40} C X is open again and that 1/p € O(D(p)) is regular again. 


(S5) If P C T is a collection of open subsets of X and Q := UP C X is their union, then for 
any q € F(Q,F) we require, that being regular is determined locally, in the sense that 


(vPeP :q|pEO(P) => ¢€ 0(Q)) 
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Now consider two spaces with functions (X,Ox) and (Y,Oy) over the common field IF. Then 
a morphisms jy in this category is just a continuous map « : X — Y such that for any regular 
map q € Oy(Q) the composition qu : w~1(Q) > F is a regular map qu € Ox(u-+(Q)) again. 
Therefore a morphism ps : (X,Ox) — (Y, Oy) always induces its comorphism 1G for every open 
subset Q C Y, which is a homomorphism of F-algebras 


HQ: Oy(Q) 4 Ox(u"(Q)) : qe an 


The composition of morphisms is the usual composition of functions, therefore associativity and the 
existence of an identity are granted. Altogether we have introduced another category Space,, that 


encompasses affine varieties of algebraic geometry and manifolds of differential geometry. 


(11.5) Remark: 

Most of the examples above have been concrete categories, meaning the objects are sets with some ad- 
ditional structure (e.g. X in a topological space VY = (X,Q)), the morphisms C(Vv,Y) C F(X,Y) are 
certain functions on the underlying sets (e.g. f : X — Y between the topological spaces V¥ = (X, Ox) 
and Y = (Y,Qy)) and the law of composition o is just the usual composition of functions. This is com- 
monplace, but later on we will regard chain complexes as objects where the morphisms will not only be 


simple functions. 


(11.6) Definition: 
If B and C are categories, then B is said to be a subcategory of C - written as 6 < C - iff we have the 


following three properties 
(1) obj(B) C obj(C) 


(2) For any objects X, Y € obj(B) we have B(X,Y) C C(X,Y). If we even have B(X,Y) =C(X,Y), 
then BG is said to be a full subcategory of C. 


(3) For any objects X, Y, Z € obj(B) and any morphisms y € B(X,Y) and w € B(Y, Z) the laws of 
composition agree 


wopp = wocy 


(11.7) Remark: 

It is clear, that we get a subcategory 6 of C, if we begin with a subclass ¥ C obj(C) and for any X, 
Y € & take a subset M(X,Y) C C(X,Y) such that (1) for any Y € XY we have lly € M(Y,Y) and 
(2) for any X, Y, Z € & and any y € M(X,Y) and  € M(Y, Z) we have yoy € M(X, Z). Then 
B= (X,M,°) is a subcategory of C, where the law of composition o is inherited by restriction from C. 
Also it is clear, that the relation < of being a subcategory has the properties of a partial order, that is 
(1) C <C, (2) C <D and D <C together imply C = D and (3) B <C and C < D together imply B < C. 


11.1 Categories 529 


(11.8) Example: 


e The category of finite sets is a full subcategory of the category Set of sets. Likewise we get a full 
subcategory Dom of integral domains of the category Ring of commutative rings. All we need to do 
is fix the objects obj(Dom) := the class of commutative rings (R,+,-), that are integral domains. 
The morphisms are the ring-homomorphisms and the law of composition o is the usual composition 


of maps, as in Ring. 


e A third example of this sort: A topological space (X,Q) is said to be a T\-space, iff for any z, 
y € X with x F y there are open sets U, V € O such that x € U\ V andy € V\U. Let us 
define the full subcategory Top, of Top by taking obj(Top,) := the class of all topological spaces 
(X, O) that satisfy the T\-property. The morphisms are the continuous functions again and the law 


of composition is the usual composition of maps, as in Top. 


e The category Set is a subcategory of Rel that share the same objects obj(Set) = obj(Rel), but in 


which Set has fewer morphisms, than Rel. So Set is far from being a full subcategory. 


e The category Top, of punctured topological spaces is not a subcategory of the category Top of 
topological spaces, as the objects of Top, differ from those of Top (they also contain a fixed point). 
Of course we can embed Top, into Top by forgetting about the point, but this will require the notion 


of functors, that will be the topic of the next section. We will return to this. 


(11.9) Definition: (viz. 1005) 
Consider any catagory C and any two objects X, Y © obj(C) therein. If now ~ € C(X,Y) is a morphism, 


then (inspired by the respective notions for rings, modules, etc.) we define the following notions: 


(i) The morphism ~w is said to be a monomorphism, iff there is another morphism y € C(Y, X) satisfying 
you = My 

(ii) The morphism 7% is said to be an epimorphism, iff there is another morphism y € C(Y, X) such that 
yop = ly 


(iii) The morphism w is said to be an isomorphism, iff it satisfies one (and hence all) of the following 
three equivalent properties 
(a) w is both, a mono- and an epimorphism 
(b) There is some y € C(Y, X) such that woy = ly and pow = Ix. 
(c) There is a uniquely determined y € C(Y, X) such that Wow = lly and pow= Ix. 
The uniquely determined y in property (c) is then called the inverse of w, written as Ww! := y. 


And we say the objects X and Y are isomorphic, iff there is an isomorphism ~ € C(X,Y). We 
denote this by writing 


AOS YY oe Ae Ci AY y e(o) 
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(iv) A morphism ~ € C(X,Y) where X = Y is said to be an endomorphism of X € obj(C) and an 


endomorphism, that also is an isomorphism is said to be an automorphism of X € obj(C). 


(11.10) Proposition: (viz. 1005) 
Let C is a category X, Y and Z € obj(C) are objects and ® € C(X,Y) and W € C(Y, Z) be isomorphisms, 


then Uo ® € C(X, Z) is an isomorphism, as well with inverse 
(Voe)* = o!ou 


~N 


Thereby the relation = of isomorphy on the objects of C has the properties of an equivalence relation, 
that is for any X, Y and Z © obj(C) we get 


Gh ee, ee 

(2) if X = Y then Y = X, as well 

(3) ifX = YandY & Z, then X & Z, as well 
(11.11) Definition: 


Let C be any category, then an object U © obj(C) is said to be universal or initial, iff for any other object 


X € obj(C) there is a uniquely determined morphism y from U to X. Formally iff 


VX € obj(C) : J! y € C(U,X) 


The dual notion is the following: An object T’ € obj(C) is said to be final or terminal, iff for any other 
object X € obj(C) there is a uniquely determined morphism y from X to T. Formally again 


VY X € obj(C) 


! yp € C(X,T) 


(11.12) Lemma: (viz. 1005) 
If C is an arbitrary category, than any two universal objects U and V € obj(C) are isomorphic U = V. 


Likewise any two terminal objects S and T € obj(C) are isomorphic S = T. 


(11.13) Definition: 
Consider a category C = (4,.M,o) such that for any pair of objects X, Y € obj(C) = 4X the morphisms 


carry the structure of a commutative group 
A(X,Y) = (C(X,Y),+) 


Note that the operations + actually depend on (X,Y), but by abuse of notation we denote all by the 
same symbol. Likewise we denote the neutral element of C(X,Y) by 0 instead of 0x y though it also 
depends on (X,Y). Let A be the assignment (X,Y) +> A(X,Y), then the triple (4’,.A,0) is said to be 
an additive category, iff for any objects X, Y, Z € obj(C) and any morphisms y, v1, yo € C(X,Y) and 
UW, U1, W2 € C(Y, Z) we get 


(itde)oy = (t109)+ (2°¥) 
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wo(yitye) = (bog) + (voy) 


Being a little sloppy we usually say that in this case C is an additive category itself, if the operations + 
on the morphisms C(X, Y) are understood. Also we introduce the convention that the law of composition 


o binds stronger than the addition +, that is we would write 7, oy + v2 0 y as an abbreviation of 
(a1 0 ~) + (2 0 w) and likewise wo y, + Wo Ye for (thoy) + (WO we). 
(11.14) Example: 


e The most prominent examples of additive categories are Ring and Modz. Of course the additions 


+ on the morphisms are point-wise 
(p+¥)(%) = (x) + ¥(a) 


e A truly new example is the following: Let (R,+,-) be a commutative ring, this gives rise to a small 


category FR with one object only: obj(R) := { R}. The morphisms are the multiplication functions: 
R(R,R) := {rAv:urraulae R} 


Then it is clear that R(R, R) carries an additive structure under the point-wise addition \_ + Az: 
ut+ (a+ b)u. It is also clear that Ao = 0 is the neutral element of this group and that A; = Ip is 
the identity. Thus R is an additive category. 


(11.15) Proposition: (viz. 1006) 
Let C be an additive category, X, Y, Z € obj(C) be objects and y € C(X,Y), w € C(Y, Z) be morphisms 
of C. Then we get the following identities: 


pod = 0 

Oop = 0 
yo(-y) = —-(bog) 
(—p)oy = —(p~og) 


(11.16) Remark: (<>) 


e As promised let us present three separate ways how to formalize classes: The most direct approach 
is to use a two-sorted language, one sort for sets and the other sort for classes. This idea was 
pursued by Bernays and also is the way in which we presented the NBG-axioms in section 0.5. 
We will write sets by latin letters X, Y, ...and classes by script letters V, Y,.... There are two 
element of relations, one between sets x © X and the other between sets and classes X € X. Yet 
there is no element of relation between classes themselves. That is ¥ € Vis an illegal expression! 


Then the NBCG-axioms provide a set of rules how to handle sets and classes. 
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e There also is another approach introduced by Gédel, refined by Mendelson, that uses a one-sorted 
language only: All variable symbols stand for classes, but we introduce a predicate M that says 
‘the class X is a set’) M(X) := 14%” (X © &X). Thereby M comes from the german word menge 
for set. The negation thereof P(X) := VAX -=(X © 2X) then is 'X is a proper class’. The formula 
‘For any set X we have y(X)’ of Bernays can then be translated into VX (M(X) = > y(X)) 
and likewise ‘There is a set X with y(X)’ can be translated into 3X (M(X) A y(X))’. Under this 


translation these two approaches yield the same results. 


e The third approach is to say a class is an expression of the form Y = { X | p(X) }, where ¢ is 
any formula in the language of sets. E.g. the universe then is Q = { X | X = X }. And if Xo is a 
fixed set (a constant symbol in an extension of the language) then Xo also is a class in the form 
Xo = { X | X = Xo}. This is what we recommend for a naive understanding, but be aware, that 


this is not a real answer, since it is not founded on formal logic. 
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11.2  Functors 


(11.17) Definition: 

Suppose C and D are categories, then the ordered pair F' = (Fy, Fm) is said to be a covariant functor 
from C to D, written as F': C > D, iff Fy : obj(C) — obj(D) is a function (of classes). For ease of notation 
we write F(X) := F,(X) € obj(D) for any object X € C. Also F;, is a class of functions that assigns 
any two objects X, Y € obj(C) a function of the form 


Fr(X,Y) : C(X,Y) > D(F(X), F(Y)) 


By abuse of notation we will write F(y) := Fn(X,Y)(y~) € D(F(X), F(Y)) for any morphism y € 
C(X,Y). Thereby, for any objects X, Y, Z € obj(C) and any morphisms y € C(X,Y) and w € C(Y, Z) 


we require the following identity: 


F(pocy) = Fh) op F(y) 


A contravariant functor from C to D, also written as F': C — D, is much the same: JF; is in the covariant 


case above, but for any two objects F,,(X, Y) is a function of the form 
F(X,¥) : C(X,¥) + D(F(Y), F(X) 


such that for any objects X, Y, Z € obj(C) and any morphisms y € C(X,Y) and = € C(Y, Z) we require 
the following identity: 
F(pocy) = F(y) op F(#) 


If C and D even are additive categories, then a (co- or contra- variant) functor F': C — D is said to be 


additive, iff for any two objects X, Y € obj(C) and any two morphisms yj, yo € C(X,Y) we get 
F(yi+¢2) = F(yi)+F(¢2) 


(11.18) Remark: 


e Clearly, the notion of a contravariant functor F' : C — D is nothing but a covariant functor F :C > 


D°? to the opposite category of D. 

elf F:C +— DandG:C — € are functors of any kind, then we may define the composition 
GF :C > € by GF(X) := G(F(X)) and GF(y) := G(F(y)). The composition GF thereby is 
a functor again - covariant, if F’ and G are of the same kind and contravariant, if fF and G are of 
different types. 

e If F:C + Dis an additive functor between additive categories, then it is clear that F'(0) = 0 and 
F(—y) = —F(y) and hence F(w — vy) = F(w) — F(y) for any morphisms y, ~ € mor(C). 
The first identity is true, since F(0) = F(0+0) = F(0) + F(O) and subtracting F'(0) we find 
0 = F(0). The second equation follows immediately, as 0 = F(0) = F(y — vy) = F(y) + F(-y¢) 
and subtracting F'(y) this is —F(y) = F(—y). 


(11.19) Example: 
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e Our first, trivial example of a functor is the so-called forgetful functor. This can be defined for any 
concrete category, but we want to do it exemplarily for the category Top of topological spaces here. 
In general the forgetful functor scratches the additional structure of the objects, picking out the 


base set and takes the morphisms as the functions they are. In the case of Top it reads as 


Top — Set 
(X,O) 4» X 
POR L 


e Now if (,+,-) is a fixed commutative ring anda <j R is a fixed ideal of R, recall the definition 
of the submodule aM of MZ 


n 
aM := { down 
i=1 


As we have seen in (3.40.(vi)) the quotient module //aM is a well-defined (#2/a)-module under the 
scalar multiplication (a +4)(a +aM) := (ax) +aM. Also ify: M > N is an R-linear map, then 
we obtain a well-defined, (R/a)-linear map y/a: M/aM — N/QN by letting (y/a)(a +aM) := 
p(x) + aN, according to (3.40.(vii)). It is clear that the operation /@ respects the composition of 


1l<neNn, a; €4, nem 


functions and hence we have an additive, covariant functor, given by 


Modpr a Mod /q 


M 
pry 7/4 


e Likewise if (2,+,-) is a fixed commutative ring and U C R is a fixed, multiplicatively closed 
subset of R, we have defined the commutative ring U~!R in (2.110) and the module U~!M in 
(3.115). And if ¢: M > N is an R-linear map, then by (3.119.(ii)) we obtain an U~! R-linear map 
U-ty: U-!M + U“!N by letting U-ty(2/u) := v(x)/u. Again it is clear, that the operation 


U~' respects the composition of functions and hence we have another additive, covariant functor 


Modpr — Mody-ipR 
M » U-!M 
yr Uy 


e An almost famous example if the tensor functor: Fix a commutative ring (R,+,-) and an R-module 


U then we get a covariant functor, by 


Modpr => Modpr 
Mw M®eU 
pr p@ly 


The construction of M/ @U and ~ ® lly have been given, in section 3.13 - just recall that » ® ly 


11.2 Functors 535 


536 


is defined by x @ut> v(x) @ u. This functor will be denoted by e ® U, thereby y @ U is an 
abbreviation of y @ ly (which we try to avoid). Due to the isomorphism M @U =, U®M there 


is no reason to study the functor U @ e separately. 


If C is any category and A € obj(C) is any fixed object of C, then we obtain a covariant functor H4 
by assigning each object Y € obj(C) the set of morphisms C(A,Y) and each morphism w € C the 
map Ha(wW):C(A,X) > C(A,Y) defined by Ha(w)(y) := oy. 


C — Set 

Y » C(A,Y) 

br (vr yoy) 
The functor Hy is called covariant hom-functor and we usually write C(A, e), for it e.g. mhom(A, e) 
in case of C = Modr. Then the notation C(A, X) = Ha(X) is straightforward and C(A,w) = 


Ha(w): eH Woy stands to reason. In complete analogy, fixing an object B € obj(C) we obtain 


the contravariant hom-functor C(e, B) by 


C — Set 
KSC, B) 
pH (prpog) 


Our last example is the foundation of algebraic geometry: The spectrum functor, that assigns every 


commutative ring (R,+,-) its spectrum that is its set of prime ideals 
Spec(R) = {p SG R|Va,be R:abep = acporbep} 


Recall the notation V(a) := {) © Spec(R)|a C p}, these are taken to be the closed sets of 
Spec(R). That is we get a topology on Spec(R) (called the Zariski-topology) by letting 


Zr := {Spec(R)\ V(a)|a a R} 


It is easy to see, that the closed points in this topology are precisely the maximal ideals of R. 
And as for a ring homomorphism y : R > S we have that y~!(q) <j R is prime, for any prime 
ideal ¢ <i S. Thus we obtain a well-defined map Spec(y) : Spec(S) — Spec(R) defined, by 
Spec(y)(q) := y~ +(q). And this even is continuous for the Zariski-topology, as y !(V(b)) = 
V(y"1(6)) Altogether we have a contravariant functor, given by 


Ring — Top 
R ++ (Spec(R), Zp) 
ge (Ie ¢""@) 


categories: Cg, C*, Bun, 


isofunctors, representable functors, Yoneda’s lemma, natural equivalence, equivalence of categories 
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11.3 Products 

definition of (co)products, examples: x, ©, ®, fibered product, injective and projective objects, definition 
of (co)limits 

11.4 Abelian Categories 


additive categories and their properties, additive functors, examples, kernel, cokernel and their properties, 
examples, canonical decomposition of morphisms, definition of abelian categories, left/right-exactness, 


examples: e/d, U-te, hom 
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Chapter 12 


Graded Rings 


graduations, homogeneous ideals, Hilbert-Samuel polynomial, Poincaré series, Hilbert-Serre theorem, 
Artin-Rees lemma, filtrations, completions 
12.1 Convergence 


Def: algebraic convergence relations (additive, multiplicative,...) Exp: induced on a subset, metric spaces, 
normed spaces, filtrations, G group F, CG G descending chain with bigcapr fF, = {e} then (a) > 
gz i= > (clan) € Fi, 
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Chapter 13 
Valuations 


siehe Bourbaki (commutative algebra) VI, mein Skriptum 
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Chapter 14 


Symbols 


Symbol | Content Introduced in 
IN natural numbers {0,1,2,...} - 

Z integers = integer numbers - 

Q rational numbers = fractions of integers (1.29) 
R reals = real numbers (1.27) 
Rt positive reals = {x € R| x >0} - 

R- negative reals = {x © R|ax <0} - 
Rso strictly positive reals ={xeER|x>0} | - 
Reo strictly negative reals = {x © R| x <0} ] - 

Cc complex numbers (1.34) 
H quaternions (1.36) 
Z =a-—ibforz=a+ibeC (4.89) 
|z| = Va? +0? forz=a+ibeC (4.89) 
|a| absolute value in an ordered ring (1.85) 


540 14 Symbols 


Content 


Introduced in 


the empty set {x | a Aa} 


Ht number of elements of a set 
|X| cardinality of the set X section 0.3 
= ##X for finite sets 

XUY xe€union =} cxeXorxeyYy section 0.3 
XY x € intersection => xe X andxeY section 0.3 
Uier Xi | © € grand union => Jicel: re X; section 0.3 
Nicer Xi | © € grand intersection <> Viel: a € X; | section 0.3 
XxxY carthesian product of X and Y (0.3) 
Ilicr Xi | Cartesian product of all X; (where 7 € J) section 0.3 
F (X,Y) | functions from X to Y (0.4) 
< partial or total order (0.15) 
~ equivalence relation (0.11) 
X/~ X modulo ~ = set of equivalency classes (0.11) 
Symbol | Content Introduced in 
Ae set of maximal elements of the set A (0.15) 
A, set of minimal elements of the set A (0.15) 
R* group of invertible elements of the ring R (1.43) 
A* transpose matrix of the matrix A (4.3) 
A# adjugate matrix of the matrix A (4.61) 
cof(A) | cofactor matrix of the matrix A (4.61) 
A complex conjugate of the matrix A (4.91) 

= the transpose matrix with conjugate entries 
y! adjoint homomorphism of » (4.99) 
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Part Il 


The Proofs 


Chapter 15 


List of Proofs 


page | proof of | requirements 


18 | (0.3) | elementary 
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Chapter 16 
Proofs - Fundamentals 


In this chapter we will finally present the proofs of all the statements (propositions, lemmas, theorems 
and corollaries) that have been given in the previous part. Note that the order of proofs is different from 
the order in which we gave the statements, though we have tried to stick to the order of the statements as 
tightly as possible. So we begin with proving the statements in sections 0.4 and 1.1. In the latter section 
however we have promised to fill in a gap first: We still have to present a formal notion of applying 


brackets to a product. And also we have to establish a simple fact from elementary number theory: 


Division with Remainder: 
Consider any d € WN with d > 1 which we call the divisor. Then for any x € Z there are uniquely 
determined g, r € Z such that 
(1) s=qd+r 
(2) re0...(d-1) 
This result will be largely generalized in section 2.7 and proved in greater generality, but as we use this 


fact for Z we have to give a proof beforehand. The numbers qg and r in the statement above can even be 


given explictly 


q=adivd := max{keZ|kd<-x} 
d = xmodd x — (a div d)-d 


Prob Existence: as x < |x| < |x|-d then set {k € Z| kd < x} is bounded from above by ||. Hence the 
maximum g := max{k € Z| kd < x} is well defined. Also take r := 2 — qd € Z. Then (1) x = qd+r 
is clear from the definition of r and as qd < x we also have r > 0. Now suppose r > d then we would 
have 0< r—d=x-—qd—d=2-— (q+1)d such that (q+ 1)d < x. But as g has been maximal, this is 


absurd, which only leaves r < d, such that (2) is established, as well. 


Uniqueness: suppose x = gd+r and x = ud+v for some g, r, wand v € Zwithr andv € 0... (d—1). 
Then 0 =2-—2=Qqd+r-—(ud+v) = (q—u)d+r-—v. That is d divides (q-—u)d = v—r. But as 
0 <v,r <dwe have |v —r| < d and hence v — r can only be divided by d, if vu —r =0. That is r=v 


and therefore gd+ r= ud-+ v implies gd = ud which also yields g = u. 


Proof of (0.3): 
Ifu =a and v = yitis clear that { u,v} = {2,y} and hence { u,{ u,v} } ={2,{2,y}} as well. For the 
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converse direction we need to distinguish two cases: First case: If x= y, then {z,y}={2,c}={ax} 


so our assumption reads as: 
{u{uott = {a {e}y 


That contains 2 assertions: u € {x,{a}} [which implies u = a2 or u = {a} and {u,v} Ee {a,{x}} 


[which implies {u,v} =a or {u,v} ={2a }]. Altogether we find 4 different combinations 


(iy =a (1.A) (1.B) 
{uo} ={2}] 1.9 | (10) 


It will turn out, that 3 of these cases end in contradiction and the fourth case will yield what we need: 
In case (1.A) we have wu € {u,v} = & = u which would mean uw € wu which contradicts the axiom of 
foundation. In case (1.B) we have u € {u,v} =a € {x} =u such that u € x € u which also contradicts 
the axiom of foundation. In case (1.C) we have u = x and {x} ={u,v}={2,v}. Thus { z,v } contains 
one element only which means x = v. As we also have x = y this is y= x =v and hence y = v. In case 
(1.D) we have u € { u,v } = {x} such that u = x. But as also x € {2} =u =2 we have zx € x which 


contradicts the axiom of foundation once more. Thus the first case leaves (1.C) only with u = x and v = y. 


If « = v then we can interchange the roles of u, x and v, y respectively, so this has also been dealt with 


in the first case. So in the second case we may assume u # v and x # y. In this case our assumption 


{u, {u,v} } = Ra a 


contains the first assertion u = x or u = {x,y} and the second assertion: {u,v} = 2 or {u,v} = 


{x,y }. Again we end up with 4 combinations 


u=2|u={2,y} 
{60} =e (2.A) (2.B) 
{uof={ayt | (20) (2.D) 


Again it will turn out, that 3 of these cases end in contradiction and the fourth case will yield what we 
need: In case (2.A) we have u € {u,v} = x = u such that wu € u contradicts the axiom of foundation. 
In case (2.B) we have u € {u,v} =x € {x,y} =u. Therefore u € x € u is a contradiction to the 
axiom of foundation. In (2.C) we get v € {u,v} ={2,y}. Thereforev =x orv=y. Butv=x=u 
if untrue, as we are in case 2. Thus we have v = y and u = x as needed. In case (2.D) we have 


ué€ {u,v} ={2z,y} =u such that u € u is our last contradiction to the axiom of foundation. Thus the 


second case leaves (2.C) only with u = x and v = y, as well. 


Proof of (0.6): 
By definition f(A) = { f(a) |ae A} that is y € f(A) is equivalent to y = f(a) for some a € A. 


Therefore we can rewrite the following set 


f(f(A) = {ee X| f@)€ f(A} 
= {reEX|dacA: f(x) = f(a) } 
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And thereby A is contained in this set as for z = a € A we have f(x) = f(a). If f is injective however, 
then f(x) = f(a) for some a € A implies x =a € A such that this set is contained in A, as well. This 


is the first property, for the next two we just take a close look 


FFB) = {f@)|eef"(B)} 
= {(f()|e€ X,f(e) eB) 
= {be B|Axrex:b= f(x)} 
= Bon{yeY|arvex:y=fi(x)} 
= BN{ f(a) |e X) 
= Bnf(X) 
pv \B) = {2eX|f@eY\B} 
= {nEX| fl) ¢B} 
= X\{weX|s@) eB) 
= x\f-(B) 


The properties for the preimage are always easy to verify: Recall the notation of the grand union [JB 


to be the union U; B; and compute 


f(UB) = {rex | fo) eV} 
= {Hex |apeJ = f(a) eB; } 
= {reX| f(x) €B;} 
jet 
= {ee 


jed 


| i () 3 = {ceX| f(a) e(\B} 


jet 


= {reEX|VjeJ: f(x) € Bj} 
= (){cEX| f(x) €B;} 


jet 


flac; 


jet 


In the second part we already used the grand intersection ()6 which in complete analogy is Nj B;. The 


respective properties for the image are a little harder to prove: Note that 


Ur) = Uf{f@)|a¢ 4s} 


iel tel 


That is y is an element of this set if and only if there is some i € J and some a, € A; such that y = f (aj). 


On the other hand 
f (U a = {fa) | 


wel 


t€T:aceA;} 


546 16 Proofs - Fundamentals 


That is y is an element of this set if and only if there is some 7 € J and some a € A; such that y = f(a). 
Does sound familiar? Yep, it is just the same and hence the sets are equal. In the same manner we 


proceed with 


() F(a) = {yeY|Vielsa¢ Aj: y= f(a) } 
wel 
as y € f(A;) if and only if there is some a; € A; with y = f(a;). The other set looks similar, but is not 


quite the same 


(M4 = {yEY|dacxX:VieTl:acAy,y=f(a)} 
tel 

So if y is in this set, then there is some a with a € A; for any i € I that also satisfies y = f(a). In 
particular we can take a; := a and thereby see, that y is hence also contained in (); f(A;), the converse 
inclusion need not be true however, as the a; need not be the same a. However if f is injective, then we 


may fix some j € I. Then for any other i € J we have f(a;) = y = f(aj;) such that aj = a; € Aj. As this 


is true for any 7 we have a := aj € (), A; which is the converse inclusion. 


Proof of (0.9): 

Injectivity: If (a) then for any u, x € X with f(u) = f(x) we have g(f(u)) = g(f(x)). But by assumption 
gf = x we get u = gf(u) = gf(x) = x which is (b) already. Next the implication (b) == (c) 
has already been dealt with in (0.6). So for (c) == (d) we start with some y € Y. If there no 
x € X with f(x) = y then f-'({y}) = @ so we have nothing to prove. If there is some x € X with 
f(x) =y then we let A:= {ax} C X. Therefore f(A) = { f(x) } = {y} and by assumption (c) we have 
{a}=A=f l(f(A)) = f-t(y}). That is f-1({ y}) contains 0 or 1 element which is (d). To return 
from (d) to (a) we need to find some g: Y + X with gf = Ix. To do this fix any x € X, then for any 
y € Y we define 


where {xz} = f-'({y}) 


wae C HI M{y}) =0 


cif¥f ({y}) =1 


As we have (c) no other values of #f~1!({y }) may occur and hence g is a well-defined function. If now 
y = f(x) then x € f-+({y}) such that we get g(y) = x Concatenating we get x = g(y) = g(f(x)) = 
gf (ax). And as this is true for any « € X we have found gf = 11x of (a). 


Surjectivity: |f (a) then for any y € Y we consider x := g(y), then from f(x) = fg(y) = y we see 
that y € f(X). As y has been arbitrary this is Y C f(X) C Y and hence (b). In (0.6) we have seen 
that for any B C Y and any f : X > Y we have f(f~!(B)) = BN f(X). Thus if (b) then we get 
f(f-1(B)) = BN f(X) = BNY = B which is (c). Next for the implication (c) = (d) we consider any 
y €Y and let B := {y}. Suppose there was some y € Y such that #f~!({ y}) = 0. This would mean 
f-'(B) = f-'(y}) =90 and thereby B = f(f~1(B)) = f(0) = which is a contradiction. Hence (c) 
implies (d). To return from (d) to (a) we need to find some g: Y — X with fg = ly. To do this define 


GRY SPR eee Ce) 


By assumption G(y) C X is non-empty for any y € Y. Thus by the axiom of choice there is a function 
g: Y — X such that for any y € Y we have g(y) € G(y) = f-'({y}). That is f(g(y)) € {y} and 
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thereby fg(y) = y. As this is true for any y € Y we have fg = lly of (a). 


Bijectivity: If (a) then we can define f-!: Y + X by letting f~!(y) := 2 where x € X is the one and 
only x that satisfies f(x) = y. Then it is clear, that f-!(f(x)) =a as f(a) satisfies f(x) = f(x). That 
is f-tf = Ixy. Also f(f~'(y)) = f(x) where x € X satisfies f(x) = y. That is f(f-'(y)) = y and 
therefore f f—~' = lly. We sill have to prove the uniqueness of f~! that is we consider any two functions 
g, h: Y + X such that gf = 1, =hf and fg = ly = fh. Then for any y € Y we get 


gy) = g(fhty)) = o( f(A) = gf (h(y)) = hy) 


And as g(y) = h(y) for any y € Y this is g = h. Now the implication (b) ==> (c) is trivial, just let 
€:= f-! andr := f~! then we are done. Also (c) == (d) is clear, as both are the property (a) of an 
injective, resp. surjective function. To return from (d) to (a) we start with some y € Y. As f is surjective 
property (b) tells us Y = f(X) = { f(x) |aexX}. As y € Y this means there is some x € X with 
y = f(a). For the uniqueness we use property (b) of injective functions: Suppose we had some x; and 
xo € X with f(x1) = y and f(x) = y. Then in particular f(71) = f(x2) such that 7; = x2. That is we 
found (d) from (a). 
Proof of (0.12): 

We first need to verify that X/ ~ truly is a partition of X: First of all if [x] € X/ ~ then [z] 4 0 as 
x ~ x implies x € [x]. Next we need to verify [a] = [y] for any [2], [y] € X/ ~ with [2] 1 [y] 40. To do 


this it suffices to check [a] C [y], as by the same reasoning we get [y] © [a]. As [2] [y] 4 there is 
some u € X with u © [x] M [y]. By definition of [x] this means u ~ ax and likewise u ~ y. But by the 
symmetry of ~ this also is x ~ u. If now z € [a] is any element, then z ~ z, too. And thereby we get the 
chain z ~ x and x ~ wu (which implies z ~ u) and u~ y such that z ~ y. This again is z € [y] and as z 
has been arbitrary this is [x] C [y]. Altogether we have proved property (2) of partitions. But property 


(3) is easy again: as x € |x] for any x © X we see that X is contained in the grand union of X/ ~. 


Let us also prove that for any partition A of X the relation ~, truly is an equivalence relation: First 
of all, if « © X then there is some A € A such that « € A by property (3) of partitions. Thereby 
{z,x} = {x} C A such that e ~,4 x. The symmetry of ~,4 is easy: Suppose x ~,4 y that is 
{x,y} C A for some A € A. As {y,2} = {x,y} we also have {y,2} C A such that y ~y @, as 
well. Finally we have to verify the transitivity: That is we consider x ~4 y and y ~, z. By construction 
there are some A, B € A such that {x,y} C Aand {y,z} C B. In particular y € ANB such that 
AN B#Q implies A = B. But then we have {2,2} C {2,y,z} C A=B such that x ~,y z, as well. 


So far we have seen that both ~+> X/ ~ and At+~, are well defined maps. To prove that ~1H» X/ ~ 
is bijective it suffices to show that A++~, is the inverse map. For the one direction we need to show: 
If we start with ~ and let A := X/ ~ then we have ~ = ~,4. That is we have to prove the following 
equivalency for any xz, y € X 

cVYyY => Bray 


For the implication from left to right we have x ~ y which is x € [y]. As y € [y] is generally true we find 
{x,y} C [y] such that x ~, y. If conversely x ~4 y then {z,y} C [z] for some z € X. In particular 


“x ~zand y~ z. But as ~ is an equivalency relation this also is z ~ y and hence x ~ y. Thus we 
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have the equivalency of the statements. And thus we found ~+> A:= X/~t> ~,4 =~ For the other 


direction we need to show: If we start with A then 


AS er 


As the equivalency relation now is ~4 let us write [x], for the equivalency class of x € X, that is 
[tqla={ueX luryzcxr}. lf Ac A then there is some x € A, as A 4 J. We will now prove that 


crcEA => A = [aly 


For the inclusion A C [2], we consider any a € A, as x € A as well this means {a,x} C A such 
that a ~4 x which again is a © |a]4. Conversely if u € [a], then we have u ~4 x which in turn is 
{u,z} C B for some B € A. But as x € A and x € B we have x € AM B and therefore B = A by 
property (2) of the partition A. In particular we see u € B = A such that [x], C A, as well. 

So if A € A then A = [x], for some x € X and thereby A € X/ ~4y. If conversely [x], is any 
equivalency class of ~4 then x ~,4 x implies x € {z,x} C A for some A € A. Now z € A implies 
A = |x], again, such that [x], = A € A. That is these two partitions are equal and altogether we have 
verified that AW ~ 4H X/~4 =A. That is the maps ~H X/ ~ and Ato y are mutually inverse. 


In particular they are bijective which we had to prove. 


Proof of (0.17): 

Let F ={21,...,%n }, then we will prove the claims by induction on n: For n = 1 we have F* = { x; } 
and max(F’) = 21 as there is no other element of F' to compare it with. For the induction step let 
Fy = fais. Sen4 } such that Fk U4 ae} 


First consider a total order <: If x; < x, for any 1 <i <n then max(F’) = x». Otherwise (as < is total) 
there is some xz; with x, < x;. And by induction hypothesis Fo has a greatest element g. Therefore 
In < x; < g implies x, < g. Thus max(f’) = g. In both cases F’ has a greatest element, which had to 


be shown. 


Now consider a partial order <: By induction hypothesis fp has a maximal element m. If now m < zp, 
then x, is a maximal element: Suppose x, < f for some f € Fo. Then m < a, < f implies m < f 
and hence m = f, as m was maximal in Fo. Then f = m < a, < f implies 7, = f. Conversely if 
a(x < ay) then m is a maximal element: If f € F is any set then either f © Fo for which we have 
m< f = > f =m due to the maximality of m in Fo or f = x. But in the latter case m < f is untrue, 


so there is nothing to prove. In both cases F’ has a maximal element, which had to be shown. 


The respective statements for the least element and minimal elements of F' follow immediately if we 


consider the opposite order x <'y :<= > y<ua. 


Proof of (0.18): 

First of all it suffices to to prove this for minima, as the same property for maxima follows by going to 
the inverse relation x > y :=> y <«. Let us first distinguish the case n = 2: As min{ x; } = 21 we 
get min{ min{ 71}, 22 } = min{ x71, x2 } and likewise min{ x1, min{ x2 } } = min{ x4, x2 }. 


Now for n > 3 we will distinguish two cases: First of all assume min{ 21,...,%} = Xp» and let 
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Im = min{x1,...,%p—-1}. Then by assumption x, < x; for any 7 € 1...(m — 1) and in particular 


Ln, < Lm such that 
min, Mint Vig tant fan = Mint teen} — cA Ming #152540 y F 


Also, aS tpn < 2; for any i € 2...n we have min{ x7,...,2%,} = XY», and as also x, < x1 we have 


min{ 71,2, } = 2p as well. From this we also get the equality 


ming 24,.mint 25,.:2,%,}¢) = mintaj@,} = a, =min{ 0.5 %,_ } 
Conversely let 2, = min{ 71,..., 2p } be the minimal element and assume x, < X41. Then in particular 
Lm = min{ 7,...,%_,—-1 } and min{ ey, Lp, } = Lm such that we find 
MUN MIN es .22 ey Eee oS Mint eat SS ee SM 9 yt 
For the second equality we first note x, = min{ %2,...,2%m } again and as also x, < 21 such that 


min{ 21,2m } = 2m from which we conclude once more 


itn} b 13 Min4 oes) SM ee } SN Pi 


Proof of (0.19): 
Consider any to x, y € ();C; - as I is non-empty there is some i € J and hence 2, y € Cj. But as 
C; © X is a chain this implies « < y or y < a. And as this is true for any x, y € (); Ci we find, that 
();Ci CG X is a chain in X again. 

Consider any to x, y € U; C; - that is « € C; and y € C; for some i, j € I. As the C; form a net 
under inclusion there is some k € I such that C; CG Cy and C; © Cx. In particular x e C; C Cy 
implies x € Cy and likewise y € Cy. But as Cz C X is a chain this implies x < y or y < x. And as this 
is true for any x, y € U; C; we find, that Uj; Ci; C X is a chain in X again. 


Proof of (0.20): 
Let us first verify the equivalency of (a) and (b): For (a) == (b) consider any x € X and let y := f(z). 
Then y < f(x) is a given such that (a) implies « < g(y) = gf(x). Likewise for any y € Y we let 
x := g(y) such that (a) also yields y < f(x) = fg(y) from x < g(y).Conversely for (b) == (a) we start 
with « < g(y). As f is anti-tonous, this implies f(x) > fg(y) => y by (b) and hence y < f(a). Likewise 
y < f(x) implies g(y) > g f(x) = x such that x < g(y). 
Next we prove that (a) and (b) ==> (c): For anya € X let Yr :={y € Y | x < g(y) }, then we have 
to verify f(z) = max(Y;). First of all we have x < gf(x) = g(f(x)) by (b), which means f(x) € Y,. And 
if we pick up any y € Y; then x < g(y) implies y < f(x) due to (a). Thus f(x) is a greatest element of 
Yz. 
Reversing the roles of f and g we likewise find that g(y) is a maximal element of X, := {x € X |y < f(x) }. 
The same reasoning shows (c) ==> (a): Since f(z) is a greatest element of Y; we find that x < g(y) is 
y € Yz and hence y < f(a). Again reversing the roles turns y < f(x) into x € Xy and hence x < g(y). 
Thus we have established the equivalency of (a) and (c), as well. 


Let us now prove, that (b) implies fgf = f and gfg = g: We start with x < gf(x), as f is anti-tonic 
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we get f(x) > f(gf(x)) = fg(f(x)) = f(x), where we used (b) again. Together f(z) 
implies fg f(x) = f(z). Likewise y < fg(y) turns into g(y) = g(fg(y)) = fala) 
g(y) = faf(y) = gly) also is fg f(y) = g(y). 

And from this property we get the one-to-one correspondence of the images: We note that by g(Y) C 
X we have f(g(Y)) C f(X) and therefore the map f : g(Y) > f(X) is well-defined. Likewise 
g: f(X) > g(Y) is well-defined. Now consider any x = f(y) € g(Y), then gf(x) = gfa(y) = g(y) =2, 
that is gf is the identity map on g(Y). In complete analogy we find for any y = f(x) € f(X) that 


faly) = fof(x) = f(x) = y such that fg is the identity map on f(X). That means that f and g are 
1 


fof(a) = f(x) 


2 
> g(y) such that 


mutually inverse f = g~ and hence form a one-to-one correspondence. 


Proof of (0.23): 

Let us prove the equivalencies for the ACC first: The implication (a) == (b) is quite easy to see: Given 
an ascending chain (a) C X (where k € NN), thatis vp < 71 < ao <..., letus take A:={a,|k EN}. 
By assumption A has a maximal element a* € A. Pick up some s € WN such that a* = 2. If nowi € N, 
then (as (a) is an ascending chain) we have xz, < x54;. But due to the maximality of 7; = a* this 


already is %54; = Zs. 


The implication (b) ==> (a) will be proved as = (a) = > — (b), which is only slightly more difficult: As 
(a) is untrue there is some non-empty subset A C X without maximal element. Negating the statement 


that A contains a maximal element yields: 


VaeEAAdbeEeA:a<b 


That is (by the axiom of choice) we may pick up a map v : A — A such that v(a) := b for some 
b € A with a < b. And as A is non-empty we may start with some x € A. Now recursively define 
Lp+1 = v(ep) = v* (xo). Then by construction we have found an infinitely ascending chain of elements 


Lo < @1 < X_ <<... which is the negation of (a). 


For the equivalencies of of the DCC we take (X,>) as a partially ordered set under the inverse order 
r>y <=> y<-z. A minimal element of < is a maximal element of >. And the DCC for < is the ACC 
for >. We already have already established the equivalency of (a) and (b) for the ACC of (X, >), so this 
is the equivalency of (a) and (b) for the DCC of (X, <). 


Proof of (0.24): 
Let us first prove (a) == (c): So consider any chain C C X, if C = @, then it is finite, so we may 
assume C' # (). We will construct an ascending sequence of elements, to do so start with Co := C. As 


Co #% and (X, <) satisfies DCC we may choose a minimal element in Co 


To € (Co), 
Suppose we already have 20, %1,...,%n © C such that 7 < a1 <-:- < Xp, then we continue with 
Cri = C\ {20,71,---,2n }. If still C,41 4 then we may choose a minimal element again 


Int+1 € (Cn41), 
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Suppose we had 241 < %p then, as p41 © Cnr41 C Cy and x, is minimal in C,, this would imply 
Ln+1 = Cy. But then 2, € Cy+1 which is untrue by construction of C41. But as %n41 < Zp is false, 
then x, < %p+41 as any two elements of C’ are comparable. Thus we are able to construct a strictly 
increasing chain of elements 


To < T1 <... SK Uy < B41 


of arbitrary length. But as (X,<) also satisfies ACC there is no infinite strictly increasing sequence in 
X. That means, that at some stage s € IN we cannot continue to append elements and this only is the 
case if C,,; = @. But this means that C = {2,71,..., 25 } is a finite set. 
Next we will prove (c) == (b): Starting with an ascending sequence of finite chains Co C Cy C 
Co C ... in X we need to show that this chain stabilizes eventually. Let us define 
C= U Ck C XxX 
k=0 
As (Cy) C Co(X,<) is totally ordered under C and any Cy C X is a chain (0.19) tells us, that 
C € C(X,<) is a chain again. But by assumption (c) C' then is finite. As any Cy, C C we find an 


increasing sequence in IN 


#Co < #C1 < #Co <... < FC < 


As C’ contains finitely many elements, this sequence in IN is bound and cannot rise indefinitely. Thus 
there is some s € IN such that #C.4; = #C; for any 7 € IN. And this is C,4; = C's as we also have 
Cs © C4; and these are finite sets. 

To go full circle we need to prove (b) == (a): We start by proving that (X,<) satisfies ACC, 
as well. To do this consider an ascending sequence % < v1 < 2 <... in X and denote Cy := 
{%0,%1,.--.,@% } C X. Then clearly Cy € Co(X, <) and 


Cy C.O-e b> « 


is an ascending sequence in Co(X,<). By assumption there is some s € IN such that for any i € IN 
we have Cy4; = Cs. That is r54; € Cs4i = Cs = {20,%1,...,”5} and thereby 2,4; = xp for some 
ke0...s. Then v4; = RE < 5 < &54i implies x54; = xs. That is the sequence (x;,) stabilizes. For 
the DCC we consider xp > 41 > %2 >... in X again. With the same C;, as before we find Cs4; = Cs 
again and thereby 254; = ®p > Ls > Xs4;. In complete analogy we get 754; = xs such that (X,<) also 
satisfies the DCC. 

It remains to prove that in this case any chain C' € C(X, <) can be refined to a maximal, finite chain 
in X. By (c) we know that C = {21,...,2n } is finite. Now let A be the set of all finite chains in X 
containing C’ 

A = {DeGl(X,<)|C ¢ D} 


Then A #0, as C € A. And by (b) Co(X, <) satisfies the ACC, such that there is a maximal chain 
C* € A*. And if D € Co(X,<) satisfies C* C D then (as C C C*) we have D € A, such that the 
maximality of C* in A implies C* = D. 


Proof of (0.25): 


The proof is elementary, but makes use of the axiom of choice and is very intricate. For better readability 
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we broke it down into several steps: 


(0) If X =@ then M = Qis a chain (all elements of ( are comparable) that also is maximal (X does not 


— 


— 


— 


have any other subsets). So the claim is satisfied trivially. Let us now consider the case X # 0): 


In a first step we will construct a function C(X,<) > C(X,<) that maps C'++ C’ where we have 
to construct C’: To do this start with A := P(X) \{@}. Then A #4 0, as X € A and for the 
same reason we have X C [JA C X. Thus (by the axiom of choice) there is a choice function 
r:A— X such that for any A € A we have r(A) € A. Given any chain C € C(X,<) let us now 
denote 

Ct = {gE X\C|CU{«} €C(x,<)} 


That is Ct is the set of all elements, that can be appended to C without ruining its chain property. 
It may well be, that Ct is empty - in fact we are looking for a a chain M with this property. If 
not, that is Ct # 0, then C* € A and hence we may define 


i a CifCt=90 
~ L cufrict)}irct 40 


In either case we have C C C’. And if C Cc C’ then the one elements that was appended, 
is r(Ct) € Ct. By definition this means that C’ is a chain again and hence this function is 
well-defined. 


Fix any xo € X (this is possible, since X #4 @ according to step (0). Then {xo } is a chain of X, 
albeit a very short one. 
{to} € C(X,S) 


If T C C(X,<) C P(X) then T is partially ordered under inclusion C. Thus it makes sense to 
speak of chains (under C) of chains (under <) of X. That is we will regard the set C(7, C) C 
P(P(X)). 


Definition: As set of chains T C C(X,<) is said to be a tower iff it satisfies the following three 
properties: 

(T1) {zo} eT 

(TA 4P eT ees 

(13) VAEC(T, C) : AAO = UAET 


For the fixed x € X let us now define the following set of chains of X 
To :={TEC(X,<)|x0ET} 


We will now prove that Jo is a tower: As { xo } is a chain and x € { Zo } we have (11). If T € Jo 
then zo € T C 7” such that (T2) is satisfied, too. Now consider some A C C(7Jo, C) with A ZO, 
then we need to prove T := (JA € 7o. First we prove that J’ € C(X,<) is a chain of X: That is 
any two elements a, b € T’ have to be comparable. By construction a € J’ means a € A for some 


A € A and likewise 6 € B for some B € A. As A is a chain its elements A and B are comparable. 
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Without loss of generality say A C B. Then a e€ A C B implies a € B. But we also have 
be Bandas BEA C To C C(X, <) we see that B C X is a chain in X. That is a and b are 
comparable. And as a and b have been arbitrary elements of T this means T € C(X, <) is a chain 
itself. But as A € A C 7p we have zo € A by construction of Jo. Hence we find 79 € A C T 
such that T’ € Jo which had to be shown for (T3). 


By (4) we know that towers are not a void notion, there is at least on of these. So we are tempted 


to look at the smalles tower possible 
= ales C C(X,<) | T is a tower } 


We will prove that 7, is a tower again: As for any tower 7 we have { zo } € 7 by (11), we also have 
{xo } € Tx. This is (11) for J,. And if T € J, then T € T for any tower J. Thereby 7” € T again, 
for any tower J such that 7” € J, as well. This is (T2) for 7;. Finally take some A € C(Tx, C) 
with A #4 @ again and let T:= (JA C X. That is A C TJ, is a chain. And for any tower 7 we 
have A C 7, C T such that T’ € 7. As this is true for any tower we have T € 7,. which finally is 
(T3) for Tz. 


Let C € 7, be a chain that is comparable to any other chain, that is CC Tor T C C for any 
other T € 7... Then we define: 


Te SATEEN CT or Coy 


We will prove that 7c is another tower: As 7, is a tower we have { x9 } € Jz. And as C € Tx C To 
we have 2 € C due to the construction of 79. Thus { zo } C C such that { zo } € Tc. This is (11) 
for To. If now T € To then we have to show T” € Jc that is C’ C T’ or T’ C T. By assumption 
T € To we have C’ C T or T C C. In the first case C’ C T C T we are done already. In the 
second case T’ C C we need to recall our assumption on C: As 7, is a tower, we have T” € 7, 
and thereby C' is comparable with T’. We either have C C TJ’ or T’ C C. The second case 
T’ C Cis one of the good options, it yields T’ € Tc directly. Thus we are stuck with T C C 
and C C JT". As T" exceeds T by exactly one point [T’ = T U{ x} for x = r(T*) € X] we either 
have C = T or C = T’. The first is C’ = T” in particular C’ C T’ and the second is T’ C C 
in particular. Thus in both cases we find C’ C Te again. Thus we have proved (T2) for 7c. Let 
now A C Jo with A 4 0). In particular A C 7, such that T := UJ)A © Tu, since J, is a tower. 
By assumption on C it is comparable with any element A € A. If we have A C C for any Ac A 
then T =|(JA C C such that T € To. So let us now consider the case that there is some Bc A 
with C C B. As BE A C Te we have C’ C B - the other option B C C has been ruled out. In 
particular C’ C B C |JA=T such that we also have T € Tc in this case. That is (T3) for To 


Let us now introduce the following subset of 7, - it consist of all the elements of 7, that are 


comparable with every other element of 7; 
C, := {AET,|VBET,: AC BorBC A} 


We will now prove, that C, is a tower, too: As 7, is a tower we have {x0} € Jy. And if T © 7, 
is any other element of 7, C Jo we find xo € T due to the construction of Jo. Thus {29} C T 
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and hence { xo } is comparable with all other T € 7,. This is { 2 } € C, and hence (11) for C,. If 
now C' € C, then Cc is a tower according to (6). In particular we have 7, C Jc by construction of 
J,. But as also 7c C 7, by construction of 7c this is To = 7... That is for any B € 7, we have 
C’ C BorB CC CC. That is C’ is comparable with any B € J; and hence C’ € C, again. 
This is (T2) for C,. Let now A C C, with A #9. In particular A C 7, such that T := UA € Ti, 
since J, is a tower. Now consider any B € 7, if A C B for any AC Athen T=UA CB 
and hence T' and B are comparable. If there is some A C B with =(A C B) then we note that 
AEéEA C C,, that is A is comparable with any element of 7x. And since =(A C B) this only 
leaves B C A for this particular A € A. Thus B C A C |JA=T. Thus B and T also are 
comparable in this case such that 7’ is comparable with any B € 7... But this is precisely what it 
takes for T’ € C,. Thus we have proved (T3) for C,. 


(8) Let us now reap the harvest of (7): Since C, is a tower we have 7, C C, by construction of 7,. But 
as C, C J, has been a subset of 7, this is C. = 7x. By construction of C, this means that every 


element of 7, is comparable, that is 7, is totally ordered under C, we have 
AC Bo BCA 


for any A, B € 7,. Finally define M := J7, aswe have just seen 7, is a chain itself, property 
(T3) of the tower 7, implies MM € 7, again. So by property (T2) we also have M’ € 7, such that 
M CUT=M C M’. So at long last we have M’ = M. By construction of M’ this is the 
case if and only if M+ =). So consider any C € C(X,<) such that M C C. If there was some 
x€C\M then MU{x} C C would be totally ordered, as it is a subset of the totally ordered 
set C. So we would have x € M+ = @ which is absurd. Hence we have C' = M, which finally is 
the maximality of /. 


Proof of (0.26): 

By Hausdorff's maximum principle (0.25) Z has a maximal chain M C Z. By assumption (2) M has an 
upper bound m € Z. That is we have z < m for any z € M. We will prove that m is a maximal element 
of Z: Suppose there was some z € Z with m < z. Then M’ := MU{z} is a chain again: Given any 
x, y € M' we have four possibilities: (P1) x, y € M, then x and y are comparable, as M is a chain; 
(P2) « © M but y = z then x < m < z such that x < z = y are comparable; (P3) x = z but y € M is 
analogous to (P2) and (P4) = z and y= z. Then x = y trivially are comparable. In any case x and y 


are comparable and therefore M’ C Z is another chain in Z with M@ C M’. By maximality of M we 


have M' = M which is z € M. As m is an upper bound of M this implies z < m and hence z = m. 


Proof of (0.28): 
If X = @ then we may take < := @ C @ x again. As X does not contain any non-empty subsets A, 
there is nothing to prove. So from now on we assume X # @). We will prove the theorem by zornification 


that is we define the set of all well-ordered subsets of X 
Z := {(A,<a4)|A C X, <4 isa well ordering on A} 
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First note that Z is non-empty: Since X #4 @) there is some 2 € X and we may take A := {x}. There 
is precisely one ordering on A and this is a well-ordering, namely <4 = (2,2). We now introduce a 
partial order < on Z: If (A,<,) and (B,<z) € Z then we take (A, <4) < (B,<z) if A C Band <4 
is the restriction of <p to A and B only contains no smaller elements than A. Formally that are the 


following three properties 
(1) ACB 
(2) Va,bDE A: (a<4b => a<pd) 
(3) Vae A, VbEB\A:a<pb 


It is clear that this truly is a partial order on Z. In order to apply the lemma of Zorn we need to prove, 


that any chain C C Z has an upper bound. Our candidate is (U,<y), where 


U := U{C|(,<c) €c} 


as a subset of X. And for any u, v € U we define the relation <y by taking 


e<ypy <= AC.<c)EC: uvEeCandu<cuv 


We will now prove the following: For any u, v € U and any (A, <4) € C such that u, v € A we have the 
equivalency 
UsupvU SS usgvu 


If (uw <y v) then there is no (C,<c) € C such that u, v € C and u <c v. But as u, v € A this must 
mean —(u <4 v). Conversely if u <y v then there is some (C,<c) € C such that u, v € C and u <c v. 
That is we have u, v € ANC. As C is a chain we either have (A, <4) < (C,<c) other the other way 
around. In this case we have u, v € A C C such that u <c v implies u <, v according to property (2). 
If conversely (C,<c) < (A, <a) we still have u, v € C such that u <c v implies wu <4 v by property 
(2), as well. 

Next we will verify that <y is a total order on U. If u © U then there is some (C,<c) € C such that 
u€C. Thereby uw <c wu such that u <y u again. Now consider u, v, w € U such that wu <y v and 
v <v w. By construction this means that u, v € A for some (A,<,4) € C and likewise v, w € B with 
uv <p w. As C is a chain we either have (A,<4) < (B,<g) or the other way around. In this case we 
have u € A C B such that u, v and w € B. Now wu <y v implies u <p v and with v <p w this is 
u <p w. Thereby u <y v again. And (B,<g) < (A,<a) can be treated completely analogous. In 
particular for u = w we have u <p v and v <p wu imply u = v. So we also have the anti-symmetry 
u<uv,v<yu => u=v. To show that <y is total we finally pick up any u, v € U. That is u € A and 
v € B for some (A,<,4) and (B,<g) € C. As C is a chain we may assume (A, <4) < (B,<g) without 
loss on generality. Now u€ A C B yields either u <p v or v <p u. Accordingly we get wu <y v or 


v <y u as needed. 


In the next step we have to verify that <y is a well-ordering on U: That is we are given any non-empty 
subset A C U and need to find a least element of this. Fix some a € A C U and take some (C,<c) €C 
such that a € C. As <c is a well-ordering the set AMC has a least element m. That ism € ANC 
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and for any b € ANC we have m <q b. If now b € A C U is any element in A, then there is some 
(B,<p) €C such that b € B. We distinguish two cases: If b € C then b€ ANC such that m <c b and 
thereby m <y b. If b ¢ C then b € B\C. As C is totally ordered we have (C,<c) < (B,<g) as the 
other relation would require B C C. Now note that m € C and b € B\ C imply m <z b by property 
(3). Again this is m <y b. Thus A has a least element m. 


By now we have (U, <y) € Z and we will show that for any (A, <4) € C we have (A, <4) < (U, <u). 
First of all we have A C U by construction of U. Also for any a, b € Awe have seena<4b = > a<y b. 
So it remains to verify property (3): Consider any a € A and b € U \ A, then we need to show a <y 0. 
But since b € U there is some (B,<p) € C such that b € B. As C is a chain (A,<,4) and (B,<g) are 
comparable. But (B,<g) < (A, <a) cannot be due to b € B\ A we necessarily have (A, <4) < (B, <p). 
From this we get a <g b which in turn is a <y 6. That is (U,<zy) is an upper bound of C. 


By now we have proved that any chain C C Z has an upper bound (U,<y). Thus by the lemma of Zorn 
(0.26) there is a maximal element (MV, <j) in Z. Suppose there was some x € X \ M, then we would 
define M’' := MU{a} and 

<r i= <mM U { (m, 2) |me M'} 


That is <jy is the order of M’ that features m <jy x for any m € M and is just <jy when restricted 
to M. By construction (M’, <jy-) is a totally ordered set, such that <jy even is a well-ordering of M’: 
If A C M’ then either AN M AQ or A= {2}. In the first case the least element of AM M is the least 
element of A, in the second case it is x. That is (M’,<jyr) € Z and (M,<a) < (M’,<’). But as 
(M, <a) is maximal, this means M = M’ which contradicts « € X \ M. Thus we could not have chosen 


x in the first place, such that X = M. But therefore <j, is a well ordering on X itself. 


Proof of (4.110): 
Let us look at a square, whose length of its sides is a+ b in two separate ways: First we can decompose 
that square into a square of size a, a square of size b and two rectangles of size ab. On the other hand we 


can decompose said square into a square of size c and 4 triangles that fit the description of the lemma: 


As it is the same square its area is equal, namely (a +b)”. Every two triangles in the figure on the right 


side can be combined to a rectangle of area ab. Thus their area is ab/2. The decomposition of the square 
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of size a + b now yield two separate formulas for the area of the square 


(ab)? = a+? +2. ab 


(a+b)? = 244.2 = ¢42-ab 


Note that the first equality is just the binomial formula for (a + b)?. As these two are equal we may 


subtract 2ab from the terms to find the desired pythagorean equality c? = (a +b)? — 2ab = a? + b?. 


Formal Bracketing (<) 

If we multiply (or sum up) several elements 21,...,%, © G of a groupoid (G,o) we've got (n — 1) 
possibilities, with which two elements we start - even if we keep their ordering. And we have to keep 
choosing until we finally got one element of G. In this light it is quite clear, what we mean by saying 
"any way of applying parentheses to the product of the x; results in the same element’. It just says, that 
the result actually doesn't depend on our choices. However - as we do math - we wish to give a formal 


way of putting this. To do this first define a couple mappings for 2<neéIN andk€ 2...(n— 2) 


Gedy. aa” 3G! : (@1,...,an) > (2122, £3,-.+,2n) 
DGsRy 3 GP SG te a he a VS i ee ee ea) 
One aS Gok (OL Sn hee a eae ta) 


Now we can determine the sequel of choosing the parentheses simply by selecting an (n — 1)-tupel & in 


the following set 
Dy := {k= (k1,...,kn-1)|k& €1...(n—4) forte 1...(n—1)} 
For fixed k € D,, the bracketing (by k) now simply is the following mapping 


By, — b(2,kn—1) Oe B(n,k1) PGs G 


Proof of (1.2) (associativity): (<) 

We now wish to prove the fact that in a groupoid (G,o) the product of the elements x1,...,2p is 
independent of the order in which we applied parentheses to it. Formally this can now be put as: for 
any k € D,, we get 


BEG eae) 2 eae 


We will prove this statement by induction on the number n of elements multiplied. In the cases n = 1 
and n = 2 there only is one possibility how to apply parentheses and hence the statement is trivial. The 
case n = 3 there are two possibilities, which are equal due to the associativity law (A) of (G,o). Thus 
we assume n > 3 and regard two ways of applying parentheses k,/ € D,, writing them in terms of the 


last multiplication used 


= BR igse Sa) SS BEC 43 Oe) Bol tei ee) 


a 
B= Beige ay) 


Ba(x1, fai , 03) Bg(xj41, cas) In) 
where i := ky, j := 1, and p := (ko,...,kn—1), q := (la,.--,ln—1). We may assume i < 9 and if i = j 
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we are already done because of the induction hypothesis. Thus we have z < 7 and by the induction 


hypothesis the parentheses may be rearranged to 


((x ty 


(((er-. 


ee) 


risidene) eas ita) 


Berg (ere 


Now the associativity law again implies a = b and as k and | were arbitrary this implies a = 27122... 


for any bracketing k chosen. 


Proof of (1.5): 


e Let (G,o) be any group, then ee = e 


Likewise if y= a! then ry = e = yx and hence x = y~!. Then we prove (xy)! = y 


ya! 


(xy)( ) 


e Next we will prove (2*)~! = (27!)* 


et 


aka 


ey” = ( 


e Now assume that zy = yx do commute. Then it is easy to see that 2 ly 


do commute as well, just compute 
yao} 


And by induction on k > 0 it also is 


= (ry)” 


= ee and hence e = ce! by definition of the inverse element. 


Pipe by 


x(y(yte)) = x((yy!)a~*) 
x(ex~1) = gv! =e 
y*(2-*(ey)) 


yt (cv) 


by induction on & > 0. If k = 0 then the claim is satisfied, as 


yt 


= e. Now we conduct the induction step, using what we have just proved: 


) is eG) = a2)" _ (1) 


1 


= y+ 


1 


1 


Le 1 


vy 


(yx) 


clear, that x*y = yx". Now we will prove (xy)* = x*y* by 


induction on k. In the case k = 0 everything is clear (ay)° = e = ee = x°y®. Now compute 


ey" 


(vv) (2v) 
= a (y' (ye)) 


ph (2y**") = k+1 


ghtly 


And for negative k we regard —k where k > 0, then we easily compute 


(0) 


e Note: in the last step of the above 


k k 
= (cor) = (e*7) 
- (Or) 
we have used (x~!)* = x2-*. But we still have to prove 
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this equality: as for any x € G we find that xx~! = e = x~!x do commute we also obtain 


a—* = (a*)—-! = (x1) for any k > 0, just compute 
k k 
gfe = Cay) ge = (x12) =e’ =e 
k k 
gee = aa) = Ca) =e’ =e 


e This also allows us to prove (a*)! = a* for any k, 1 € Z. We will distinguish four cases - to do 


this assume k, | > 0 then 


l 
ie) = g*g* ...a” (=times) = o® 


e It remains to prove a*x! = x**! for any k, 1 € Z. As above we will distinguish four cases, that is 


we regard k, 1 > 0. In this case a*x! = a**! is clear by definition. Further we can compute 
k l k+l 
g hg? = (x) (x) = ee) = gh) yb) 


For the remaining two cases we first show 2~!a! = x'1. In case 1 > 0 this is immediately clear. 
And in case | < 0 we regard —/ with | > 0 


gig = ¢ (a a) = (21) as prt): 2.gl-)-1 


We are now able to prove 2 "x! = a(-*)+! by induction on k. The case k = 0 is clear, for the 


induction step we compute 


gD gl — (g-lybg—lgl = (g ly kg-ly! = gg!) = gH 


The fourth case finally is a*a~! = 2*+(—), but as x* and a! commute (use inductions on k and 1) 


this readily follows the above. 


Proof of (1.7): 

The first statement that needs to be verified is that a subgroup P <g G truly invokes an equivalence 
relation x ~ y <— > y'a © P. This relation clearly is reflexive: « ~ x due to x !x =e € P. 
And it also is transitive because if x ~ y and y ~ z then y-tx € P and z'y € P. Thereby z ‘tx = 
z*(yy!)a = (2~ty)(ytx) € P too, which again means x ~ z. Finally it is symmetric as well: if 2 ~ y 
then y-!x € P and hence x ty = (y~‘x) € P too, which is y ~ x. Next we wish to prove that truly 
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[je Sr 


la) = {yeG|yraet = {yEeG|a«'y=peP} 
= {yeG|ipeP:y=xp} = {xp|peP} = xP 


So it only remains to prove the theorem of Lagrange. To do this we fix a system P of representatives of 
G/P. That is we fix a subset P C G such that P <> G/P : q+ qP (which is possible due to the 


axiom of choice). Then we obtain a bijection by letting 
G<o (o/p) xP i aHh (<P, q ‘a where «P = gP) 


This map is well defined: as xP € G/P there is a uniquely determined g € P such that gP = xP. And 
for this we get q ~ x which means q-!xz € P. And it is injective: if xP = yP = qP then q ‘tx =q ty 
yields x = y (by multiplication with q). Finally it also is surjective: given (¢P,p) we let x := gp € gP 


and thereby obtain g ~ x and hence (aP,q~!x) = (qP,p). 


Proof of (1.8): 
We first have to prove, that (X ), is a well-defined submonoid of G. As X C G and G is a submonoid, 
the intersection runs over a non-empty set and hence is well-defined. Also, as e € X¢, we clearly have 
e € (X )o. And if x and y € (X ), then for any P <p Gwith X C Pwe have 2, y € P. But as Pisa 
submonoid this implies zy € P again and as this is true for any P we also get zy € (X ), again. 

Likewise if G is a group, then (by the same arguments as above) (X )g is a submonoid of G. It remains 
to prove that it even is a subgroup: But as P is a subgroup this implies 2~! € P again and as this is 
true for any P we also get 2! € (X ), again. 

Next we will prove the explict representation of (X ) , to to this let us denote the set of finite products 
of elements of X~ by 

Oo Tito see | SNe Gees ee} 


Ase € X- it is clear that e € Q. Andifa = 2,...%m and y = y1... Yn € @ then by construction we also 
have zy € Q. That is: Q is a submonoid of G and as X C Q is clear we have (X )» C Q. Conversely, 
as (X ), is a monoid with X C (X), we have e and x € (X ), for any  € X. That is X- C (X )o. 
Therefore, if 71,...,%, € Xe then 21...2, € (X ), again and this also is Q C (X )o. Together we have 
Q = (X )o. 

We finally have to prove the explicit representation of (X )g, to do this let us abbreviate the set of 


finite products of elements of X4 by 


QO = Jew e, |e Noi eye Xe} 


If x € X we also have x! € Xx and as (2 !)~! = a we find that 2! € Xx for any x € Xx. That 


is X+ is closed under the inversion of elements. Also e € X¥+ is trivial. And if 7 = 21...2%m and 


Y = Y1---Yn € Q then by construction we also have xy € Q. But also x7! = en ae € Q, as 
with 7; € X+ we also have a € X14. Hence @ is a subgroup of G and as X C Q is clear we have 
(X)g C Q. Conversely, as (X )g is a group with X C (X), we have e, x and x! € (X )g for any 
x € X. Thatis X- C (X)g. Therefore, if x1,...,%, € X4 then x,...2%, € (X )g again and this also is 
Q C (X)g. Together we have Q = (X )g. 
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Proof of (1.9): 
It is clear that Q := {ar | ke Z } is a subgroup of G, as for any i, 7 € Z we have wa) = x’*) € Q and 
(x’)-| = a2" €Q. Also, as x € Q we get (x), C Q. But as x € (x)g and (x), is a group we clearly 
have x* € (x )g for any k € Z and hence Q C (ax)g as well. Altogether (x), = Q. 

Now suppose n := #G € N is finite, then @ C G is finite, too, say k := #Q. If now 7, 7 € IN with 
i <j then (by multiplication with a~* from the left) we clearly have 


eae = gw*=e 


Thus if we had 2? # e for any p € N then x’ ¥ 2 for any i < j and hence (2)g had infinitely many 
elements. As this is untrue, there has to be some p € IN with 1 < p such that 2? = e. Let m © IN be the 
minimal such number 

m := min{l<peN|a?=e} 


As x«™ = e is the first occurance of e we have x’ 4 e for any 1 < i < m. And this implies x’ 4 2x! for 


any 7, 7 € IN, witht #7 and 2, 7 < m. Hence we have found m distinct elements in (C)ag namely 
{a'|ie€0...(m—1)} C (x)g 


Conversely consider any x4 € (x)g and write q = pm + i by division of g by m with remainder 7 € 
0...(m—1). Then 2? = a? = (¢™)Pa" = cP’ = x". That is (x)g only consists of elements of the 


form x’ for some 0 < i <_m and hence the above sets even are equal. In particular we have m = k. And 


as (x )g is a subgroup of G the theorem of Lagrange (1.7) truly implies k | n. 


Proof of (1.10): 
If o and 7: X — X then the composition o7 : + o(7(x)) is another map of the form or : X > X. 


—lg-!. Hence Sx is closed under the 


And if both o and 7 are bijective, so is a7 with inverse (o7)~! = T 
compositon o. And the associativity of the composition is well-known. Also Ix : x++ z is bijective and 


hence ILy € Sx. Hence (Sx,0) is a monoid. And as a! is the inverse element of o and bijective again 


we have 0! € Sx again, such that Sx is a group. 


Proof of (1.12): 


(it) By induction on the number of elements n := #X: In case n = 1 we have X = {x} for some 


single element x € X. Hence the one any only map on X is given to be o(x) = z. In particular 


#Sx = 1 = 1! = (#X)!. Now for the induction step we consider a set with n + 1 elements 
X ={%1,...,%n,tn+1 }. Then we can decompose Sx into the following disjoint union 
n+l 
Sx = U F(t) where F(i) := {0 € Sx | o(@n41) = 2; } 
i=l 
Clearly, if o(%n41) = x;, then o induces a bijection between the sets X(i) := X \ {a;} and 


X(n+1). As X(i) always contains n elements we can choose a bijection a; : X(i) <> X(n+1). 


And this now gives rise to a bijection between 


Fi) <> Sxmaay oo | x (m4) 
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(ii) 


(iii) 


In particular for any i € 1...n +1 the set F(z) contains as many elements, as Sx(,41). And by 
induction hypothesis, as #X(n+ 1) = 7 this is n!. So altogether 


nt+1 
#8x = SO#F(i) = (n+1)n! = (n+1)! 
i=l 


Let us define an equivalency relation on S;,41 by letting @ ~ o if and only if e(n +1) =o(n +1). 


Then it is clear that the equivalency classes of this relation are precisely the sets 
Ey := {0 €Syii|o(n+1) =k} 


where & runs from 1 to n+ 1. E.g. the transposition 7 belongs to E, (that is [7] = E,%) since 
Th(n +1) =k. In particular the sets E;, form a pairwise disjoint [i.e. for anyi #7 E1...n+1 we 
have E; ME; = 0] union of S;,41. So it only remains to prove the equality of the sets 


Hp i ES = { thm | x € Si, } 


For the inclusion ">" we are given some 7 € S! and have to regard o := tx7. But clearly 
o(n+1) = tr(n4+ 1) = %(n +1) = k such that o € Ex. Conversely, if o(n +1) = k then 
we define 7 := 70 and find r(n +1) = to(n +1) = (kK) = n+ 1. Thereby 7 € S!, and 


Tht = To = such that we find o € 7% S/, as well. 


First of all we see that for any g, h and x € G the associativity of G gives birth to the following 
equality: Lgn(x) = (gh)a = g(hx) = Lg(hx) = Lg(Ln(a)) = LgLn(x). And as x € G has been 
arbitrary this is Lg, = LgLp. Also it is clear that L(x) = ex = x = g(a) such that Le = Ig. In 


particular L,-1 is the inverse map of L, since 


Lbs: aE =i = Wa 


g g-+g 


igh k= leet. Ss = Ne 


In particular Ly : G — G not only is a map, but even a bijective one. Hence L, € Sg and this 
makes L well-defined. It remains to show the injectivity of L but this is easy: if L, = Lp then 
g = ge = L,(e) = Lp(e) = he = h. 


Proof of (1.14): 


(i) 


(ii) 


As S:= eg | ke Z \ is a subgoup of the finite group S,, (this has been shown in (1.12.(i))), we 
know from (1.9), that there is some k € IN with o* = I, say k = ord(c). In particular o*(i) = i 
such that the cycle cyc(a, 2) if finite, with 0(0,7) < k = ord(o). 


Suppose we had 6 := o(a) € fix(a), then we had o(a) = b = o(b). But as a is injective this implies 


a = b € fix(a) which is absurd, since we started with a € dom(a). Hence we can restrict o to 
a: dom(c) <> dom(c) : a++ a(a) 
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(iii) 


But as a is injective and dom(c) is a finite set (it is contained in 1...m) this implies that the 


restriction of o even is surjective, in particular o(dom(c)) = dom(c). 


If now i € dom(c) then we will use induction on k to prove that any o*(i) lies within dom(c): The 
case k = 0 is true by assumption o°(i) = i € dom(c). Now o*+!(i) = a(a*(i)) and by induction 
hypothesis we know o*(i) € dom(c). Hence a*+!(i) € a(dom(c)) = dom(c) again. 


If g@ = o then dom(g) = dom(c) and oe(a) = o(a) for any a € D are trivial, as we even have 
o(a) = o(a) for anya € 1...n. Conversely let D = dom(g) = dom(a). If a € D then o(a) = o(a) 
by assumption. But if a ¢ D then we have a € fix(@) such that o(a) = a. Likewise a € fix(a) such 


that o(a) = a = e(a). Hence we have o(a) = o(a) for any a and this is 9g =o as claimed. 


If a € dom(g) then by assumption we have a ¢ dom(c) such that a € fix(c). In particular we get 


And as we know g(a) € dom(g) again, because of (ii), we likewise have g(a) € fix(a) such that we 
also find 


That is ga(a) = e(a) = oe(a) for any a € dom(g). In complete analogy (by interchanging the roles 
of g and o) we find (for any a € dom(c)) 


co(a) = o(a) = eo(a) 


And if finally a € (1...n)\(dom(@)Udom(o)) = fix(e)Mfix(c) then it is clear that oa(a) = o(a) =a 


and also c@(a) = o(a) =a. In any case we have seen (for any a € 1...n) that go(a 


—S" 
lI 
Qq 
—p 

Fie 1 
Q 


which is the commutativity oo = oa. 


Proof of (1.16): 
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As long as the order of the 7; is maintained, we still have 7, ++ 2,41 (and ig ++ 71) no matter with 


wich element 2; we begin. Hence 
(UO cen Pl SOO oe OE el aE Oe heed) 


Let us denote ¢ := (1 i¢)(1 ie_1)... (1 Zg), then given any a = i, let us regard ¢ from the right: 
ig is unaffected by any (21 i,) with p < qg. Hence i, it first hits (71 ig) which maps i, > i. Now 
i, immediatley strikes (71 ig41) again mapping 71 +> igy1. And ig41 passes through unhampered, 
as it only meets (i,7,) whith r > q+ 1 from now on. Altogether we have ¢ : ig ++ 1 +> igg1. A 
special case is a = 7 as this only strikes (i17¢) at the very end, such that ¢ : 7g +> 7. Therefore 


C=(ii ie ats ig). 


By induction on d := j—i € IN. The case d = 1 is trivial, as (i 7) = (¢ i +1) in this case. Ford > 2 
we have to regard (7 7) = (4 i+d). To do this we first prove that (¢ i+d) = (i i+1)(¢+1 i+d)(7 7+1) 
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by explicitly computing (from right to left): 


(ii+1) (i+1i+d) (¢i+1) 
i+d a i+d a i+1 a i 
a+1 Hi a HH 1 HH i+] 
a HH i+1 oa i+d oa i+d 


As the domain of ¢ = (¢7+1)(¢+1i+d)(¢7+1) is dom(¢) = {7,1+1,i+d} it is clear, that 
¢(a) =a for any a ¢ {7,2 +1,1+d}. And as C(t) =i+d, ¢(¢@+1) =i+1 and ¢(i+d) =i we 
have truly shown that ¢ = (7 i +d). But by induction hypothesis (i + 1 1+ d) is of distance d— 1 


and can hence be written as 


(i +1 i4+d) = (+1 142)... +d—1 i4d)...(i+1 i4d) 


Inserting this into (¢7+d) = (¢i1+1)(¢+172+d)(ii+1) we have also proved the case d > 2 and 


hence for any transposition, as d may be arbitrarily large. 


e Let us denote the cycle € := (a(i1) o(t2) ... o(ie)). Then is is clear that dom(£) = { o(71), o(i2),... 
and for any k € 1...€—1 we have €(o(t%)) = o(tx41), also €(o(te)) = o(i1). But on the other hand 
it is easy to compute oCo 1 (o(iz)) = oC(iz) = o(ip41) and likewise o€a~!(a(ig)) = oC(ig) = 
a(i1). Hence we have seen o¢a~!(a) = E(a) for any a = o(ix) (where k €1...2). Ifnowael...n 

)) then o*(a) ¢ {%1,%2,...,i¢} = dom(¢). Therefore we 


have a¢a+(a) = o(a !(a)) = a = E(a) again. That is c¢o~ and € share the same domain and 


o(ie) } 


is none of the o(ix) (that is a ¢ dom(é 


agree on it, such that by (1.14.(iii)) they are equal. 


Proof of (1.17): 


e (a) = = (b): by assumption we have o = (71 ig ... ie) for some pairwise distinct 7, € 1l...n 
Therefore it is clear that 
dom(c) = 441,45,2+.5°t¢} 


Let us abbreviate i := 71, then by induction on k it is clear that i, = o*—'(i), because o*(i) = 
o(o*1(i)) = a(x) = ings. If we are now given any a, b € dom(c), then there are r ands € 1... 
such that a =i, =o" !(i) and b =i, = 0% 1 (i). If s > r then we can readily take k := s—r ¢ IN 
to see 


a"(a) = 0? To" 1G) = o 1G) = 5b 


And if s < r then we take k := €+.s5—r € WN (which is positive, since r < @). Note that 


o'(i) = ao"! (i) = o(ig) = 41 such that we can likewise compute 
o*(a) = off") = of 16"(i) = = 04) = b 
Thus in any case we have seen that b = o*(i)(a) which had to be shown. 
e (b) => (c): choose any i € dom(c) then by assumption we have b = o*(i) for any b € dom(c) for 
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some sufficient & € IN. That is 
dom(a) C { of (i) |keE n} 


But the converse inclusion is a generat truth, for any permutation, as we have shown in (1.18.(ii)). 
And hence the above inclusion even is an equality of sets. Now (c) => (d) is trivial - note that 


dom(c) #0 is nonempty, as we assumed o # 1. 


e (d) ==> (e): all we have to do is prove, that the higher powers k of o*(i) are already contained 
in {o"(z) |r € 0...€—1}. So consider any k > &, then we use division with remainder to write k 
ask =ml+r for some m € N andr €0...€—1. As £ = ord(c) we have o% = Il such that we 


are enabled to compute 
oi) = o™*"(j) = (o*)" ori = I™9"(i) = 0° (i) 


Hence any o*(2) is contained in {o"(i) | r € 0...€—1} such that we get dom(c) = {o" (i) | r € 
0...€— 1} due to the assumption (d). 


e (ec) = > (a): let us take i, := o*—1(i) for any k € 1...¢. We first prove that there elements are 
truly pairwise distinct: Suppose 7, = 7; for some r # s, without loss of generality we can take 
r<s. Theno” !(i) = 0% !(i) implies o&—"(i) = 7 (by multiplication with o!~” from the left). That 
is there would have to be some h = s—r € N with o”(7) =i. Thereby h = s—r <s < £ such that 
he1...€—1. As £=ord(a) is the minimal number with of = Il this implies a” ¥ I, that is there 
has to be some a € 1...n with o”(a) # a. In particular a € dom(c) as else we would also have 


o"(a) =a. By assumption there hence is some k € 0...¢—1 such that a = o*(i). Now compute 


in contradiction to o”(a) # a. Hence the assumption i, = i, must have been false, that is 
the 7, are pairwise distict. Hence we are entitled to define ¢ := (71 ig ... ig). Then for any 
ke1...€—1 it is clear that C(ix) = ing, = o*(t) = o(o*"(i)) = a(x). However we also find 
C(ig) = 4, = i = 0 (i) = o(o%1(2)) = a(t). That is we have shown that ¢(a) = o(a) for any 
a € dom(¢). But as 


don(e): Saale { o*(i) |ke0...¢-1} = dom(o) 


is true by assumption, this implies ¢ = o. That is we have shown that o truly is the cycle generated 


by the ig. 


e The fact that 2 = ord(c) can be easily seen directly. But the implication (a) = > (e) already 


yields ord(a) = £, as the length @ of the cycle appears in (e) as the order of a, since o*—!(i) = ig. 


Proof of (1.18): 


(i) Let us abbreviate X :=1...n and S := ta® [ke Z}. Then this proof could be abbreviated by 
noting that S x X > X : (a,i) + o(i) is a group action with the orbits Sz = cyc(o,7). Anyhow 
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we want to give a direct proof that does not require group actions: 


Clearly ~ is an equivalency relation, i ~ i is true, due to 7 = o°(i) and if i ~ 7 with j = o? (i) 
and 7 ~ k with k = o%(7) then clearly & = o%(0?(i)) = oP F4(i) such that i ~ k again. Also let 
z := ord(a) € WN (also see (i)), then o = Il such that (o*)-! = o-* = o%a7* = o*-*. Hence 
if i ~ j with 7 = o* (i) then ¢ = o*~*(j) such that 7 ~ i again. And the equivalence class is 


obviously given to be 
i] = {GX | Fri} = {ok |kEW} = cyclo, i) 


If now 7 € cyc(a, i), then 7 is of the form j = o*(z) for some k € N. In particular o(j) = o*t!(i) € 


cyc(o,7) again. And hence we get a well-defined map 

G : cyc(o,7)  cyc(o,t) : aH o(a) 
Once more, as a is injective and cyc(a,7) is a finite set we even get a(cyc(o,i)) = cyc(o,2) such 
that the above ¢; bocomes bijective. We now expand ¢; to 1...7 trivially by letting ¢;(a) := a for 


any a ¢ cyc(a,7). Then it is clear, that 


dom(¢;) = cyc(a,#) 


And as ¢; acts on cyc(o,2) = {i,o(4),...,7°AO@} just like o does, it also is clear, that ¢; = 
(i o(i) ... o*(i)). Now, as ~ restricts to an equivanlence relation on dom(c) [for a € fix(c) the 
equivalence class is just [a] = { a }] we may pick up a system of representatives i(1),...,i(r). As 


the cycles are disjoint cyc(o, i(p)) MN cyc(o, i(q)) = 0 for p Aq € 1...1r we find from (1.14.(iv)) that 


the respective cycles commute 


PFGE L...7 = GipSiia) = SiaySi(p) 


Also if a € dom(c) then there is precisely one p € 1...r such that a € cyc(a,i(p)) = dom(¢,p)). 
In particular we have a € fix(¢;q)) for any g 4 p. And hence we get 


Thereby we only used the fact, that we can bring ¢j(,) in front by successively interchanging two 
cycles (which is obvious by induction on r). And if a € fix(o) then by consruction we also have 
a € fix(Cip)) for any p € 1...r such that (¢i1) --- Gary) (@) = @ = o(a). In any case we have found 
o(a) = (Gia) --- Gir) )(@) such that the equality o = G1) --- Gr) is finally established, as well. 


Let us abbreviate ¢ := ¢)...¢, and € := &...&. We will prove this statement by induction on 
m := min{k,t}. For m = 1 we already have ¢; = &; such that there is nothing to prove. For 
m > 2 consider any a € dom(¢,). By assumption this implies a ¢ dom(¢;) for any 7 4 1. Hence 


we get 
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(iii) 
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In particular a € dom(¢) = dom(&). Likewise there is a uniquely determined r € 1...t such that 
a € dom(€,) as for any s # r we get a ¢ dom(&,). Hence - by (ii) - we have €,(a) € dom(€,) again 
such that €-(a) ¢ dom(&,) for any s #7, as well. This implies 


Altogether ¢i(a) = C(a) = €(a) = &-(a). We will now prove dom(¢,;) = dom(E€,): given any 
b € dom(¢;) there is some p € IN such that b = C?(a) by virtue of (1.17.(b)), as Ci is a cycle. 
Therefore b = C?(a) = F(a) € dom(€,) by (ii) again. Altogether this is 


dom(G:) CG dom(€,-) 


Reversing the roles of ¢; and €, we find the converse inclusion, such that the domains are equal. 


In particular, given any a € dom(¢;) we can repeat the above calculation, to find 


Vae dom(¢1) = dom(€;) : ¢1(a) = E,(a) 


Clearly this implies ¢, = €,. Recall that the domains of the €, were assumed to be pairwise disjoint, 


such that by (1.14.(iv)) the €; are mutually commutative. Then we can compute 
ese Ss eG = eee ee 
sAr 


Hence by induction hypotheseis we find & — 1 = ¢—1 and some permutation a such that Gj = €q(i) 


for any 7 € 2...k. Clearly this implies & = t and we can append a to a € S, by a(1) :=r. 


By (iv) o can be written as a composition of cycles ¢; := ¢;;) with pairwise disjoint domains. And 


by (v) these cycles are uniquely determined. Hence this item (vi) is an immediate result of (iv) and 


(v). 


By (iv) any permutation o € S,, can be written as a composition of cycles 0 = (;...¢,. And 


according to (1.16) any cycle ¢; can be written as a composition of transpositions 
G = II Ti,j 
je J(i) 
Again, according to (1.16), any transposition 7;,; can be written as a composition of adjacent 


tg = [aise 


ke K (i,j) 


transpositions 


Altogether we can decompose o into a - admittably very large - composition of adjacent cycles 


Qi;,k by putting all this together. 


The implication (b) == (a) is quite easy: pick up the cyclic decomposition @ = ¢)...¢, as in 
(ili) and let & := mG} for any i € 1...r. Then by (1.16) & is a cycle of the same length 


ord(&;) = ord(G;) again. And as 7 is bijective the cycles €; are pairwise disjoint again. Now 
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compute 


-1 -1 
o = ToT = 101C2...Cn0 
= nda ladon )...acyn! 


= €1€...&% 


That is we have found a cyclic decomposition of o again. And by construction this decomposition 
satisfies the properties of (a). But as the cyclic decomposition of o is unique (up to sequence, as 
we have seen in (ii)) (a) is true for any cyclic decomposition of o. 
The converse implication (a) == (b) only requires little more effort: Let us abbreviate (i) := 
ord(¢;) the length of ¢;. That is there are some numbers a;,; € 1... such that ¢; can be written 
as 

G = (G1 G2 --- ag) 
And by assumption we have ord(f,¢)) = ord(¢i) = ¢(7) such that there also are numbers bj; € 
1...m such that €,(;) can be written as 


Ea(i) = (bi1 bia --- bea) 


As the domains of the ¢; and the &, are pairwise disjoint we obtain a disjoint union of sets (that 


compose the domain of @) 
k 
=... fag | 9 ela 1G} 
i=l 
And this enables us to define a permutation 7 € S,, by letting 7(a;,;) := 0;,; for anyi ec 1...k and 
jg €E1...&(4) and a(a) := a for any a ¢ D. Then by (1.16) it is clear that 


=| “1 
NGM = Wii G2 .-. Aiea))T 


= (n(ai1) T(ai2) --- (a; e))) 
= (bi bi2 ... dew) = Fats) 


Hence we find (reversing the computation in the case (b) ==> (a) above) that o and @ are truly 


conjugates under 7 


k k k 
Ron Sm (I<) a [[ 6a = llé Se. 
i=l i=1 i=l 
Proof of (1.2) (commutativity): 
We will now prove that in a commutative groupoid (G0) the order in which the elements 271,...,2, € G 


are multiplied has no impact on the result of the composition. That is for any permutation o € S, we 


Lo(1)%o(2) sae Xo(n) S28 en 


As we have seen in (1.18.(iv)) any permutation o € S, can be expressed as a composition of adjacent 
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transpositions 


oO = A QAQ... Ag 


We will now prove the claim by induction on the number of transpositions s. In case s = 1 we have to 


deal with one adjacent transposition, say a = (j 7 + 1). Then we have 
n 
[[ 2a S= Ue Vi Vip Uj Uj1Q~-- En 
i=1 


But by the commutativity rule (C) we can interchange xj; and x; in this product to find xQ(1)%q(2) --- a(n) = 
LL... LjLj41...En. In case s > 2 we let a := ay and g = a2...as. Then it is clear that o = ag. And 


as in the case s = 1 resp. by induction hypothesis we get 


n n 


[20 = [][ 20 = [[2c@ = [[« 
i=1 aN 


i=1 i=1 


Proof of (1.22): 


(i) Let us denote the set A := {(i,7) € (1...n)? | i < j} and the map 6: (1...n)? > Z: (i,j) — j-i. 
For p, qg € IN we let pq be the minimum and pV q be the maximum of p and gq. At last we define 


ym: ASA: (i,j) (a(i) Ao(j), o(4) V o(j)) 


Thereby & is well defined, since 1 < a(t) A a(j) < o(t) Vo(j) < n. In fact © even is bijective, as 


we can explicitly give its inverse to be 
BN ASA: HI) (OTM A), OVO") 
As A is finite it suffices to check ©~1E = a: let (p,q) := N(i,j), then p and g € {a(i),o(j) } 


and p <q. Hence o~!(p) and o~'(q) € {1,7 }, so ordering them we get ©~!(p,q) = (i,7) again, 


which is the bijectivity of &. Also we easily compute 


I 
> 
Qq 
— 
BS 
| 
Qq 
— 
>. 
a 
a, 


After all these preparations we can proceed to the main computation: we use the fact that (due to 
the commutativity of Z) the product can be permuted arbitrarily without changing its result. Here 


we have 


I] G-) = J] @a= [[ Gs 


(i,j)EA (i,j)EA (p,.qex(A) 
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(iii) 


= JJ G3) = -n' JT] (eG) - 2) 


(4,j)EA (4,j)EA 


And from here we are almost done, note that the product [[(j — 7) is non-zero, as we always have 
i <j. Also 1/(—1)(7) = (—1)/(%) as this number is either +1 or —1. Hence dividing by the 
product and (—1)/(7) we finally get 


Teen (6) -— 2) o(9) — a(t) 
_4\l(c) — +4Gi)eA a FAI) 
ae He jyea - 4) i 


Let us continue with the notation introduced in (i) above. Then we have already shown the following 


identity for any permutation o 


(17 J[ g-) = J] (G)--@) 


(4,j)EA (t,j)EA 


Using this identity for the composition go and the permutations o and @ seperately we can again 


compute 


(1) JT G-a = [I] (eG) - e0(i)) 


(4,j)EA (i,j)EA 
= (-1 J] (a) - ef) 
(i,j)EA 
S—Syey? ae) 


Hence dividing by the product [](j — 7) we have established the homomophism property of the 


signum, expressed in terms of (i): 


sgn(oo) = (—1)¢7) = (-1)1((-11) 


Consider the permutation 7 = (a b) where (without loss of generality) a < b. Then it is easy to 


see, that 7 has the following inversions 


{ (i,j) € A] r() > (9) } 
={(a,a+s)|1<s<b-—a}sU{(a+7r,b)|1<r<b-a} 


In particular we get I(7) = (b— a) +(b—a-—1) = 2(b—a) —1 and thereby we get - using variant 


(i) of computing the signum 
r re b—a a 
sgn(r) = (1)10) = (=1%-9)-1 = (1) =} = 1 
That is any transposition is an odd permutation! Thus, if o = 7...7, is a composition of r 
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— 
= 
=. 

a 


— 


transpositions, then the homomophism property (iv) of the stignum implies 


r 


sgn(o) = [J san(m) = [](-1) = (-1)" 
i=1 


By (1.16) we know that any cycle ¢; can be written as a composition of ¢() — 1 transpositions. 
Hence - by (iv) combined with (iii) 


sgn(a) = sgn(¢,...¢-) = [[ san(ci) a5 ep 
t=1 i=l 
And as the domains of the ¢; are pairwise disjoint (1.14.(iv)) implies, that they are mutually com- 


mutative. Hence by (1.5) we find that any power & € IN of a is just 


a 
k k 
o = II¢ 
i=l 


Also as dom(¢*) C dom(¢;) (this is (1.14.(ii))) and the dom(¢;) are pairwise disjoint we have (for 
any a € 1...n) o(a) = aif and only if ¢¥(a) = a@ for any i € 1...r. In particular we see the 
equivalency of 


St: Velie CS 1 


As G; is a cycle its order is given to be (i) = ord(v;). Hence ¢* = 1 if and only if £(i) divides k 
(by division with remainder again, write k = m€(i) +r then ¢¥ = Cen = = 1itr =). 
Therefore 


f= S&S Viel.wr: ea |k 


Now ord(c) = kis the minimal number 1 < k € IN such that o* = Il. And likewise lcm(¢(1),..., £(r)) 


is the minimal number that is divided, by all the @(z). In particular both numbers are equal. 


By definition A,, is just the kernel of the group-homomophism sgn : S;,, — Z*. Therefore the first 
isomorphism theorem (of groups) yields 


Sn/ 4, + Z* : cAn > sgn(o) 


In particular these two sets have the same cardinality. Now use the theorem of Lagrange and 


(1.12.(i)) to compute 


#S, 
ne hae a ag eg, 


Proof of (9.4): 


(i) Clearly for any x € X we have z ~ z, since x = ex. Also if x ~ y, say y = gx for some g € G, 
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then 2 = ex = (g-'g)x = g~'(gx) = g ty such that we also have y ~ x. And if also y ~ z, say 
z = hy for some h € G, then we also have z = hy = h(gx) = (hg)a such that x ~ z. Altogether ~ 
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(iii 


) 


is an equivalency relation on X. And for x € X the equivalency class of x is the orbit Gz, since 


[7] = {yEeX|xry} 
= {yEeX |igeG:y=gr} 
= {grx|geG} = Ga 


We will first prove that the stabilizer G* = { g € G| gx = x} isa subgroup of G. First of all e € G” 
since ex = x. Also if g, h € G® then gx = x and ha = x such that (gh)x = g(hx) = gx = x, and 


—ly such that 


this means gh € G* again. Finally g € G® implies x = ex = (g-!g)x = g (gx) =g 
g_! € G® again. Altogether G® is a subgroup of G. It remains to prove the well-definedness and 
bijectivity of 

Gz C/ x : gat gG” 


Let us first check the well-definedness: if gr = ha then (h-'g)2 = h-'(gr) = h-l(hx) = 
(h-th)a = ex = x such that h~'g € G®. And this again is gG® = hG” by definition of G/P. Now 
the surjectivity is clear: for g € G then gx € Gz is mapped to gG*. And for the injectivity suppose 
we had some g, h € G with gG*® = hG®. Undoing the above computation we then have h~!g € G® 
such that gx = e(gx) = (hh !)gx = h((h~'g)ax) = ha again. 


By definition we have gA C A for any g € G. But this implies A = eA = (gg !)A=g(g 'A) C 
gA C Asuch that gA = A. 


(iv) Given g € G and x € X \ A we have to show gx € X \ A. Thus suppose ga € A, then 


(v 


(vi 


) 


a 


x=exr=(g'g)e@=g (gr) eg tACA 


By (ii) we have #Ga = #(G/G") and (as both, G and X are finite) by the theorem of Lagrange 


(1.7) this implies 
#G 
#G* 


Now the second orbit formula is a simple consequence: as ~ is an equivalency relation the orbits 


#Gz = [G:G*] 


Gz form a partition of X and hence 


#X = S #6r = #6 YY ge 


Gre X/G GreX/G 


The basic idea of this proof is the following identity of the disjoint unions of the stabilizers G” = 
{g€G| gz =x} and the fixed point sets X9 = {x € X | gx =x}. Thus taking to the unions we 
find 

Ufa} « x9 = {(g,2)€GxX|gxr=2} = Uorx{a} 

geG rex 


And as these unions are disjoint (by construction) we hence already have proved the second part 


i lak 
HX! \ #G 


gEG rex 


of Burnsides formula 


For the first part we use the partition of X into orbits Gx again, that is X = ()Gz where the 


union runs over all orbits Gz € X/G. This can be used to split the sum over all « € X into two 
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seperate sums the first over Ga € X/G the second over y € Gx 


So#G = Yo So #G = YO #Gz- 4" 


rex GrEex/G yeGz Gzrex/G 


But by the orbit fomula in (iv) we have #Ga-#G” = #G identically, such that this sum is reduced 


once again, leaving only 


4 = SO #e = 40-4%/¢ 


xEX GrEex/G 


Proof of (7.2): 
Throughout this proof we assume a, y, € € A and {, 6, 7 € B. Suppose A and B are integral and 
(a, 8) + (e,n) = (7,6) + (e,7). By construction this means a+e =y+eand 6+n=6+7. But if 
A and B are integral this impliea a = y and 6 = 6 which is (a, 8) = (y,5) again. Hence in this case 
A x B is integral, too. 

For any « € A let us denote 93'(c) := {(a,7) € A? |a+y=c} and likewise S5'(n) for some 
n € B. Then ((a, 8), (7,6)) € Say p(€.n) is equivalent to (a + y,8 +6) = (e,n) which in turn is 
equivalent to (a, 7) € S4'(e) and (8,5) € Sz'(n). That is we have a bijection of 


Saxplesm) + Sac) x S3'(n) 
((a, 8), (7,6)) 4 ((a,7), (8,6) 


lf A and B are solution-finite, then both Sj'(e) and S'(7) are finite and hence $4'(e) x S3'(n) is 


finite, as well. But this means in this case A x B is solution-finite, too. 


Proof of (7.6): 


(i) Recall the definition of the minimum and maximum of any two elements a, € A (this is truly 


well-defined, since < is a linear order) 


ee es 
aN Bp = av Bp — 
BifB<a BikB<a 


In the case that M = { w} contains one element only, we clearly get the minimal and maximal 


elements ju. = 4 = u*. If now M is given to be M = { 11,..., fn } where n > 2 then we regard 


jie = 2 Ne) Ain 


pe = Geri N pe) 22 VV tia 

Then js, and y* are minimal, resp. maximal elements of /, which can be seen by induction on n: if 
n = 2 then jx is minimal by construction. Thus for n > 3 we let H := {ju,..-,fn-1} C M. By 
induction hypothesis we have H, = {v, } for v* = ((f1 A wa)..-) A Un—1. Now let wx = ve A Mn 
then [lx < Uy < py for? <n and px < fy by construction. Hence we have px < py for any 


a € 1...n, which means yp, € M,. And the uniqueness is obvious by the anti-symmetry of <. 
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And this also proves the the claim for the maximal element y*, by taking to the inverse order 
a>B => BK<a. 


The existence of ju. is precisely the property of a well-ordering. The uniqueness is immediate from 
the anti-symmetry of < again: suppose jz; and jg both are minimal elements of J, in particular 


[ty S fg and fg < py. And this implies ju; = fz, as < is a (linear) order on A. 


In the direction (a) == (b) we consider a < @. By the positivity of < this implies a+y < 6+/7. 
If the equality a + y = 6 + y would hold true then - as A is integral - we wolud find a = £ in 
contradiction to the assumption a < {. In the converse direction (b) == (a) we are given a < £. 
The positivity a+ y < G+7 (for any y € A) of < is clear in this case. Now asumea+y= 6+ 7 
then we need to show a = § to see that A is integral. But as < is total we have a < 6 or 8 <a, 
where we may assume a < § without loss of generality. If we now had a ¥ £ then a < 6 and 
hence a+ y < 8+7 in contradiction to a+7 = (+7, which rests this case, too. Now (c) = > 
(b) is trivial such that there only remains the direction (b) == (c). But this is clear - assume 


a+ty< 8+y7 but a> £, then by the positivity (a) we would get the contradiction: a+y > 6+y7. 


Assume jt # [tx, then by the minimality of yu. this would yield pu. < 4 and hence (by property (b) 
in point (iv) above) 

uty = Lx +i, < UtVy 
Thus we see that v € 1. and hence (by the minimality of v,) we get v. < vy again. Using (b) once 


more this yields a contradiction 
Mtv < bth < wt+ty 


Thus we have seen js = px but in complete analogy we find that v ¢ v, leads to another contra- 


diction and hence v = 1. 


Proof of (2.1): 


(v) 


(vi 


As < is a total order, we may assume a < b without loss of generality. If a, b € A*, then b € A, 


a < banda € A* implies a = b. Likewise if a, b € A, then a € A,a < banda € A, implies a = b. 


By induction on n: if mn = 1 then a, = a; is trivial and ifn = 2 then a, is minimal by construction. 
Thus for n > 3 we let H := { a1,...,@n-1} C A. By induction hypothesis we have H, = { hx } 
for h* = ((a1 Aag)...) Adn—1. Now let ay := he Aan then ax < hy < aj fori <n and ax < an by 
construction. Hence we have ax < a; for any i € 1...m, which means a, € A,. And the uniqueness 
has already been shown above. This also proves the like statement for A* by taking to the inverse 


ordering b> a := > a<b. 


Regard Z as a partially ordered set (Z, C ) under the inclusion relation (this is allowed, due to 
(1)). If now C C Z is a chain, then by (2) we get U :=UC € Z. And clearly we have C C U for 
any C' €C. Thus U is an upper bound of C and hence we may apply the lemma of Zorn to (Z, C), 
to find a maximal element Z € Z*. 
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(x) Let us define the partial order B< A := > AC Bon Z. lf nowC C Z is a chain, then by (2) 


we get U :=()C © Z. And clearly U C C (which translates into C < U) for any C € C. Thus U 
is an upper bound of C and hence we may apply the lemma of Zorn to find a <-maximal element 


Z. But being <-maximal trivially translates into being C-minimal again. 


Proof of (7.7): 
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e In the following we will regard arbitrary elements a = (a;), 8 = (fi) and y = (yi) € A:= IN®. In 


a first step we will show that - assuming (J, <) is a linearly ordered set - the lexicographic order 
is a positive partial order on A. The reflexivity a <{ex a is trivial, however, and for the transitivity 
we are given a <iex 8 and 6 <\ex y and need to show @ <jex y. The case where two (or more) of 


a, 6 and ¥ are equal is trivial and hence the assumption a@ <tex 0 <tex y reads as 


apn<B, and Vick: a, =f; 
B<ym and Vi<l: B=% 


for some k,l € I. We now let m := min{ k,/} then it is easy to see, that Vi< m : a; = Bi = 7; 
and Qm < Ym which establishes a <jex y. It remains to prove the anti-symmetry, i.e. we are given 


Q <tex 8 and GB <j, @ and need to show a = 3. Suppose we had a ¥ @ then again 


anr< Be and Vi<k: a= 8; 
Bo<aq and Vi<l: 6 =a; 


In the case k <1 this implies a, < By = ay and in the case 1 < k we get §; < a; = £}. In both 
cases this is a contradiction. Hence <j. is a partial order, but the strict positivity is easy: Assume 


Q <tex 3, then we need to show a+ 7 <tex G+. So by assumption there is some & € I such that 
Ap < Be and Vi<k: a = 8; 


But then a+ 7 <tex 8 +7 is clear, as we can simply add yz € IN to a, < 6, and add 7; € IN to 


any a; = (; in the above property, from which we find 
Ont < Bete and Vick >: atyu=hitr% 


In a second step we will show that - assuming (J, <) is a well-ordered set - the lexicographic order 
truly is a positive linear order on A. By the first step it only remains to verify that <jex is total, 
i.e. we assume that 8 <j., a is untrue and need to show a <i, 3. The assumption that 8 <jex a is 


false means, that for any k € I we have 


Be >a, or Fisk: a AL; 


It is clear that in particular a # ( and therefore there is some | € I such that a; 4 {). Now, as 


(I, <) is a well-ordered set, we may choose 
k := minf{lelI|a, 46} 
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Then Vz < k we get a; = §; (as k was chosen minimally) and 6, > a, (by assumption). Yet 


Br = cy is false by construction which only leaves 6, > a, and hence establishes a <jex 8. 


In the third step we assume that J is finite, ie. J = 1... without loss of generality. Note that 
clearly is well-ordered under its standard ordering and hence it only remains to prove the following 
assertion: let ? 4 M C A be a non-empty subset, then there is some yz € M such that for any 
a € M we get tt <tex a. To do this we define 


1 := minfa;eNl|aeM} 
2 := minfage NlaeM, a =p} 
Lin = minf{a,€ N|aée M, ay = 4,..-,An—1 = Un-1 } 


Hereby the set { a; | a € M} is non-empty, since I 4 & was assumed to be non-empty. And 
{az |a€M,a, = p11 } is non-empty, as there was some a € M with ay = p41 and so forth. Hence 
ps is well defined and it is clear that pp © M, as 4 =a for some a € M. But the property 4 <tex a 


is then clear from the construction. 


Now we will proof, that - assuming (J, <) is a linearly ordered set - the w-graded lexicographic 
order is a strictly positive partial order, as well. It is clear that <,, inherits the property of being 
a partial order from <jex so it only remains to verify the strict positivity: Let a <, {, then we 


distinguish two cases. In the case |a|., < |G], we clearly get 


lat+yo = laluottle < [Blotiye = [8+ |e 


If on the other hand |a|,, = |G|,, then by assumption a@ <jex 6 and as we have seen already this 


implies a+ Y <tex 8+. Thus in both cases we have founda+y7y<y48+y7. 


We now assume that (J, <) even is a well-ordered set and prove that <,, is a total order in this 
case. Hence we need to regard the case that 3 <,, a is untrue. Of course this implies Jal, < |G. 
w, but in this 


case the assumption reads as: — 6 <jex a. As we have seen above the lexicographic order is total 


and in the case |a|,, < |G|,, we are done already. Thus we may assume |a|,, = |G 


and hence @ <je, 8 which conversely implies a <,, 8. 


In the final step we assume that I is finite, ie. J = 1...m and we need to show that <,, is a 
well-ordering. Thus let 0 4 M C A be a non-empty subset again, then we have to verify that 
there is some ys € M such that for any a € M we get uz <,, a. To do this we define 


m := min{la|,|aeM} 


pw i= minfa|laeM, lal,=m} 


where the second minimum is taken under the lexicographic order. As M is non-empty m is well- 
defined and as <je, has been shown to be a well-ordering js is well-defined, too. But uw € M is 


trivial and jz <,, @ is clear from the construction. 
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Chapter 17 


Proofs - Rings and Modules 


Proof of (1.39): 


e The statement 0 = —0 is clear from 0+ 0 = 0. And a0 = 0 follows from a0 = a(0 + 0) = a0 + a0. 
Likewise we get 0a = 0. And from this an easy computation shows (—a)b = —(ab), this computation 
reads as ab+ (—a)b = (a+ (—a))b = 0b = 0 (and a(—b) = —(ab) follows analogously). Combining 
these two we find (—a)(—b) = ab, since ab = —(—ab) = —((—a)b) = (—a)(—0). 


e Next we will prove the general rule of distributivity: we start by showing that (aj +---+@m)b = 
(a,b) +---+ (dmb) by induction on m. The case m = 1 is clear and in the induction step we simply 


compute 
(a1 +++++am + amy) b - ((ar +++: + am) + amit) b 


m m m+1 
= (- «| b+ amb = (> «s) +amyib = DS) aid 
i=l i=l i=1 


Likewise it is clear, that a(b; +---+ bn) = (abi) +---+(ab,). And combining these two equations 
we find the generale rule 


e Using induction on n we will now prove the generalization of the general law of distributivity. The 
case n = 1 is trivial (here J = J(1) so there is nothing to prove). Thus consider the induction step 
by adding J(0) to our list J(1),...,J(n) of index sets. Then clearly 


IL & ea) S* a(0, 40) } | T] So aa) 


i=0 j,€J (i) jo€J(0) i=1 jE (i) 
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Hence we may use the induction hypothesis in the second term on the right hand side and the 


general law of distributivity (note that 


(a i) 


ITS a 


1=0 j,€I(#) 


To finish the induction step it suffices 


we use J = J(1) x --+ x J(m)) again) to obtain 


n 
5 II Qi, ji 


= Ds a(0, jo) 
jo€ J (0) jeJ i=1 
n 
= So Y$a(0, jo) [] ol, ss) 
joEJ(0) jet i=1 


to note that the product of a(0, jo) with []j_, a(é,j;) can 


be rewritten [];’.) a(i, 7;) (due to the associativity of the multiplication). And the two sums over 


j(0) € J(O) resp. over 7 € J can be co 


have obtained the claim 


e Thus we have arrived at the binomial 


mposed to a single sum over (jo, 7) € J(0) x J. Thas is we 


S> [[eGa) 


(Jo,3)€J(0) x J i=0 


rule, which will be proved by induction on n. In the case 


n = 0 we have (a + b)® =1=1-1=a°b?~°. Thus we commence with the induction step 


qg@t pe fe 3 


qlortt 4 


a+b) 


(;) gk tlpn— out ) akp(ntl)—-k 
-( 


n kp(n+1)—k ky(n+1)—k 
ee Ja b +> (ie p' 


(Ce 1) + (f)) atoere-# + (7 ater 


3 ( Jatsin-+ 4: (" + i) gnttyo 
n+l 


k=1 


n+1 
k 


e It remains to verify the polynomial rule, which will be done by induction on k. The case k = 1 is 


clear again, and the case k = 2 is the 


ordinary binomial rule. Thus consider the induction step 


n 
(a1 +++ +a% + an41) 


(ans + (a1 


= ( 


n 


De 


a 
QK41=0 K 


+1 


+++ax))" 


) 


Ak+1 


Qt (a, +--° + ap) ORI 
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a NM — Ak+1 
a y ( ig Jer 
a 


|o|=n—ap41 


n 
S- S- n N— Ak+1 a 
QAk+1 a 


OK 41=0 la|=n—agy1 


3 (, ) (a arusyoer 


Qa, p41) 
[(e,o%41)|=n 


II 
Me 
a™~ 
= 
+ 3 
A 
NY 


Proof of (1.45): 
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The equality of sets NzD(R) = R \ zp(R) is immediately clear from the definition: the negation of 
the formula 3b € R: (b#0) A (ab =0) is just Vb E R:ab=0 = b=0. 


If a € NiL(R) then we choose k € IN minimal such that a* = 0. Suppose k = 0, then 0 = a? = 1 
which would mean that R = 0 has been the zero-ring. Thus we have k > 1 and may hence define 
b:= ak-! £0. Then ab = a* = 0 and hence a € zp(R), which proves NiL(R) C zp(R). And if 
ab = 0, then a € R*** would imply b = a~'0 = 0. Thus if a € zp(R) then a ¢ R* which also proves 
zo(R) C R\ R*. 


It is clear that 1 € NzD(R), as 1b = b. Now suppose a and b € Nzp(R) and consider any c € R. If 
(ab)c = 0 then (because of the associativity a(bc) = 0 and as a € NzD(R) this implies bc = 0. As 
b € NzD(RR) this now implies c = 0 which means ab € NzpD(R). 


It is clear that 1 € R* - just choose b = 1. Now the associativity and existence of a neutral element 
e = 1 is immediately inherited from (the multiplication) of R. Thus consider a € R*, by definition 
there is some b € R such that ab = 1 = ba. Hence we also have b € R* and thereby b is the 


inverse element of a in R*. 


"<= "first suppose 0 = 1 € R then we would have R = 0 and hence R\ {0} =@ and R*=RFO, 
in contradiction to the assumption R* = R\ {0}. Thus we get0 40. Ifnow0 Aa e€ Rthena ce R* 
by assumption and hence there is some b € R such that ab = 1 = ba. But this also is porperty (F) 
of skew-fields. "=> "if 0 4a © R then - as RF is a skew field - there is some b € R such that 
ab = 1 = ba. But this already is a € R* and hence R \ {0} C R*. Conversely consider a € R*, 
that is ab = 1 = ba for some b € R. Suppose a = 0, then 1 = ab = 0-b =0 and hence 0 = 1, a 
contradiction. Thus a 0 and this also proves R* C R \ {O}. 


Consider a and b € NiL(R) such that a® = 0 and b! = 0. Then we will prove a+b € NiL(R) by 


demonstrating (a + b)**! = 0, via 


kl 
rot = SEO) gi 

k k+l k+l 
= ( : Jaye i 3 é i aktipl-i 
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And if ¢ € R is an arbitrary element, then also (ca)* = cka* = c*0 = 0 such that ca € NiL(R). As 
a has been chosen arbitarily, this implies R(Nit(R)) C Rand hence nit(R) <i R is an ideal. 


e Consider x and y € ann(b). Then it is clear that (1 + y)b = xb + yh = 0+0 = 0 and hence 
x+y €ann(b). And if a € R is arbitrary then (ax)b = a(bx) = a0 = 0 such that ax € ann(b). In 


particular —x = (—1)x € ann(b) and hence ann(b) is a submodule of R. 


e Let u € R* anda e€ R with a” = 0, then we can verify the formula for the inverse of u +a in 
straightforward computation (see below). And in particular we found u+a€ R*. But as a has 


been an arbitrary nilpotent, this has truly been u+ NIL) C R*. 


Be 


n—- 


(a+u) So(-1)Faku-*! 
k=0 
n—-1 


n-1 
= Sepa ars ait S-(-1)*aku* 


k=0 k=0 
n n-1 
= So (-1)* taku’ So (-1)kakur&-Y) 
k=0 


k 
= (-1)* te"u "4+ (-1)’a’u® = 1 


Proof of (1.43): 
We now prove of the equivalencies for integral rings: for (a) ==> (b’) we are given a, b and c € R with 
a #0 and ba = ca. Then we get (c — b)a = 0 which is c— b € zpo(R). By assumption (a) this implies 
c —b=0 and hence b = c. Now the implication (b’) => (c’) is trivial, just let c = 1. And for the final 
step (c’) ==> (a) we consider 0 4 b € R such that ab = 0. Then (a+ 1)b = ab+ 6 = b such that by 
assumption (c’) we get a+ 1 = 1 and hence a = 0. Thereby we have obtained zo(R) C {0} and the 
converse inclusion is clear. 

Next we consider (a) == (b), again we are given a, b and c € R with a £ 0 and ab = ac. This 
yields a(c — b) = 0 and as a £ 0 we have a ¢ zp(R) such that a € NzD(R). Hence c — b = 0 which 
is b= c. The implication (b) ==> (c) is clear again, just let c = 1. And for (c) = (a) we consider 
0Aae€ R such that ab = 0. Then a(b+ 1) = ab+a=a. By assumption (c) this implies b+ 1 = 1 and 
hence b = 0. Therefore R\ {0} C Nzp(R) which is R\ {0} = Nzp(R) and hence zp(R) = { 0}. 


Proof of (1.42): 
Let us regard the polynomial ring R = Z{z, y] in two variables x and y. As R is commutative it is clear, 


that (x + y)”" = (a + y)*(a + y)"-*. By the binomial rule (1.39) we may evaluate these terms to 
k n—-k 
M\ ron k 4, kt n—k J qjn—k—j 
Jew = (Ee) (E05) 
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T 
M 
A 


(‘) es ae, 
pee ee J 
BDAC, 

. . xy 

U Jj 


r=0i+j=r 


T 
is 
M 


where we also used the general rule of distributivity. Now we may compare coefficients (which is allowed 


by construction of f) to find our claim (as 7 = r — 2) 


Wier lee ep aeleay 


i+j=r 


Proof of (4.8): 


(i) 
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It is clear that mat» (A) is an R-module, as a matrix in nothing but a peculiar way of arranging 
an mn-tuple A € R™”. If this doesn’t convince you try the following reasoning: M := R™ is 
a R-module under the point-wise operations. Hence mat »(R) = M” is an R-module under 
the point-wise operations, too. But the point-wise operations are precisely what we have taken 
for the addition and scalar-multiplication of matrices. And the fact that € is an R-basis follows 


immediately from (3.59.(vi)) once we notice, that any matrix A = (a;,;) can be written uniquely, as 


m n 
Al SOS aig Bis 


i=1 j=l 


We will first prove the associativity of the matrix multiplication. To do this fix any index 2 €1...m 


and /€1...q and compute 


P 
S> ent; ,(AB) ent, .(C) 


k=1 


= S° Sy ent; (A) ent; ;(B) ent, 1(C) 


= oy ent;,;(A) SS ent; ;(B) entz(C) 


ent; ((AB)C) 


= S > enti,;(A) ent; (BC) 
j=l 
= ent;,;(A(BC)) 


The distributivity can be proved by a direct computation as well. In this case we prefer to e4mploy 


the scalar product however: 


ent;,(A(B+C)) = (row;(A), col,(B + C)) 
= (row;(A),col,(B) + col,(C)) 
= (row;(A),col,(B)) + (row;(A), col,(C)) 
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= ent;,(AB) + ent, (AC) 
= ent;,(AB+ AC) 
ent;4((A+B)C)) = (row;(A+ B), colk(C)) 
= (row;(A) + row;(B), col,(C)) 
(A), coly(C)) + (row;(B), col;,(C)) 
= ent; ,(AC) + ent; (BC) 
= ent,,(AC + AC) 


= (row;(A 


(iii) As mat, is an R-module by (i) and the multiplication is associative and distributive by (ii) we 
already know that mat, (J?) is an R-semi-algebra. It remains to prove that Il truly is a unit element 


in mat,(R). To see this consider any A € mat,,() and compute 
ent;,(1A) = Sent, (11) ent;,;(A) 
= So 5,3 ent;,;(A) — ent; (A) 


ent;,(Al) = S> ent; ;(A) ent; , (11) 


(iv) The inverse generally is uniquely determined in associative grupoids, let us repeat the proof here: 
Suppose both B and B’ € mat,(R) satisfy AB = 1, = BA and AB’ = 1, = B’A respectively. 
Then we find B = B’ by a easy computation 


B = Bi, = B(AB’) = (BA)B’ = 1,B' = B' 


(v) We will first prove cEN(R) Il C cEN(mat,(R)), that is we consider any a € CEN(R) and B = (b;,;) € 
mat, (J2). Then we have to check that (all)B = B(all). But as a commutes with all other elements 


of R this is quite easy to see: 
(al)B = a(1B) = aB = (ahi;) = (bb ja) = Ball) 
Conversely consider any A = (a;,;) € CEN(mat,(R)), that is A is a matrix, that commutes with 


all other matrices. In particular we have AF,, = E,,,A for any r, s € 1...n. Now evaluate the 
(i, k)th entry 


n 
ent; (A E,,s) = So aij Oxr Ok,s = Air Ok,s 


ent; «(Er,s A) 


n 
y Oi,r 0j,8 ajk = Oi,r ask 
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(vi) 


(vii) 
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That is for any 2, k, r and s € 1... we have a; dx¢,5 = Oj 7r@s,. Let us choose s := k then this 
equality specializes to 


Qir = Oir Uk,k 


In particular - by taking r := 7 - we find aj; = ax, for any indexes 27, k. And if r ¥ 2, then 
we have aj, = 0. That is A is a diagonal matrix, in which all diagonal elements are equal. In 
short: A is of the form A = all for some a € R. Now take B := bi, then clearly AB = abil and 
BA = ball. But as AB = BA and b € Ris arbitrary, this implies a € cEN(R). Hence we also 
have CEN(mat,,(R)) C cEN(R) 1. 


Let A = (aj) and B = (b;,;) where i, 7 € 1...n. Then by definition of the matrix-multiplication 


we have 


n 
enti(AB) = So aijbj. 
j=l 


Thus we find the equality of tr(AB) and tr(BA) using the following computation in which we 
rename the indices 7 and 7 [in the third step], use the commutativity of R [in the fourth step] and 


swap the summation symbols [in the fith step] 


tr(AB) = 5 ent;(AB) = Sas 
i=1 


ang z ie 
= Vd apibig = DOD disap, 
j=l i=1 j=l i=l 
n on n 
-_ Ss" Ss" 65454 = Ss" ent;,;(BA) 
i=1 j=1 i=1 
= tr(BA) 


Let us first check, that p4 : R” — R™ truly is R-linear. Again this is a straightforward computation 
using the definition of the matrix-vector multiplication. Pick up x, y € R” and a € R, then for any 


7El1...m 


[A(e+y)]; = Say lety]l, = D5 ag(ey +y;) 

j=l j=l 

= Sage! gy = Aale [Au 
j=l j=l 

[A(ax)]|; = Sas lar], = So aijax; 

j=l j=l 

= ay ange; = a[Az], 

j=l 


The latter, since R is commutative. As this is true for any 7 € 1...n and the operations in R™ 
are point-wise again, we have A(x + y) = Ax + Ay and A(ax) =aAz. Therefore pa: 2 Ax 
truly is in mhom(.R”, R”) such that A +> va is well-defined. Next we have to check, that this map 
a homomorphism of R-modules, that is p48 = pat yes and Yaa = ayy. But this has already 
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(viii 


) 


— 


o— 


been dealt with, in (ii): 


pare(t) = (A+B)x = Av+ Br = ga(c)+¢n(2) 
gaa(t) = (aA)e = a(Ar) = apa(c) 


It remains to check the bijectivity of A++ w4. We will do this by presenting the inverse map: If 
p: R” + R™ is R-linear, then take 


[gy] <= (a;,;) where aj; := [y(e;)]; 


where e; = (1,0,...,0) to e, = (0,...,0,1) denote the Euclidean basis vectors of R”. Thus if 
A = [y] we have to check that y4 = vy and [ya] = A. The latter is straightforward: 


enti; ([pa]) = [vale;)], = [Ae]; = [col;(A)], = enti;(A) 


And since this is true for any 7 € 1...m and any 7 € 1...n we have [ya] = A. If now A = [y] 
then ai; = [p(e;)], and hence col;(A) = (a1,;,..-,@m,j) = y(e;) € R™. Therefore 


Thus we have ya(e;) = y(e;) for any j € 1...n and as these for a basis of R” and both y, and 
y are R-linear we have y4(x) = v(x) for any x € R”. That is p4 = y such that y +> [y] truly 
is the inverse map of A+> yy. In particular A +> yy is bijective and hence an isomorphism of 


R-modules. 


It is clear, that the transposition A ++ A®* is bijective - the inverse map is the transposition 
Matym(R) 4 matmn(R) : Br B* again. And the R-linearity of the transposition is straightfor- 


ward again 


ent; ;((aA + B)*) = ent; ;(aA + B) = a ent;,;(A) + ent; ;(B) 
aent; ;(A*) + ent; ;(B*) = ent; ;(aA* + B*) 


Recall that R is assumed to be commutative here. Let us compare all the entries of the matrices 
(AB)* and B*A*,i1€1...landk €1...n. Then by definition of the matrix-multiplication we find 


that all entries are equal, just compute 


ent, ;(B* A") (row;,(B*), col;(A*)) = (col,(B), row;(A)) 
(row;(A),col,(B)) = ent; ,(AB) 


= ent; ((AB)*) 


Let us first assume that A is invertible, then an easy computation yields 1,, = 1% = (AA~!)* = 
(A~1)* A* where the latter equality is due to (vi). Likewise I,, = (A~!A)* = A*(A71)*. Hence we 


have seen that in this case A* is invertible, too and that the inverse is given to be (A~!)*. That is 
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we have proved the equality 


(ary _ (A7')* 


If conversely A* is invertible, then we have just seen that (A*)* = A is invertible. So this already 


establishes the equivalency of the invertibilities of A and A”*. 


(xi) Let us denote x = (21,...,%) € R” and y = (y1,.--,Y%m) € R™, then it is straightforward to 


compute 
(Ax, y) = S > [A]; Y= S >So enti,;(A) 2; Yi 
i=1 i=1 j=l 
= Soa; Slentij(A)y = Soa; S-entys(A*) yi 
j=l i=1 j=l i=1 
= Soa [A*yl; = (e, A*y) 
j=l 


Proof of (4.10): 

Ifwel...d=l(1)+---+U(r) is any row-number of A, then there are some i € 1...r and wu’ €1...1(i) 
such that the u-th row of A runs across the u/-th rows of A*! to A%’. That is we can pick up i €1...7r 
and u’ € 1...1(4) such that u = u’ + 1(1) + --- + (i — 1). Likewise for a column-number v € 1...n = 
n(1) +---+ n(t) of B, there are some k € 1...t and v’ € 1...n(j) such that the v-th column of B 
runs across the v’-th columns of B!4 to B*4. Again we pick up k €1...t and v’ € 1...n(n) such that 
v=vu' +n(1)+---+n(k—-1). 

Then the (u,v)-th entry of AB is given to be (row,,(A), col,(B)). But as the u-th row of A and the v-th 
row of are concatenations of the u/-th rows of the A‘! and of the v’-th columns of the B’* respectively 


we find that 


row, (A*t) col, (Bl*) 
enty,,.(AB) = (row,(A),col,(B)) = ( ; ) 


row, (A’s) col, (B**) 


By assumption on the compatible block-structure of A and B these rows and columns are of compatible 


sizes, too and hence we may conclude 


Ss Ss s 
enty»(AB) = S—(rowy (A), coly(B*)) = So enty (AB) = enty» | S> AM BI 
j=l 


j=l j=l 


If we now chunk up AB into the resulting block structure [ie. we have r rows of the sizes /(1) to I(r) 


and t columns of the sizes n(1) to n(t)] then the (u’,v’)-index of the submatrices corresponds to the 


(u, v)-index of the whole matrix and hence the proof is complete. 


Proof of (4.20): 
Let us denote X = (2,%2,...%m) € Matpm(R) and Y := (y1,y2,---,Yn) € Maty»(R). Then by 
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definition of the matrix multiplication, the (i,/)-th entry of XA is given to be 


[XA], = Yeu 


Thereby 2;,; = [aj]; is just the 7-th component of 2; € R?. And as R was assumed to be commuttive this 


enables us to rewrite 
m 
[XA], = Deval a), =. |S ae, 
j=l 


But by assumption this is just [yz]; Thus we find that the k-th column of XA is just yz, and this is 


z 


precisely the claim of this proposition. 


Proof of (4.14): 
The definiton of gl,,(R) is precisely that of the multiplicative group of mat,,(), hence there is nothing 


to prove. 


It is clear that the unit element 1, of mat,,(R) is contained in tri,(R). Also if A and B € tri,(R) are 


any two upper triangular matrices, then for any a € R and any i, 7 € 1...n we have 
nt;,;(aA + B) = aent;,;(A) + ent; ;(B) 


In particular if 7 < i we see that ent; ;(aA + B) = 0, such that aA + B is an upper triangular matrix 
again. By taking a = 1 we see that A+ B € tri,(R) and by taking a = —1 and B = 0 we also have 
—A € tri,(A). That is we have proved, that (tri, (22), +) is a subgroup of (mat,,(), +) - in fact we have 
shown that tri,(R) is an R-submodule of mat, (J). 

It remains to prove that tri,(J%) is closed under multiplication of matrices as well. Hence consider 
any two upper triangular matrices A = (a;,;) and B = (b,j) € tri,(R) again. Then for any i,k €1...n 


we have 


ent; ,(AB) > i,j OF % 


But since A € tri,(R) we have a;,; = 0 for any j < 7. And as B € tri,(B) as well, we also have b;, = 0 
of any 7 > k. Hence the only summands which might be non-zero are those from 7 = k to 7 = 7. That is 


the sum breaks down to 


ent; ,(AB) - Laws 5k 


Hence if 2 < k there are no non-zero elements left at all and the sum is 0. But this precisely means that 


AB € trin(R) is an upper triangular matrix again, and this had to be shown. 


In the next step, let us prove the recursion formula for solving the SLE Tx = b. As t;,; = 0 for any i > 7 


it is clear, that T’x = b breaks down to the following equations (for any i € 1...n) 
n 
do tigty = i 
j=i 


In particular for 1 = n we have trntn = bn. If now tn.» € R* is invertible, then we get x, = te ie Now 
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suppose we have already computed x,, Z,—1 and so on, up to x;41. Then the z-th equation yields 


n 
tat Stee. =. by 
jit 


Thus if t;; € R* is invertible, as well, we find precisely the recursion formula for x; given in the claim 


In particular: If any ti; € R* then T is invertible. Let us now prove, that T+ is an upper triangular 
matrix again. By (4.11) the j-th column of J’! is 2; where Tx; = e;. That is we have to prove, that 
[xj]; = ent;,;(L~!) = 0 whenever i > j. We do this recursively starting with 7 = n and working our way 
down to 7 = 1. For 7 = n the condition 7 > 7 is void, the last column is irrelevant. Now consider 7 < n 
and start with i = n, then [xj]n = t;,[ejJn = 0. Suppose we have already proved [2]; = 0 for i =n 


down to 2 =k +1, where k > 7. Then we use the recursion formula again, to find 
n 
-1 
[zj]k = the (i -» nate 
l=k+1 


As both [ej], = 0 and [xj]; = 0 for | > k +1, by assumption, we find [2;],, = 0 too. This changes, at 
k = j, as here [e;]; = 1 such that [xj]; = ty}. Therefore we have proved two things: (1) T~ is an upper 


triangular matrix again and (2) if T is invertible, then any ¢;,; € R is an invertible element, too. 


Proof of (4.15): 

We need to show, that tri! (R) is a subgroup of gl,,(R). As I, € tri, (R) is trivial, we commence by 
proving, that tri; (A) is closed under the multiplication of matrices. That is we start with A = (a;,;) and 
B = (b;;) € trij,(R) and need to show AB € tri,(R). We have just seen in the proof of (4.14) that the 
(i, k)-th entry of AB is given by the following sum 


a 
entyx(AB) = So aijbin 
jak 


and that thereby AB € tri,(R). It remains to verify, that AB only has 1 on its diagonal. But for i = k 
this formula already turns into 
ent; ;(AB) = Gales =F al. 


Thus AB € trit(R), as claimed. It remains to prove that A! is an element of tri,(R) again. But we 
have already argued in (4.14) that A~! € tri,(A). Again it remains to verify ent;,;(A~1) = 1 for any 
j €1...n. As in the proof of (4.14) let 2; denote the j-th column of A! which amounts to Az; = e;. In 
the case j = n we have [2nJn = Gy n[€n|n = 1. For j < nwe start with [2jJn = a; }[ejJn = 0. Then for 


any k with 7 < k <n we use the recursion formula of (4.14) to prove that [xj], = 0: 
[tile = Op % (i —~ Se ay: sh) 1-(0-0) = 0 


l=k+1 


588 17 Proofs - Rings and Modules 


For k = j however we get [ej]; = 1 and hence the same recursion formula yields 1 as [xj]; = 1 which is 
the (j,7)-th entry of A~!. From this we get A~! ¢€ trit(R), as needed. 


[ely = a5; | ley -— D2 asa: (je) 1-GQ-0) = 1 


Altogether trij,(R) is a subgroup of the multiplicative group gl,,(R). It remains to prove, that if A and 
B of the special form, described in the implications (1) and (2) then AB is a direct composite of A and 
B in the sense of the explicit formula for 4B. We already know that AB € tri}(R) so we only have to 


regard the (i, k)-th entries with 7 < k. To see this we distinguish two separate cases: If k > r then 


ent; ,(AB) “3 Ai joj n = indkp + S° 0,505, k 
j#k 


But as k > rand j # k we have b;, = 0 by assumption on B and by, = 1 is granted, as well. And from 
this we get ent; ,(AB) = a;, for any k > r. Alternatively, if k <r we compute 


ent), x ( (AB) = Dawn jk = Ai bik + S— ay gb i,k 
j#t 


If 7 <r, then by assumption on A we have aj; = 0. If 7 > r, then k <r < j implies k < 7 and hence 
bj.% = 0, as B is an upper triangular matrix. Altogether, with a;; = 1 this is ent;,,(AB) = bi. And 


together this means, that AB is of the form given in the claim. 


Proof of (4.18): 


(i) Let us denote A = (a;,;) € matmn(R) and B = bj; € matym(R). By definition we have E,., = 


(0i,r0;,s), hence - for any i, k € 1... we may simply compute the matrix multiplication 
ent, k( (AE,.s) s) 3 aij dj, Ok 3 = Air Ok,s 


That is the (2, 7)-th entry of AEF,., is zero, if k A s and if k = s, then it simply is a;,,. For the k-th 


column this implies 
Cole Ang): =" Ope (Gi py ecsy Qa) = 0¢.¢ COly(A) 


Likewise we compute the (i, k)-th entry of £,.,B and use this to evaluate the -th row of this matrix. 


This time we get 


ent;, k( CE: eB) a2 0% rj, 35, k= Oi rds k 
POWs (Hee E38) =" Oye (Bet 3, 0am) =, Ope TOW) 


(ii) This identity is a straightforward computation - just be aware that 6;,; commutes with any other 


scalar of R and that the sum ae 0;,;0; breaks down to x;. Then we pick up any p, s € 1...n and 
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(iii) 
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compute 


ntp,s(Eij AER’) = _ entpr(Eiy A) enty,»(Ex,) 


r=) 
n 
= So entyq(Ei5) aqr entr,s(Ex,) 
id Mar alle 
n 
= 5 > ig Oj,q Aq,r Ok,r Ol, 
r=1 q=1 
= bipajrdis = 4j,n enty,s(Eiz) 


This is an ultimate consequence of (i): clearly T;.;B = (In + aE,,;)B = B+aE,,;B. Hence the 
i-th row of T;,.;(a)B is given to be 


row;(T;.5(a)B) 


row;(B) + acol;(E;,sB) 
= row;(B) + d,s arow;(B) 


Likewise we have AT;.; = A(In + aE;,3) = A+ (Aa)E;,s. And hence the k-th column of AT;..(a) 


is given to be 


col,(AT,s(a)) = coly(A) + coly((Aa)E;.,s) 
col, (A) + dx,5 col, (Aa) 
col,(A) + dz,5 col,(A) a 


Let us denote x; = (21,j,...,%mj) € R™, that is x; is the j-th column of the matrix X = a2; j € 
Matm,n(R). By definition the diagonal matrix D := dia(a1,...,@n) has d;,;a; as its (4, j)-th entry. 


We begin by proving the second equality by simple matrix-multiplication 
ent; ,(XD) = Das kak = XikAp 


Therefore the k-th colums of XD is coly( XD) = (21,4@k,---,2%m,k@r) which is xpap as we had 
claimed. In the first equality the x; are used as rows, that is we actually deal with the transpose 


X* of X. Hence the correct ansatz is 
ent; ,(DX"*) = Daven = Gis 


Therefore the i-th row of X* is row;(DX*) = (ajx14,-.-,@:%m,i) which is ajx;. Hence we also 


have shown the first equality. 


These equations are straightforward computations using the definition N,, = (6;+41,;). Let us denote 


Lj = (€1,5,---,%mj) € R™, then X = (a,j) is the (m x n)-matrix composed of the columns xj. 
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Hence the transposed matrix X* has the rows x;. Thereby for any2z,k €1...n 


n 
ent; ¢(X Nn) = So wig O54 


Cpa to Se A 
Oifk=1 


n . . 
Lea 
enti«(NnX*) yay = ay 
j=l 


Oifi=n 
Once the entries are established, it is easy to evaluate the rows and colums of these matrix products 


tp 1 ifk>1 


col,(N,X ) = (21 4-15 Sisas ined) = : 
Oifk=1 


. Liq1 thin 
row;(N,X") = (@1i+1,---,%miti) = a 
Oifi=n 
(vi) Recall the definition of the permutation matrix P, = (sta a). Let us denote 2; = (21,;,...,2m,j) € 


R™ and X = (a;,;) again. Then the (mx n)-matrix composed of the columns «; and the transposed 


matrix X* has the rows x;. Thereby for any2z,k El1...n 
ent; x( CPs. X*) = Lou i),j Uk,j == Lk,o(4) 


Hence the i-th row of P,X™* is (@1,5(4),+++;2m,o(a)) which is nothing but a,(;). Now we supposed 
that o is bijective, that is the equation o(j i) = = k has the unique solution j = a 1(k). Then we get 


ent; x( (XP,) = Dat = Zj,g-1(k) 


Thereby the k-th column of XP, is (21 ,5-1(K);+++s%m,o-1(k)) which nothing but x,-1(,). Altogether 


we have proved the equalities given. 


Proof of (4.21): 


(i) It is clear that the map given is an R-module homomorphism, as the operations are point-wise, 
in both cases. The bijectivity is trivial as well. As also (1,...,1) + dia(1,...,1) = 1, it only 
remains to prove, that the map also transfers the respective multiplications. Hence consider any 
@1,.++,@n and by,...,b, € R. Using (4.18.(ii)) we find 


dia(a1, see Oy) dia(by, see tis) 
= (>: ay B.| S- b; Ej. 
i=1 j=l 
S> Ss" ay b; ivi Ej 


i=1 j=l 
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(ii) 


(iii) 
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S> S° ay b; 6i,j Bij 


i=1 j=l 


S> ay b; Ei = dia(a, b1, «++5On bn) 
i=1 


That is we have shown that the map given truly is an isomorphism of R-algebras. Also dia(a1,...,@,,) dia(bi,... 


I, = dia(1,...,1) is satisfied if and only if a;b; = 1 for any i € 1...n. Likewise b;a; = 1 for 
any zi €1...n. But this is equivalent to a; € R* being a unit in R with inverse b; = a, Hence 


dia(a1,...,@) is invertible if and only a; € R* for anyi Ee 1...n. 


This is just a special case of (i) - the z-th entry is fixed to be a and the other n — 1 entries are 1, 


which always is a unit 1 € R* of R. 


Using (4.18.(ii)) again, the multiplication property of the transposition matrices is an easy compu- 


tation 


Ti,j(@)Tij = Cn + aEij)(Un + bFi,5) 
= 1, + (a + b) Eig + ab E?, 
as 1, + (a a b) Eig 
= T,;(a+) 


Hereby EF}, = 0, as we have assumed i # j to be distinct. Now, as 7;,;(0) = I, we see that 
T;,;(a)T;,;(—a) = I, and of course also 7; ;(—a)Tj,;(a) = In. That is Tj,;(a) is invertible and the 


inverse is given to be 7;,;(—a). 


Let € = {e1,...,en } be the Euclidean basis of R”. By definition of the permutation matrices 
the i-th row of P, is x; := e,(;). We now use the multiplication formula (4.18.(vi)) for permutation 


matrices, then the 7-th row of P,P, is x4) and this is e,((;y) in turn. Altogether we find 


€7(1) €ra(1) 
PoP, = Po = = Pro 
Er(n) €ra(n) 
Again it is clear that truly Pig = I,. Hence if o is bijective, then P,P,-1 = Piq = I, and 
analogously P>!P, = Piq = I, such that P, is invertible and the inverse is given to be P,-1. 


Conversely suppose P,P, = 1, and P,P, = 1,,. By comparing coefficients we find that tro = id 


and of = id, that is 7 is the inverse function of o and in particular is bijective. 


It remains to prove that the transpose P* also is the inverse P>'. As P, has been defined in such 
a way, as col;(P,) = €5(;) we find that the transpose of P, is given by row;(P5) = eg(;). Then we 


can use (4.18.(vi)) again, to compute 
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2 


(v) 


= | o-2(0(1)) Co-1((0(2)) 77 Co *(o(n)) | = En 


And as we have already proved, that P, is invertible we can multiply the equation P?P, = 11, with 
P=" from the right to find 


PS Pee) Se Pe SP 


oO 


By associativity of the matrix multiplication we can evaluate P,A first: But then P, permutes 
the rows of A, by (4.18.(vi)) and this is P,A = (a,;),;). Multiplying P>! = P,-1 from the right 


permutes the columns of this matrix yields and hence 


P,AP>* = (PyA)Po-1 = (Ag(i)3)Po-1 = (Go(i),0(3)) 


Proof of (4.40): 


Let M = (m,...,ms;) be an ordered basis of M and consider a scalar a € R and two vectors 
z= )),u;mj and y = di, yjmj € M. Then it is clear, that ax = D),axjmj; and x+y = 
25 (@j + yz)my and thereby we get [ax]; = axj = alz]; and |x + ylj = xj + yj = [aly + [ylp. 
And as this is true for any 7 € 1... and [x] = ((z]1,..-,[z]s) we conclude [az] ,4 = al[x] jy and 


[e+ yl = [2] + [yl 
Likewise let V = (n1,...,,) be an ordered basis of N and consider two R-module-homomorphisms 
pand py: MN. Let A= (aj) = [ey and B= (bh ;) = [wy be the matrix representations 
of y and w respectively. Then we compute 
(ap)(mj) = ag(m;) = ad ayn = Saas jn 
i=l i=l 
(e + o)(m5;) 


p(m;) + Y(m;) 


se r 
do aignet Do bigni = SU (aig + big)ni 
i=l i=1 


i=1 


That is for any 7 € 1...s and any 7 € 1...r we find [ay]i; = aaijy = aly|ij and [p+ viz = 
aig +bij = [y]ig + [W]ij- And as this is true for any combination of i and j this yields to following 
identities for the matrices lay], - aly, and [p+ vy, = aw + [WW 


Finally assume that R is commutative and let £ = (¢1,...,¢) be an ordered basis of L and 
we consider « € L and the R-module-homomorphisms y : L > M andy: M — N. If now 
[zt]e = u = (u,..., ue) and [yp] = A = (a;,,) and WI, = B = (b,j) are the respective basis 


representations, then we compute 


y(%) = (San) = So uryllx) 
k=l k=l 
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lI lI 
M w w 
os ae 
S 
& iM 
3 & 
= > 
is 
> 
Ne 
3 


That is [y(x)]; = [Au]; and as this is true for any 7 € 1...s we have shown, that [y(x)]jy = Au = 


[y|**[z]c. In complete analogy 


pelle) = volte) = d[ So ajam; 


Ss r 
= Slajedlms) = do ayn D> bi gns 
am j=l i=l 
r 


_ 3 Shs y= = >) [BA], , 


i=l j=l i=l 


That is we have found that the (i,k)-th coefficient of the matrix of wy is given to be [Wy]ix, = 
[Wy(lx)]i = [BA]in and as this is true for any i € 1...r and k € 1...t this is [wel = BA = 
Convita rte 


At last we take a look at the map y +> A, where y € mhom(M, N) and A = ew € mat,.,s(R). 
We have shown already, the this is a homomorphism. It remains to verify, that it is bijective, more 
precisely that the inverse map is A ++ ya [where yy has been defined in the claim (4.40]. For ease 
of notation let us fix M and M, that is we abbreviate [x] = [x],4 for any « € M, [y] = [yl for 
any y € N and [y] = |p ne for any yp: MN. 


In a first step we will show 9 +> [y] > yg) = y for any y: M > N. But this is straightforward: 


By definition we have [y4(x)| = Ala] for any x € M and thereby 


[yui(@)] = [elle] = [¢()] 


Since WN is a basis of N it is clear, that y ++ [y] is bijective, from which we find that p(x) = yy, )(«) 
for any x € M and hence » = yyy. Conversely for A +> v4 + [ya] = A we first note, that 


[m;] = e; € E(s) is an Euclidean base vector. Thereby we get 


ds 
ya(m;) = > [Aejlina = Day nj 
i=l 


That is [p4(m,;)]i = aij and hence [y4(m,;)] = col;(A). But as [y4(m,;)] is the j-th column of 
[pa] (refer to remark (4.36) for this) we have established [y4] = A. Thus y +> [vy] has an inverse 
map (namely A++ ya) and hence is bijective. 


e It only remains to prove the correspondence of isomorphisms and invertible matrices: Fix the ordered 
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bases M = (mj,...,ms) and N = (nj,...,n,) of M and N respectively, again. If y is bijective, 
let us denote A := aw and B := [py]. Then we have just seen, that 


I, = (Iu = [ety = [eI vl) = BA 


That is we have BA = Il, and in complete analogy we find AB = 11,. Together this is B = A~!, as 
we had claimed. Conversely, if A is invertible, then we define ~ : N — M to be the homomorphism 
defined by A~!, that is = := 4-1. Then for any x € M we may compute 

bela) = WI fel ela = A Alela = [2] 
This implies ~y(a) = x and as x has been arbitrary, this is wp = yy. In complete analogy we 


have yw = lly and therefore y is bijective, with inverse map w. 


Proof of (4.42): 


(i) First of all it is clear, that r = s is necessary for any of the statements: In (a) y is an isomorphism 
and hence r = dim(M) = dim(V) = s and in (b) and (c) only square matrices are invertible. Thus 
we may assume r = s throughout the rest of the proof. 

We start with (a) ==> (c): Let M = (mj,...,ms;) and N = (nj,...,n,) be ordered bases of M 
and N respectively. Then it is clear that I, = [Iyy]X{ since Iyy(mj) = mj = 35; 6i,7mi for any 


1 


j€1...s. Now as yp tp = 1y and yy ! = Iy we may use (4.40) to compute 


le = ivi =e oN. =e 


Thus if A := [y]¥4 and B := [pty then we have AB = I,. But as we also find BA = 1, we 


see that A is invertible, with inverse matrix B. Hereby BA = Il, can be seen from 


i, = fin = eth = ev em 


The implication (c) == (b) is trivial: Note that by assumption on M and N there are some 
ordered bases M of M and N of N in the first place. So it only remains to verify (b) => (a): 
Again let A := [y]}/ and define » : N + M by virtue of [wy = A! that is w := yy-1 in the 


notation of (4.40). Then we compute 


welt = WY el = A tA = D, = [Ili 


But as pro [elt is bijective we find wy = Iy,. In complete analogy we get yy = 1, such that 


y is bijective, with inverse map yp! = w. 


(iii) We have to prove that M’ := (m/,...,m‘) truly is an ordered basis of M/. The cornerstone of this 


reasoning is the following computation for any x = (#1,...,25) € R® take a look at 


Ss Ss s 

/ —s 
dim = Dey d tig mi 
i f44. #1 
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Thus if we are given any m € M pick up some y = (yi,... 


eS Hira 


wn 
wn 


) x5 ti5 M4; 


i= 1 j=l 

s s 

) ) ti 5 x5 M4 
t=) j=l 

s 

y [Tx], mi 
i=1 


»Y¥s) € R® such that m = D>, y;m;. Then 
,ts):= T~ ly € RS satisfies [Ta]; = yj and hence yy xjm = >5, ym; =m. Thus for 


any m € M there is some x € R* with m = )), xjm{, which means that {m}4,..., 7m } generates 


M. But this set also is linearly independent: If }); xj’; = 0 then also >7;[T'z];m; = 0, as these 


sums are equal. But as the m,; form a basis of M this means [Tx]; = 0 for any i € 1...s and 


hence Tx = 0. But as T is invertible this can only happen if 2 = 0 such that {m/{,...,mf, } also 


is linearly independent and hence a basis. Of course the m/, thereby also are pairwise distinct, as 


mi, — m', = 0 cannot occur for anyz AJ El...s. 


By construction of M’ we have Iyy(m‘) 


mi; = > C4 jMi- Therefore [U(m’;)]M = tics see ves) = 


col;(Z’) such that [Iw]44, = T. Also salbibvayye = Pevipvabiby apes = [Iw|m = I, and likewise 
Bbvanee T = 11. Together this implies [Dalit 0 ie 


(iit) Since Ij is invertible we already know that nvanen is invertible by (b) == (a) in (i). Thus the 


implication (b) ==> (a) of (ii) is just a special case of (i). To prove converse direction (a) ==> (b) 


we Start with any ordered basis M’ = (m‘,... 


where j € 1...s and A = (a;,;). As A is invertible, (iii) tells us, that M = (my,... 


s 
— y 2 te ! 
m5; — aij Mm; E M 
i=1 


ordered basis of MW and that bnvanen = A and this already is (b). 


,m.) of M and define 


, Ms) is another 


(iv) By (ii) we already know that S = [Iw]<{, and T = [In]hy are invertible matrices. But as 


yp = Invlly trivially is true, we may use (4.40) once again, to compute 


(v) By (iv) we have [yl ay = T[y]acS where T = hinvanen and S = [1y|4, 
as in (i) we find S = T~! due to 


Proof of (4.45): 
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[lye 


Sr = lis (ll 


[Inylau yy = [nly ol (Dale 


TS = [Malt (lM = [alt = 


= [ta], = 


. But by the same reasoning 
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(i) 


(ii) 


(ii) 


(iii) 


Let us first prove that ~ is an equivalence relation: First of all, we have A ~ A, since A = 1, Ally. 
Also if A ~ B, that is B = SAT, then A = S~!BT™—! such that B ~ A. If A ~ B and 
C € matm»(R) is another matrix, with B ~ C, that is B = SAT and C = UBV for some S, 
U € gl,,(R) and some T, V € gl,(R), then C = UBV = U(SAT)V = (US)A(TV). Thereby 
US € gl,,(R) is invertible, with inverse (US)~! = S~!U~! and likewise TV € gl,,(R) is invertible 
with inverse (TV)~! = V-!T~!. That is A ~ C such that all three properties of an equivalence 


relation are satisfied. 


In (i) we also claimed the equivalency of (a) A ~ B and (b) A = [y]4/ and B = [y] x4 for some 
yp: R"” + R™. Thereby (b) => (a) has already been proved in (4.42.(iii)). Conversely for (a) => 
(b) we have B = SAT for some S € gl,,(R) and T € gl,,(R). Now take v(x) := Az, M' := E(m) 
the Euclidean basis of R” and N := E(n) the Euclidean basis of R”. Further let M := SM’ and 
N’ :=TN. As T: R" + R"” is an automorphism the image N’ of N under T is an ordered basis 


of R” again. Likewise M is an ordered basis of R”. By construction it is clear, that 


E(m 
I = [el = A 
eee ee ill oe aS 
fe = ee 


Therefore B = SAT = [uw Wa [n}y,, = [yp] such that we have (b). 


We will now prove that ~ is an equivalence relation, as well: First of all, A ~ A again, since 
A= 1,Al,1. Also if A ~ B, that is B = TAT then B = TBF = T-'B(T-)—.. But 
as T~! € gl,(R) again, this is B ~ A. If A & B and C € matp(R) is another matrix, with 
Bx C, that is B= TAT~! and C = UBU™ for some T and U € gl,,(R), then C = UBU! = 
U(TAT')U—! = (UT) A(T 1U“!) = (UT) A(UT)“! and as UT € gl,,(R) is invertible again, we 


find A = C' such that all three properties of an equivalence relation are satisfied. 


In (ii) we also claimed the equivalency of (a) A ~ B and (b) A = [y],, and B = [yl for some 
yp: R" + R”. Thereby (b) ==> (a) has already been proved in (4.42.(v)). Conversely for (a) => 
(b) we have B = TAT! for some T € gl,,(R). Analogous to (i) above, we let v(x) := Az and 
M := E(n) be the Euclidean basis of R". Now NV := T-!M, then it is clear, that 


ylm = I¥leny = A 
se E(n) a! = 
[ty = [Me-te(ny = T D 


Therefore B = TAT! = [ayy [y].u [44 = [yw such that (b) again. 


By definition the image of B is the set of all SAT’x where x € R”. As T is surjective we can take 
to y:= Tx € R” and thereby compute 


im(B) = {SATz|reR"} = {SAy|ye R"} 
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= S{Ay|yeR"} = Sim(A) 


By definition the kernel of B is the set of all x € IR” such that SAT'x = 0. But as S is injective, 


this is equivalent to ATx = 0. Now let y := Tx that is x = T~'y, then we can compute 


kn(B) 


{xe R”|SATx =0} = {xe R"|ATx =0} 
{T~ly | Ay =0} SECA) 


Proof of (4.46): 


(i) By definition ent; ;([~]az) = [y(m;)]i. We consider any 7 < r, if P is invariant under y, then 
y(m;) € P=Lh{m1,...,m, } and hence the i-th coefficient in the basis representation of y(m,;) 
is 0, whenever 7 > r. This already is Ag; = 0 and conversely, if Ao; = 0 any x € P is mapped to 
p(x) € Lh{ m1,...,m, } = P again, such that y(P) C P. 


(ii) Let us abbreviate A := [py ® yo] and Any = ayes for k = 1 and k = 2. Then we have to 
show A = Aj © Ag». In terms of (i) that is Ao; = 0 and Aj2 = 0. But as yi © y2(nj,0) = 
(yi(n}), 0) € N' @0 we see that N! G0 is invariant under y) © ye such that Agi = 0. Likewise 
0@ N? is invariant under y1 © ¢ and in complete analogy this implies Aj. = 0. 


(iii) If M = M,@---@M, then (as any M; is free) choose bases N* of M; and let V := N!U---UN”. 
Order NV is such a way, that for 1 <i < 7 < r any n; € M; is in front of n; € M;. The order 
inside N“ is irrelevant. As y(M;) C M; we may restrict y to y; : Mj > M;: 2+ v(x). Now let 
A; := [yi],ri, then by (induction on) (ii) it is clear that [y]y = B := Ai ©---@A,. As both M 
and WN are bases of M, (4.42.(v)) implies B = TAT! for T = pee in particular A x B. 
Conversely if TAT~! = B := A; @---@ A, for some T € gl,,(R), say T~! = (s;,;) € mat, (R). 
Recall that M = (m1,...,7n) is a basis of /, then we define 


n 
b; — S > 8i,gmi Ee M 
i=1 


As T~' is invertible B := (b1,..., by) is another ordered basis of M, due to (4.42.(iii)) and we also 
get T~! = [11] and likewise T = [1]%,. But then B is the matrix representation of y in B, as 


els = (U8, (yl (U4 = TAT! = B 


Now define M; (for 7 € 1...r) to be the submodule of M generated by bg(;)41 to beg) +x%) where 
C(i) := k(1) +--+ + k(¢— 1) and in particular @(1) = 0. That is 


M, := Lh{dj|1< 4 <A(0)} 
Mo := Lh{b;|k1)+1<7 < k(1)+4(2)} 
iM, =" Lit bs |e ke) ed sas a} 
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By construction the M; are free (as they are generated by linearly independent sets) and M = 
M,®---@M,. are we only partitioned the basis { b;,...,b, } of M. But the M; also are y-invariant: 


For ease of notation take a look at y(b1): Then 


[y(bi)le = lyleliile = Ber € Lhfei,..., exc } 


Taking the preimage under the isomorphism x +> [z]g we hence get y(b1) € MM; again. In complete 
analogy we find y(b;) € M; for any b; € M; and hence y(M;) C Mj. Altogether this is (a). 


Proof of (4.47): 

Let us denote the set of bilinear forms M@N > Rby bil( MON, R):={b: MEN > R| bis bilinear }. 
Then we need to show the bijective correspondence of bil(/ 6 N,R) <— mat,,(R) under the maps 
given in the claim (4.47). To do this let us also denote the basis representations u = (u1,...,Us) = [x] 
of x € M and v= (u1,..., ur) = [ylw of y E N. 

Let us start with a matrix B = (b;;) € mat,,(R) then we assign the map b: M@N — R by 
letting B(x, y) := (Bu | v). Since both maps x +> u = [a],y and u+> (Bu | v) are R-linear so is their 
composition x ++ (Bu | v). But this is the linearity of b in the first argument. Likewise y +> v = [ylw 
and v +» (Bu | v) are R-linear such that y + (Bu | v) is R-linear which is the linearity of b in the 
second argument. Altogether 6 is bilinear and B ++ b is well-defined. Now an easy computation reveals 


r 


bey): = (Baa). = S- (Bul, vi 
i=1 


is s 


= 5 bijuy | Yi 
1 


i=1 \j= 


r Ss 
) ) bj jUjVi 


i=1 j=l 


In particular we find b(m;,ni) = bj; (for any i € 1...r and j € 1...s) such that the converse map 
bil(Z 6 N,R) > mat,.,(R) truly matches b +> B again. Conversely if we start with a bilinear map 
b: M@®N — R and assign the matrix B = (b;;) where b;,; = b(mj;,ni) we may continue the above 


computation to find 


(Bu | v) 


) De bist = Dod Pinas, ma)uyri 


rs 
t=1 g=1 w=1 g=1 


II 
Ss 
M 

& 

= 
dg 

S 

= 

| 
o 
e 
S 


That is we have also found the opposite direction B ++ b. Altogether we have established the mutually 
inverse maps b++ B and B++ b such that the correspondence is proved. It remains to show that (under 
the assumptions M = N and M = N) b is symmetric if and only if B is such. Well, if b is symmetric, 


then 6,3 = b(mj,mi) = bemi,m;) = bj; is obvious. But the converse implication requires only little 
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effort: if B is symmetric, then 


b(2,y) = (Bul|v) = (u| BY) = (u| Bu) = (Buu) = oly, 2) 


Proof of (2.64): 

Existence: Let us abbreviate m := deg(f) and n := deg(g). If n <m then we may take g = 0 and r= g 
and are done already. Thus throughout this proof we may assume m < n. We will now use induction 
on n: In case n = 0 we have g = g[0] € R and since m < n = 0 also f = f[0] = 1. Thus the claim is 


trivially satisfied, with r = 0 and g = g[O], since 
g = gl0] = gl0]-1+0 = aftr 


So let us now assume, we had some g and r as required for any polynomial of degree up to n — 1. Then 


we need to find sufficient polynomials for g of degree n. To find these let 
p= gin" € Rit] 


Then it is clear that deg(g — pf) <n since 


n m—-1 
g—pf = > alklt*— o{nir-™ ( +> rs") 
k=0 k=0 
n m—1 
= So alkle* — ginje" — ST onl payee * 
k=0 k=0 
n-1 n-1 
= S— glklt* — Ss g|n|f[k — n + m]t* 
k=0 k=n—m 


Thus by induction hypothesis there are some go, r € R with g —pf = qf +r and deg(g) < deg(f). But 
from this equation we find g = (p+ qo)f +7 such that we may take g = qo + p and r as the required 
polynomials in the induction step. 

Uniqueness: Hereby R is an integral domain. Suppose we had two decompositions g = pf +r and 
g = qf +, where r = 0 or deg(r) < deg(f) and s = 0 or deg(s) < deg(f). Note that these equations 


can be rewritten, as 
(q—p)f -(r—s) =(@f +s)-@ftr) =9-9 = 0 


This means (q — p)f =r — s But deg(r — s) < deg(f) as both r and s are of lower degree. Suppose 
q—p # 0 then deg((q — p)f) > deg(f), since R is an integral domain. But as deg((q — p)f) = 
deg(r —s) < deg(f) this cannot be. This only leaves the possibility g—p = 0 (that is p = q) and thereby 


also r—s =(q-—p)f =0 (that is r = s). 


Proof of (1.50): 


e (x = semi-ring) as any P; is a sub-semiring we have 0 € P; and hence 0 € (),; P; again. Now 


consider a, b € ()}, P; that is a, b € P; for any i € J. As any P; is a sub-semiring this implies that 
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a+b, ab and —a € FP; (for any 7 € J). And thereby a+ b, ab and —a € (), P; again. 


e (x = ring) in complete analogy we have 1 € P; (for any 2 € J, as any P; has been assumed to be 


a subring. Hence we also get 1 € (); Fi. 


e (x = (skew)field) consider 0 4 a € (), P;. That is a € P; for any i € J and as any P; is a subfield 
we get a! € P; such that a“! €), P,. 


e (x = (left)ideal) consider any b € R and a € (); P; - that is a € P; for anyi € I. As Piisa 
left-ideal we find ba; € P; again and hence ba € (); Pj. In the case of ideals P; we analogously 
find ab € (), Fi. 


e Note that thereby the generation of x is well-defined - the set of all xs containing X is non-empty, 
as R itself is a x (e.g. R is an ideal of R). And by the lemma we have just proved, the intersection 


is a * again. 


Proof of (3.10): 


e First suppose M is an R-module and P; <m M are R-submodules and let P :=(),; P; C M. In 
particular we get 0 € P; for any 7 € I and hence 0 € P. And if we are given any z, y € P this 
means x, y € P; for anyz € I. And as any P; <m M is an R-submodule this implies x + y € P; 
which is z + y € P again, as 7 has been arbitrary. Likewise consider any a € R, then az; € P; 
again and hence az € P. Altogether P <m M is an R-submodule of M. 


e Now suppose M is an R-semi-algebra and P; <, A are R-sub-semi-algebras and let P := 
(); Pi © M again. In particular P; <, M and, as we have already seen, this implies P <, M. 
Thus consider any f, g € P that is f, g € P; for anyz € J. As any P; is an R-sub-semi-algebra we 
get fg € P; again and hence fg € P, as 7 has been arbitrary. Thus P is an R-sub-semi-algebra 


again. 


e Next suppose M is an R-algebra with unit element 1, P; <, M are R-subalgebras and let 
P :=()P,; once more. Then we have just seen that P <p M again. But as P; <, M we have 
1 € P; again. And as this is true for any z € IJ this implies 1 € P, such that P <, M. 


e Finally consider the R-semi-algebra A and the R-algebra-ideals 4; <, A and letd:=(),a; C A. 
As our first claim we have already shown @ <,, A, thus consider any f € @ and any g € M. Then 
we have f € Q; for any 7 € J and as this is an R-sub-semi-algebra this implies fg and gf © Q; 
again. And as 2 is arbitrary this finally is fg and gf € @ such that a <i, A, again. 


Proof of (1.53): 


e Let us denote the set 0 := {}°, a;a;} of which we claim d = (X )m. First of all it is clear that 
X Cd,asx=1x2 € 4 for any x € X. Further it is clear thata <, RF is a left-ideal of R: choose 
anyx eX, then0=0-x€0,andifbe R, x =ayx7, +--+ +Am%m and y = bry +--- + 0nyn € A 
then ba = (bay)a,+---+(bam)am € Gand x+y = ajay +--+ +Om%m+bryi+-+-+bnyn € a. Thus 
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by definition of (X )m we get (X )m C a. Now suppose 6 <,, R is any left-ideal of R containing 
X C B, Then for any a; © Rand any x; € X C D we get ajx; € Bb and hence aS b, too. 
That is a C B, and as Bb has been arbitrary this means @ C (X )m, by the definition of (X ) m. 


Denote the set P := {)/; |]; 2i,;} of which we claim P = (X )s again. Trivially we have X C P 
and further it is clear that P <, R is a sub-semi-algebra of R: choose any x € X, then 0 = 
0-xeP,andifa=)7,[], 2; and b= )°, TT; yea, then —a = 97 ;(—2i,1) [] 5021; € Ppat+b= 
Dill 25 + Ue Th yes € P and by general distributivity also ab = 97; 7 (I]; tig Li yeu) € P- 
Thus by definition of (X ), we get (X ); C P. Now suppose Q <, R is any sub-semi-ring of R. 
Then for any and any x € X C Q we also get —x € @ and hence +X C Q. Now consider any 
tig CX C Q then I]; xij © Q and hence I, xij € Q. That is P C Q, and as Q has been 
arbitrary, this means P C (X )., by definition of (X ).. 


By construction P := (X U{1}). is a sub-semiring containing 1, in other words a subring. 
And as X C P this implies (X), C P. And as any subring Q <, R contains 1 we get 
X CQ = XU{1} CQ = P CQ. This also proves (X ), C P, as Q has been arbitrary. 


Now suppose R is a field, and let P := { ab-' | a,b € (X),,b #0}. First of all O = 0-17! and 
1=1-1°-' € P. And if ab“ and cd“! € P, then we get (ab-! + cd-! = (ad + bc)(bd)-! € P 
and (ab~!)(cd~!) = (ab)(cd)~! € P. And if ab-! 4 0 then we in particular have a 4 0 and hence 
(ab-!)-! = ba! € P. Clearly X C P, as even X C (X),. Altogether P is a field containing X 
and hence (X ); C P. And if conversely Q C Ris a field containing X, then (X ), C Q. Thus is 
a, b € Q with b 4 0 then b-! € Q and hence ab“! € Q, as Q is a field. But this proves P C Q 
and thus P C (X ),. 


Proof of (3.12): 
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Let us denote the set P := {}°, a;x;} of which we claim P = (X )m. First of all it is clear that X C 
P,as x =1a € P for any x € X. Further it is clear that P <m M is a submodule of M/: choose 
any xe X, then0=00ox € P,andifac R, x =a,%14+---+am%m and y = byyi+---+bnyn € P 
then ax = (aa,)a1 +-+-+(aam)t@m € P and x+y = 44,21 +--+ +Gm%m + b1yi +-++ + bnyn € P. 
Thus by definition of (X )m we get (X )m CG P. Now suppose Q <, MM is any submodule of 
M containing X C Q. Then for any a; € R and any x; € X C Q we get ax; € @ and hence 
2, uz; € Q, too. That is P C Q, and as Q has been arbitrary this means P C (X )m, by the 
definition of (X )m. 


Denote the set P := {)7; ai |]; 21,3} of which we claim P = (X )p. Again it is clear, that X C P, 
as « = lx € P for any x € X. Further it is clear that P <j, A is a sub-semi-algebra of A: choose 
any zx € X, then0=O0o2€ P,andifaec R, f = ail], ei; and g = do, be TI, yeu, then 
af =)i,(aa)[], 215 € P, ft+9 = Vail], 25 +0, Oe TI yer € P and by general distributivity 
fg = 0; (abs TL, 225 Th yes) € P. Thus by definition of (X), we get (X)p C P. Now 
suppose @ <p, A is any sub-semi-algebra of A. Then for any a; € R and any 7; © X C Q we 
get [[; 25 € Q, hence aj], 215 € Q and finally >); ai [],; 21,7 € Q. That is P C Q, and as Q 
has been arbitrary, this means P C (X )p, by definition of (X )p. 
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e By construction P := (X U{1}), is a sub-semi-algeba containing 1, in other words a subalgebra. 
And as X C P this implies (X ), C P. And as any subalgebra Q <a A contains 1 we get the 
implications X CQ = XU{1} CQ P CQ. This also proves (X), C P, as Q has 


been arbitrary. 


Proof of (1.54): 
We first have to prove, that aM b, a+6 and ab truly are ideals of R. In the case of AND this has already 
been done in (1.50). For a+6 it is clear that 0 =0+0€4+D. and ifa+band a’ +b’ €a+5 then also 
(a+b)+(a’'+b’) = (ata’)+(b+b') € a+b and —(a+b) = (—a)+(—b) € a+b. Thus consider any f € R, 
as @ and B are ideals we have fa, af € a and fb, bf € 6 again. Hence we get f(a +b) = (fa) + (fb) 
and (a+b) f = (af) + (bf) € a+b. Likewise 0 = 0-0 € ab. And if f = >>, a;b; and g = do; cy € ab 
then it is clear from the definition that f + g € ab. Further —f = 3>;(—a;)b; € 4B and for any arbitrary 
h € Rwe also get hf = >°,(ha;)b; and fh = >°, a;(bjh) € AD by the same reasoning as for a+. 
Thus it remains to prove the chain of inclusions ab canbcaca+b. Hereby @ C a +D is 
clear by taking b= 0 ina+be€a+b. Andanb C @is true trivially. Thus it only remains to verify 
ab C amb. That is we consider f = See ab. Since a; € a and @ is an ideal we have a,b; € a and 
hence even f € a. Likewise we can verify f € 6 such that f € ANB as claimed. 


Proof of (1.55): 

The associativity of M is clear (from the associativity of the locical and). The associativity of ideals 
(a+b) +¢ =a + (6 +C) is immediate from the associativity of elements (a + 6) +c=a+(b+c). The 
same is true for the commutativity of MN and +. Next we prove (ab)c¢ C a(bc). That is we are given an 
element of (a6) ¢ which is of the form 


n m m n 
ys (= ws) by = Ss gb Gs) 
j=l \i=1 i=1 j=l 

For some aj; € 4, bi 5 € Bb and c; € ¢. However from the latter representation it is clear that this 
element is also contained in a (6c), which establishes the inclusion. The converse inclusion can be 
shown in complete analogy, which proves the associativity (ab) ¢ =a(6c). And if R is commutative the 
commutativity of ideals ab = ba is immediate from the commuativity of the elements ab = ba. Thus it 
remains to check the distributivity 

a(b+c) = (ab) + (ac) 


For the inclusion " >" we are given elements a; € 4, bj € b andc Ec (where 7 € 1...m) such that 
Yo, ai(bi +c) € A(6+¢). But it is already obvious that 5°, a;(bi +c) = 2; aibi + DD; cic; € (Ab) + (aC). 
And for the converse inclusion "C" we are given aij, ai, € 4, bj € b and c; € ¢ such that >>, abi +d); ajc; € 
(ab)+(ac). This however can be rewritten into the form >, adi td); Cj = D1; i(bi+0) +7, aj (O+c;) € 
a(6 +¢). In complete analogy it can be shown, that (a+) ¢ = (ac) + (BC). 


Proof of (1.57): 

By assumtion we have a = (X); and b = (Y);, in particular X C @and Y C b. Hence we get 
XUY CauUb Ca+D and therefore (X UY), C 4+5 (as a +0 is an ideal of R). For the converse 
inclusion we regard f = >>, aj;ajb; € A and g = Se cjyjd; (note that this representation with x; © X 
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and y; € Y is allowed, due to (1.53)). And hence we get f +9 =), aivibi + D0, cjyjdj € (X UY ji. 
Together we have found a+6 = (X UY). For ab = (XY); we have assumed R to be commutative. 
The one incluion is clear: as X C Qand Y C b we trivially have XY C ab. And as ab is an 
ideal of R this implies (XY); C ab. For the converse inclusion we regard f € a and g € Bb as 
above. Then fg = >0, poe ajbixiyjcjd; € (X Y ), (due to the commutativity of R) which also establishes 


(XY), =ab. 


Proof of (1.58): 


(i) First of all it is clear that 6 \\a C b. And hence we find (6 \a); C (), = (as B is an ideal 


(ii 


(iii 


(iv 
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~~ 


~ 


— 


already). Thus we have proved 


(b\ay Cc b 


Now fix any b € 6 \a (this is possible by assumption @ C 6) and consider anya € a. Thena—beb 
but a—b Za (else let a:=a—b€4@, then b =a—a € 4, a contradiction). Thus a— b € 6 \ a and 
hence a= b+ (a—b) € (0\a);. As a has been arbitrary this yields a C (6 \ a); and thereby we 


have also proved the converse inclusion 
b= au(b\a) C aUb\ay = b\a); 


By (1.53) the ideal generated by the union of the 4; consists of finite sums of elements of the 
form a;x;b; where a,;, b; € R and x; € d;. But as ; is an ideal we get a;x;b; € G; already. And 


conversely any finite sum of elements x; € 4; can be realized, by taking a; = b; = 1. 


Here we just rewrote the the equality in (ii) in several ways: given a sum }°,-;.a; where a; € Qj 
and Q := {7 € 1 | a; £0} is finite then )0,-;a; = )0,¢q ai by definition of arbitrary sums. And 
likewise this is just }7, a, where n := #0, Q= {i(1),..., a(n) } and az = aj). 


The general distributivity rule can be seen by a straightforward computation using the general 


rules of distributivity and associativity. First note that by definition and (iii) we have 


) 
Sab = S> 4,4 Di,k dip EM; dix €b 
1 


tel i€EQ \k= 


Now let n := max{ n(i) | i € QO} and for any k > n(i) let a, := 0 € ;. Then we may rewrite the 
latter set in the form 


Sab - {Sedaka 


ier k=17E€Q 


Aik © Qj, bik eb 


Let us now regart the other set involved. Again we will compute what this set means explictly - 


and thereby we will find the same identity as the one wh have just proved 


(= 7 b = Ss" x Qik by Aik © Qj, by Eb 


i€l k=1 \ien(k) 


Then (in analogy to the above) we take 2 := Q(1)U---UQ(n), a; := 0 for i ¢ Q(K) and bj 4, = bp. 
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Then this turns into 


(= 7 be 3 So aindi. 


wel k=1 iE€Q 


Gig €A;, bin EO 


Proof of (1.59): 


(i) 


(iii) 


(iv) 


(a) => (b): le R=a+b={a+b|aea,be€b} is clear. Hence there are a’ € Gand b € B such 
that 1 = a’ +b. Now let a := —a’ € @ then 1 = (—a) +b and hence b= 1+a € (1+4)/Mb. (b) => 
(c): let b € (1+4) M6, that is there is some a’ € @ such that b = 1+<a’. Again we let a := —a’ € 4, 
then a+b=1. (c) => (a): by the same reasoning as before we find 1 =a+bea+b. And as 
a +0 is an ideal of R, this implies a +b=R. 


As a and 6 are coprime there are some a € @ and b € B such that a+b = 1 - diue to (i). Using 


these we compute 


DHA Jamis He 
i ee, = (a + b)'t3 = ce 
h=0 
i i+j 


7 SC, ees ye ahpiti-h 


h=0 h=i+1 
Go soe Y) ops te 
UE EN Bye Ah i CEN hg 2h 
= b! 
VO (Pats ta (Ti a 
h=0 h=1 
e bh’ +a! 


We will use induction on k. The case k = 1 is trivial and hence we found the induction at k = 2. In 
this case let us first choose a1, a2 € , b; € by and be € be such that ay +b; =1 and ag+ bo = 1. 
Then 


bybp = ial —a,)(1— a2) = l-—a,—ag+ aja 


This implies 1 = (a, + a2 — a a2) +b1b2 € 0+6,b2 which rests the case k = 2. So we now assume 
k > 2 and are given a+); = R for any i € 1...k +1. By induction hypothesis we in particular 
geta+b,...6;, = R. And together with a+b;,,; = R and the case k = 2 this yields the induction 
step a+ (b,...6,)b,.41; = R. 


We will prove the two inclusions by induction on & seperately. The case k = 1 is trivial, so we will 
start with & = 2 only. In this case the inclusion 4,42 C @; MQ» has already been proved. And if 
k > 2 then 

(0,..-0%)0n41 © (G1---0n) Aes. SC (19--- NOK) NAR 


due to the case & = 2 and the induction hypothesis respectively. For the converse inclusion we 
start with k = 2 again. And as Q; and dy are coprime we may find a; € Q; and ag € Qe such that 


a, + ag = 1. If now & € GM Qz is an arbitrary element then 
x = 1 = x(a, tag) = vay + rag = ayx+agx © M102 
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This proves 0; 1 dg C @ Q2 and hence we may commence with k > 2. In this case we are given 
some © € 0, M---N4, 441. In particular this is 7 € 4) M---M, and hence x € Q,...d, by 
induction hypothesis. Thus we get x € (Q)...dx) Qx41. But because of (iii) (using @ := 4,41 and 
b; := a;) we know that @1...d, and Q,41 are coprime. Therefore we may apply the case k = 2 
again to finally find x € (Q)...0,)Q,41. 


Proof of (1.60): 


We first prove that ~ is an equivalence relation: Reflexivity a ~ a is clear, as a—a=0€4. Symmetry 


if a ~ b then a— 6b € @ and hence b — a = —(a — b) € A which proves b ~ a. Transitivity if a ~ b and 
b~c then a—c=(a—b)+(b—c) € such thata~c. If nowae€ R then 


{be Rlan~b} = {bE R|a-bea} 
{be R|Ahea:a—-b=h} 
{at+th|hea} = ata 


2 
| 


Now assume that @ <j R even is an ideal, then we have to prove, that R/d is a ring under the operations 
+ and - as we have introduced them. Thus we prove the well-definedness: suppose a+ =a’ +Q and 
b+a = 0b'+4 then a—a’ and b—b! € Gand hence (a + b) — (a’ +b’) = (a—’) + (b— 0’) € 4. This 
means a+b~ a’ +0’ and hence (a+ b) +4 = (a’ +b’) +4. Analogously 


ab—a'l’ = ab-—adb+a'b—ad't! = (a-a')b+a(b-V) 


As @ is an ideal both (a — a’)b and a’(b — b’) are contained in a and hence also the sum ab —a’b! € a. 
This means ab ~ a/b! and hence ab + = a’b/ + a. Hence these operations are well-defined. And all 
the properties (associativity, commutativity, distributivity and so forth) are immediate from the respective 
properties of R. This also shows that 1+ is the unit element of R/a (supposed 1 is the unit element 
of R). 


Proof of (3.14): 


e We first prove that ~ truly is an equivalence relation, the reflexivity x ~ x is clear, as x—x = 0 € P. 


For the symmetry suppose x ~ y, that is y—a € P and hence x—y = —(y—2) = (—1)(y—2) € P. 
For the transitivity we finally consider 7 ~ y and y ~ z. That is y—x € P and z—y © P and this 
yields z-—x2 =(z-—y)+(y—2) € P. As in the proof of (1.60) it is clear that [7] = 2+ P, as 


it] = {yEMly-xeEP} = «+P 


e Next we will prove the well-definedness of the addition and scalar-multiplication. Thus consider 
xr+P=2'+Pandy+P=y' +P, that is 2-2 € Pandy'—y€P. As P is an R-submodule 
we get (2+ y') —(a+y) = (a’ — x) 4+ (y! —y) € P and this again is (x+y) +P=(a'+y') +P. 
Likewise for any a € R we get (az’) — (ax) = a(a’ — x) € P, which is az + P= aa’ + P. 


e Now we immediately see, that 1//P is an R-module again. The associativity and commutativity 


of + are inherited trivially from MZ. And the same is true for the compatibility properties of o. 
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The neutral element of M//P is given to be 0+ P, as for any x + P € M/P we get (x + P)+ 
(0+ P) = («+ 0)+ P= 2+P. And the inverse of 2 +P € M/P is just (—x) + P, as 
(x +P) + ((—2)+ P) = (a+ (-2))+P=0+P. 


e Finally suppose A is an R-(semi)algebra, then we want to show that A/a is an R-(semi)algebra 
again. As the R-algebraideal a is an R-submodule A/a already is an R-module, by what we have 
already shown. Next we have to verify the well-definedness of the multiplication. Thus consider 
f+a= f'+aandg+a=g' +4, then (f'9’) — (fg) = f'(g'— 9) + (f' — f)g € G, by assumption 
on a. Now it is clear that A/a inherits the associativity of the multiplication from A. Likewise 


the compatibility properties of -, + and © are inherited trivially. As an example let us regard the 


identity of 
(a(f+a))(g+a) = (af +a)(g +4) = (af)g+a=alfg) +a 
(f+a)(a(g+a)) = (f+a)(ag+a) = flag) +a=alfg) +a 


a((f+a)(g+a)) = a(fg +a) =a(fg) +a 


Proof of (1.62): 
First of all we have (a) => (c) because b€ b+ nZ=a+nZ gives some c € nZ such that b=a+c. 
And c € nZ means nothing but c= kn for some k € Z. For (c) => (b) we use division with remainder 
(1.28) to write a = pn+r and b = qn+s such that r = a mod n and s = b mod n. Then we can 
compute 

qnt+s =b=atkn = pn+rt+kn = (pt+k)n+r 


which yields s — r = (p +k —q)n such that |s — r| = |p + k—gq|-n. As r and s both are positive, this 
implies that 0 < |s—r| < max{ s,r} <n. But this can only be, if |p-+k—g| = 0 such that g=n+k and 
r = s. And the latter just is the claim (b). It remains to prove (b) == (a): continueing with the notation 


we have r = s and hence b—a = qn+s—qn-—r = (q—p)n. Letting k := q—p we have b—a = kn € nZ. 


That is a and b are equivalent and hence have the same equivalency classes a+ nZ = b+ nZ. 
Proof of (1.64): 


e We first prove that 6/a truly is an ideal of R/a. Thus regard a +a and b+4 € b/4, that is a, 
b <b. Then we clearly get a+ b and —a € B such that (a +a) + (b+) = (a+b) +0. €b/a and 
—(a+qa) = (—a)+a€6/a. Further if f +a ¢ R/a (that is f € R) then fb, bf <b, as B is an ideal. 
And hence (f + a)(b+4) = (fb) +a €b/a, likewise (b+4)(f +a) € 6/a. 


e Next we prove that b := {be R|b+ae€UuU} <j Ris an ideal, supposed U <j; R/a is an ideal. 
Thus consider a, b € 6 then (a+b) +a = (a+a)+(b+4) € Wand (—a) +a = —(a+4) € U which 
proves a+b and —a € Bb. And if f € R then (fb) +a = (f +a)(b +4) € U which proves fb € b 
(likewise bf <b. Hence B is an ideal, anda C Bis clear, as for anya € Awe geta+a=0+QEU. 


e Thus we have proved that the maps b +> b/a and U+ B are well defined. We now claim that they 


even are mutually inverse. For the first composition we start with a C bh <, R. Then 
bs %/y os {ber|o+ac*/,} = {o|beb} =5 
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For the converse composition we start with an ideal U <j; R/a, which is mapped to b := {be R | 
b+a € U}. Now it is easy to see that 


Uo bo O/ = {b+a|b+aceu}=4 


Next we prove that this correspondence respects intersections, sums and products of ideals as 
claimed. That is 6 andc¢ <j R are ideals with a C 6 anda C ¢. Then 


bene = {b+a| bebnc} = eee 
e+ = {(b+4a)+(c+a) | beb,cec} 
= {(b+c)+a | beb,cec} = aa 


sb, + a)(c +4) 


netaect 
i=1 


{ (Sota) +6 netaecl = ae 
i=1 


The final statement of the lemma is concerned with the generation of ideals. For the inclusion " >" 
we consider any u € (X/Q);. That is there are a; +4, b; +a € R/a and x; +a € X/Q such that 


O/ aE 


(a; + a)(a; + a)(b; + a) 


I 


i=1 


k 
( cont) +a € Werte 
i=l 


And for the converse inclusion "C" we are given some a € @ and y € (X);. This again means 


that there are some a;, b; € R and x; € X such that y = )>,a;2;b;. We now undo the above 


computation 
k 
(a+y) +0 = y+a = Sai +a)(ai +ay(bi+a) € (*/q) 
i=l 
We now prove that this correspondence even interlocks radical ideals. First note that b <j R is 


radical iff Vb = b. Now remark that (b+ a)* = b* +a €/4 is (by definition) equivalent to b* € b. 
Thus we found 

b/ _ vb 

/ = a 


And in particular we see that 6/a is a redical ideal if and only if 8 is a radical ideal. And this has 


been claimed. 


If p <i R/d is prime then regard any a, be R. Then (a+a)(b+ a) = ab+€ p/@ is equivalent, 
to ab € p which again is equivalent, to a € Pp or b € Pp (as P is prime). And again this is equivalent, 
toa+aep/d or b+a€/a. Hence p/a is prime, too. For the converse implication just pursue 


the same arguments in inverse order. 
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As the correspondence 6 «+ 6/a maintains the inclusion C of subsets, it is clear that maximal 


elements mutually correspond to each other. That is M/a is maximal, if and only if M/d is maximal. 


Proof of (3.16): 


(i) 


(ii 


a 


(iii 


a 


We will first prove the eqivalency 2+ L © P/L <= « © P. The one implication is trivial: 
if a € P, then «+ L © P/L by definition. Conversely suppose there is some p € P such that 
x+L=p+Le P/L. By definition of W/L this means « — p € L, that is x — p = @ for some 
£LEL C P. And therefore x =p+le€P,asp,€€ PandP <, M. 


Now we are ready to prove P/L <m M/L, clearly0 =0+ZL € P/L, as we have 0 € P. Now 
consider x+ L and y+L © P/L, by what we have just seen this means z and y € P. As P <, M 
this implies «+y € P and hence (x+L)+(y+L) = (x+y)+L € P/L again. Finally consider any 
aé€R,asxe€PandP <, M this implies ax € P and hence also a(x + L) = (ax) +L € P/L. 
Altogether P/L is a submodule of M/L. 


In (i) we have seen that P ++ P/L is a well-defined map, so next we will point out that U ++ (U) := 
{xe M|x+Le€U} is well-defined, too. That is we have to verify (U) <m M and L C (U). 
The containment L C (U) is clear, if 2 € L then €+£02=0+L2=0€U and hence £ € (U). 
In particular 0 € (U). Next suppose we age given z, y € (U), that is r+ L, y+ L € U. Then 
(c+ty)+0=(4+L)+(y+L)eUasU <, M/L and hence x+y € (U) again. Likewise for 
any a € R we get (ax) + L=a(a+L) €U and hence az € (U),asx+LeEeUandU <, M/L. 
Thus both maps given are well-defined. It remains to verify that they are mutually inverse: the one 
direction is easy, consider any U <, M/Z, thenU +> (UU) (U)/L={x+L|x+LeUu}=U. 
Conversely consider any L C P <, M, then P+ P/L + (P/L), yet using (i) we obtain 
(P/L) = P from the following computation 


(7/5) a {cemM|az+LeP/, } ={reEeM|xeP}=P 


To prove this claim we just have to iterate the equivalency in (i): +L € ((); Pj) /L is equivalent 
to x € ();P;, which again is equivalent to Vi € I: « € P;. Now we use (i) once more to 
reformulate this into the equivalent statement Vi € I: «+L € P,/L, which obviously translates 
into «+ L €()\,(P;/L) again. 


We want to verify >7,(P;)/L) = (0, Pi)/L, to do this recall the explicit description of an arbitrary 
sum of submodules for the P;/L <m, M/L 


YCG) = {een 


wel tEQ 


Q C I finite, x; +L € ya 


Next recall the equivalency in (i), this allows us to simply substitute x; + LD € P;/L by x; € F,. 
Further - by definition of + in M/L - we can rewrite the sum }>,(a;+ L) = (90, 2:) + L. Together 


this yields 
o(P/2) = { (Sa) +2 


iel tEQ 


QC Fite € 
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That is the term on the right hand side is (apart from the +L in (}°,; 2;) + LZ) nothing but the sum 
>; Pi again (by the explicit description of arbitrary sums of the submodules P;. That is we have 
already arrived at our claim )°,(P;/L) = (90, Pi)/L. 


Let us denote P’ := P;+ L, then it is clear that L C P! for any ¢ € J. But on the other hand 


v7 


oP = (Pi + L) = (0; Pi) + L as the finitely many occurances of elements ¢; € L can be 
composed to a single occurance of £ := )°, @; € L. But by assumption L is already contained in 
y2,; P; and hence (>, P;) + L = 3°, P;. That is we have obtained 5°; P/ = 5+, P;. Now statement 
(iv), that has just been proved, yields (>_,; P;)/L = (30; P!)/L =o, (P//L), as claimed. 


To prove this identity we directly refer to the definition of the R-submodule generated by X/L C 
M/L. And this is given to be 


ade = Ae se Ma | eeu} 


By (ii) the submodules U of M/Z correspond bijectively to the submodules P of M containing L. 
l.e. we may insert P/L for U, yielding 


X71) = Pn | esr sn X/,c P/y} 


Clearly X/L C P/L translates into Va © X :a+L € P/L, and due to the equivalency in (i) this 
isVxeE X:xE€P, te. X C P, therefore 


ips 7 (Ng | Bere noe Pt 


Of course L C Pand X C P can be written more compactly as X ML C P. And due to (iii) the 


intersection commutes with taking to quotients, such that we may reformulate 
< C 
Cai ns!) GP EP ei I CR hs 


That is we have arrived at (X/L)m = (X UL)m/L. But by the explicit representation of the 
generated submodules (3.12) it is clear, that (X 1 L)m = (X )m+(L)m. And as L already is a 
submodule of M/ we have (L)m = L. Altogether (X/L)m = ((X )m + L)/L. 


Proof of (3.22): 


(i) 
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We will first prove that ann(X) is a left-ideal of R. As this is just the intersection of the annihilators 
ann(a) (where 7 € X) it suffices to verify ann(z) <m R for any x € M, due to (1.50). Now 
0 € ann(z) is clear, as 0°02 = 0 for any x € M. Now consider any two a, b € ann(z), that is 
ax = 0 and bx = 0. Then (a+ b)x = (ax) + (bx) = 0+ 0 = 0 and hence a+b © ann(z) again. 
Finally consider any r € R, then (ra)a = r(ax) = ro0 = 0 and hence ra € ann(z), as well. 
Altogether we have ann(x) <m Rand hence ann(X) <m Ris a left-ideal, as it is an intersection 


of such. 


Next we want to prove that ann(P) <j R even is an ideal. As we already know ann(P) <m R 
it only remains to prove that ar € ann(P) for any a € ann(P) and any r € R. As a € ann(P) 
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(iii 


(v 


) 


— 


) 


we have ap = 0 for any p € P. Now consider any x € P, then ra € P, too as P is a submodule 
of M. Thus (ar)x = a(rx) = 0, as we can take p = rx. And as x € P was arbitrary this means 


ar € ann(P) again. 


Let us denote ® : R/ann(x) + Rar : b:=b+ann(zx) + bz, we will first prove the well-definedness 
and injectivity of this map: az = ®(a@) = 6(b) = br is equivalent to (a — b)x = 0, that is 
a—b € ann(z) or in other words @ = a+ann(x) = b+ann(a) = b. The surjectivity of & is clear, as 
any b € Ris allowed. And ® also is a homomorphism of R-modules, as by definition of the algebraic 
operations of R/ann(z) we have ®(@ + 6) = ®(a +b) = (a+ b)x = (ax) + (bx) = O(a) + &(b) 
and ©(ab) = ®(ab) = (ab)x = a(bx) = a®(b). Nota that this proof was completely elementary. It 
can also be proved regarding the epimorphism y : R > Ra : b++ bx and noting that its kernel is 


kn(~) = ann(a). If we now invoke the first isomorphism theorem of -modules, we get ®. 


If @ = ann(x) for some x € M with x ¥ 0, then we have just seen, thaty: R/A 4 Rx <p, M 
defined by 1(b + a) := bx is a monomorphism of the desired form. Conversely: As @ is proper we 
have 1 ¢ Q and thereby 1+0+40 € R/a. And as u is injective, this means x := v(1+a) A0€ M. 
Also for any b € R we have 1(b + 4) = bu(1 +) = bx such that br = 0 is equivalent to b+a=0 


which again is 6 € a. That is we have @ = ann(x) for some x 4 0. 


First consider x = 0, then az = a0 = 0 is clear for any a € S and hence ann(x) = S. Secondly 
consider « # 0 and a € ann(z), that is ax = 0. Suppose we had a ¥ 0, too, then (as S is a 


1 


skew-field) there was some a! € S such that a-'a = 1. Then we would be able to compute 


x=1xr=(a'a)x =a '(ax) = a !0 = 0, a contradiction to x 4 0, such that a = 0 and therefore 
ann(z) = 0. In other words S + Sx : a+ az is injective for any x 4 0. But the surjectivity is 


trivial, so this map is an isomorhism of S-vector spaces. 


Let us abbreviate P := (X )m, then by definition it is clear that X C P and hence ann(P) C 
ann(X). For the converse inclusion consider any a € ann(.X), then we have to show a € ann(P). 
That is ap = 0 for any p € P. By (3.12) any p € P is given to be p = 5°, a;x; for some a; © R 
and a; € X. Therefore ap = )°,(aaj)a; = >>, ai(ax;) = 50,a;0 = 0 as R is commutative. 
Altogether that is ann(X) = ann(P). If X generates M, that is P = M, then we hence find 
ann(M/) = ann(X) =), ann(a;) as well. 


Now suppose M = (X )m where X = { 2; |i€ I} and consider the map y: R — M! defined by 
(a) := (ax;) (where i € J). If now a € ann(M) = ann(X) then ax; = 0 for any 7 € I and hence 
~p(a) = Dis clear. Therefore we have ann(/) C kn(y). Conversely y(a) = 0 means ax; = 0 for any 
i € I, that is a € ann(X) = ann(M) and hence even kn() = ann(M). Thereby R/ann(M) 3 M! 


is well-defined and injective according to the first isomorphism theorem (3.73.(ii)) 


We first have to check the well-definedness of the scalar multiplication. To do this consider any 
b+a=c+4Q, that isa:=c—beEd C anng(M). If now x € M is an arbitrary element, then 
cx = (a+ b)a =ax+bx =0+ bx = ba, as a annihilates any x € M. Hence (b+ 4,2) + bax does 
not depend on the specific b € R chosen. As we have only changed the scalar-multiplication on 


M, it remains to prove, that it still satisfies the properties (M) in the definition of modules. Thus 
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consider any a, b € R and any z, y € M. Then we can compute 


(a+a)(x+y) = a(a+y) = axr+ay 
= (a+Q)r+(a+aQ)y 
((a+a)+(b+a))e = ((a+b)+Q)x = (a+b)a 
= art+br = (a+Q)r+(b4+Q)x 
((a+a)(b+a))e = ((ab)+a)a = (ab)x = alba) 
= (a+a)j(br) = (a+a)((b+a4)z) 
GL (as et eee 


Proof of (3.23): 


(i) 


(ii) 


(iii) 


(iii) 
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By definition an integral domain is non-zero R ¥ 0, such that 1 4 0. As also 1¢0 = 0 we already 
have 0 € Tor(M). Now consider any two z, y € ToR(M), that is there are some 0 4a,bE R 
such that az = 0 and by = 0. As R is an integral domain we also get ab 4 0. Now compute 
(ab)(x + y) = (ab)x + (ab)y = (ba)x + (ab)y = b(ax) + a(by) = bo0+a00=04+0=0. That is 
(ab)(x + y) = 0 and hence « + y € M, as ab 4 0. Finally consider any r € M, then we need to 


show rx € ToR(M). But this is clear from a(ra) = (ar)x = (ra)x = r(ax) =ro0=0. 


Let us abbreviate T := Tor(M), now consider any x + T € tor(M/T). That is there is some 
0#Aa€ R such that (az) + T = a(x + T) =0+T. This is just ax € T, that is there is some 
04 be R, such that (ba)x = b(ax) = 0. As R is an integral domain, we get ba 4 0 and this means 
x € T, such that x +T =0+T. Thus we have just proved tor(M/T) C {0+ 7}={0} and the 


converse containment is clear. 


Let {m,; |7 © JI} be a basis of M and consider any x € P. Suppose there was some 0 aE R 


such that az = 0. Then we write x as a linear combination of the m,; and find 


= ) xLyM; 0 ax ) axj;my 


tel ieL 


As the m, are linearly independent, by assumption, this means ax; = 0 for alli € J. But asa 40 
and R is an integral domain this implies xz; = 0 for all i € I such that x = 0. That is we have 
proved that az = O implies x = 0 for any x € P. But this is Tor(P) C 0 and the converse inclusion 


is trivial. 


(a) = > (b): As R 4 0 we have 1 #4 0 and as 100 = 0 this implies 0 € Tor(M/). Conversely 
consider any x € Tor(M), that is there is some a € R such that a £ 0 but az = 0. Suppose we 
had « £0, then a € zDR(M) C {0} (by definition of zdR(M), as x 4 0 and ax = 0) which is 
a = 0 again. But as a ¥ 0 this is a contradiction. Thus we necessarily have x = 0 and as x has 


been arbitrary this means Tor(/) C {0}, as well. 


(b) == (c): Consider any x € M with x ¥ 0, then ann(x) = {ace R| ax =0}. If there was 
some a # 0 with a € ann(zx), then x € Tor(M) = {0}, which is untrue, as 4 0. Thus we have 
ann(z) = 0. As M 40 we find (c). 
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(iii) 


(iii) 


(v) 


(c) = > (d): Consider any a € R and any x € M such that az = 0. If = 0 we we are done, else 
a € ann(x) € Anns(M) = {0}. That is a € ann(xz) ={ae R| ax =0}={0} and hence a=0. 


(d) ==> (a): Consider any a € zDr(M), that is there is some x € M such that x 4 0 and ax = 0. 
Thus by assumption (d) we find a = 0, and as a has been arbitrary, this means zDp(M) C {0}, 


as claimed. 


(b) == (a) is simple: If 7: © R”, then M is isomorphic to N := u(M) <p R”. But as R” 
is free [it has the Euclidean basis] and R is an integral domain (ii) tells us that N is torsion-free. 
Due to the isomorphism 4 : + N this means MM is torsion-free. Conversely for (a) = > (b) pick 
up a generating set {7m1,...,m, } of M. If M =0 we are done with M @ R:0+ 0, s0 let us 
assume M #0 and hence m; 4 0 for any 7 € 1...r. Now let 


L:= {I Cl...r|{m;|ie I} is linear independent } 


By assumption am; = > a =O such that any {i} € Z, in particular £ is non-empty. But also 
L is finite [it contains 2” elements at most]. So we may choose some I € CL that is maximal, that 
is {m; |i € I} is linear independent and for any j ¢ J the set {m;| ie I}U{m,;} is linearly 
dependent. Now let 
6:R GM: (aj) HS \ ami 
wel 

As {m;, | i € I} is linearly independent this homomorphism is injective. If we denote its image by 
F :=im(®) <m M we even have an isomorphism ®: R!% F <,, M. But by construction of I 
for any j € J the set {m;|ie¢I}U{m,; } is linearly dependent, that is there are some aj €¢ R 


and some a;,; € R (not all zero) such that 


) aijmj +ajm; = O 
ier 


If thereby a; = 0, then there was some aj;,; # 0, which is absurd, since {m;|7€ I} is linear 


independent. But from this we get 


ajm; = — So aigm, E Lh{m,;|7eI} =iF 
tel 


If we take a := Hyer a; then a 4 0, as any a; # 0 and R is an integral domain. But by construction 
also am; € F for any j ¢ J and am; € F for any i € I is clear. Thus we have aM C F’. But as 


M is torsion free, the homomorphism 
a:MoF:arnaz 


has kernel kn(a@) = 0, as az = 0 implies x = 0. That means a is injective. And thereby we have 
found the embedding yz := &~!a of M into R! that is of the desired form 


Pla: MoFSR 
If « € ToR() then there is some 0 4 a € R with ax = 0. But since ® is a homomorphism this 
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means a®(x) = ®(ax) = &(0) = 0 such that ®(x) € Tor(N). As x was arbitrary this means 
®(tor(M)) C tor(N) 


With the same reasoning we find ®~!(tor(N)) C tor(M) and hence tor(N) C &(tor(M/)). Thus 
we have proved ®(tor(/)) = Tor(N). In particular ® : ToR(W) + ToR(NV) is an isomorphism, as 
it is well-defined, surjective and inherits both the injectivity and the R-linearity from ®. It remains 


to prove that 


Meow) % N/ron(w) 1 @+TOR(M) 4 B(x) + ToR(N) 


is an isomorphism, as well. To do this regard «+Tor(M) = y+Tor(M), that is y—a € Tor(M) and 
as ® is injective this is equivalent to ®(y—2) € ®(ToR(M)) = torR(N). As ®(y—2x) = ®(y) — B(x) 
this is again equivalent to ®(x) + Tor(N) = ®(y) + TorR(N). Thus we have established the 
well-definedness and injectivity at the same time. But as ® is surjective so is x + ToR(M) 


®(x) + Tor(V) and therefore we have another isomorphism. 


(vi) Let us denote the set of all proper, pure submodules P of M by P, thatisP := {P <n M|P#M,P is pure 
As M is torsion free 0 <, M is a pure submodule of MZ (az = 0 implies a = 0 or x = 0). Also 
0#M such that P is non-empty. Now consider a chain (P;) C P in P, then we let 


Oe 


wel 


As (P;) is a chain we know that Q is a submodule of MZ again. Now suppose we had Q = M. 
As M is finitely generated we find some mz € M such that M = Lh(x1,...,2,). And as (for any 
kel...n) tp € M =Q there is some i(k) € J such that xz € Px). Taking to the maximum of 
the P,,) we find x, € P; for some z € J. But this would imply P; = M in contradiction to our 
assumption. Hence Q #4 M. 


In fact Q even is pure again: suppose we have az € Q, that is ax € P; for some z € I. And as this 
P; has been pure we find x € P; which yields 7 € @ again. Hence every chain (P;) in P has an 


upper bound Q € P and therefore P has a maximal element, due to the lemma of Zorn. 


Proof of (3.25): 
Let us first prove that Q : P is a submodule of R: AsO P=0 C Q we always have 0 € @: P. Nowit a, 
b€Q: P then for any p € P we get ap€ aP C Q and bp € bP C Q such that (a+ b)p = ap+bpe€ Q, 
as Q is a submodule of M, and hencea+be€Q:P. AndifaeQ: P then aP C Q, such that for any 
b € Rwe find (ba)P = b(aP) C bQ C Q and hence ba € Q: P again. Together this is Q:P <m R. 
And0:M={aeR|aM C 0} =ann(M) is obvious. 

If now Ris commutative, thenQ:P <m Rimplies Q: P <, Rand we look at ann(x) = {aE R| ax =0} 
and0:Rr={aeR|aRzx C 0}. Asx € Ra we getac0: Rr = > a€ ann(z). Conversely as R is 
commutative ax = 0 implies a(bx) = b(ax) = b0 = 0 for any b € R such that a € 0: Ra, as well. 


Proof of (3.24): 
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(i) Choose any x € M, yet x £0. Then Ra = { br | be R} is a non-zero submodule of M. But as 
OA Rx <m M and M is simple we get Rx = M. Hence we get 


m := annr(M) = {ae R|Vye Rx: ay=0} 
= {ac€R|VbEeR: abr =0} 
= {a¢€R|axr=0} = ann(z) 


Here {ae R|VbeE R: abx =0} C ann(z) is clear - just take 6 = 1. And the converse inclusion 
follows easily: if az = 0, that abr = b(ax) = 60 = 0 as well. So by (ii) we obtain an isomorphy of 
R-modules 

Bly SM: a+Mr ax 


Now, as M is simple, so is R/m. That is 0 = m/mM is a maximal ideal of R/m. That is R/M is a 


field and this again means that M is a maximal ideal of R. 


(ii) Let us first prove (b) == (a): That is we consider ab € ann(z) and have to prove a € ann(z) or 


—a 


b € ann(x). Note that ab € ann(x) is just abz = 0 and distinguish two cases: If ann(axz) = R, then 
1 € ann(az) such that az = 0, which is a € ann(a). And if ann(az) = ann(zx), then bax = abx = 0 


can we put as b € ann(axz) = ann(z), such that b € ann(z). Altogether ann(z) is prime. 


It remains to prove (a) ==> (b): Clearly, if a € ann(x), then az = 0 such that ann(axr) = 
ann(0) = R. So let us assume a ¢ ann(z) and consider b € ann(az). That is bax = 0 and hence 
ba € ann(a). As ann(ax) is prime and a ¢ ann(z) this implies b € ann(x). Thus we have proved 


ann(ax) C ann(x). But the converse inclusion ann(z) C ann(aa) is generally true: if b € ann(z) 


then bx = 0, in particular 0 = a0 = abr = baz such that b € ann(az), as well. Thus we have 


ann(az) = ann(az) in case a ¢ ann(z). 


By definition Anns(Ry) is the set of all ann(z) for some z € Ry with z 4 0. As a ¢ P = ann(z) 
we have y = ax # 0 and as y € Ry this is ann(y) € Anns(Ry) such that Anns(Ry) 4 90. 
It remains to verify, that ann(by) = p for any 6 € R such that by 4 0. As y = az this is 
ann(bax) = ~P = ann(x) whenever bax # 0. As bax 4 0 we also have az # 0. Then b ¢ ann(az) 


implies ann(ax) # 0 and as ann(z) is prime, (ii) only leaves the option ann(axz) = ann(x). But 
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also ann(bax) =4 R (as 1 ¢ ann(abx)) and ann(ax) = ann(z) is prime, such that (ii) implies 


ann(by) = ann(bax) = ann() = P again. 


(iii) Let p = ann(z) be a maximal annihilator ideal of M/ with p # R. Further consider any a,b€ R 
with ab € ~ but b ¢ p, then it remains to verify a € p. As b ¢ P we have ba 4 0. Now consider 
a := ann(bx), as bx # 0 we have 1 ¢ Gand hence a # R. Also if p € p, then p(bx) = b(px) = b0 = 0 
and hence p € @, which means P C @. But by maximality of p this is p = a. Now as ab € P we 
have a(bx) = (ab)x = 0 such that a € d=), as has been claimed. 


Proof of (3.17): 


e Let us first prove the identity part in the modular rule, starting with (QNU)+P C QN(P+U). 
Thus we consider any x € QNU and p € P and have to verify 7+ pe Qn(P+U). AsxEQ 
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and p € P C Q we have x +p € Q. And as also x € U we have x +p € U+ P hence the 
claim. Conversely for (QNU)+ P D QN(P+U) we are given any p € P and u € U such that 
q:=p+ue€Q and we have to verify p+u € (QNU)+ P. But as u=q-—pand p, gq € Q we find 
u € Q and hence u € QNUU. And this already is p+u=u+pe(QNU)+P. 


So it remains to verify the implication in the modular rule. As P C Q by assumption it remains to 
prove Q C P. Thus consider any q € Q, then in particular ge Q+U =P+U. That is there are 
p€Pandu€U such that q=p+u. And as pe P C Q this yields u = g — p € Q, such that 
u€QNU=PNU. In particular u € P and hence q=p+u€ P, as claimed. 


Proof of (3.45): 


(i) We only need to show the well-definedness of the scalar multiplication: Hence let us consider 
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any « € M; anda+tR=0b6+tR. That is b—ae€tR, say b—a = tu for some u € R. Then 
(b—a)x = tux = utx = u0 = 0 and hence bx = az. But this aleady is (a+tR)x = (64+ tR)z. 


Basically this is just an application of the first isomorphism theorem of modules (3.73.(ii)). Clearly 
both M; and M; are submodules, as they are defined as M; = kn(pz) and tM = im(p,) respectively 


and the isomorphism claimed here is precisely the induced isomorphism in said theorem. 


If c © My then ty(x) = y(tx) = y(0) = 0 such that v(x) € Ny. This already is y(Mt) C Me. 
Let us now assume that y is bijective, then we consider any y € N;, that is ty = 0. Now let 
x :=y '(y) € M, then we have y(tx) = ty(x) = ty = 0 and thereby tx = 0, such that x € M;. 


That is we also have y = y(2) € p(M:). 


Consider any x € M, C M. By assumption x has a unique decomposition in terms of x = >, x; 
where a; € P; for any i € I. Then we have 0 = ta = t)), a; = D0, ta; and as ta; € FP; this is 
the unique decomposition of 0 € M in terms of the P;. Due to the uniqueness this is tz; = 0 and 
hence 2; € (P;)z. That is any 7 € M; has a unique decomposition in terms of the (P;)z, which had 


to be shown. 


Let us first deal with the well-definedness of ty. That is we consider any two (r;+a;R) = (s;+a;R). 
That is we have s; — 7; € a;R for any 2 € J and multiplying this equation with t we get ts; — tr; € 
ta;R = b;R. As this is true for any i € I we already have (tr; + b;R) = (ts; + b;R) and thus ty is 


well-defined. Also the homomorphism properties of ty are plain to see. 


So let us next assume, that y is surjective, then we need to show that ty is surjective, as well. 


Given any y € tM we write y = ta and choose (r; + 6;R) such that y(r; +6;R) = x. Then we get 
to(ri + aiR) = o(tr + b,R) = tori + b:R) =tr=y 


Finally suppose that ¢ is injective and that t € NzD(R) is a non-zero-divisor, then we need to show 
that ty is injective, as well. So consider any (7; + a;R) with y(tr; + b;R) = 0. As ¢ is injective 
this leaves (tr; + 6;R) =0 which is tr; € b;R = ta;R for any i € J. But as t € NzD(R) this implies 
r; € aR for any 2 € I and hence (r; + a;R) = 0. 
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(vi) In the first part we will check the well-definedness of the homomorphism y:a+sRt>ra+tR. 
Take a look at a+sR=b+sR, this means b—a € sR and thereby rb—ra = r(b—a) ErsR=tR, 
such that ra+tR = rb+tR. Also we find that s(ra+tR) = sra+tR =ta+tR =0+tR such that 
ra+tR € (R/tR)s, again. The R-linearity is clear, as well: (a+sR)+(b+sR) =(a+b)+sRVH 
r(ia+b)+tR= (ra+tR) + (rb4+tR) and u(a+ sR) =ua+sRvruat+tR=u(ra+tR). 


Let us now assume that t = rs € NzD(R) is a non-zero-divisor of R. This implies that r and 
s € NzD(R) are non-zero-divisors, as well. And from this we can deduce the injectivity of y: 
Suppose 0+¢tR = y(at+ sR) =ra+tR, this means ra € tR = rsR and as r € NzD(R) this again 
implies a € sR such that a+sR=0+sR. That is we have shown that y(a+sR) =0+tR implies 
a+sR=0+ sR, which in turn implies the injectivity of y. 


For the surjectivity consider any v+tR © (R/tR), that is s(v +tR) = 0+ +R. In other words 
sv € tR = rsR = srR and as s € NzD(R), as well this again implies v € rR. That is we have 
v = ru for some u € R. But then we find y(u+ sR) = ru+tR =v+tR, which already is the 


surjectivity. 


(vii) For the implication "=> "we have 1+tR € R/tR = (R/tR)s, and hence 0+tR = s(1+tR) = s+tR 
such that s € tR. But this already is t | s. Conversely we start with ¢ | s and with the same 
reasoning arrive at s+tR = 0+¢tR. Thus for any a € Rwe get s(a+tR) = a(s+tR) = a(04+tR) = 
0+tR such thata+tR € (R/tR)s. This is R/tR C (R/tR), and the converse inclusion is trivial. 
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First of all (R/tR), = 0 is equivalent to saying p(a+tR) =0+tR implies a+tR=0+tR 
which again is equivalent to a € tR. So let us start with p / t, then we are given some a+tR 
with p(a + tR) =0+4+tR and need to show a € tR. By assumption we then have pa € tf, that is 
pa = tv for some v € R. In particular p | pa = tv which implies p | t or p | v, since pis a prime 
element of R. But as also p J t this only leaves p | v and hence there is some u € R such that 
pu =v. Then we have pa = tu = tpu and hence a = tu since p € NzD(R). But this is a € tR, 


which had to be shown. 


Conversely if p | t, then by (iv) we have an isomorphism of the R-modules R/pR (R/tR),. As p 
is prime it is not a unit and hence R/pR #0. Thus in turn we find (R/tR), £0, as well. 


Proof of (3.40): 


(i) Recall that GP has been defined to be the submodule generated by elements of the form ap with 
a € and pé P. In the light of (3.12) this turns into 


aP = Lh{ap|acea, pe P} 


7 3 biQuipi 
i=l 


But as @ is an ideal and a; € we find that a; := bja; € G again. And hence @P is contained in the 


1<nEN, 5 ER, nea ner 


set given in claim (i). Conversely any ajp1 +---+4npnp can be realized by taking b} = ---=b, = 1 
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and a; = a;. Thus the set given in claim (i) is also contained in aP: 


n 
ap = {dow 
= 


1l<neN, weanePt 


As « € GP there are some qj,...,@m € Gand qj,...,¢m € P such that x = ayqy +--+ + QmGm as 
we have seen in (i). But as P is generated by { p; | 7 € J} any gy can be written in the form 


dk = y Oeie: 


tel 


for some b,,,; € R of which only finitely many are non-zero. Inserting these equations into our 


presentation of x we find 


2 = Sag = so (= ban) 2 (> och) Pi 


k=1 k=1 wel wel \k=1 


As @ is an ideal and any a, € 4 we also find a; := >>, andy; € a. And as there are only finitely 
many 7 € I such that b,; 4 0, all but finitely many a; are zero. Let us denote these non-zero 
a; € M by ay,...,@, and the corresponding p; by p1,..., Pn, then we have arrived at the claim 


L=aypy +++: +4nPn- 


As ap € P for anya ea C Rand any p€ P, so is the submodule generated by these elements - 
and this is a@P. 


Considering the ideals a and 6 with a C BD we find that for any a € a C Bb and any p € P we get 
ap € AP and hence a@P C DP. In complete analogy: Considering the submdules P and Q with 
P C Q we find that for any a € 4 and any pe P C Q we get ap € AQ and hence AP C aq. 


We first prove that a(//P) is contained in (aM + P)/P, to do this, consider any element of 
a(M/P), by definition this is of the form (where az, € @ and x, € M) 


n n 
S\ an (2% + P) = (Sonne) +P E Ep 
k=1 


k=1 


That is a(M/P) C (aM +P)/P, conversely consider any element of aM + P, that is we are given 
any ay € a, x, € M and pec P, then 


(> awn) +p+P = (> own) +P 
k=1 k=1 
S- an(an + P) € a(“/p) 


k=1 


That is (@M + P)/P C a(M/P) as well and hence we have proved the equality of these sets, 


which had been claimed. 


By definition (3.14) of the quotient module 1//aM is a well-defined R-module. Hence all we have 


to do is checking the well-definedness of the scalar-multiplication. We will present two ways of 
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(vii) 


(vii) 


demonstrating this: (1) clearly we get a(x +QM) = ax+aM =0+4M for any a € G and any 
x € M. That isa C annr(M/aM), such that we could simply cite (3.22.(v)). The more instructive 
way (2) is a direct computation however: consider b+ 4 =c+Qandx+aM = y+aM, that is 
a:=c—b€ and p := y—x € aM. Then cy— bx = cy—by+by—bx = (c—b)y+b(y—x) = aytbp. 
But as a € O we find that ay € GM and as p € GM already we see that cy — bx € AM. But this 
is ba +0M = cy+aM and hence (b+ 0,2 +4M) +> br +QM does not depend on the specific 
choice of be Rorxe M. 


We first have to check the well-definedness of ~/d: to do this we consider any x +0M =y+aM 


in M/aM, that is p := y—a2 € AM. By definition of GM this means that p can be written as 
p=a1pi +--+: +AnPp, for some a; € A and p; © M. Then we can compute 


ely) — (2) = 9(v) = DJaw(i) € an 
i=1 


That is y(y) +4N = v(x) +QN, such that the map y/d truly is well-defined. The properties of 


being a homomorphism are straightforward: consider any a € R and any x, y € M, then 


p((a+a)\(a+aM)) = y(axr+aM) = p(ar)+aNn 
= ap(x)+aN = (a+) (p(x) + aN) 
= (a+Q)p(x4+aN) 
g((et+a)+(y+aM)) = pl((x+y)+aM) = v(xt+y)+aNn 


= o(z)+ ly) +aN 
= (p(x) +aN) + (p(y) + aN) 


If p: M — N is surjective, then clearly y/a: M/aM — N/QN is surjective as well: given any 
y+aN € N/QN we choose any x € M with v(x) = y, then (y/a)(x+aM) = v(x) +0N = y+aN. 


If y even is bijective, it remains to check the injectivity of ~/a. To do this we regard the following 


homomorphism of R-modules 
oe M3 N/qn : oH v(r) +0N 


That is ~ = 7y, where m denotes the canonical projection of N onto N/aN. Now by definition of 
w we see kn(7) = {x © M | yp(x) € AN} and therefore AM C kn(w). If conversely v(x) € aN, 
then v(x) = a1y1 +--+ + AnYn for some a; € A and y; € N. Yet as ¢ is bijective we may define 
x; := y '(y), that is y; = y(a;) and hence 


p(x) = ayyp(ri1) +..-anye(an) = (ait, +---+antn) € y(aM) 


By the bijectivity of y this means x € GM again, such that we have proved kn(7) = aM. Now 
note that - by definiton of a - we have (y/d)(a +QM) = w(x). Therefore 


kn (¥/q) = Kn) / avs = aN ond = UNE ey 
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That is y/@ has zero-kernel and hence is injective. As the surjectivity has already been proved we 


found the bijectivity of ~/a. 


Consider any elements 21,...,2n € Z, then by definition of the scalar multiplication on //aM we 


already see the identity 
S-( aj;+ Q) z o 425 
i=1 
And as in both cases the a; € R can be chosen completely arbitrary this implies that the R-linear 


hull of Z equals the (#/d)-linear hull. 


Clearly Q is an R-submodule of M/aM if and only if Q equals its R-linear hull. Likewise Q is an 
(R/a)-submodule of //aM if and only if Q equals its (R/a)-linear hull. But by (viii) these linear 


hulls are equal, and hence we get 


Q € Submpr (“/a) — = Lhr(Q)=Q= Lhra(Q) 


<> Qe Submpg (“/ars) 


Now the explicit description of the (J2/a)-submodules of M//aM is just an application of the 


correspondence theorem (3.16) of modules. 


Since a C Bit is clear from the definition that aM C 6M. And as both P:=aM and Q :=bM 
are submodules of M the claim is nothing but the third isomorphism theorem of modules (3.73.(iv)) 


applied to this situation. 


Proof of (1.74): 


(i) Clearly (Or) = y(Or+0R) = y(Or)+Y(0R) and subtracting y(0R) from this equation (i.e. adding 
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—y(0r) to both sides of the equation) we find 0s = y(0r). Hence y(a) + y(—a) = yp(a-a) = 
y(0r) = 0g which proves that y(—a) is the negative —y(a). 


Analogous to the above we find 1g = y(1r) = y(uut) = y(u)y(u') and lg = y(1R) = 


y(u-tu) = y(u-t)p(u) which proves that y(u-!) is the inverse y(u)7!. 


Ifa, b€ R then vy(at b) = v(y(a) + ¥(b)) = wy(a) + Ve(b) and likewise for the multiplication. 
Hence wy is a homomorphism of semi-rings again. And in the case of rings and homomorphisms of 


rings we also get Wy(1r) = Y(1s) = Ir. 


Consider any z, y € S, as ® is surjective there are a, b € R such that = ®(a) and y = ®(0). 
Now ®-!(z + y) = &-1(®(a) + 6(b)) = © ' O(a +b) =a+b= 6 1(x) 4+ 6 1(y). Likewise we 
find ®-! (xy) = ®-!(x)6~1(y). And if ® is a homomorphism of rings, then ®-!(1g) = 1p is clear 
from ®(1R) = 1g. 


Since im(y) = y(R) the first statement is clear from (vi) by taking P = R. So we only have 
to prove, that kn(w) is an ideal of R. First of all we have Op ©€ kn(y) since y(Or) = Og by (i). 
And if a, b € kn(y) then y(a+ b) = y(a) + y(b) = 0g +05 = Og and hence a+ b € kn(y). 
Analogously y(—a) = —y(a) = —0s5 = Og yields —a € kn(y). Now let a € kn(y) again and let 


17 Proofs - Rings and Modules 


be R be arbitrary. Then y(ab) = y(a)y(b) = Osy(b) = Og and hence ab € kn(~) again. Likewise 
p(ba) = v(b)y(a) = y(b)0s = Og which yields ba € kn(y). 


(vi) As P is a sub-semi-ring of R we have 0g € P and therefore 05 = y(Or) € y(P). Now assume that 
x = y(a) and y = y(b) € v(P) for some a, b € P. As P is a sub-semi-ring of R we have a+b, —a 
and ab € P again. And hence x+y = y(a)+y(b) = p(at+b) € v(P), —x = —¢y(a) = y(—a) € y(P) 
and ry = y(a)y(b) = y(ab) € y(P). Thus we have proved that y(P) <,; R is a sub-semi-ring 
again. And if R and S even are rings, P is a subring of R and ¢ is a homomorphism of rings, then 
also 1g = y(1r) € y(P) as lr EP. 


(vi) And as Q is a sub-semi-ring of S we have 0s € Q and therefore 05 = (Og) implies Or € y 1(Q). 
Now suppose a, b € y!(Q), that is y(a), y(b) € Q. Then v(a+b) = v(a)+ y(b), p(—a) = —Yy(a) 
and y(ab) = y(a)y(b) € Q, as Q <, S. This means that a + b, —a and ab € y~!(Q) and hence 
yp !(Q) <, S is a sub-semi-ring of S. And in the case of rings we also find 1p € y!(Q) as in 


(vi) above. 


(vii) First assume that b <,, S is a left-ideal of S. We have already proved in (vi) that p-1(b) <, Sis 
a sub-semi-ring of S (since Q:=6 <, R). Thus it only remains to verify the following: consider 
any a € Rand b € y1(b). Then v(b) € b and asb <, S we hence get y(ab) = v(a)y(b) € b. 
Thus ab € y~!(6) which means that y~ (6) is a left-ideal of R again. And in the case that 6 <; S 
even is an ideal, then by the same reasoning y(ba) = y(b)y(a) € b and hence ba € y 1 (8). 


(vii) Next assume that a <,, R is a left-ideal of R and that y is surjective. Then y(a) <; S isa 
sub-semi-ring of S by (vi) for P:=a@ <, R. Thus it again remains to prove the following property: 
Consider any y € S and x = y(a) € y(a) (where a € Q). As vy is surjective there is some be R 
with y = y(b). And as ba € a we hence find yx = y(b)y(a) = y(ba) € va). Thus y(a) <m S$ 
is a left ideal of S. And in the case that @ <j R even is an ideal, then by the same reasoning 


ry = p(a)p(b) = y(ab) € 9(a). 


(viii) Let py : R — S be a homomorphism of semi-rings. If y(1z) = Og then for any a € R we get 


p(a) = y(1ra) = Osy(a) = Og and hence y = 0. Else we have y(1rz) = y(1rlr) = v(1r)p(1R) 
and dividing by 0 4 y(1R) (ve. multiplying by y(1R)~!) we hence find 1g = y(1R). 


(ix) As we have seen in (v) kn(~) <j R is an ideal of R. And as R is a skew-field, it has precisely two 
ideals: {0} and R. In the first case kn(y) = R we trivially have y = 0. And in the second case 


kn(w~) = { 0} we will soon see, that y is injective. 


Proof of (1.75): 

Ifbeb C a+b then o(b) =b+a€ (a+5)/a is clear and hence o(b) 

a€aandb€b we get (a+b) +4=b+4= 0(b) and hence (a+b) /a 
Now consider any r € @ *(e(b)) that is o(r) € o(b). That is there is some b € 6 such that r +a = 

o(r) = o(b) = b+ a4. That is r— 6b € @ and hence r — b = a for some a € Q. In other words 

r=a+bea+b which proves o~!(0(6)) C a+b. Conversely consider any a € @ and b € b. Then 

o(a+b) =a+b+a=b+4= o(b) € o(b) and hence a+b € o '(0(b)). 


Proof of (1.78): 


(a+6)/a. Conversely for any 


E 
C e(b) as well. 
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(i) By definition y is surjective iff any x € S can be reached as x = y(a) for some a € R. And this 
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is just S C y(R) = im(y), or equivalently S = im(y). And if vy is injective then there can be at 
most one a € R such that y(a) = Og. And as (Or) = Og this implies kn(y) = { Og }. Conversely 
suppose kn(y) = { Or } and consider a, b € R with y(a) = y(b). Then 0s = y(a)—v(b) = y(a—0). 
Hence a— 6 € kn(y) such that a — b = Op by assumption. Hence y is injective. 


The implication (a) == (b) is clear: just let V := ®~! then we have already seen, that W is a 
homomorphism of (semi-)rings again. And the converse (b) == (a) is clear (in particular W is an 
inverse mapping of ®). The implication (b) == (c) is trivial - just let a:= W and 6 := WV. And 
for the converse (c) ==> (a) we simply compute: a = ally = a(®8) = (a®)3 = 1r6 = GB. Thus 
letting UV := a= we have VW = ©" |, such that © is bijective. 


Suppose F is a ring, then let f := ®(1R). If now x € S is any element then we choose a € R 
such that x = ®(a). And thereby we get fx = ®(1pr)®(a) = ®(1ra) = (a) = «x and likewise 
xf =x. Hence f = 1g is the unit element of S and hence S is a ring, too. Further we have seen 


®(1z) = 1g such that ® is a homomorphism of rings. 


Suppose S$ is a ring, then let e := ®!(1g). If now a € R is any element, then ®(a) = ®(a)lg = 
®(a)®(e) = ®(ae) and hence a = ae. Likewise we see ea = a and hence e = Ip is the unit 


element of R. Hence R is a ring, too and ®(1z) = 1g is a homomorphism of rings. 


Clearly the identity map lz : R> R: a+ + ais both, bijective and a homomorphism of (semi-)rings 
for any (semi-)ring (R,+,-). But this is nothing but the claim lrg: R & R. And if: R- Sis 
an isomorphism of (semi-)rings, then ®~! is a bijective (this is clear) homomorphism of (semi-)rings 
again (this has already been proved). Hence the second implication. And if both ®@: R =, S and 
U:S = T then W@ is bijective and a homomorphism of (semi-)rings (as ® and W are such). And 


this has been the third implication. 


Proof of (1.81): 


(i) We first need to check, that @ is well-defined: thus consider b, c € R such that b+Q=c+4. 


That is c—b Ea C kny. And hence 0 = y(c — b) = y(c) — y(b) which is the well-definedness 
(b) = v(c). Now it is straightforward to see, that ¢ also is a homomorphism 


(+a) +(c+a)) = G((b+e)+ 
= (b)+9(c) = 
a((b+a)(c+a)) = G((be)+a) = 
= (eo) = 


a) = y(bt+o) 
ie 


ne B(b +a) 


Thus ¢ always is a homomorphism of semi-rings. And if if R and S even are rings, then R/a 
is a ring as well with the unit element 1+. Thus if y(1) = 1 is a ring-homomorphism, then 


p(1 +4) = y(1) = 1 is a ring-homomorphism, too. 


(iit) Let @ := kn(y) and ® := g, then by (i) ® is a well-defined (semi-)ring-homomorphism and the 
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image of ® certainly is the image of y 


im(®) = o(R/,) = Ge Ae) 


Hence the mapping ® : R/d — im(v) is surjective by definition. But it also is injectitve (and hence 


an isomorphism) due, to 


<=> a+kn(y) =b+kn(y) 


(iii) We will first prove thath +R <, S is a subring of S: clearly we have 0=0+0€50+ R and (if 
Ris asubring of S)1=0+4+1 —€b+R. Now let b+aandd+ccEb+R, then 


(b+a)+(dt+a) = (b+d)+(atc) € D+R 
(-b)+(-a) € b+R 
(b+a)\(dt+c) = (bd+bce+ad)+ac € b+R 


es 
a 
| 
T 
a 
Se 
II 


And hence 6 + R is a subring of S. And as 6 <j R is an ideal of S with b C b+ Rit trivially also 
is an ideal b <j, 6+ R. Now let us denote the restriction of the canonical epimorphism a : S > S/b 
to R by 
o: RA 5/5 :aratb 

Then @ is a homomorphism with kernel kn(g) = kn(o) 7 R =O R. In particular this proves that 
bOR <; Ris an ideal of R (as it is the kernel of a homomorphism). And it is straightforward to 
see, that im(y) = (0+ R)/b. [For any a € R we have a € 6+ Rand hence o(a) € (6+ R)/b. And if 
conversely x = b+a €b+R then o(a) = a+b =2+6]. Thus we may apply the first isomorphism 


theorem (ii) to obtain 


Binoy = “ong S img) = 9+ R/, 
a+bnNR % o(a) = atb 


Suppose c and d€ Rwithe+a=d+4+a. Thenc—dea C Band hencec+b=d+b. Therfore 


we may define the following mapping (which clearly is a homomorphism of (semi-)rings) 


(iv 


— 


p: Ri, > B/y > c+tarc+b 


And clearly kn(y) = {b+a|b+b=0+6} = {b+a|beb} =b6/a. Hence we immediately 


obtain (iv) from the first isomorphism theorem. 


Proof of (1.95): 


(1) We will first prove thata@b <; R@S is an ideal. As a and B are ideals we have 0 € @ and 0 €b 
and hence 0 = (0,0) € a®b. Now consider (a,b) and (p,q) € a@b. Then we have a+ p € Q, 
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b+q € Bb and hence (a,b) + (p,q) = (a+p,b+q) €a@b. Finally consider any (r,s) € ROS then 
ra €@and sb €B such that (r, s)(a,b) = (ra, sb) € 4 @0 again. And as R and S are commutative 
rings, so is R@ S such that this has been enough to guarantee that a0 is an ideal of R@ S. 


Next we will prove U = o(U) G o(u). If (a,b) € U then it is clear that a = o(a,b) € oe(U) and 
b = o(a,b) € o(U) such that (a,b) € o() G o(U). Conversely if (a,b) € o(U) G o(U) then there 
are some r € Rand s € S such that (a,s) € U and (r,b) € U. But as WU is an ideal we also have 
(a,0) = (1,0)(a,s) € UW again and analogously (0,6) € U. Thererby (a,b) = (a,0) + (0,6) € U 
proving the equality. 


Now we are ready to prove Ideal(R) © S = {a@b]a < R, 6 <j S}. We have already seen in 
(1) that a @b is an ideal of R @ S (supposed a and B are ideals). Conversely if U <; R@S is an 
ideal, then we let a := o(U) and b := o(u). Thena <i Randb <j S are ideals, since @ and o are 


surjective homomorphisms. And U = 4 0 by (2). 


Now let a <i; Randb <; S. Then we will prove Vagb = Vag vb. First suppose that 
(a,b)* = (a*,b*) € a@D for some k € IN. Then ak € 4 and b* € b such that a € V0 and be Vb 
and thereby (a,b) € V@@ Vb. Conversely suppose a* € a and b! € b for some k, | € IN. Then 
we define n := max{k,1} and thereby get (a, b)” = (a”,b”) € a@Db. And this means that (a,b) is 


contained in the radical of a @ Bb again. 


This enables us to prove Srad(R) @ S = {a@b | a = V4, b = Vb}. First suppose that u <; RES 
is a radical ideal and let @:= o(U) and b := o(U) again. Then by (4) we may compute 


aob =u = Vu = Vaob = Vaove 


This proves that a = Va and b = V6 are radical ideals of R and S$ respectively. And if conversely 
a and B are radical ideals then a @) is a radical ideal of R® S by virtue of 


a@b = Vaovb = Vaeb 


Next we will prove Spec(R) 8S = {p@S}U{RGq}. lf p <j Ris a prime ideal then we have 
already proved p@S <i R@®S in (1). And it is clear that p@SARGS as (1,0) €P@S. Thus 
suppose (a, b)(p,q) = (ap, bq) € p © S. Then ap € Pp and as P is prime this means a € Pp or p € Pp. 
Without loss of generality we may take p € ~ and thereby (p,q) € p@S. Altogether we have seen 
that p@ S is a prime ideal of R@S. And analogously one may prove that R @q is prime, supposed 
q <j S is prime. Thus conversely consider a prime ideal U Si R@S let p:= o(U) and q := o(u). 
Clearly (1,0)(0,1) = (0,0) € U. And as U is prime this means (1,0) € U or (0,1) € U. We will 
assume (0,1) € U, as the other case can be dealt with in complete analogy. Then 1 € q and hence 
q=S. ThatistU=p@S andasw ARES this means p *¢ R. Thus consider a and p € R such 
that ap € p. Then (a,0)(p,0) = (ap,0) € p 6S =U. And as WU is prime this means (a,0) € U or 
(p,0) € U (which we assume w.l.o.g.). Thereby p € p, altogether we have found that U =p @ S for 
some prime ideal p <j R. 


It remains to prove Smax(R) 6S = {mG S}U{REGN}. Thus consider a maximal idealm <j, R 
and suppose MOS Cu dS ROS. ThenS =o(MGS) C b:=a(u) < S and hence b = S. 
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Likewise we find m = o(M@S) C a:= oe(u) <i Rand as M is maximal this implies @ = M or 
a= R. Thus we gt =agb=meS ort =agbhb=ROS. And this means that M@ S is 
a maximal ideal of R@ S. Likewise one can see that RGN is a maximal ideal for anyn <j S 
maximal. Conversely consider a maximal ideal U <j R@S. In particular U is prime and hence - 
by (6)-U=MmM@S or WV = R@N for some prime ideal mM <, RorN <i S respectively. We only 
regard the case U = ™@ S again, as the other is completely analogous. Thus consider some ideal 
mcad R thenu=mes Cages < RES. By maximality of UthatisuU=mMoeS=adS 
ord ®@S=R@S. Again this yields Mm =a or d= R and this means that M is maximal. 


Proof of (1.83): 


(i) Let C' denote the intersection C= {ae R|Viel : ac C;}, then it is clear that 0, 1 € C, as 
any C; is a positive cone and hence 0, 1 € Cj. Likewise, if a, b € C' then for any 7 € I we have a, 
b € C; and hence a+b € C; and a-b € Ci, as Ci was supposed to be a positive cone. Yet this 


again means a+b € C and a-b€ C, such that C is a positive cone again. 


(ii) It remains to show, that cone(A) is well-defined. However, as RF itself is a positive cone and 
C C R, hence R is an element of the defining set {C C R| A C C, Cis a positive cone }. In 


particular this set is non-empty and hence the intersection over all its elements exists. 


(iii) Recall the definitions of the image y(C) = { y(a) | a € C'} and the preimage yp !(D) = {a€ R| y(a) € D}. 
Now, as 0 = y(0) and 1 = y(1) we get both 0, 1 € y(C) and 0,1 € yp !(D). 
So given any u, v € y(C) there are some a, b € C such that u = y(a) and v = y(b). Thereby 
utv = yp(a)+ ¢(b) = p(a +b) € Y(C) and likewise u-v = y(a) - y(b) = y(a- b) € Y(C) again. 
Altogether this means that y(C) is a positive cone again. 
Similarly, if a, b € yp 1(D) we have y(a), y(b) € D and therefore y(a + b) = y(a) + y(b) € D 
which implies a+ 6 € y!(D). In complete analogy we find y(a-b) = y(a) - y(b) € D and hence 
a-bey }(D). 


Proof of (1.84): 

In (i) to (iv) there is nothing to prove - everything is either trivial or well-known. But we wish to give 
a short prove for (v): First of all, we have 0 < 0 due to the reflexivity (01) of <. Furthermore 0 < 1 is 
property (P1) of <. Thereby 0, 1 € RT. If now a, b € R*, then 0 < a and 0 < band hence 0 < a+b and 
0 <a-b due to properties (P3) and (P4). But this again means a+ b and a-b € Rt such that R* is a 
positive cone. Suppose a € Rt 1 (—R*) that is 0 < a and 0 < —a. The latter is 0 < 0 —a and hence 
a <0 due to (P2). But as also 0 < a the anti-symmetry (O2) implies a = 0. 


Claim number (vi) is fairly easy to see: first of all 0 = 0? and 1 = 1? such that 0, 1 € A is satisfied. 
Property (C2) of cones is satisfied trivially and for property (C3) we have to regard a = aj +--+: + a?, 
and b = b? + --- +02 € A. Then it is clear that also ab € A, as 


i= a= SS Gey 


i=1 j=l (,9)=C,1) 
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We will now prove (vii) that R[z]* is a proper cone: As 0 € R* and lc(0) = 0 we get 0 € R[z]* as well. 
Likewise 1 € R[z]*. If now f and g are two polynomials in R[z]* then we have to show that f +g and 
f +g are in R[z]* again. If one of them - say f =0- then f +g =g and f -g =0 and hence there is 


nothing to prove. Otherwise let 


f(x) = ama™ +--+ a,a* 


be eee 


Ss 
— 
8 
~~ 
I 


By assumption f, g € R[x] we have a,, and b, > 0. Therefore, if m =n then lc(f +g) =an + bn > 0. 
And if m # n, say m < n then lc(f + g) = bn > 0. In any case we get le(f + g) => 0 and hence 
f + 9€ R[z}* again. Also by definition of the multiplication in R[x] we have 


(f- g(x) = > ( > fipl ia) e 


u=0 \p+qeu 


Thus if u > m+n then either p > m or gq = u-—p > 1, in any case we have f[p] - gq] = 0. And 
for the same reason all combinations (p,q) with p+ q =u for u = m+n yield f[p] - g/g] = 0 except 
f lm] -g[n] = am: bn 4 0, as R is an integral domain. Hence le(f -g) = am: bn and as both have been 
positive, so is lc(f -g) > 0. And this again means f-g € R[{x]* such that R[z]* is a positive cone as 
well. To prove that R[z|* is proper consider some f € R[z] such that f € Ri[z]* and —f € R[z}*. Let 
a := lc(f) then this means a > 0 and —a > 0. But due to (v) this implies a = 0 (see above). And the 
only polynomial with lc(f) = 0 is f = 0. 


In complete analogy to the arguments above one can show that R{z] 
Riaz], as well. 


is a proper, positive cone of 


Proof of (1.89): 

First of all for any a € R we have a—a = 0 € C and hence (01). Also ifa < b and b < c this means b—a 
and c—b € C and hence c—a = (c—b) +(b—a) € C such that (O2). In particular, if a < b and b < a that 
b—aand —(b—a) =a—b€ C, but as C is proper this means b—a = 0 and hence (O3). As 1 € C' we have 
0 < 1 which is (P1), (P2) is satisfied trivially: a<b == b-aeEC <> (b-a)-O0EC <= 0<b-a. 
And at last, for any a and b € R with 0 < a and 0 < b we have a, b € C such that a+b and abe C 


which again means a+ 6 resp. ab > 0. 


Proof of (1.90): 
We have already proved that: given a proper positive cone C’ we can define a positive order a < b by 
letting b—a € C. And conversely, if < is a positive order on R, then Rt = {ae R| a> 0} is a proper 
positive cone in R. Hence both of these maps are well-defined. It remains to show that they also are 
mutually inverse. 

Let us first start with a proper positive cone C, then we have to show that R* = C. By definition 
a > 0 means a—0 =a € C, 50 this is true already. Conversely, given a positive order < we have to show 
that a < b is equivalent to b— a € R*. But by definition this is b— a > 0 such that this is guaranteed 
by property (P2) of positive orders. 


Proof of (1.87): 


(i) If a > 0 then |a| = a > 0 is clear. Otherwise, if a < 0 then |a| = —a but as a < 0 (P6) implies 
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—a > 0 and hence |a| > 0. 


(ii) If a > 0 then |a| = a > a is clear. Otherwise, if a < 0 then |a| = —a but as a < 0 (P6) implies 
—a >0>aand hence ja] > a. 


2 


(iii) If a > 0 then Ja] = a and hence |a|? = a? is clear. Otherwise, if a < 0 then |a| = —a such that 


|a|? = (—a)? = a? again. 


(iv) We have to consider three cases: (1) if a > 0 then Ja] = a and sgn(a) = 1 such that ja]! = a = 
1-a=sgn(a)a. (2) if a =0, then |a| = 0 and sgn(a) = 0 such that |a| = 0 = 0-0 =sgn(a)a. (3) 
lastly, if a < 0 then |a] = —a and sgn(a) = —1 such that |a| = —a = (—1)-a =sgn(a)a. Thus the 


equality holds true in any of these three cases. 


(ix) If a < b then (as 0 < a) we get a? < ab due to (P8). Likewise (as 0 < b as well) we find ab < b?. 
Thus a? < ab < b? which implies a” < b? due to the transitivity of <. Conversely we start with 
a” < b?. Suppose we had a > 6 then in particular b < a such that b? < a? < b?. This implies 
a” = ? and hence 0 = b? — a? = (a— b)(a +b). As R is an integral domain this would mean 
a = b (in contradiction to a > b) or a+b=0. But again 0 < a = —b < 0 implies a = b= O in 


contradiction to a > b. Thus a > 0 is false, which only leaves a < b. 


(viii) If @ = 0 or b = O then ab = O and hence sgn(ab) = 0 = sgn(a)sgn(b). Now suppose a 4 0 
and b # 0 and distinguish 4 cases: (1) if a > 0 and b > 0 then ab > O due to (P4) and hence 
sgn(ab) = 1 = 1-1 = sgn(a)sgn(b). (2) if 0 < a and b < 0 then 0 > ab due to (P9) such that 
sgn(ab) = —1 = 1- (—1) = sgn(a)sgn(b). (3) the case a < 0 and b > 0 is completely analogous to 
case (2), by flipping a and b. (4) if a < 0 and b < 0 then —a > 0 and —b > 0. Now by (1) we get 
sgn(ab) = sgn((—a)(—b)) = 1 = (—1)(—1) = sgn(a)sgn(b). Thus the equality holds true in any of 


these cases. 


(v) Once (iv) and (viii) have been established this is straightforward: |ab| = sgn(ab)ab = sgn(a)a- 
sgn(b)b = ja] - |b]. 


(vi) Due to (iii) we know |a + b/? = (a +b)? = a? + 2ab+4+ 67. But according to (ii) ab < |ab| 
such that |a + bl? = a? + 2ab + b? < a® + 2|ab| + b?. We now invoke (v) and (iii) again to find 
Ja + b|? < a? + 2|ab] +b? = |a|? + 2|a||b| + |b]? = (|a| + |b|)?. As both Ja] and |b] > 0 we can finally 
use (ix) to deduce |a + b| < |a| + |b] as claimed. 


(vii) First of all |a] = |b+(a—b)| < |b] +|a—6)| according to (vi). And from this we get |a| —|b| < ja—)]. 
Now in complete analogy we have |b| = |a + (b—a)| < jal + |b—aJ and hence —(|a| — |b|) = 


|b] — ja] < |b — a] = |a — 6]. Combining these two cases we see ||a| — |b|| < |a — 8]. 


Proof of (1.91): 
A word in advance: we have N = Rt NzD(R). It is well known (and easy to see) that the set NzD(R) 
of non-zero divisors of R is multiplicatively closed. And Rt is multiplicatively closed due to (1) and (4). 
Hence N is multiplicatively closed, as an intersection of such sets. 

To begin with we have to prove the well-definedness of the relation. Thus we consider a/m = a’/m! 


and b/n = b'/n’. That is u(am’ — a'm) = 0 for some u € N. In particular u is a non-zero divisor 
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and hence am’ = a’m. Likewise bn’ = b/n. We now have to show that a’/m’ < b’/n’ implies (and by 
universality hence already is equivalent to) a/m < b/n. By definition 


/ b! 
(kG an’ <Um <— 0<0Um' —-a'n' 
n 
Multiplying the latter inequality with mn > 0 we get 0 < mn(b'm! — a'n’) = b'nmm! — a'mnn! = 
bn’mm! — am'nn’. This again yields am’nn’ < bn’mm’, which once again iturns into 
a — bm'n’ _ b 
< 


a(nm'n') < (bm'n')m < = 
mo nmni on 


Thus we truly got a/m < b/n and hence the well-definedness of <. In a next step we have to prove that 
this relation also is a partial order. The reflexivity a/m < a/m is clear, as am < am. The anti-symmetry 
is easy as well: consider a/m < b/n such that a/m < b/n as well. This means an < bm and bm < an 
such that an = bm. This again is a/m = b/n. It remains to verify the transitivity: consider a/m < b/n 
and b/n < c/u. That is an < bm and bu < cn. As u and m > 0 we find aun < bum and bum < cnm 
such that aun < cnm. This again yields a/m < (en)/(un) = c/u. 

Now we're ready for the actual topic of the claim: the positivity of the partial order <. First note 
that by definition we have 


0< — O0<b 


slo 


Thereby property (1) is obvious, as 0/1 < 1/1 <== 0 <1. And for (2) we consider a/m < b/n, which is 
an < bm and hence 0 < bm—an. As we have just seen this is 0 < (bm — an)/(mn) = b/n —a/m, such 
that the equivalency is established. For properties (3) and (4) we are given a/m and b/n > 0. That is 
a, b > 0, hence ab > 0 and thus (a/m)(b/n) = (ab)/(mn) > 0. Likewise (as m, n > 0 as well) we have 
an + bm > 0 such that a/m + b/n = (an + bm)/(mn) > 0. 


Proof of (1.96): 


(i) From 1 =e+f €a+b <j R it is clear that a+6 = R. Now consider any x € AND. That 
is there are a and b € R such that « = ae = bf. Then we get xe = (bf)e = b(fe) = 0 and 
xf = (ae)f =a(ef) =0. And thereby x = 21 =2(e+ f) =xe+af =0 such thatand = {0}. 


(ii) It is clear that ® : x +> (2 + 4,x +5) is a well-defined homomorphism of rings (as it fibers into 
the canonical epimorphisms 2 +> «+ and x ++ x +5). Now suppose (2 + 4,2 +6) = ®(x) = 
0 = (0+4,0+6). This means xz € a and x € Bb and hence x €aMNb = {0}. Thus we have x = 0 
which implies kn(®) = {0}, which means that ©® is injective. It remains to prove, that ® also is 
surjective: Since 0 +b = R there are some e € Q and f <b such that e + f = 1. Now suppose we 
are given any (y +4, z+). Then let x := yf + ze and compute 


O(x) = (yf +ze+a,yf +zet+b) 


( 

(yf +4, ze +b) 

= (yf t+ye+d,ze+zf +b) 
( 
( 


y(f +e) +4, z(e + f) +b) 
y+a,z+b) 
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(iii) We will now prove the Chinese remainder theorem in several steps. (1) Let us first consider the 


following homomorphism of rings 
pep: R-> q, 3 2 (x + 4;) 
i=1 


We now compute the kernel of y: v(x) = 0 = (04+ 4;) holds true if and only if for anyi ec l...n 
we have x + 4; = 0+ 4;. And of course this is equivalent, to x € ; for any i € 1...n. And 
again this can be put as x € 0, M---MQ,. Hence we found kn(y) = a. Now we aim for the 
surjectivity of y: (2) As a first approach we prove the existence of a solution x € R of the system 
p(x) = (14+01,0+d2,...,0+4,). Since 41+0; = R for any j € 2...nwe also find d;+02...d, =R 
due to (1.59.(iii)). That is there are elements e; € Q; and fy € M2...Q, such that e; + fy = 1. 
Hence we find f; +4; =0+4; for any 7 € 2...n. And also f; +0); = (1—e1) +0; = 144). That 
is x := fy does the trick. (3) Analogous to (2) we find fo,..., fn € R such that for any 7 E 1l...n 
we obtain the system 


g(fj) = (6,5 +44) 


(4) Thus if we are now given any ay,...,@, € R then we let us define x := a, f, +---+ anf, and 


we thereby obtain 
nm n 
r+; = So asf; +4; = S- 456i,j +0; = aj +4; 
j=l g=1 


Hence v(x) = (a; +4;) and as the a; have been arbitrary this means that y is surjective. (5) Thus 


(1.81.(ii)) yields the desired isomorphy. 


Proof of (3.67): 


(ii) 


(iii 


~a 


(iv) 


If x, y € kn(y) then p(ax) = a(a)y(x) = a(a)0 = 0 and hence az € kn(y) for any a € R. Likewise 
p(x +y) = v(x) + v(y) = 0+0 = 0, such that x + y € kn(w) as well. Hence kn(y) is an R- 
submodule of MM. Now we have the assumption that a is surjective and consider any wu, v € im(y), 
that is u = p(x) and v = y(y) for some z, y€ M. Thenu+v=y(2) + (y) = p(aty) € im(y). 
And if b € S then - due to the surjectivity of a - we may choose some a € R with b = a(a). Then 
bu = a(a)y(x) = y(ax) € im(y) again, and hence im(y) is an S-submodule of N. 


y is surjective iff for any y € N there is some x € M such that y(x) = y. In other words that is 
N C im(y). But as im(y) C N is true in any case, this is equivalent to im(y) = N. 


Likewise y is injective, iff for any x, y € M we get the implication y(x) = y(y) c= y. But 


since y is R-linear, this can also be put as y(y— x2) =0 = y—a« =O. Let us now substitute 
p=y-—zZ, then this is equivalent to: y(p) =0 =» p=0 for any p € M. In other words that is 
kn(y) C {0}. But as as {0} C kn(y) is true in any case, this is equivalent to kn(y) = { 0}. 


By definition u, v € yp 1(Q) means y(u), y(v) € Q. And as Ow € Q and y(0y7) = Ow we find 
Ow € y 1(Q). Ifnowa € R, then y(au) = a(a)y(u) € Q, as Q is an S-submodule of N. Therefore 


629 


(vii 


(viii 
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) 


a 


a 


au € py +(Q) again. Likewise y(u+v) = y(u) + y(v) € Q such that u+ vu € y 1(Q), as well. 
Altogether y~!(Q) is a submodule of M. 

By definition z, y € y(P) means x = y(u) and y = v(v) for some u, v € P. Again, as Oy € P 
and y(Oyr) = On we find Ow € y(P). If b € S, then (as a was assumed to be surjective) there is 
some a € R with a(a) = b. But then we get bx = a(a)y(u) = y(au) € y(P), as au € P, since P 
is a submodule. Likewise x + y = y(u) + y(v) = p(ut+v) € y(P), asu+u € P, since Pisa 
submodule. Altogether y(P) is a submodule of NV. 


It suffices to check the general case, as the case of R-modules is included via a = 6 = I, that is by 
leaving out a and 3. Consider any x, y € Land anya € R, then it is easy to compute wy(ar+y) = 


(plan + y)) = ¥(ala)y(2) + o(y)) = B(ala) W(y(a)) + VY) = Balaybe(@) + Yela). 


We have to prove that y+ ~ and ay are homomorphisms of R-modules again. To do this consider 
any z, y © M and be R, then it is easy to compute (p+ w)(bz + y) = y(ba + y) + (ba + y) = 
bp(x) + p(y) + bd(2) + by) = bole) + ¥(2)) +e) +) = ble +Y)(@) + (e+ Y)(y). And as R 
is commutative, we also get (ay)(ba+y) = a(by(x) + y(y)) = abp(x) +ay(y) = bay(x) + ay(y) = 
b(ap) (a) + (ay) (y). 

We have to prove that y+ ~w and ay are a-module-homomorphisms again. To do this consider any 
x,y€M,a€S and be R, then it is easy to compute (p+ w)(ba + y) = p(ba + y) + ¥(br+y) = 
albje(a)+ely)+a(b)y(a)+¥y) = a(b)(y(2) +42) +e) +dy) = ah) (e+¥)(2) +(9+¥)y). 
And as S is commutative, we also get (ay)(be + y) = a(a(b)y(xz) + v(y)) = aa(b)y(x) + av(y) = 
a(b)ap(a) + ap(y) = a(b)(ap)(x) + (ay) (y). 


We already know by (v) that end(/Z) is an R-module under the point-wise addition and scalar 
multiplication. Also for any y, 7 € end(M) the composition wy is a homomorphism again, due 
to (iv), and hence yy € end(M) again. Trivially Hy, satisfies the property of a unit element 
plu = ¢ = lmy for any y € end(M). It remains to check the distributivity: Consider any y, w 
and y € end(M) and any xz € M, then [since the addition + is point-wise] we find 


g(btx): 2 + v(d(z)+x(z)) 
= 9(¥(z)) + eOx(z)) 
= (yb + x)(z) 
(p+o)x: 2 4 (p+¥)(x(2)) 
= 9(x(z)) + ¥(x(z)) 
= (yx t+ vx)(z) 


First of all Q := ®(P) <, M is a submodule of M, according to (iv). And for any z, y € M we 
see that e+ P = y+ P is equivalent to y— x € P. But as © is injective, this is equivalent to 
®(y) — O(x) = &(y — x) € &(P) = Q, which again is equivalent to ®(x7) + Q = ®(y) + Q. That is 
we have proved the well-definedness and injectivity of s+ P+> ®(x)+Q at the same time. But 


as ® is surjective, so is x + P+ ®(x) + Q, altogether this is an isomorphism of R-modules. 


The properties of an R-module-homomophism are easy to see, if a € Rand (az), (br) € R®* then 
o(a(bx)) = o(abs) = ,,(abs)x = a>, byt = ao(br), by construcion of R®*, refer to (3.58) for 
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details. Likewise we compute 0((az) + (bz)) = o(@z + bz) = DO, (aa + b2)@ = DO. art + D0, bet = 
o(ax) + e(bz). And im(g) = Lhr(X) is clear from the definition of Lhp(X) and the construction 
of o. Now @g is surjective, iff Lhp(X) = im(g) = N and in the light of (3.59.(ii)) this is precisely 
the definiton that X generates M. Also we have seen that @ is injective, iff kn(@) = 0 and by 
construction of 9 this means }> azz = 0 = > Va € X : az = 0. This again is the R-linear 
independence of X. If g is bijective, then any 2 € M has a unique representation (az) € R®* 
with « = o(az) = >>, Gx. And by (3.59.(vi)) this is equivalent to X being an R-basis of M. 


Proof of (3.68): 

In (i) the one direction: y = w implies y(x) = (x) for any x € X is trivial. Conversely consider any 
y € M. As X generates M there are some x; € X and a; € R such that y = a1%1 +--+ + Gn%p. Now 
by the R-linearity of y and w we find 


gly) 


7, (= vo) = 2, wl) 


And as y € M has been chosen arbitarily we have in fact proved y = w. So it remains to prove statement 
(ii). As B is a basis of M it is clear - due to(3.59.(vi)) - that the representation y = )>, a,x is unique 
and hence y is a well-defined map. It also is easy to see that this y is R-linear (see below). But from 
this we already get the uniqueness, due to (i). As to R-linearity: given u € R and y = >>. a,x and 
z=)>,,b2x € M we clearly see that 


g(uy) = (Der) 


«xeEB 
= S LOZ). = we DS ayn(x) = up(y) 
xEB xeEB 
ypytz) = 9 exc . bos) 
xeEB 
= Yo agn(x) + So bon(z) = gly) + ¥(2) 
rEeB xeEB 


Proof of (3.69): 
We have to prove that the push-forward w, and pull-back y* truly are homomophisms again. As (i) is 
contained in (iii) and likewise (ii) is contained in (iv) (as a = 6 = Il we just have to omit a and ') we 
will prove the latter two claims only. For (iii) we pick up any a € S and y, vy’ € mhomg(L, M). Then 
for any x € L we get v(ay + ¢’)(x) = v(ay(x) + y'(x)) = Bla)vy(z) + vy(z) = (Blaby + ve')(z). 
And as this is true for any x € L we got (apt ¢’) = Blade + vy! = B(a)d.(y) + Y.(y’). For (iv) 
the reasoning is quite similar, pick up any b € T and yw, wy’ € mhomg(L, N). Then for any x € L we get 
g* (bp + ¥')(x) = (bb + ¥')(y(2)) = bby(z) + Y'e(x) = (bvy + Y"'y)(z). And as this is true for any 
x € Lwe get o*(bb +!) = bop + Wy = by") + y*(W). 
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Proof of (3.72): 


i) The linearity can be seen with a simple computation based on the compositions of R?: consider a, 
(i) y p p p 


(iii) 


(iv) 
(v) 


b,x and y € Rall elements of R, then a((a, b) +(x, y)) = a(at+a,b+y) = (atx)+(b+y) = (at 
b) +(a+y) = a(a,b)+a(z, y). Likewise a(a(z, y)) = a(ax, ay) = ax+ay = a(a+y) = aa(z, y). 
However - for example in the case R = Z - we have a(2- 1,1) = a(2,1) = 2+1 = 3, whereas 
2a(1,1) = 2(14+1) = 2-2 =4. That is in the case R = Z we see that a is definitely not multilinear. 


In this case the multilinearity follows from the definition of the compositions on R?: u(a+ b,x) = 
(a+b)x = ax+ bx = p(a,x) + p(b, x) and u(ax,y) = (ax)y = a(xy) = ap(a, y). Likewise we see 
that u(a,x+y) = u(a,x)+p(a,y) and u(x, ay) = ap(x, y) due to the commutativity of R. Hence 
ju is R-multilinear but in the case R = Z again definitely not R-linear: (2+ (1,1)) = (2,2) = 
2-2 =4, whereas 2u(1,1) = 2(1-1) =2-1=2. 


The -linearity is well known and a direct consequence of the definition of the compositions on 
R?: m9((a,b) + (x, y)) = mo(a+2,0+y) =b4+ y = 72(a,b) + T(z, y) and likewise 7(a(z, y)) = 
To(ax,ay) = ay = ame(x,y). Hence m2 is R-linear, but in the case R = Z again not R-linear, 
since: 72(3,1) = 143 = 3m0(1, 1). 


is purely definitional. 


The additivity of (A, B) + AB was proved in (4.8.(ii)). The first argument A++ AB thereby clearly 
is R-linear, since aA + (aA)B = a(AB), for the second argument B ++ AB we need that R is 
commutative, since bB ++ A(bB) = (Ab)B = (bA)B = b(AB). 


Proof of (3.73): 


(i) 


(ii) 
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We will first prove the well-definedness of @: if a+ P=y+P, then y—x€P C y 1(Q) and 
hence v(y) — p(x) = p(y — x) € Q. This again is y(y) + Q = v(x) + Q, which had to be shown. 
To prove that @ is an R-module-homomophism can be done in a straightforward computation: let 
aé€ Rand z, y € M, then 


G(a(z+P)+(yt+P)) = G(ae+y)+P) = vlart+y)+Q 
= (ay(x) + o(y))+Q 
= a(p(x) + Q) + (vy) + Q) 
= ap(r+P)+ (y+ P) 


First of all, let us abbreviate AK := kn(y). Then @ is well-defined, since if 7+ K = y+ K, then 
k:=y—x € K and hence - as y(k) = 0 


Ply + K) = oly) = va + k) = v(2) + 9(k) = ple) = G@ + K) 


That @ is an R-module homomorphism can be shown in complete analogy to the argument used in 


(i): 
Pla(a+K)+(y+K)) = Pllar+y)+K) = plan +y) 
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= ag(x)+ oly) = a(r+ K)+G(yt+ Kk) 


By construction we have im(%) = im(y), such that the surjectivity of @ is trivial. It suffices to check 
the injectivity: so let us regard any x, y € M such that v(x) = G(x + K) = P(y+ K) = vy). 
That is p(y — x) = y(y) — v(x) = 0 and hence y — x € kn(y) = K, such that r+ K =y+ K. 


(iii) Consider the canonical projection 7 : M — M/P given by a(x) = «+ P. Let us denote the 
restricion of 7 to Q by y, that is py: Q—> M/P:x2> a+ P. Then we get 


kn(y) {xreEQ|xreP} PG 
im(y) = {a+P|zeQ} = P+Q/p 


So by the 1st isomorphism theorem y induces an isomorphism @ : Q/kn(~) +im(w), given to be 
G(x + kn(y)) = 2+ P and this is precisely the isomorphism given in the claim. 


(iv) Consider the identity 1: M — M on M. As P C Q = 171(Q) the identity induces the map 
pe: M/P> M/Q:247+P++2+Q, according to (i). For this homomorphism it is clear, that 


kn(y) = {27+PeEQ|zeQ} = @/p 
im(y) = {2+Q|zeM} = M/o 
So by the 1st isomorphism theorem vy induces an isomorphism © : (M/P)/kn(y) + im(y), given to 


be G((a + P) + kn(y)) = 2+ Q, and this is precisely the inverse of the isomorphism given in the 


claim. 


Proof of (3.70): 
In the first part we need to show the claim im(z) = {x2 € M | x(x) =}. The inclusion " D" is trivial, if 


x € M satisfies x = r(x), then x € im(z) already. Conversely, if 2 € im(z) then there is some u © M 


such that 2 = 7(u). But by assumption this yields a(x) = 7?(u) = r(u) = 2. 

For the second part, we have to prove, that M is the inner direct product of im(z) and kn(z). 

But clearly for any x € M we have x = a(x) + x — a(x). Thereby x ©€ im(z) is clear and since 
m(a—1(x)) = n(x) —1?(x) = 1(x) —77(x) = 0 we also have x— (a) € kn(z). Thus we have established 
M = im(m)+kn(z). On the other hand if wu € im(a) M kn(z), then these properties mean wu = m(2) for 
some x € M and x(u) = 0. Therefore 0 = m(u) = 77(x) = a(x) = u, such that im(7) M kn(x) = 0. 
Together this means M = im(z) @ kn(z). 
Proof of (3.75): 
We will prove the equivalencies by going from bottom to top, in circles, starting with (c) = > (b): Let 
Q := kn(z), then due to the assumption P = im(m) we get M = im(z) @ kn(z7) = P © Q according to 
(3.70). 

(b) = > (a): By assumption M = P+Q any z € M can be written in the form « = p+ q for 


some p € P and gq € Q. And this decomposition is unique since PQ =0. Thus we get a well-defined 


homomorphism of modules by letting 
2 M 
®: M>P® |p rt>(p, £+P) 
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Clearly any p € P has the decomposition p = p+0 € P+Q such that ®(P) = Px {0+ P}. But 
this homomorphism also is injective: Suppose ®(2) = 0 = (0,0 + P) where x = p+q. Then this would 
mean p = 0 andx+P=0+P. The latter equation means x € P, but as also x = 0+ q € Q we 
have zx € PQ =O such that x = 0 itself. It remains to prove, that ® also is surjective: Consider any 
(u,v +P) in P@ M/P, then we decompose v = p+q € P+Q and define x := u+q. Then we get 
g+P=ut+q+P=p+q+P=v4+P since p—wue P. But thereby ®(z) = (u,a+P) =(u,vt+ P). 


(a) == (c): Let us denote the canonical projection onto the first component by a: P@ M/P > 
P®M/P: (p,q+P) + (p,0+ P). Then clearly a? = a and we may define 7 := ® lad: M > M. 


This 7 is a homomorphism, since it is a composition of such and we immediately find 
nm = ® lala = O'0°6 = O lab = 7 


Thus 7 is a projection, too and it only remains to prove im(7) = P. To see this consider any x © M 
and let us denote (p,q + P) := ®(x). Then r(x) = ®-ta(p,qg+ P) = © -\(p,0 + P) such that 
Or(x) = (p,0+ P) € Px {0+P} = ®(P). As © is injective this implies m(a) € P such that we 
have established im(z) C P. Conversely consider any p € P, then by assumption we have ®(p) € 
®(P) = Px {0+P}, that is there is some u € P such that ®(p) = (u,0 + P). Now compute 
n(p) = ® 'a®(p) = &ta(u,0 + P) = ®-!(u,0+ P) = p. In particular p = m(p) € im(z) such that 
P C im(z), as well. 


Proof of (5.53): 
It is clear that (M,,+) is a commutative group, as we did neither change the base set M,, = M nor 
the addition + on M. It remains to prove the properties (M) of an R[t]-module. Thus consider any f, 


g € Rit] and any x, y € M. As vy is R-linear so are the compositions y* and hence we can compute 


le = #2 = yg (2) = Iy(z) = =z 
f(et+y) = iie@+y) = OFA (o@) +¢*@)) 
k=0 k=0 


= So flkle*(x) + 5° flele*y) = fat fy 
k=0 k=0 


(f+g)e = YS O(FR + gk) e* (2) 
k=0 
= Syele(e)+ > elke) = fetge 
k=0 K=O 
f(ge) = S° file | So obile’(@) 
i=0 j=0 
= Sf obile (va) 
i=0 — j=0 
= SO fllshle 
i=0 j=0 
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Proof of (5.55): 


(i) 


(iii) 


First of all the additive structures of MM and M,, are just the same, so whether P is a submodule 
P <m M resp. P <m M,, depends on whether it is closed under scalar multiplications only. Yet, 
ifa € R and x € M then we have 


(at°)r = ally(x) = ax 


regardless of yu. So if P is a submodule of M,, then it already is a submodule of M. Also note, 
that for any x € P we then get 
(ie) SS ae ee SP 


such that u(P) C P for any P 
induction it is clear, that y*(P) 


<m M,. And if conversely P <m M with u(P) C P, then by 
C P for any k € WN. But then we find fa € P for any f € Rit] 


and x € P, since 
n n 
(>: at a= S| anu (2) eP 
k=0 k=0 
That is such a P is closed under scalar multiplications of R[t] (and closed under addition from the 
start) such that P <m My. 


As the additive structures of MM and M,, resp. of N and N, are just the same the R/t]-linearity 
of y : M, — N, only depends on whether it respects the scalar multiplication. As (at°)a = ax 
again, we see that any R[t]-linear map y: M,, > N, already is R-linear, as well, since y(ax) = 
y((at®)x) = (at®)y(x) = ay(x). Also note 


y(u(a)) = v(ta) = to(x) = v(y(2)) 


So the Rit|-linearity also implies the commutativity yu = vy. Conversely if yp: M — N is R- 
linear and commutes with jz and v then by induction it is clear that yu” = v*y for any k € IN [with 
k = 0 being the R-liearity itself]. And this yields the R[t]-linearity of y 


” (>: at) : ” (>: out) = Vay (uk (e)) 
k=0 k=0 k=0 

Saw Gey (= at ola) 

k=0 k=0 


If ® : M,,~ M, is an isomorphism, then by (ii) we already know that ® : M — M is a homomorph- 
ism with ®p = e®. But as © is bijective ® : M — M is an automorphism and we find 6u®! = « 
by applying ®~+ from the right. Conversely if ® : MM is an automorphism with « = ®ub! 
then equivalently ®j = e® such that by (ii) again ® : M,, - M. is a homomorphism. But as @ is 


bijective, this even is an isomorphism of these modules. 
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Proof of (3.29): 
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e We will first verify that the exterior direct product P := [], M; is an R-module again (under the 


operations given). The well-definedness of the operations is clear. Thus consider x = (x;), y = (yi) 
and z= (z%) € P. Thenx+(y+z) = (ai+ (y+ %)) = (ait ys) + 2%) = (co +y) +2 which is the 
associativity. Likewise x + y = (a; + ys) = (yi + 2:1) = y+, which is the commutativity. Letting 
0 := (0;), where 0; € M; is the zero-element, we find x +0 = (x; +0;) = (a;) =z, such that 0 € P 
is the zero-element. And the negative of x is = (—2;) € P, as x + % = (a; + (—2;)) = (0;) = 0. 
Now consider any a, b € R then a(x + y) = (a(ai + ys)) = ((aai) + (ayi)) = (ari) + (ays) = 
(ax) + (ay). Likewise (a + b)a = ((a + b)x;) = ((ax;) + (bx;)) = (ax;) + (bx;) = (ax) + (bx) and 
(ab)x = ((ab)x;) = (a(ba;)) = a(bx;) = a(bax). Finally lz = (12;) = (x;) = 2, such that altogether 


P is an R-module again. 


Let us now verify that the direct sum S := @, M; is an R-submodule of the direct product P. Thus 
we only have to prove that S is closed under the operations of P. However for any a € R and any 
x, y € S it is clear that Supp(ax) C Supp(a) and Supp(a + y) C Supp(x) U Supp(y). Hence 
#Supp(ax) < #Supp(x) < oo and #Supp(xz + y) < #Supp(x) + #Supp(y) < oo. Thereby ax 
and a+y€S again. 


If now A; is an R-semi-algebra (where i € J again) then we have verified that P = [J], A; is 
an R-module already. So let us again consider x = (x;), y = (yi) and z = (z) € A again. 
Then x(yz) = (x3) (yszs) = (ailyizi)) = ((eiys)zi) = (ciys)(zi) = (zy)z and likewise z(y + z) = 
(vi)(ye + xi) = (tilyi + 2i)) = (tips + Dizi) = (BiM:) + (Biz) = By + Bz and (2+ y)z = 
(xi + ys) (zi) = (ea + ys) zi) = (Wize + yrs) = (Giz) + (yizi) = wz + yz. Also for any a € R we 
get a(xy) = a(xiyi) = (a(xiyi)) = ((axi)yi) = (ax;)(ys) = (ax)y and likewise a(ry) = a(xiy;) = 
(a(aiyi)) = (xi(ayi)) = (a;)(ay;) = x(ay). Altogether A is an R-semi-algebra again. And as 
clearly Supp(ay) GC Supp(a) M Supp(y) we get zy € S := G;A; in case x and y € S. Hence S is 
an R-sub-semi-algebra of P. 


Now suppose any A; even is an R-algebra featuring the unit element 1;. Then for any x = (x;) € P 
is the unit element of P again, such that P is an R-algebra, as well. Note however, that if A; 4 0 


for infinitely many i € J, then S is not an R-algebra, as 1 = (1;) € P\ S will not be contained in 
S. 


Now consider the R-module-homomorphisms y; : M; — N. By construction of S the map y := 
0; vi : S — N is well-defined. And it also is an R-module-homomorphism, as for any a € R 
and for any x = (2), y = (yi) € S we get p(ax) = >>, yi(axi) = 50, ayi(zi) = ap(x) and 
ele + y) = Li Piles + Yi) = Di(wilas) + ilyi)) = P(e) + PLY). 


(a) = > (b): by definition of the arbitrary sum of the submodules P; of MZ and by the assumption 
M =>, P; we obtain the identity 


M = {da 


tEQQ 


cfs er 
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Thus if we are given any x € M there are finitely many x; € P; (i € Q) such that x = SO, a; 
Letting x; := 0 for i € I\Q we obtain an extension (x;) € @, P; satisfying « = )°, x;. This proves 
the existence of such a representation. For the uniqueness suppose >>, x; = >>, y; for some (2;), 
(yi) € @; Pi. Fix any j € J and let 


=e and j= So yi ‘Ss P, 


ij tAj 


Then we find x; —y; = yj; —Z;, but as 7; —y; € Pj and y;— 2; € P, we have x; — yj; € P,P; =); 
such that x; = y;. But as 7 € I has been arbitrary this means (2;) = (yj), which also is the 


uniqueness. 


e (b) ==> (a): consider any x € M, by asumption (b) there is some (2;) € @,; P; such that x = >>, aj. 
And as only finitely many x; are non-zero this means x = 0,2; € )0; P;. And as x has been 
arbitrary this already is M = 5°, P;. Now consider any j € J and any x € PM B.. As x € P; we 
may let 2; := 2; € Pj and 7; :=0 € P; (for i ¥ J) to find « = 5°, %;. On the other hand we have 
LE P,, that is there are some x; € P; such that 7 = parr x;. Finally let x; := 0 then altogether 
this is }0, a; = igs x; = >>, %; and due to the uniqueness this means x; = 2; for any i € J. But 


by choice of 2%; this is x; = 0 for any i # j and hence x = eee 0 = 0, which had to be shown. 


Proof of (3.30): 

Let us again abbreviate the exterior direct product by P := [|], M; and the exterior direct sum by 
S := @, Mi. It is immediately clear that 7; : P — M; is an R-module-homomorphism: 7;(ax + y) = 
mj ((axi+yi)) = axj+y; = atj(x)+7;(y) Analogously it is clear that 1; is an R-module homomorphism. 
Also 10;(aj) = 1; (0i,;0;) = 0j,;"; = x; such that mj2; = I. And from this it immediately follows that 
7; is surjective and that 7; is injective. Note that the latter could have also been seen directly. Now 
consider any x = (2x;) € P, then by definition 7;(2) = 2; such that x = (a;) = (m(x)). Conversely 
consider a = (a;) € S, then by definition 1;(x;) = (4;,;2;) (where the index runs over all i € J). Therefore 


a straightforard computation yields 


Ys: Y (i523) = (|S byay |) =) Ss 


jel jel jel 


Proof of (3.34): 


(i) It is easy to see that the map given is a homomorphism: (xj) + (yi) = (vi + yi)  DO,(ai + 
yi) = (6; 21) + O28; mi) and a(x) = (aaj) H D7,(axi) = a(5, 2). And the bijectivity is just a 
reformulation of property (b) of inner direct sums. 


(ii) Let us abbreviate the exterior direct sum by M := @, Mj. That is any x € M is of the form x = (a;) 
for some x; € M; of which only finitely many are non-zero. Thus w = (#;) = >, u;(a;) € D0; Fi. 
And as « has been arbitrary this means M = )°, P;. Now consider any j € J and any x € Pi P,. 
As x € P; =1;(M;) there is some m,; € M; such that (a) := « = 1;(m;) = (6;,7m;). On the other 
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hand there are p; © P; (where 2 # 7) such that x = pres p;. Likewise we choose n; € M; such 
that p; = u(ni). If we finally let nj := 0, then x = D7 i, ,ti(mi) = D0; 4i(mi) = (ni). Comparing 
these two expressions of x we find n; = x; = 6;,;m; = 0 for any i 4 j. And as also n; = 0 this 
means x = (nj) = (0;) =0 € M. Therefore P; P, = 0, as claimed. 


Proof of (3.35): 
First of all note that P; <m M; and M; <m M implies P; <, M, that is the P; are submodules of M. 
And thereby their sum P is a submodule of M/, as well. We now prove that this sum even is direct: For 


this it suffices to show, that for any 7 € J we have 


M; and likewise P, C M; and as M was assumed to be a direct sum of the M; this 


MyM M; = 0, such that P is an inner direct sum of the P; as well. 


But clearly P; 
implies P; M7 P, 
It remains to verify that ®(2; + P;) = 0,2: + P truly is a well-defined isomorphism of R-modules. 


Cc 
c 


First of all note, that all the sums in question always are finite, as we are speaking of direct sums only. 
Thus it makes sense to write >>, x; even if J is infinite. For the well-definedness we need to regard two 
sequences (x; + Pi) = (yi + P;), that is for any i € I we have p; := yj — x; € Pj. Thereby 5°; p; € P 
such that >>, y; — >0, v1 € P. But this again is }0,2; + P= )0, yi +P, as needed. 

The surjectivity of @ is straightforward: Given any x € M there are some x; € M; (where z € J) such 


that x = )°, x;. Then in particular we find 


®(uj+P;) = (Sn) +7 = r+P 


wel 


For the injectivity we consider )>,2; + P = )°,y; +P or in other words 5°,(y; — a) € P. Hereby 
yi — « € M; for any i € J. Let us now denote the canonical projection (where j € J) 


tm 1M > M;: Soa 4 2; 
4EL 


This is well-defined, since the x; in the sum )>, x; € M are uniquely determined (as IM is an inner direct 


sum of the M;). We now prove, that 


Clearly any pj € P; C M; satifsies 7;(pj) = p; such that p; € 7j(P). Conversely, if p € P then 
by construction of P there are some p; € P; such that p = >>, p;. Thereby p; € P; CG Mj such that 
1j(p) = pj € Pj. Thus we have proved 1;(P) = P;. Once this is out of the way we apply 7; to 
(yi — i) € P. As y; — % € Mj; we get 


Yj— tj = 7; (dt.-»)) € m(P) = P; 


wel 


and this is y; + Pj = 2; + P;. As j € I has been arbitrary we find that the entire sequences (x; + P;) = 


(y; + P;) are equal, which means that ® also is injective. Altogether ® is an isomorphism. 
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Proof of (3.37): 


e Clearly the map y+> (7;p2;) is well-defined: as 7; and 1; are R-module homomorphisms, so is the 
composition 7;yu; : M; > Nj. Conversely (¥;,;) +> (Q; ¥i,j) is well-defined, too - it just is the 
Cartesian product of the induced homomorphisms @, yi; : B; Mi > Nj. 


e And itis also clear, that p ++ (7; yu;) is a homomorphism of R-modules: as 1; and 7; are homomorph- 
isms of R-modules, so are the push-forward y ++ yu; and pull-back ~ ++ 7;%. Combining these we 
see that y ++ 1;y1; is a homomorphism of R-modules. Thus if we regard any y, w € mhom(M, N) 
and any a € R, then ap + Wr (aj (ay + W)u) = (amjpu + Tipu) = a(ajyus) + (a;WUi), as the 
composition in the direct product was defined to be component-wise. 


e We will now prove that these maps are mutually inverse, we start by regarding y ++ (mjpui) 
w := (@,; mj ti). Thus consider an arbitrary x = (2;) € GB; M; then we find 


pr) = (Tasentea) = (ws eu) 
tel tel 


as 7; is an R-module homomorphism. Now recall the identities 2 = )°,1;(a;) and y = (a;(y)), 


inserting these we obtain ~ = » from 
(@) = (mle) = 92) 


e Thus we have to regard (yi,;) — (®; vi,j) 4 (Wig) = (75 (@; i,j) ts). We need to verify that for 
anyi€J andj € J we get yi; = Wij. Thus fix any 7, 7 and 2; € M; and compute 


Wig(@i) = 7; (Bens) (ci(ai)) 
beJ 


acl 


By definition we have 1;(%;) = (da,;2;), where the index runs over a € I. Inserting this into the 


definition of BH, Ya we continue 


Wi,g (i) = 1 (35 raat = De Cu Ouats) 
bet 


acl ael 


Ifa Az then 6g;2; = 0 € Ma such that the respective summand vanishes. It only remains the 
summand of a = i, which is given to be yj; (0;,1%1) = Yi (wi). As 2; has been arbitrary this proves 


Wij = i,j which had to be shown. 


e We now prove the claim in the remark to the proposition: that is we consider y; := (yi,j) € 
€, mhom(M;, Nj) and want to show that the image of the corresponding map y := (@; ¥i,;) is 
contained in €), Nj. Thus consider any x = (x;) € @; Mi then we have to verify, that 


y = g(a) = (Saute) e @y, 


iel jeJ 
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That is we have to verify that the support of y is finite. To see this let us abbreviate the support 
of « by 2 := Supp(a) C I, which is a finite set, as x € GB, Mj. Then it is clear that the support 


of y satisfies the following inclusions 
Supp(y) Teun 40] 


{ies 
ier 


{JETlAreEL : pis(vi) #0} 
{jeJ|aiel : 4 #0and yi; 40} 
{je J|Ai|eON with y,; 40} 

J { Supp(yi) |i 2} 


IM 


‘a 


However the latter is a finite (Q is finite) union of finite (any Supp(y;) was assumed to be finite) 
subsets of J. Hence it is a finite set itself which proves y € @; N; which had been claimed. 


Proof of (7.16): 
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e (a) => (b): consider any element f € h and pick up the homogeneous decomposition f = )*4 fa. 


By assumption (a) and as f € b we also find hg € 4M Ag such that f can be decomposed into 
f =Sqaha As fa and ha € Aq property (3) of graded algebras implies fa = ha € b. 


(b) == (c): For any h € b let us consider the homogeneous decomposition h = }*jha and 
denote the set H := {ha|h€b, ha 40}. Then it is clear that H C hom(A), by definition of H. 
And by assumption (b) we have H C hb. On the other hand any h € b has been decomposed as 
h=>,ha € (H);. And hence h C (H); C b. 


(c) == (a): Consider any f € h = (H);, that is there is a finite subset 2 C H and elements 
gn € A (where h € Q) such that f = 5°, g,h. For any h € Q let us abbreviate d(h) := deg(h) and 
pick up homogeneous decompositions f = >>, fa and gn = >049n,a- Then we compute 


Din f= O(a) Eas 
deD heQ \deD deD hea 

As gn,q and h are homogeneous elements gn,qh is (either 0 or) a homogeneous element of degree 

deg(gn,ah) = deg(gn,a) + deg(h) = d+ d(h). Thus we can split the sum over (d,h) € D x Q into 

fibers (c,h) such that c+ d(h) =d. Thereby we find 


Sie = eh 


deD deD c+d(h)=d 


So on both sides of this equation we have homogeneous decompositions of f. Now by property (3) 
of graded algebrad this means that (for any d € D) the homogeneous components have to coincide, 
too. That is 


fcr So. Guan <e Winag 


c+d(h)=d 
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Hence we have obtained that f can be decomposed as a sum of elements fz contained in 9 Ag. 
As f has been arbitrary that is h = FT) mM Ag. And as hm Ag C Ag it is also clear that 
(hn Aa) A (reea 9 NA.) © AdN (Yi ezq Ac) = 0. Altogether we have obtained claim (a). 


Proof of (7.18): 


(i) 


— 
= 
=e 

a 


(iii) 


Let us write out the homogeneous decomposition 1 = }°, 1g. Then for any homogeneous element 
h € H - say c := deg(h) - we get 


b= hel = So hel 
deD 
Thereby h- 1g € Acya according to property (4). But as h © H is homogeneous we may compare 
coefficients (this is property (3)) to find h = }7., g_,h- 1a. Yet D has been assumed to be integral, 
hence c+d =c=c+0 implies d= 0. Thus for any h € H we have found h = h- 1p. Thus consider 
any f € A and decompose f = >_>, fa into homogeneous elements. Then we compute 


f-lo = S— fa+ lo = Sta =O 
deD deD 


as the fy © H U{0} are homogeneous. Thus we have proved f = f- lo for any element f € A. In 
particular 1 = 1-19 = 19 € Ao. 


Clearly the kernel is an ideal a := kn(y) <j A of A, so we only have to prove the graded property. 
First of all, it is clear that the submodules @/M Ag intersect trivially 


(an Ayn} Soanda}] CG AeN{S Aa] = {0} 
dAc d#éc 


Thus it remains to show that a truly is the sum of the @M Ag. Consider any f € @ and decompose 
f into homogeneous components f = >>, fa where fa € Ag. Then we get 


0 = off) = >> v(fa) 


deD 


As ~ was assumed to be graded, we have y(fa) € Ba again. Thus comparing homogeneous 
coefficients in B we find y( fz) = 0 for any d € D. And this again translated into fa € @ such that 
fa € AN Ag. As f has been arbitrary this also shows 


a= Sanda 


deD 


As @ <j A is an ideal and A is an R-algebra, @ <, A even is an R-algebra-ideal. And hence the 
quotient A/a is an R-algebra again. And by construction we have 0 +4 ¢ hom(A/a). Let us now 
prove the well-definedness of deg : hom(A/a) — D: suppose we are given g and h € A such that 
gt+a=h+a€ hom(A/Q). That is f := g—h € a. Let us now denote b := deg(g) and c := deg(h) 


641 


642 


and decompose f = >°, fa (where fq € 4M Aq by assumption). Then we find 


ee = i aoe 


— | oifadsd re faifd#e 


Now suppose we had b # c then comparing coefficients we would find g = f, € a in contradiction 
to g +a € hom(A/a). Thus we have deg(g) = b = c = deg(h) and hence deg : hom(A/a) > D is 
well-defined. We will now prove the identity 


Gry = MNT 


For the inclusion "C" we are given some h +4 € (A/Q)q. If thereby h+4=0+4 then h € a and 
hence h+a € (Ag+a)/a. If on the other hand h+a 4 0+4 then we have deg(h) = d by assumption 
and hence h € Ay. Altogether h+a@ € (Aqg+a)/d again. Conversely ">" consider any h € Ag and 
any f € a. Then we have to show (h+ f) +4 € (A/Q)q. If h =0 then (h+ f) +4 =04+0 € (A/Q)qg 
is clear. And if h 4 0 then deg(h) = d by assumption such that (h+ f) ++@ = h+4 is of degree d, 
as well. Thus we have established the equality and in particular (A/)q is an R-submodule of A/Q. 
Now consider g € A,, h € Ag and a, b € a. Then (g+a)(h+b) = gh+(ah+gb+ ab) € Agig +4. 
And as all these elements have been arbitrary this also proves property (4) of graded algebras, that 
is (A/a)-(A/@)a C (A/A)c4a. Now 


A = Agta 
/q See Vg 
deD 
is easy to see: if we are given any f +a € A/d then we may decompose f = 5°, fa into 


homogeneous components. Thereby f +4 = >>4(fa+a). This already yields "C" and the converse 


inclusion is clear. Now fix any c € D then it remains to prove 


(4049/4) n eG = {0+a} 
d#c 
Thus consider any f +4 contained in the intersection. In particular that is f +a € (A. +a)/a 
and hence there is some f. € A. such that f+a= f.+a. And likewise there are fy © Ag (where 
d # c) such that f +a = pres fa +a. Thus we find 


a:= fe~S ofa € a = Panag 


d#c deD 


as ( has been assumed to be a graded ideal we can decompose a into a = }°), aq where ag € AN Ag. 
Comparing the homogeneous coefficients of a in A we find fo. = ae € AN Ae. In particular 
f+a= f-+a=0-+4, which had to be shown. 


As U is multiplicatively closed U~'A is a commutative R-algebra under a(f/u) = (af /u). And 
from the construction of hom(U~! A) we also have 0 = 0/1 ¢ hom(U~!A). As D was assumed to be 
a group deg : hom(U~!A) — D is a well-defined map. (If D only was a monoid we would have to 
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regard deg : hom(U~!A) — grD given by deg(h/u) := (deg(h), deg(u)) instead). Next we prove 


a: h 
(UA), = { 1 | weu ke Asai } 
The inclusion "> "is easy: the case h/u = 0/1 is clear and if h/u 4 0/1 we particularly have h ¥ 0. 
Hence deg(h) = deg(u) + d by assumption on h and hence deg(h/u) = deg(h) — deg(u) = d. The 
converse "C" is analogous: the case h/u = 0/1 is clear again, as 0 € Agydeg(u). And if h/u 4 0/1 
then d = deg(h/u) = deg(h) — deg(u) and hence h € Agydeg(u) again. So we have to verify that 
(U-'A)q is an R-submodule. Suppose a € R and g/u, h/v € (U~'A)a. Then ag € Agydeg(u) and 
hence a(g/u) € (U-1A)q again. Furthermore 

Goh _ -gu + hu 


U U UU 


As deg(uv) = deg(u) + deg(v) we have gu and hu € Agydeg(uv) thus gu + hu € Ag+deg(uv) again 
and this means (gv + hu)/uv € (U~'A)g. So let us now verify property (4) of graded algebras. 
To do this consider g/u € (U~1A)- and h/v € (U~'A)gq. Then we have to verify (gh)/(uv) = 
(g/u)(h/v) € (UtA)cra. If (gh)/(uv) = 0 we are done, else we have deg(g) = c + deg(u) and 
deg(h) = d+deg(v). Thus deg(gh) = deg(g)+deg(h) = c+deg(u)+d+deg(v) = (c+d)+deg(uv). 
And this already is (gh/(uv) € (U~'A)e4¢. It remains to verify property (3) of graded algebras. 
Given any f/u € U—'A let us pick up a homogeneous decomposition f = >, fa of f in A. 
Then f/u = do, fa/u and as fa/u € (U-* A)a_deg(u) and as f has been arbitrary this means 
U-1A=)>,(U~'A)qa. Thus it only remains to prove 


(UA) gO SUA): = 0 
céd 


Thus consider some h/v contained in the intersection. We have to prove h/v = 0/1 thus let us 
suppose h/v # 0/1 and deduce a contradiction. As h/v € (U~'A)q that is h € Agydeg(v)- And 
likewise there is some finite subset Q C D\ {c} and uc € U, ge © Actdeg(u,) (where c € ©) such 
that h/v = D>. gc/tUc. Now let u:=[[.ue € U and u, := u/ue € U then we compute 


" = ee ne = 1 (Soa 
ce 


That is there is some w € U such that uwh = vw >. gcc. Note that wwh and the vwg-te are 


homogeneous elements of A, where 


deg(vwgctic) = deg(v) + deg(w) + c+ deg(ue) + S- deg (up) 
bAc 
= deg(v) + deg(w) +e¢e+ S.. deg (ue) 
cEQ 


= deg(uvw)+c 


Hence all the vwgct- have different degrees and hence form a homogeneous decomposition of wwh. 
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This however is homogeneous too, of degree deg(uwh) = deg(uw) + d+ deg(v) = deg(uvw) + d. 
As c # d this is yet another homogeneous decomposition. Hence uwh = 0 which would mean 
h/v = 0/1, a contradiction. 


Consider any f € Va that is f* € a for some k € N. If k = 0 then 1 € @ and hence a = A. This 
would imply a = A, too, which clearly is a graded ideal again. Thus let us consider the case 
k > 1. Pick up the hoomogeneous decomposition f = >>, fa of f, then by (7.16) it suffices to check 
fa € V@ for any d € IN. Now compute 


eS Se alien So oe sy ee 


ae INt dENN |a|=d 


— 
< 
= 


where |a| := ay ++--+ ax € IN. By definition of graded algebras it is clear that fa, ... fa, © Aja 


and thus we have found the homogeneous decomposition of f*. As a is a graded ideal, this implies 


VdeN : Dt tava Ea 


|a|=d 


We will now prove that fa € V@ by induction on d. For d = 0 we have { |a| =0} = {0} and 
hence f* = alo for --» fa, € 4. Thus suppose d > 1, then we define the following function 


pw: {ja]=kd} ON : av min{fa;,|iel...k} 


It is clear that u(a) < d (as else |a| > k(d +1) > kd) and that u(a) = d is equivalent to 
a = (d,...,d) (as else |a| > kd). Hence we get 


fi S° Joe Ta 


u(a)=d 
SS cies Oe eae 
ja|=kd L(a)<d 


But we have already seen from the gradedness of @ that the first term (the sum over |a| = kd) is 
contained in @ again. And if (a) < d then the induction hypothesis yields f,(a) € Va. Yet it is 
clear that fuja) | for--+ fo, and hence fa, --- fa, € V@ again. Thus the second term (the sum 
over j(a) < d) is contained in \/@, too. And this implies f* € V/@ and hence even fa € V@, which 


had to be shown. 


Proof of (7.21): 


(i) If h € Ag but h 4 0 then the homogeneous decomposition h = >>. h- has precisely one non-zero 
entry h = hg at c= d (by comparing coefficients). Thus deg(h) = max{ d} and this clearly is d. 


(ii) If f € hom(A) with f € Ag then we have just argued in (i) that deg(f) = max{ d} = d. And likewise 
ord(f) = min{ d} = d which yields ord(f) = deg(f). Conversely suppose d := ord(f) = deg(f), 
then we use a homogeneous decomposition f = 5°. fe again. By construction, if c < d= ord(f) or 
d = deg(d) < c then f, = 0. Thus it only remains f = fy € Aq and hence f € hom(A). 
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(iii) 


(iv) 


As ord(f) is the minimum and deg(f) is the maximum over the common set {d € D | fy 40} it is 
clear, that ord(f) < deg(f). Now let a := deg(f) and b := deg(g). Then (by construction of the 


degree) the homogeneous decompositions of f and g are of the form 


f= So fe and g=S 0 ga 


c<a d<b 


Thus the product fg is given by a sum over two indexes c < a and d < b. Assorting the (c,d) 
according to the sum c+ d we find that 


fg = (SUV 9a =>, eee SD SS Sega 
c<a d<b c<a d<b e€D c+d=e 


Note that thereby f.ga © Acta = Ac. Thus we have found the homogeneous decomposition of fg 
again. But as D was assumed to be positive c < a and d < bimpliese =c+d<at+d<a+b. 


Thus the homogeneous decomposition is of the following form 
fa = (¥ ta) 
e<a+b \c+d=e 


And this of course means deg(fg) < a+b = deg(f)+deg(g). The claim for the order can be shown 
in complete analogy. Just let a := ord(f) and 6 :=ord(g). Then f and g can be written as 


f= So fe and g=S° ga 


cpa d>b 


Thus in complete analogy to the above one finds that the homogeneous decomposition of fg is of 
the following form (which already yields ord(fg) > a+b = ord(f) + ord(g)) 


fo = > (= i) 


e>a+b \c+d=e 


We commence with the proof given in (iii), that is a = deg(f) and b = deg(g). In particular f, 4 0 
and g # 0. But as A is now assumed to be an integral domain this yields fag, 4 0. We have 


already found the homogeneous decomposition of fg to be 


io St & i) 


e<a+b \c+d=e 


So let us take a look at the homogeneous component (fg)ai» of degree a+b € D. Given any 
c <aand d < b we get the implication 


c+d=a+b = > (c,d) =(a,b) 


Because if we had c 4 a then c < a and hence c+d<a+d< a+b, as D was assumed to be 
strictly positive. Likewise d 4 b would imply c+ d < a+b in contradiction to c+d=a-+b. Thus 
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the homogeneous component (fg)q+5 is given to be 


(f9)a+b = a fega = fagn # O 


c+d=a+b 


In particular we find deg(fg) > a+ b = deg(f) + deg(g) and hence deg(fg) = deg(f) + deg(g). 
By replacing the above implication with c > a, d > b and c+d=a-+b implies (c,d) = (a,b) the 
claim for the order ord(fg) = ord(f) + ord(g) can be proved in complete analogy. 


(v) As D is strictly positive it already is integral, according to (7.6.(iii)). Hence by (7.18.(i)) we already 
know 1 € Ag and hence deg(1) = 0 according to (i). And as 1 is homogeneous we also get 
ord(1) = deg(1) = 0, according to (ii). Now suppose f € A* is an invertible element of A. Then 


we use (iv) to compute 
0 = deg(1) = deg(ff~*) = deg(f) + deg(f~") 


0. -6rd(1) Sond ff) = ord) ord(f-*) 
And as ord(f) < deg(f) and ord(f~!) < deg(f~*) (due to (iii)) the positivity of D can be used to 


find the following estimates 


co) 
II 


ord(f) +ord(f~") < deg(f) + ord(f~") 
< deg(f)+deg(f~") = 0 


In particular we find ord(f) + ord(f~+) = deg(f) + ord(f~+). Adding ord(f) this equation turns 
into ord(f) = deg(f) and by (ii) again this means that f € hom(A) is homogeneous. 


(vi) Let us suppose h = fg for some g € A. As h € hom(A) we have h 4 0 and this also implies f, 
g #0. We will assume that f was not homogeneous and derive a contradiction. Recall that by (iii) 
f not being homogeneous is equivalent to ord(f) < deg(f). But if that was true we could use (iv) 


to find the contradiction 


ord(h) = ord(fg) = ord(f) + ord(g) 
< deg(f)+ord(g) < deg(f) + deg(g) 
= deg(fg) = deg(h) = ord(h) 


Proof of (7.24): 


(i) Consider any b € R and any polynomial f € Rit | A]. Then for any y € A we get the following 


computation 


(fF-0)iy] = S° flalo[s] = S° flaldig, = dfhr 


atp=y at+p=y 


In complete analogy we see, that (bé° - f)|y] = bf [7]. And as this is true for any y € A we have 
shown f - bt? = bf and bt - f = bf. In particular for b = 1 we get f -t? = f =t°- f. That is t° is 
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(iii 


~ 


the unit element of the ring R[t | A] or shortly ¢° = 1. 


In the proof of (i) (by taking f = at® for some a € R) we have seen, that (at®) - (bt?) = (ab)t® 
such that is multiplicative. And the additivity of v is clear by construction of R[t | A]. But the 


injectivity of v is trivial, as well. 


Given f € Rit | A] let us define u(f) € Rit | B] to be o(f)[a] := fla] for a € A and u(f)[G] :-= 0 
for 8 € B\ A. Then clearly f +> u(f) is injective and R-linear. Also 1(1) = 1, as 0 € A. It remains 
to check the multiplicativity of 1: Consider any 7 € B, then 


2 flalifaeA | g[b,ifBEA 
DO 7 | A Oi BEA 


where the sum runs over all a and 6 € B witha+(=7. Yet all the summands vanish, unless 
a € Aand 6 € A. And as A is a submonoid this also implies y = a+ € A. Thus this is precisely 
(f -g)|y| for y € A and 0 if y ¢ A. Thus we find the multiplicativity 


((f)- eg) bl = e(f-9)h1 


The fact that @ : R[t | A] — S[t | A] is a homomorphism of R-algebras is just a special case of 
(7.26) if we take 0 : A > S/t | A] to be o(a) := t®. In case of the ring of formal power series 
St | A] the computations are literally the same. 


Thus let us suppose y is injective and O(f) = G(g) for some f, g € Rit | A]. By definition 
of formal power series, this is G(f)[a] = G(g)[a] for any a € A. And by construction this is 
v(flal) = v(gla]). But as y this implies fla] = gla] for any a € A and hence f = g. Thus @ also 
is injective. 

And if ~ is surjective and we are given any g € S[t | A] then for any a we may choose fla] © R 
such that y(fla]) = gla]. Then by construction we have ¢(f) = g such that @ is surjective. In 


particular if y is bijective then y is both, injective and surjective and this is true for , as well. 


Is obvious by the multiplicative property t® t? = t°+ of monomials, which has been shown in the 


remark preceding this proposition. 


Let us first suppose A and B are solution-finite and consider any a € Rand f,g € Ris | A][t | BJ. 
By construction we have f[G] € R[s | A] for any 6 € B. That is f is of the form 


f= ogee Se (= fl flel «) t? 
BEB BEB \aecA 


We have defined the isomorphism ® by ®(f) : (a,8) 4 f[G] fla]. In particular it is clear that 
® is bijective, as it only rearranges coefficients. So it only remains to prove its homomorphism 


properties: First of all it is clear, that ® is additive, since 


O(f+g)la,6] = (f+49)[6lal 
= (f[6]+ 9[6]) lal 
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F(A][a] + g[]lal 
O(f)la, 6] + ®(g)la, 5] 


As A and B are solution-finite, so is A x B, by (7.2). Therefore all the R-modules of formal power 
series involved are R-algebras. The R-linearity will then be a special case of the multiplicativity 


of ® that we will prove next: Let a, y, ¢ € A and £, 6, n € B, then we get 
®(f-g)lenl = (f-9)[nllel 
= S> flé)-glel J} lel 


B+o=n 
= So SO flélel-glelhl 


a+ y=e B+6=n 


= >. f[6lle] - glalh] 


(a,8)+(7,6)=(€n) 


On the other hand, if we take a look at ®(f) - ®(g), then we find the multiplicativity ®(f +g) = 
®(f) - ®(g) as the left and right-hand side expressions agree in every coefficient over (¢, 77) 


(®(f)- B(9))[en) = ss O(f)la, 6] &(g)ly, 4] 
(a,8)+(7,6)=(E,n) 
= SD F[Al[e] - glolly] 
(a,8)+(7,6)=(E,n) 
= O(f . 9) le | 


That is we have proved the isomorphy of the R-algebras R[s | A][t | B] and Rix | A x By. It is 
clear that & maps polynomials to polynomials: As ® only rearranges the coefficients it does not 
change the number of non-zero entries. Therefore ® is an isomorphism from R{[s | Al[t | B] to 
Rix | A x B]. And as the homomorphism property remains, even if A or B is not solution-finite, 


this is true for general A and B. 


We choose any two non-zero polynomials 0 4 f,g € R[t | A] and denote the coefficients on which 
f and g are nonzero by 

{Osa Om} = {aw@EA| fla] 40} 

{P1,---,Bn} = {BEA g[5] #0} 


Without loss of generality we may assume a, <--- < Gm and likewise 8; <--- < Bp. Let us now 


abbreviate y := a1 + (1, then for any 2 €1...m andj €1...n propsition (7.6.(iv)) would imply 


a+ By = 7 a; = oa, and Bj = pi 
We now assume fg = 0 and compute the y-coefficient of fg, obtaining 


0 = (fohl = >| fledgl3) = fle) g[l 


as t+fhj=7 
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If now R is integral then f[a1] = 0 or g[,] = 0 in contradiction to the construction. But this ensures 
the direction (a) ==> (b). The converse implication is clear due to the embedding R @ Rit | A] 


in (ii) however. 


(viii) This statement is true by virtue of the same reasoning as in (vii) above. 


Proof of (7.26): 

It is obvious that the ring homomorphism a, is uniquely determined by the above properties, as the 
monomials t® form a basis of R{t | A] and the compositions + and - are expanded from the monomials. Thus 
it only remains to show that ay truly is a ring-homomorphism, but this is a straightforward computation 
- consider f,g € R[t | Aj, then we find 


olf) tog) = D> v(flal)o(e) + S$) e(glal) (a) 


acA acA 
= >) (fle) + lal) o(2) 
acA 
= on(f + 9) 


o,f) : o,(9) 


l| 
yam 
i 
6 
S 
2 
‘e 
i 
ae 
M 
a 
S 
& 
~ 
S 


acA Bea 
= + Y olflel- 9161) o(0 +8) 
acA BEA 


= Sie| d=) flel-sl4l} o 


yEA a+B=y 


a oo(f9) 
oplaf) = (5 este at) 
acA 
= Y) ¢(a)- 9(flal) o(a) 
acA 


| || 
x Sf 
&. 3& 
os 6M 
Rea <i 
S 
&, 
“S 
Ase 


Proof of (7.28): 
Let J := R\{0pr, 1p} where Og and 1p denote the zero resp. the unit element of R. Further let A := INS 


be the commutative monoid over the index set J. Now take the polynomial ring 


BI 


S. 3= Zita | eel] 
As A can be turned into a positively ordered monoid (A, +, <jex) according to (7.8) and Z is an integral 
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domain, so is S due to proposition (7.24.(iv)). And clearly ¢: Z—> R: kt) k-1p is a well-defined 


homomophism of rings (which we used in section 2.9 to introduce the characteristic). And there is a 


well-defined homomorphism of monoids a : A — R, induced by expansion of ¢(d,) = a. By (7.26) we 


now find a well-defined homorphsim of rings 9 := ag : S — R. And this @ clearly is surjective, since 


Otte =a. 


Proof of (7.47): 


(i) 


(ii) 
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The proof is based on a computation in which we evaluate g(t) := f(t) - (t — a). By definition of 
the multiplication in R[t] this is nothing but 


5 glklt* (> is") (t- a) 
k=0 k=0 


= Sine — a flaye! 
k=0 k=0 


= So (fk - 1] - afk) * — af [0] 
k=1 

So by comparing coefficients we find g/0] = —af|0] and for any k > 1 also g[k] = f[k — 1] —af|k}. 

Let us first deal with (b) == (a): That is we assume that deg(f) =n —1 and f|[n—1] = 1. More 

explicitly for any k > n we have f[kA] = 0. Then for any k > 7 we find that 


l 
pas 
3 
| 
= 
| 
i=) 
= 
a 
I 
ro 
| 
Q 
j=) 


g|n| = 1 
glk] = flk-—1)-af[k] = 0-a-0=0 


That is g is a monic polynomial of degree n, as we had claimed. Conversely for (a) = > (b) we 
have gin] = 1 and g{k] = 0 for any k > n. Clearly f 4 0, as else g = 0 which contradicts g being 
monic, as R £0. Hence we may take m := deg(f) € IN. As f[m + 1] = 0 we then get 


glm +1] = flm]—aflm+1] = flm|—a-0 = fim] # 0 


From this we conclude deg(g) > m+ 1 > deg(f). And for any & > m-+1 we have k — 1 >m and 
hence f[k — 1] =0 and f[k] =0 such that we also find deg(g) < m+ 1 from 


lk] = fle 1]-af[k] = 0-2-0 =0 


Together this means n = deg(g) = m+ 1 such that deg(f) =m =n-— 1. But g is monic such that 
1 = g(n| = g|m+ 1] = f[m] which means, that f is monic, too. Together this is (b), as claimed. 


Let us use division with remainder (2.64) to divide f by t — a (which is possible, as t — a is monic). 


That is we find polynomials g, r € Rit] such that r = 0 or deg(r) < deg(t — a) and 
ft) = a(t): (¢-a)+r(t) 


If r = 0, then r € R. But also deg(r) < deg(t — a) = 1 implies deg(r) = 0, which is r € R again. 


In other words r(t) = r is a constant. Let us now use (7.26) in the standard situation S = R, p=1 
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and o(k) =a*. As oz is a homomorphism or rings we get - for f(a) :=01(f) 


f(a) = q(a):(@-a)+r(a) = ra) 
But as r(t) =r is a constant we have r(a) = I(r) =r, as well. Hence the above representation 
f(t) = ¢(t)(t — a) + r(t) turns into f(t) = g(t)(t — a) + f(a), which is our claim precisely. 
(iii) In the direction "=> " we use (ii) to write f as f(t) = q(t)(t — a) + f(a) for some polynomial 
q € Rit]. As f(a) = 0, by assumption, we already have f(t) = q(t)(t — a), which is (t—a) | f(t). 


Conversely for "<=" there is some q(t) € R[t] such that f(t) = g(t)(t — a) As in (ii) we now use 
(7.26) in the standard situation f(a) := o1(f) again, then we find the claim from 


(iv) Obviously induction on the number m of roots, is the way to go: The foundation m = 1 already is 
(iii). So let us proceed with the induction step, that is we assume f(t) = (t— 21)... (t — tm)q(t) 


and have another root f(a@m+41) = 0 such that 241 4 x; for any i€ 1...m. Then we find 


0 = f(@mti) = (@m41— 21)... (&m+1 — &m) q(%m+1) 


As all the (2%m+41—2;) # 0 are non-zero and R is an integral domain, we conclude that g(%m4i) = 0. 
Hence by (iii) there is some polynomial p € Rit] such that g(t) = (t— %m41)p(t). Replacing g with 
(t — Um+1i)p we find the desired representation of f: 


f(t) = (t- a1)... (6— &m)(t — &m41) pt) 


So let {21,...,%m}={x2E€R| f(x) =0} be the set of roots of f. As the x; are pairwise distinct, 
we have just seen, that f(t) = (t—21)...(t—a%m)q(t) for some q(t). Clearly g 4 0, as else f = 0. 
We now evaluate the degree of f and thereby find the claim 


deg(f) = deg ((¢—21)...(t-—am)q(t)) = m+deg(q) > m 


(v) Let d:= f—g € Rt], then deg(d) < max{ deg(f), deg(g) } and for any x € R we find f(x) = g(x) 
equivalent to d(x) = 0. Combining these arguments we find that, the number of roots of d exceeds 


the degree of d. Let us summarize: 


deg(d) < max{deg(f),deg(g)} < #{reR| f(z) =ga)} = #{eER| dla) =0} 


But if d ¥ 0, then (iv) tells us, that the number of roots cannot exceed the degree of d. Due to this 


contradiction, we conclude d = 0 and hence f = g. 


Proof of (7.49): 


(i) Let us first prove that in case of an integral domain R the determinant of the Vandermonde matrix 


truly has the form given in the claim: To do this let us first consider the case that there are some 
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i<j €1...n such that x; = x; are equal. In this case two separate rows of the Vandermonde 
matrix are equal and hence the determinant is zero. On the other hand the product vanishes as 


well, as x; — x; = 0 and hence 


det (Van(21,...,%n)) = 0 = II (7a, ) 


1<i<j<n 


Thus let us assume that for any i # j € 1...n the elements x; 4 x; are distinct. We now use 
induction on the number n - the case n = 1 is true, as in this case Van(x1) = (1) such that we 
have det(Van(21)) = 1. But also the set { (i,j) € (1...n)? |i <j } =0 is empty and the product 
over the empty set has been defined to be 1. However, to eliminate all doubt, we also found the 


induction on n = 2, in this case 
1 eal 
det a(t) = |] eae) 
1 22 1<i<j<2 


is plain to see. In the induction step for n > 2 we pick up a variable z and regard the polynomial 
ring R C R’ := Riz] instead. Then we append the n-tuple x := (71,...,%,) € R” to a! := 
(21,...,2n,2) € (R’)"*! and define the polynomial h € R’ = R[z] to be the following 


1 LY eee oy 
A(z) := det(van(2’)) = det 
1 Ze eee gh 


We now use the formula of Laplace (4.55.(v)) to evaluate this determinant by expanding along the 
lowest row. For sake of easy readability let us use the common abbreviation |A| := det(A) of a 


determinant. Then expansion yields the following formula 


i aes cet 1 er 
h(y) = (-1)" ear 2 


From this we see that h is a polynomial of degree n in z. We also see, that the leading coefficient 


of h is the determinant of the Vandermonde matrix of x. By induction hypothesis, this is 


A := Ic(h) = det(Van(z)) = J] (aj -2) 


l<i<j<n 


But from the definition of h it is clear, that h(x;) = 0, as for z = 2; the last row is just a copy of 
the i-th row and hence the determinant vanishes. Recall that we assumed the 2; to be pairwise 
distinct, that is we have found n distinct roots of the polynomial h of degree n. As R is an integral 


domain (7.47.(iv)) tells us, that h splits into linear factors 


hig) = Ae as (Zee) 
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Now h(z) finally is the determinant of the Vandermonde matrix of 2’ once we insert z = 2n41. 


Doing this we finally find the claim for n + 1, as we then compute 


h(dpt) = 


(iit) By construction we have deg( 


det (van(x1,...,%n,%n41)) 


II (23 a: ©i) (cnaa a £1) tee (Gat <— Ges) 


l<i<j<n 


I] @-«) 


1<i<j<n+1 


L;) =n—1, as any t— 2; is a monic polynomial of degree 1. Hence 


we have L; € Py. Let us first prove that the L; form a linearly independent subset of P,,. That is 


we assume that 


a,L1(t)+---+anin(t) = 0 € Rif 


for some a; € R. As we have L; (xi) = 6;,; we may insert x; into this equation and thereby find 


0= 0(2;) = 25 Glee) =i 


As this is true for any 2 € 1... this is the linear independence. 


Now let f := Se yjL; € Pn then by the same reasoning we get 


= doy Lila) = doy di3 = Yi 


Given any other polynomial g € P,, let yj := g(x;) and build up f as before f := >), yj;L;. Then 


we have g(x;) = yi; = f(a), that is f and g agree at n locations 71,...,%p. As both are of degree 
deg(g), deg(f) < n we find from (7.47.(v)) that f = g. Hence the set {Li,...,L£} also is a 


generating set, of P,, and hence a basis. 


(iii) If we insert x; into the ansatz f = agNo + a1Ni +--+ + Gn-1Nn_1 this equation turns into 


Yi = aoNo(ai) + a1Ni (xi) +--- 


matrix equation, this reads as 


No(xi) Ni(z1) 
No(x2) Ni(22) 


No(%n) Ni(%n) 


+ dn—1Nn-1(xi). If we combine these n equations into a single 


INS (a1) oot Ng (21) ao Yi 
No(%2) +++ Ny—1(%2) ay - Y2 
No(2n) ott Noh ea) An—-1 Yn 


However No(t) = 1 such that No(#;) = 1 for any i € 1...n. And it also is clear that Nj(2;) = 0 


whenever i < j, by construction of the N;(t). Hence this matrix is truly reduced to a lower 


triangular matrix, as given in the claim of the Newtonian interpolation method. The determinant of 


this lower triangular matrix truly is 


IL Nj-1(25) = [[[[ i) = II (x; — x4) 


j=1i=l1 1<i<jg<n 
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Proof of (7.50): 


(i) 


(i 


As F is a field, it also is an integral domain. And as the x; are pairwise distinct, the determinant 


of the Vandermonde matrix Van(21,...,@n) is non-zero, as any factor x; — x; 4 0 is non-zero 
det(Van(1,..-,tn)) = II (eta 0 
1<i<j<n 


In a field Ff this means, that the determinant is invertible and hence the Vandermonde-matrix 
is invertible, by (4.63.(ii)). Then we find a polynomial f satisfying (1) and (2) by (7.49.(i)). Its 


coefficients are given to be 


F(0] Lay, Sey Se YI 
ff) | fa a aft Wp 
f[n—- 1] 1. te es ete? Yn 


If F is finite, say F = { x0,...,2%n }, and wu: F > F is any function, then let y; := u(ax;). By (i) 
there is a polynomial f € Ft] of degree deg(f) < n satisfying f(x;) = y; for any i € 0...n. In 
particular Py = u and hence P is surjective. Yet #IF(F, F) = (n+ 1)"*" is a finite set, whereas 
Ft] = FCN, F) is infinite. In particular P : F'[t] > F(F, F) cannot be injective. 


If F is infinite then we consider two polynomials f, g € F'[t] such that Pp = Py. Thatis f(x) = g(x) 
for any x € F and hence {a € F'| f(x) = g(x) } = F is infinite. In particular this set has more 
elements than the degrees of f and g, such that we get f = g from (7.47.(v)). That is P is injective. 
Now define the function wu: F — F by u(0) := 1 and u(x) := 0 for any x € F*. Suppose there 
was a polynomial f € Ft] such that Pr = u, then f has infinitely many roots V(f) = F*. In 
particular f = 0 by (7.47.(iv)). But then f(0) = 0 4 1 = u(0), a contradiction. Hence there is no 
f € F{t] with Py = u, such that P is not surjective. 


Proof of (7.52): 


(i 


(iii) 
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0 € I(X) is clear, now consider f, g € I(X). That is for any x € X we have f(x) = 0 = g(x). In 
particular (f + g)(x) = f(x) + g(x) =04+ 0 = 0 and (—f)(x) = —f(x) = —0 =0 such that f +4, 
—f € I(X) again. And for any h € Riti,...,tn] we get (fh)(x) = f(x)h(x) = Oh(ax) = 0 such 
that also fh € I(X). Altogether I(X) is an ideal. 

Now assume that Nit(R) = 0 and consider some f € \/I(X). That is f* € I(X) for some k € NN. 
Then for any « € X we get 0= f*(x) = f(x)*. That is f(x) is nilpotent and hence f(x) = 0 by 


NIL(R) = 0. As x has been arbitrary this is f € I(X) and the converse inclusion is always true. 
Thus I(X) then is a radical ideal. 


As F C a we clearly have V(a) C W(F'). Conversely consider any x € V(F). If now f € a, 
then f is of the form f = mi fi +...9rfr for some f; € F. And hence, as any fi(x) = 0 we get 
f(x) = g(x) 0 +--+ + g,(x) 0 = 0, which implies x € V(Q). 
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(iv 


) 


— 


— 


Now assume that NiL(R) = 0, as @ C V/@ we again get V(V/a) C V(a). Conversely consider any 
x € V(a). If now f € V4, then there is some k € IN such that f* € a and hence f(x)* = f*(x) = 0. 
But as NiL(R) = 0, this implies f(x) = 0 and hence x € V(V4). 


For any X C Y C R” it is clear that I(Y) C I(X), as then f(x) = 0 for any x € Y implies 
f(x) =0 for any x € X, too. And likewise a C b implies V(b) C V(a), as then f(x) = 0 for any 
f <O implies f(x) = 0 for any f €4, too. 


By (0.20) property (b) is suffices to check X C WI(X) and F C IV(F) for any X C R” and 
FC Riti,...,tn] respectively. But if a © X and f € I(X) then it is clear that f(a) = 0 such that 
x € V(f) again. But as this is true for any x € X and any f € I(X) this already is X C VI(X). 
Likewise if f € F and x € V(F), then f(x) =0 such that f € I(x) again. 


PEUX PS Af f-S 
C 


X) which implies VI(X) C W(f). But as we have seen X C WI(X) in 
(iv) this implies X =0 


1( 
V(f). Again this means f(z) for any x € X and hence f € I(X). 

x € V(F) is {x} C V(F) which implies IV(F’) C I(x). But as we have seen F' C IV(F) in (iv) 
this implies F’ C I(x). Again this means f(a) = 0 for any f € F and hence x € V(F). 


Clearly V(0) = R”, as for any x € R” we have 0(x) = 0. Similarly V(Rifti,...,tn]) = 0, as for 


any x € R” we have 1(z) = 1 and 1 £0, as R is an integral domain. The next claim is 
V(q-...-d-) GC V(a,n---na,) C V(a))U---UV(a,) 


As for any 2 € 1...r we have the inclusions (;...d, C @M---Ma, C a; the algebraic sets 
satisfy the converse inclusions V(a;) C V(a,9---Na,) C V(d,...a,). And as this is true for 


any 7 € 1...r we get V(a,)U--- UV(a,) C V(a,---Ma,). Now suppose R is an integral 
domain, then we even get V(q;...4,) = V(@,) U--- UV(q,), because of: Suppose there was some 
x € V(d,...,) such that for any 2 € 1...r we had x ¢ V(Q;). That is there is some f; € Q; such 
that f;(z) # 0. But as R is an integral domain, this implies (fi... f-)(z) = fi(x)... f-(x) #0. 
Yet fi... fr € Q,...0, such that we also have (fi... f;-)(a) = 0. This contradiction is solved by 


concluding x € V(Q;) for some 7 € 1...r. So we will next prove 


Vv (= 7 = () V(ai) 
iel ie! 

where R need not be an integral domain, any longer. The inclusion "C" is clear, as for any 7 € I 

we have 4; C }°,Q; and hence the converse inclusion for the algebraic sets. For the converse 

inclusion consider any x € (); V(a;) and any f € >°,4;. That is f is of the form f = f, +--+ fr 

for some fj € Qj). Then clearly f(x) = fi(z) +... fe(x) = 0, such that we also get « € V(}/; ai). 


Thus we have proved all the claims for algebraic sets and we turn our attention to the vanishing 
ideals: As with algebraic sets ) C R” poses no restriction on polynomials and hence we have 
1(0) = Riti,...,tn]. And as X; C U; X; - we have I(U,; X;) © I(X;) for any i € I such that 
I(U; Xi) CG (; U(X). And if conversely f € ();1(X;) then for any « € UL; Xi; there is some 
j € I with x € X; and hence f € I(X;) such that f(x) = 0. Finally regard any f € >>, 1(X;), 
that is f is of the form f = fit+---+ fx for some fj € I(Wy,;)). If now x € (); Xi then 
f(a) = file) +++ fala) =0 and hence f € I(), Xi). 
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(vi) 


If R £0, then 1 40 And hence we get 1(7) = 1 £0 for any « € R”. And as 1 € Rity,..., ty] this 
implies V(Rit1,...,tn]) =. If R is an integral domain, then R # 0 is part of the definition. 


Now suppose R is an infinite integral domain, then we wish to prove I(R”) = 0. That is we consider 
any f € I(R”), which is V(f) = R”, and have to show f = 0, by induction on n: If n = 1, then 
we have f € Rit] such that we know #V(f) < deg(f) for any f #0 due to (7.47.(vi)). But as R 
is infinite and V(f) = R so this is absurd. Hence we conclude f = 0. Now consider the induction 
step n > 2. Then we define fi(t1) := f(ti,0,...,0). This yields fi(v1) = f(x1,0,...,0) = 0 for 
any x1 € Rand hence f; = 0 by the case n = 1. Thus f actually only depends on the variables 
f (te,...,tn) so by induction hypothesis we get f = 0 again. 


Proof of (7.57): 


The proof of all these statements relies in short, uninstructive computations. Thereby every statement is 


an easy consequence of the previous one and the reader looses nothing if he skips the proof entirely. 


(i) 
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(n) 


By definition s,” is a sum of terms ta(1)--- tax) where a € Asc(k,n). Any of these terms is of 


(n) 


degree k and hence s;,’ is of degree k, as well. 
(n) 


Let us abbreviate s, := s,’ and s := (51,...,8n) € R[t1,...,tn]”. Then in (i) we have seen 


deg(s,) = k and hence for a monomial f = t® where a € IN” the claim is straightforward to see 


deg (t°(s)) = deg (s = Sides sp’) = Yaw: k = wgt(t®) 


Thus for an arbitrary polynomial f € R[t1,...,tn] this computation is inherited, as both, the degree 


and the weight, are defined to be the maximum among all a € IN” with fla]. Formally 


deg(f(s)) max{ deg(s®) | a € IN and fla] #0} 


max{ wgt(t®) | a € IN and fla] 40} = wgt(f) 


lf k = 1 then 3”) =tyt---+ty = (4. +--+ +tr_-1) +1- ty which is gf) + gr) -ty again. 
Hence we may continue with k > 2. Clearly, for n > 2, we can decompose Asc(k,n) into two 
separate parts: We either have a(k) = n or not. If not, then a € Asc(k,n — 1) and if a(k) = n, 
then @ is of the form a = (a’,n) where a’ = (a(1),...,a(m — 1)) € Asc(k — 1,n — 1). Thus we 
have established a disjoint union 

Asc(k,n) = Asc(k,n—1)U { (a’,n) | a’ € Asc(k — 1,n — 1) } 
Thus the sum over a € Asc(k,n) that has been used in the definition of 3h”) can be split into two 


parts: A sum over a € Asc(k,n — 1) and a sum over a’ € Asc(k — 1,n — 1), where we have to 


rebuild @ as (a’,n) and hence tai)... ta(e—1)tn 


3”) ys ta(1) soa ta(k) 
a€Asc(k,n) 


ta(1) +++ ba(k) + S> ta(1) +++ ba(k—1)tn 
a€Asc(k,n—1) a’ €Asc(k—1,n—1) 
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fA? ty 


(iii) The proof will be by induction on n, in case n = 1 we only have k = 0 and hence only need 


(-1)?-F™ — (—1)1s()) = —t,. For this we get —ti(a1) = —a, and hence we are done. For 
the induction step n > 2 we will use the abbreviation a’ := (a1,...,@n—1). With this we use the 


induction hypothesis right away 


k=0 
n—1 n-1 
= S-( De Pg a ett = ( pre Pa ant 
k=0 k=0 
n : n—-1 ‘ 
= Soar Maye + > (yr 9) @)ant* 
k=1 k=0 
n-1 
=e Say (l(a!) + 0859, an) t+ (19859 (00m 
k=1 


But 3) (aan = =] ...An—1An = a1. a Ny a ) is clear and by the recursion formula of (ii) 
= st 


=5 
we also find 3 (a 4 s(t 7, (a" an aq ). Thus we have obtained our claim 


(= @1)s.0¢ a9.-4) (F043) = mS (a) t® + (-1)"s™ (a) 


Proof of (7.58): 


(iit) We need to show that all the coefficient polynomials f[k] € Riti,...,tn—1] are symmetric. Thus 
suppose we are given any permutation a € S;,-1. Then we can extend o to S;, by letting a(n) := n. 


As f is symmetric, we have of = f by assumption. And as f ++ of is a homomorphism also 


f = of = of0|+offllt,+---+ofld tt 


Let S:= R[t1,...,tn—i], then {tk | k € IN} is an S-basis of S{t,]. Thus the above linear combi- 
nation is a basis representation of f. Comparing coefficients with f = f[0] + f[lJtn +---+ fld|t@ 
we find f[k] = afk]. And as this is true for any o € S,_1 this means that f[k] is symmetric. 


(iii) We will first check that g(s1,...,5n) = 0 implies g = 0, for any polynomial g € Riti,..., tn]. To 
do this write g in the form g = g[0] + g[1] tn +--- + g[d] t@, as in (ii). Now suppose the implication 
was false, i.e. there is some n and some 0 4 g € Riti,...,tn] such that g(s1,...,5,) = 0. Then 
we choose n to be the minimal number of variables for which such a counterexample g exists. And 
we choose g in such a way that the t,,-degree d of g is minimal, too. In particular g[0] 4 0, as we 
else could scratch one tp, as this is a monic polynomial. In the case n = 1 we have s; = ft; such 


that 0 = g(s1) = g(ti) is g =0. Thus the counterexample must feature n > 2. 
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Let Tillisen sg tnt) = Sultinesscta— 15 0) € Albtyass bial then r, = 0 and rz, = sr) is the 
k-th elementary symmetric polynomial in n — 1 variables, for 1 < k < n, according to (7.57.(ii)). 


And as g(S1,.--,5n) =0 € Riti,...,tn] we find in particular 
OV iscedin ie): & Gi an oe i SS Ae yt 


Now recall that we have written g as an element of R[t1,...,tn—1][tn], then we find g(s1,...,5n) = 
g[O](s1, ++; $n—1) ++: +g[d](s1,---,8n—1) s@. And if we insert (t1,...,¢n—1, 0) into this expression, 


we end up with 
OG gS Si enc ese ig oy ts 0): = OO iets tp) 


Recall that n was taken to be minimal with this property, but here we have found a polynomial 
0 F g[0] € Rity,...,tn—1] such that g/O](r1,...,rn—1) = 0. This contradicts the minimality of n. 


And hence there is no counterexample - the implication is universally true. 


G(Si5 +545 Sp) 0 g=0 


If now f, g € Rity,..., tn] with f(s1,...,5n) = g(s1,.--,8n) then (f — g)(s1,..-,5n) = 0 and by 
the above implication this yields f — g =0 and hence f = g. The converse direction is trivial. 


As o0 = 0 and ol = 1 we see that 0 and 1 are symmetric polynomials. And if a € R and f, 
g € Riti,...,tn] are symmetric polynomials, then by (7.56) we also have o(af) = ao f =af and 
likewise o(f +g) =of+og=f+g and o(f-g)=of-og=f-g,such that af, f+g and f-g 
are symmetric, again. That is the symmetric polynomials form a subalgebra of Rit,..., tn]. 


Thus we only need to verify, that this algebra is truly generated by the elementary symmetric 
polynomials. To do this we will prove the following statement: For any symmetric polynomial 


s € Rit1,...,tn] there is a polynomial g € Rit,,...,t,] such that we get 
wgt(q) < deg(s) and s = g (i, anies sir) ) 


We start by induction on the number n of variables. In the case n = 1 we have s; = t; and hence 
we may choose g := s. Thus we may turn to n > 2. Then we write s (and any other polynomial of 


Riti,...,tn]) as an element of R[ti,...,tn—1][tn] once more, that is 
s(t1,---,tn) = sO) +s[l]t,+---+s[d]t? 


By (ii) we know that s[0] is symmetric, too and hence by induction hypothesis there is a polynomial 
q € Riti,...,tr—1] such that we get wgt(q) < deg(s[0]) < deg(s) and s[0] = g(m1,...,7n—1) where 


(n) (n—1) 


we abbreviated sz, := 5,’ and rz := 8; = s,,[0] again. 


We now start a second induction on the degree deg(s) of s. In the case deg(s) < 0 we see that s 


is constant and hence we may choose g := s. Thus we may regard deg(s) > 1. As the symmetric 
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— 


polynomials form an algebra we find that 
Ss 8 — q(S1,---,Sn—1) € Rlbiy2es styl 


is symmetric, too. By construction we have s[0] = s[0] — g(71,...,7n—-1) = 0 such that t,, divides s. 


And it is clear that we find an upper bound of the degree of s by 


IA 


deg(s) max{ deg(s), deg(q(11,---;7n—1) } 


< max{ deg(s), wgt(q) } = deg(s) 


A 


But as 5 is symmetric and t, | Ss we see that for any k € 1... we get t, | s and hence 
Sn = ty...tn | Ss. Let us now denote s = s,,-s, then we claim that s is symmetric, too: For any 
a € S, we have 5,5 = § = 05 = (05,) - (7S) = Sn - (7S). As Sp is monic, this implies s = os and 


as this is true for any o € S;, we see that Sis symmetric. Now 
deg(s) = deg(s) — deg(sn) < deg(s)—n < deg(s) 


Thus by induction hypothesis (on deg(s)) there is a symmetric polynomial p € R[ti,...,tn] such 
that wgt(p) < deg(s) < deg(s) — n and 5 = p(sj,...,5,). Altogether we got 


Ss = §+4(S1,---,Sn—1) 
= $n8+9(S1,---,Sn—1) 
= Spi Sis cessy) EOS tes ont) 
= (tap aq) (Sigs -<¥8n) 


Thus g(t1,---,¢n) := tnp(ti,.--,tn) + O(ti,.--,tn—-1) does the trick and the estimation of the 


weighted degree of g also remains true, as we can compute 


wgt(g) < max{wgt(trp), wgt(q) } 
< max{n+wgt(p), wgt(q) } < deg(s) 


/\ 


Using (7.57.(iii)) we can compare the coefficients of the two representations of f and thereby obtain 


an identity for anyk El...n 


a, = (—1)¥sz(a1,...,2) 
where sp = si) is the elementary symmetric polynomial of degree d of Riti,..., taj. And since s 
is symmetric, there is a polynomial g € R[t1,...,ta] generating s via s = g(s1,...,5q). Evaluating 
s on the roots 71,...,2%q then yields 
Si eee aig) = GR isd Sal Sigeigta)) 


g(-a1, +d2,---, (—1)%aq) 


Thus if we define h(t1,...,ta) := g(—t1, +t2,...,(—1)“ta) we have obviously found the polynomial 


whose existence has been claimed. 
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Proof of (7.59): 
Let us first prove that the symmetrization of any polynomial f truly is symmetric again. That is we have to 
check 0 = fsym = fsym for any permutation @ € S,. The idea of course is, that 0S, = { 07 | a € Sp } = Sp 


again, as S;, is a group. Using this it is easy to compute 


n= (5d) = <> oof 


aESn aESn 
1 1 
> Wl S mf Sy S wf = Fsym 
nr: nN: 
TEOSy TESn 


That is fsym is symmetric and in particular, if f = fsym then f has to be symmetric. Conversely, if f is 
symmetric, then of = f for any o € S;, hence the sum in fcym consists of #5, times f. Yet #5, = n! 


such that the factor in front cancels #S,, in effect only fsym = f remains. 


Analogously we will prove that fasym is antisymmetric. That is we have to check 0 = fsym = Sgn(@) fsym 
for any permutation @ € S,,. Again we use @S;, = S;, and also sgn(o) = sgn(g)?sgn(c) = sgn(@)sgn(ac) 


to compute 


Ofasym = @ (4 S solo) _ “ S> sgn(c)oof 


oESn oESn 


= < Ss" sgn(a)af = “ y sgn(o)sgn(m)rf 


TEOSn “TE oSn 


san(o) 5 S° sgn(m)af = Sgn(@) fasym 


TES 


That is fasym is symmetric and in particular, if f = fasym then f has to be anti-symmetric. Conversely, if 
f is anti-symmetric, then of = sgn(c)f such that in each summand sgn(c)? = 1 vanishes and the sum 
in fasym runs over 7S, times f. Again, #5, = n! such that the factor in front cancels #5), in effect only 
fasym = f remains. 


Proof of (1.47): 


(i) We first prove the uniqueness of c and h: Suppose the identity in the claim holds true, then 
multiplying this equation with (t — x)*g(t) yields 


cg(t) +h(t)(t—2) = f(t) 


This is an equation in the polynomial ring E[t], if we evaluate both sides in x the right-hand side 
is reduced to cg(a), as (t — x)(x) = 0. Therefore cg(x) = f(x) such that we get c = f(x)g(x)~! 
and thereby also h(t) = (f(t) — cg(t))/(t — x) is determined uniquely. Thus it only remains to 
prove that such ¢ and h truly exist. If we define c:= f(x)g(x)~! € E then it is clear that 


(F() —eg(t))(x) = 0 
And as z is a root of f(t) — cg(t) by (7.47.(iii)) t — x is a divisor, that is there is a polynomial 
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h € Eft] such that h(t)(t—x) = f(t) — cg(t). And if we divide this equality by (t—x)*g(t) in E(t) 


then we get the equality (almost) as in the claim 


h(t) _ f®%-cf _ _ ft) cg(t) 


(t — x)*-"g(t) (t — x)*g(t) (t—ax)* (t—2)*g(t) 


(ii) We obviously use induction on the number r of distinct roots of g. In the case r = 1 we use a 
second induction on k = ky. In the case k = 1 we have g = b(t—2) and since deg(f) < deg(g) = 1 
we see that f is constant c= f € E already - thus f(t)/g(t) = c/b(t — x) is established. Now 
consider the induction step k +> k +1, here we apply (i) with g(t) = 6 to get 


f@) f) c h(t) 


gt) — (t—a)FHIb S(t —a)RHT (a) hb 
Hereby c= f(x)g(x)~! = f(x)b-! and h(t) = (f(t) — cb) /(t — x). From the explicit description of 
h we get deg(h) = deg(f) — 1 < deg(g) — 1 =k. Thus we may apply the induction hypothesis to 
h(t)/b(t — v)* obtaining the claim in the case r = 1: 


k 


FEM! c _ A(t) = Cc C; 
a) ~ Una tie—ok ~ Goat Law 


So we are now concerned with the induction step r++ r+ 1: To do this we abbreviate k := k,-44 
ki. (t—a,)*r. Then g can be written as g(t) = (t—a)*q(t) 
and q(x) #0, so we are in the position to apply (i) again, this time with g(t) = q(t) 

FQ _ f@ ae ee h(t) 


g(t) (t — x)*q(t) (t—a)* © (t—a)klq(t) 


Thereby c = f(x)q(x)~+ again and h(t) is given to be h(t) = (f(t) — cq(t))/(t — x) and as both 
deg(q) = deg(g) — k < deg(g) and deg(f) < deg(g) we find deg( f(t) — cq(t)) < deg(g) and hence 


and x := 241 and let q(t) := b(t—21) 


deg(h) < deg(g)-1 = deg ((¢-2)*"a) 


Hence the induction hypothesis may be applied to h(t)/(t — 2)*~1q(t) again such that we can also 
conclude this induction step, by replacing h(t) 


f(t) _ c Ci, Cr+1, 
gt) (t-a) | ae ay +> =: 


Proof of (7.35): 


(i) It is obvious that € is surjective, additive e(f + g) =e(f) + e(g), linear e(a f) = ae(f) and unital 
é(1) = 1. The only non-obvious part is the multiplicativity, thus let f,g € R[t; | 7 € I] and compute 


y atB=y 


e(fg) = (s y joe 
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(ii) Clearly IN"*! = IN” x IN is a product of the commutative monoids IN” and IN. Therefore the claim 


is just a special case of (7.24.(vi)). 


(iii) Clearly ®, is bijective, as the inverse mapping is given by ®;! = ®_,. Further it is obvious that 
®, is additive ®,(f +g) = ®a(f) + ®a(g), linear ®o(A f) = A ®a(f) and unital 6,(1) = 1. Thus 
it only remains to verify the multiplicativety of &,. Choose any f, g € Riti,...,tn] and compute 


®a(fg) = >> SS flelglsle 
Y atB=y 
= SoS) flalgi@l t+) 
Y atB=y 
-- (Sai ] (t+) ") ale ](t+ a)? 
= .(f) Pa(g) 


(iv) We will prove this by induction on n: For the case n = 1 we use division with remainder (2.64) 
of f by t; — a, to write f in the form f(t) = g(ti)(ti — a1) + r(t1). Thereby r = 0 or deg(r) < 
deg(t; — a1) = 1 such that deg(r) = 0. That is r(t1) = rl for some r € R, possibly r = 0. Let us 


now evaluate f(t,) in a; here we find 


f(a) = q(ai)(a1—ai)+r(a1) = g(ai)-0+r = 7 


That is we have f(t1) = q(ti)(ti —a1) +r = q(t1)(t1 — a1) + f(a1) and this is precisely the claim in 
the case n = 1. For the induction step we consider f € Ri[ty,...,tn, tri] and let S := Rity,..., tp]. 
By the isomprphism in (ii) we may write f(ti,...,tn,tn41) € S|tn4i]. Let us now consider any 


Qn41 € R C S. Asin the case n = 1 we may write 


its weegtn, tn41) = Qn4i(t, ee ts tra) ha = Ginsi) + f(s seeytn, An+1) 


for some dn4i € S[tn4i] = Rlti,..-,tn,tn4i]. However we clearly have f(t1,...,tn,@ny1) € S 


and hence we may use the induction hypothesis to write this polynomial in the form 
F hig sce Sennen) = Ya (Hiaroe te )(te — Gn) + f(a1,..-, Qn, Qn41) 


If we combine these two equations, the equation of the induction step becomes readily apparent, 


so we may conclude our proof of (iv) with the following equation 


f(ti,---stnstnya) = aes »tnytn41)(trt1 — @n41) 


+a t1,.--, tk) (te — ax) + f(a1,---, On, n41) 
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(v) 


(vi) 


n+l 


a Se ae ijecivte) (te Gy) Giga se Gn) 
k=1 


Because of the isomorphism in (ii) it suffices to check the case n = 1. If now a € R®* is a unit of 
R it is clear that al € R[t]* is a unit of Rit], since (a1)~! = a~!1. In the converse direction we 


*isa 


fix the standard order < on IN which clearly is a monomial well-ordering. If now f € R{é] 
unit of R[t] then by definition there is some g € R[t] such that fg = 1. Thus we may evaluate the 


degrees to find that 


0 = deg(1) = deg(fg) = deg(f) + deg(g) 


This of course implies deg(f) = 0 = deg(g), te. f and g are constant polynomials f = al and 


g = b1. But now it is obvious that b = a! and hence a truly is an invertible element of R. 


Because of isomorphism in (ii) it suffices to check the case n = 1 again. We first assume that 
f € Rit]* is an invertible element of R[t]. By definition this means that there is some g € R[t] 
such that fg = 1. We now apply the epimorphism in (i) to find that f/0] truly is an invertible 
element of R 


1 = e(1) = e(fg) = e(f)e(g) = FO) 9/0] 


In the converse direction we define g as in the remark above, i.e. we let g[0] := f[0]~! and recursively 
g[k] = —f[o]-! aay [n — 2] g[t]. By the construction it is clear that fg[0] = f[O|g[0] = 1. We 
will now prove that fg = 1, ie. fg[k] = 0 for any k € IN. To do this we use induction on k and 


compute 
fol1] = f[0) of] + FI] g[0) 
= —f[1] 9[0] + f[1] 9[0] = 0 
k 
folk] = D fle dole 
Si 
= So flk— 4 gli] + £10] glk] 
iS = 
= do flk-adglil- D0 fk - dol = 0 
1=0 i=0 


Proof of (7.30): 


The proofs of all these statements are straightforward computations. The statements for the sum f+g are 


simple and the proofs of the statements for the product fg follow the same lines as the proof of Rt | A] 


being an integral domain. Thus we introduce the following notation again: Consider 0 4 f,g € Rit | Al 


any two non-zero polynomials and denote the coefficients on which f and g are non-zero by 


{ae A| fla] #0} 
{BEA| gl[B] FO} 


ocmewenrs tra 


{Pisces yack 
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Without loss of generality we may assume aj < --- < GQ and likewise 6; < --- < B,. Then this will 


enable us to prove the above assertions (for a general commutative ring R) easily: 
e By definition we immediately get lt(f) = flam]t°™ = lce(f) lm(f). 


e If max{ Am, Bn} < y then f[y] = 0 = gly] and hence f[y] + g|y] = 0 as well. But this already 
proves deg(f + g) < max{ deg(f), deg(y) }- 


© Ifam+ Bn <7 then for anyi ce 1l...mandj €1...nwe obtain a;+ 6; < am+ fj < Am+Bn < ¥. 
Hence there are no non-zero coefficients f[a;] A 0 and g[G;] A 0 such that a; + 6; = y. But for 
the coefficient fg [y] of the product fg this implies fg|y] = 0, as at least one f[a;] or g[3;] has to 
be 0. And hence deg(f - g) < deg(f) + deg(g), as 


fol = >» flodgls] = >> fladgls) = 0 


at+pB=y ai t+hj=7 


In the following we assume that R is an integral domain and A is integral, too. As < is a positive order 
on A and A is integral (A,+,<) is a strictly positively ordered monoid, by (7.6.(iii)). Then we are able 


to prove the even stronger statements: 


e Let y:= m+n, then for anyi€1...mandj €1...n we find that a; + 8; = ¥ is equivalent, to 
i = mand j = n, due to (7.6.(iv)). But for the coefficient fg [y] of the product fg this again implies 


> fledgi8] = S> fledgl8) = flom] 9[nl 


a+B=7 a, t+Bj=7 


But as R is an integral domain, we conclude that f[am] g[Gn] 4 0 is non-zero again and therefore 
deg(f -g) = deg(f) + deg(g). But as deg(f - g) < deg(f) + deg(g) is true in general, we conclude 
that f[am] 9[n] 4 0 implies deg(f - g) = deg(f) + deg(g). 


e As we have seen y := deg(f-g) = deg(f) +deg(g) = am + Bn we immediately get ln(f-g) = t7 = 
tom+Bn — 4am .¢8n — |t(f) -It(g) and likewise lc(f-g) = fg [7] = flam] [Bn] = le(f)-le(g). But of 
course this includes lt(f - g) = lt(f) - lt(g), as this is immediate from It(f-g) =lce(f-g)lm(f-g) = 
lc(f) - le(g) lm(f) - lm(g) = le(f) lm(f) - beg) lm(g) = Ut(f) - tty). 


e Nota even if R is no integral domain, but f is monic we have f[am] = 1 and hence f[am] g[8n] = 
g[Bn] 4 0. Analogously the same is true, if g is monic. But from this we found deg(f -g) = 
deg(f) + deg(g). And from this property all the following three identities were inferred. 


Proof of (7.39): 


(i) If a =0, then at = 0 is the zero-polynomial and hence deg,,(0) = —oo by definition. And if a £ 0 
then the only (and hence maximal) 8 € IN” with at®[6] 4 0 is 8 = a such that deg,,(at®) = Jal. 


(iit) Consider any non-zero polynomial 0 4 f € Riti,...,tn] then compute 
deg (f) = max{lal,|a€ IN”, fla] #0} 
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= max{ deg,,(f[a]é*) | a € IN", fla] 40} 
max{ deg.,(f[a]t*) | a € IN" } 


(iii) and (iv) can be treated simultaneously. We fix the w-graded lexicographic order on IN” and denote 
it by < := <jex. Then we already know that (IN”, +, <) is a positively (even algebraically) ordered 
monoid and by construction of < for any polynomial f € R[ti,...,tn] 


deg,,(f) = maxt{lalu | fla] #0} 
= |max<{a| fla] #0} |. 
| deg<(f) lw 


But for deg< the claims have already been proved in (7.30) and hence we get 


deg (ft+g) = |degc(ft+g) lu 
< |max<{deg<(f), deg<(g) } lw 
= max{| deg<(f) lw, | deg< (9) |w } 
= max{ deg,,(f), deg.,(g) } 
deg (f-g) = |deg<(f-9) lu 


( 
< |deg<(f) + deg<(g) lu 
(f) lw + |deg<(g) lu 
f) + deg,,(9) 


lol 
ge 
E 0g 
m™~ IA 


Proof of (7.34): 

Let us abbreviate A := Rit; |i € J] and B := Rit; | 7 € J]. The embedding A ~ B has already been 
proved in (7.24.(iii)). In particular if f and g € A, then fg € A again. Conversely consider 0 4 f, gE B 
such that fg € A. For any j © J let us define 


max{a;|aéIN®/, fla] 40} for f £0 


deg,(f) ~ —oo for f =0 


Note that this is the degree in the polynomial ring S|t;] where S denotes the integral domain S := R[t; | 
i € J \ jj. This is legitimate, since B =, S[t;] according to (7.24.(vi)) - you may also want to compare 
(7.35.(ii)). Then by construction of the embedding we have f € Rit; | 7 € I] if and only if deg;(f) = 0 for 
any 7 € J\ I. And as S is an integral domain we have 


0 = deg; (fg) = deg, (f) + deg; (g) 


for any j € J\ I. As both deg, (f) and deg;(g) € IN their sum can only be zero, if deg;(f) = 0 = deg; (q) 
such that f and g € A. 


Proof of (7.37): 
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(i) 


— 
< 
= 
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The element p € R is prime, if and only if the ideal pR <i RF is prime. And by (2.11) this is 
equivalent to S := R/pR being an integral domain. This again is equivalent to S[t | A] being an 
integral domain, according to (7.24.(vii)). Now recall the isomorphy of (7.25) 


A/a 7 Sle Al: f+pAr ap) 


This means that S[¢ | A] is an integral domain if and only if A/pA is. And as we have just argued 
this is equivalent to p € A being prime. 


Let us first consider the case of one variable A = R[t] and some a € R. Now suppose (t—a) | fg 
for some f, g € Rit]. That is there is some u € R{t] such that fg(t) = u(t)(t — a). In particular, if 


we evaluate this expression in a, we find 


As Ris an integral domain this means f(a) = 0 or g(a) = 0. Without loss of generality we continue 
with the case f(a) = 0. Then we use (7.35.(iv)) to write f as f(t) = g(t)(t—a)+ f(a) = g(t)(t—a). 
Thus we have already found (t—a) | f in R[t] and as this is true for any f, g we find t—aeé R{t] 


to be a prime element of Rif]. 


Generally for t; — a; € A we consider any f, g € A, such that (t; — a;) | fg again. Next we 
consider fg € S[t;] as a polynomial in one variable over S = Rit; | 7 € I\ {i }]. Note that S is an 
integral domain again, according to (7.24.(vii)). Hence by the above (t; —a;) | fg implies (without 
loss of generality) (t; — a;) | f in S[t;] = A, such that t; — a; is prime in A. 


Ifa | c€ cont(f) then a | ¢ | fla] for any a € N™ say fla] =a-h[a]. Thereby f = ah where 
h € Asuch that a | f in A is granted. If conversely a | h in A then f = ah for some h € A. But 
this is fla] = a-h[a] such that a | f[a] for any a € IN®. As cis a greatest common divisor of 


the f[a] this implies a | c. 


If c € cont(f) then by (iv) we have c | f such that f = cf for some f; € A. Take b € cont(f1), 
then b | f; such that f; = bh for some h € A. Hence f = cbh which means cb | f. By (iv) again 
this means cb | c such that b | 1. That is b € R* such that f, is primitive. 


Conversely if f = cf1 for some primitive f; we take d € cont(f). By (iv) c | f implies c | d. Let's 
say d = ac Then by (iv) again ac=d | f =cfy implies a | f; such that by (iv) once again we get 
a | 1, as f; is primitive. That is a € R* and hence c = d € cont(f) which is c € cont(f). 


As u € B any coefficient ula] is of the form ula] = ala]/bla] € E, for some ala] and 0 ¥ bla] € R. 


As u #0 there is some a with ula] £0 and therefore we may take 
b := lem({ dla] |ae N®!, ula] #0}) 


Note that we thereby take the least common multiple of a finite set and as R is an integral domain 
this implies b 4 0 according to (2.54.(iii)). Then (bu)[a] = bula] € R for any a € IN® such that 
bu € A. Now let a € cont(bu) and write bu = au, for some primitive uj € A using (v). As bu 4 0 
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a 


~~ 
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it is clear, that a 4 0, as well. Then we compute 


a 
bu = au => Seu 


Let us first prove that the set U C A of primitive polynomials is multiplicatively closed: As 1 € A 
is a polynomial with 1 € cont(1) we have 1 € U. Now consider some f, g € U and let c € cont(fq). 
If we had c ¢ R* then [by prime decomposition of c] there would be some prime p € R such that 
p | c. By (iv) this is p | fg in A and by (i) p is prime in A as well. W.Lo.g. we may take p | g and 
if d € cont(g) then this means p | d according to (iv). But g is primitive and hence d € R* would 
imply p € R* in contradiction to p being prime. This contradiction can only be avoided, if c € R* 


and hence 1 € cont(fg). That is fg € U is primitive again. 


By (v) we may write f = cf; and g = dg; for some primitive f; and g; € A. Then fg = cd(figi) 
and as we have just seen fg; is primitive again. In particular we have cd € cont(fg) according to 


(v). 


Let us begin with the case in which * abbreviates primitive: Then we pick up primitive polynomials 
f and g € R[t] such that u = Ff and v = Sg according to (iv). In particular bduv = acfg. But as 


the content is multiplicative, we hence find 
bdcont(uv) = cont(bduv) = cont(acfg) = accont(fg) 


But by assumption uv is primitive and hence 1 € cont(uv). Also f and g are primitive and hence 
fg is primitive, due to (vii). That is 1 € cont(fg), as well and hence bdR* = acR*. That is we 
have bd = aac for some a € R*. Now let uy := a 'f € Rit] and vw := g € Rit], then we get 


U1 = §f =u, keep 91 = G9 = v and thereby also 


aac 


bd 


aa Cc 
Uv = U8. = 
d 


b 


ac 
UY, = Uy = U1 
aac 


That is we have found the properties (2) and (3) but property (1) also is clear, as from uy =a tf 
for some a € R* we get | € cont(f) = cont(u). That is we have proved the statement for primitive 


polynomials. 


Let us continue with the case in which * abbreviates the word monic: In particular the monic 
polynomial uv is primitive and hence we may use the case above, to find primitive polynomials 
f, g € Rit], such that wv = fg and u = ff and v = Sg again. But uv even is monic and R 
is an UFD (in particular an integral domain). Hence we may compare leading coefficients and 
find 1 = lc(uv) = le(fg) = le(f)le(g), according to (7.30). That is a := le(f) € R* and also 
lc(g) = at. Now define wi := a! f and wv := ag, then clearly w1, v1 € Rit] are monic. We also 
get uv, = a! fag = fg = uw and u = $f = Fu and v= §g= Samy = ~4U1. That is we 


have properties (1), (2) and (3) in the monic case, as well. 


The direction "==> " is trivial: If p | f in A then there is some g € A with pq= f. AsqEe ACB 
this is p | f in B, as well. Conversely suppose p | f in B, that is pq = f for some q € B. If f =0 
then p | f =Oin A is granted by g = 0. Hence we only need to concern ourselves with f 4 0. In 


this case we also have h 4 0 and using (vi) we may write g = (c/b)q for some c/b 4 0 and some 
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primitive gq; € A. Now compute 


bf = bpq = p(bq) = plem) = cpm 


Let b = Bp, ... pz be a prime decomposition of b then for anyi € 1...k we have p; | b | bf = cpqr. 
And as p; € RB is prime, so is p; € A due to (i). This yields p; | c or p; | p or p; | qi. But both p 
and q: € A are primitive, so this only leaves p; | c by (iv). And as this is true for anyi €1...k 


we find b | c, say ab =c. Then we continue 
bf = cpm = abpn => f = apn 


and thereby find, that truly p | f in A. Let us summarize: We started with f = pq for some q € B, 
where q = (c/b)qi. It turned out that c/b =a € R such that f = pq with q € A already. 


Let us first prove the claim in case x = irreducible: Suppose p is irreducible, as an element of 
A and consider p = uv for some u, v € B. By (vi) above there is some 0 4 b/c € E and some 


primitive v; € A such that v = (c/b)v1 equivalently bv = c = vy. Then 
p= w= (b-1u) (bv) = (b-1u) (cv1) — (cb~'u) vy 


Hence v; | p in B and by (vi) that is v; | pin A. That is we have vjh = p for some h € A. As 
p was assumed to be irreducible in A this implies v; or h € A* = R*. Recall that v = chu, 
and wh = p = uv = ucb-!v;. Then h = cb~'u and hence u = be~'h. If vy € R* then 
v =cb!v, € E* = B* and if h € R* then u = bc 'h € E* = B*. Therefore p is irreducible in B. 
[Note that we did not require the primivitity of p for this direction]. 


Conversely suppose p is irreducible, as an element of B and consider p = fg for some f, g € A. 
In particular f or g € B* = E*. Wlog. let us assume f € E*. That is f = f[0] 4 0. If 
now c € cont(f) and d € cont(g), then by (v) we have cd € cont(fg) = cont(p). But p was 
assumed to be primitive and hence cont(p) = R* such that c € R*. But as f = f[0] we have 
f [0] € cont(f) = cR* = R* and therefore f € R* = A*. And this is the irreducibility of p in A. 


Now we prove the claim in case * = prime: Suppose p is prime, as an element of B. As we want 
to prove that p is prime in A we consider some f, g € A such that p | fg in A. In particular p | fg 
in B and hence p | f or p | g in B. But by (ix) this is p | f or p | g in A and this is the prime 
property of pin A. 


Conversely suppose p is prime as an element of A and remember p ¢ R. We need to show that p 
is prime in B, that is we consider u, v € B such that p | uv in B. By (vi) there are some a, bE R 
such that au and bu € A. And p | uv implies p | (au)(bv) in B, as well. But as p is primitive (vii) 
implies p | (au)(bv) in A from which we get p | au or p | bu in A, as p was assumed to be prime 
in A. Once again this implies p | aor p | worp|borp|vin A. Butasa,be Randp¢gR 
the possibilities p | a and p | b are absurd, so we are left with p | wu or p | v in A. Trivially this 


implies p | wu or p | vin B, such that p is prime in B. 


Let us fist prove the implication A is an UFD ==> Ris an UFD. As Ris a subring of A and A 


is an UFD, R is an integral domain. Now consider any 0 4 a € R, by assumption a has a prime 
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decomposition a = ap,...p, in A, that is a € A* = R* and p; € A are prime. As a € R we 
have p; € R by (7.34). As p; is prime in A so it is in R, by (i). Thus we already have a prime 


decomposition a = ap; ...pz of a. And as a 4 0 was arbitrary this means that R is an UFD. 


The proof of the converse implication R is an UFD => A is an UFD will be conducted in three 
steps: In a first step let us assume #J = 1, that is A = R[t] is the polynomial ring in one variable. 
By assumption R is an UFD, then we need to show that A = R[t] is an UFD, as well. We already 
know that A is an integral domain, by (7.24.(vii)). Now consider any 0 4 f € A, if deg(f) = 0 then 
f © Rand as R was assumed to be an UFD we find a prime decomposition f = ap, ...p, in R. As 
any p; € R is prime in R, it also is prime in A, by (i). Also a € R* = A* such that f = ap... pz 
also is a prime decomposition of f in A. If deg(f) > 1, then we note that B = E[t] is a PID and in 
particular an UFD by (2.68.(iii)) and (2.76.(ii)) respectively. Therefore f has a prime decomposition 
f =av,...vz in B. That is a € B* = E* and vu € B are prime. In particular we have vj; ¢ E. 
By above there are some 0 4 c;/b; € E and primitive p; € A such that v; = (c;/b;)p;. Note that 
p, € R, as vu; € E. Now define b := b)...b, and c:=c,...cy and p:= p,...px then we compute 


As the p; € A are primitive, so is p, due to (vi). And as f = a(c/b)p we have p | f in B. But by 
(ix) this implies p | f in A such that ph = f for some h € A. That is ph = f = a(c/b)p such that 
h=a(c/b) € AN E* = R\ {0}. As Ris an UFD h admits a prime decomposition in R. And by 
(i) this also is a prime decomposition in A. Also cp; = b;v; implies p; = (b;/c;)u; & Vv; in B. As v; 
is prime in B this implies that p; is prime in B, as well. And by (viii) p; is prime in A such that 
Pp =P1..-Pr iS a prime decomposition of p. As both h and p have a prime decomposition, so does 
f = ph. And as f was arbitrary this shows, that A is an UFD. 

If #I < co, say J = {1,...,n} then we can prove the equivalency of R and A being UFDs by 
induction on n: The case n = 1 has just been established and for the induction step we use the 
isomorphy (7.35.(ii)) 

Fb Sen abegs tee) CA Eee | 
where A := R[ti,...,¢n]. By induction hypothesis R is an UFD if and only if A is such. And by 


the case n = 1 we know that A is an UFD if and only if A[t,41] is such. Thus R is an UFD if and 
only if A[tn4i] and hence R[ti,...,tn,tn4i] is such. Thus the induction is complete. 


For general J we note that any f € A is contained in a polynomial ring with finitely many variables 


only. To be precise let 


Q = {ieI|daeN® : fla] 40 and a; 40} 


then we have f € Rit; | i € QO] and QD C T is finite since there are finitely many a with fla] 4 0 
only and all of these have a; ¥ 0 for finitely many 7 € J only. Thus as R is an UFD and 2 is finite 
S := Rit; | 7 € Q] is an UFD, as well. Thus any 0 4 f € Shas a prime decomposition f = ap, ... pz 
in S. That is a € S* = R* and the p; € S are prime. As A= Rit; |1 EI] =a Slt | 2 EL \ Q] we 
find by (i) that the p; are prime in A, as well. Thus f = ap; ...p, also is a prime decomposition 
of f in A. And as f was arbitrary this means that A is an UFD. 
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Proof of (7.40): 


(i) We have to verify that for any two Laurent series f, g € L and any y € Z” the set J := 
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{(a,8)|a+6=7, fla] 40, g9[6] 40} of indexes is finite. To show this let us denote [a] := 
min{a;|iel...n}. As f € L by definition there is some k € Z such that f[a] # 0 implies 
[a] => k and likewise g[G] A 0 implies [6] > @ for some ¢ € Z. Then it is clear, that J C 
{(a,8)|a+B6=y7,k < [al,é< [6] }. And clearly we have [a + 8] > [a] + [6] such that [y] = 
[a+ 8] > [a]+ [6] => [a] +2 from which we get [a] < |y]—£. Inserting 8 = y—a and this inequality 
into I we finally get the upper bound J C {(a,y—a) |k < [a] < [y] — 2} and this finally is a 
finite set. 


If f © L then by definition there is some ¢ € Z such that f[a] 4 0 implies a; > ¢ and hence (since 
w; > 0 as well) we get wia; > wif. Altogether 


Hence the set { |a|,, | a€Z", fla] 40} is bounded from below, by |w|-¢ and therefore has a 


minimal element. 


Let us define a partial order on Z” by taking a < £ if and only if a|,, > |S|... Then < even is 
a positive order on Z”, as for any a,a’ and 6 € Z” we get: a < a’ is lal, > |a’|., such that 
lat Blu = lalu+|Blu > la’|a + [Bla = Ja’ + Bl. which again is a+ 8 < a’ +. And also we find 


the equality 


ord. (f) ming lal | fla] #0} 


| maxg{a| fla] FO} | = |deg(f)|u 


And as Z” is an integral monoid (it even is a group) we find the following inequality (with respect 


the positive order < on Z”) according to (7.30) 


deg(fg) < deg(f) + deg(g) 


And by definition of < this is | deg(f g)|.. > | deg(f) + deg(g)|. = | deg(f)|4 + | deg(f)|4 again. 
And from this the above equality implies ord.,(f g) > ord.,(f) + ord(g). If Ris an integral domain 
(as Z” being a group and hence integral, too) then (7.30) even yields an equality here. And for 


arbitrary R we already get 


deg(f +g) < max{deg(f), deg(g) } 


with respect to the positive order <. But according to its definition this is |deg(f + g9)|u > 
min{ | deg(f) |, | deg(g)| } again, such that we also get ord.(f +g) > min{ ord.,(f), ord. (g) }. 


Clearly U is multiplicatively closed, as (IN",+) — (P,-) : @ + t® is a monoid homomophism, 


whose image is U precisely. As ¢t% has the inverse element t~° € L we also have U C L*. Thus, 
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regarding the embedding: P+ L: f ++ f, we see that o(U) € L*. Hence the universal property 
of localization of rings (2.114) yields a well-defined homomophism of rings ® :=7: U~!P > L by 
taking ®(f/t°) = f-t~®. It remains to show, that this homomophism in fact is an isomorphism. 
For the injectivety let us take some f, g € P and a, 6 € IN” such that tf = t-%g. But 
multiplying this equality with t9+°+ we get t°¢° f = t°t°g such that truly f/t? = g/t®. For the 
surjectivety we are given some g € L and need to find f € P and a € IN” such that g = t-°f. 
To do this we define a; € IN as follows: if ord;(g) > 0 take a; := 0 otherwise - if ord;(g) < 0 
- take a; := —ord;(g) > 0. Then it is clear that a; > 0 and hence a € IN”. Letting f := t%g 
we get ord;(f) > ord;(t*) + ordi(g) = a; + ord;(g). If ord;(g) > O then a; = O and hence 
ord;(f) = ord;(g) > 0. If conversely ord;(g) < 0, then a; = —ord;(g) and hence ord;(f) = 0. In 
any case we have ord;(f) > 0 and hence f € P. And by construction it is clear, that g =t °f 
establishing the surjectivety of ®. 


If f © RJt] is invertible, then there is some g € R[¢] such that fg = 1. In particular we get 
1 = 1[0] = fg[0] = f [0] - g[0] and hence f[0] € R is invertible, too. Conversely suppose are given 
som f € Rit] such that f[0] ¢ R*. Then we need to find some g € Rt] such that fg = 1. To do 
this first recall the definition of fg: 


fg = (s.r) doit 


I 
Me 
oy 
eas 
= 
cy 
en} 
SS 
Ee 
Pa 


k=0 \itj=k 
oo k 

7 S> flk-s)- ols) | 
k=0 \j=0 


Let us now construct g with fg = 1 by recursively defining its coefficients, starting with g/0] := 


f[0|-! € R. Suppose we already have g[0],...,g[k — 1], then we take g[k] to be 
k-1 
alk] = —f(0* | D7 fle — slob 
j=l 


We will now prove fg = 1: First of all fg[0] = f[0]- g[0] = f[0]- f[0]-' = 1 is clear and for k > 1 
we also find fg|[k] = 0 by construction 


k 
folk] = > flea) of] =D flk =] - old] + F(0] - 91k] = 0 


Clearly t-°'(9) f € L and according to (v) we also find that t~°()g © P* C L* is invertible. 
Hence the expression 
OUf/g) = ON PE Ng) 


is well-defined. Next we will prove that the homomophism ® is well-defined, as well. To do this 
consider f, g, h and k € P with g, k £0 such that f/g = h/k. Let us also abbreviate u := t-°4(9) g 
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and v :=t- 4), then f/g = h/k means fk = gh since P is an integral domain. And multiplying 


ord(gk) 


this equation with t— we get 


¢-7rd(9) fry = g—ord(g) fy-ord(h) ¢, = 7 rd(G) gp —ord() p, =. 17) pay 


But multiplying this equation with u-!u-! again, we find ®(f/g) =t-° fur! = td) py“! = 
®(h/k) which had to be shown. As all these equations have been equivalent this already establishes 


the injectivety of &. So let us now turn our attention to the homomorphism properties of ®: 
fih fh —ord(gk —ord ‘ 
@(2.—) = @(2£) = 4-49) ep (4-0rd*) op 
(Z k gk ¢ t (# 2 ) 
_ t—0rd(g) g-ord(k) Fp G ord(a)g-ord(F) gi - 


= eRCLE aged G orig) (erst) 


= f h 
- #(z)@(@) 
ace a fk+gh\ _ -ord(gk) —ord(gk) .\~+ 
o( + ) = o( a )paa 408) (fe + gh) (t 410%) gic) 


= (1-8) fo ie 4°88) as (uv)! 


= fy ge eM py) = @ (£) + (7) 
g 


1 


It remains to prove the surjectivety if &: To do this consider any ¢ € L. If ord(¢) > 0, then 2 € P 
already and we take r := 0. Conversely, if ord(¢@) < 0 then we take r := —ord(¢) > 0. Thus we 
always have r > 0 and hence t” € P. We also get ord(t’¢) = r + ord(€) > 0 such that t"é € P. 


Therefore we can compute 


® re r = f 
® (=) _ poord(t re an is") = Te" L(t ep) 1_ fal The. 0 


Proof of (7.42): 


(i) Let us regard the truncation homomorphism @ : R[e] ~ Rfe]/e'*1 Re], where for any a € Rie 
this is defined by o(a) := a+ e'+!RJe]. By assumption we have o(a;) = o(b;) for any i € 1...n 
and hence for any polynomial f € Riti,...,tn| 


OCF (b1,-+-5bn)) = Flo(b1),--+,0(bn)) = Fle(ar),---,@(an)) = o(f(ar,---+4n)) 


as @ commutes with additions and multiplications. Yet by construction of @ this means that for any 
k€0...l we have f(b1,...,6n)[k] = f(ai,..-,@n)[k], as we had claimed. 


(iit) We will first prove the identity of f(a) which basically is a straightforward computation. Let us 


just write down what f(a) means explicitly 


fa) = S> fala? = ST flal[] o* 


acl” ae IN” i=1 
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Let us first consider polynomials a; € Rie] only and choose an / € IN such that deg(a;) < J for all 
i€1...n. Then we can write a; = a;[0] +a;[lje+---+.a;[l]e! and the polynomial rule (also called 


general binomial theorem) (1.39) yields the identity 


aX = (a[lje! +--+ + a;[lJe + a;[0])™ 
Oy ky Pi 
- ¥ (5) Wwe” 
|Bi|=or k=0 
- l l 
2 Ss ) Tots) I ok ae) 
|Bi|=ai k=0 k=0 
= i: afi ell 
sil=ax \* 
where we denoted a; := (a;[0],a;[1],...,a;[/]) € R'+! the summation runs over all multi-indices 


Bi = (Bio,-++5 Bia) € IN'** with |B;| = Biot---+ Big = 04 and |] G;l] = 1-6,1+2-Biat---+1- Bip 
Inserting this identity into our expression for f(a) we find 


ia = s- lol [| on i 


We refer to (1.39) again, where we have seen, that in arbitrary commutative rings R, for arbitrary 
elements rj,3, € R and any finite index sets B; (where 7 € 1...n) summation and multiplication 


can be interchanged in the following way 
n n 
TT dora = Dd) [Tria 
t=1 B,EB; BEB ,Xx:-x By 1=1 


In our case we have B; = { 8; € B| |@;| = a; } where B := IN't! and hence the product is given 
to be B(a) := By x---x Bn ={ 6 € B||B| =a}, such that we arrive at 


S Atel STI (Gi) ate 
acIN” BEB(a) 1=1 


Contracting the product (over 2) the binomial coefficients (a; over 2;) multiply up to (a over (3), the 


(a;)% multiply up to (a)? and the ell@ll multiply up to ell. Altogether we find that 


i= Sey (7 abel 
aelN” BEB(a) 
- y oS fla} a? | e* 
k= Xm B 


= Dal 
k=0 
That is we have proved the claim for polynomials a; € Rle]. For general power series a; € Re] 
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consider any & € N, all we have to prove is f(a1,...,@n)[k] = Le(f)(@). Yet by (i) we know 
that for f(a1,...,@n)[k] the coefficients a,[j] with 7 > k are irrelevant. That is we may take to 
b; := a;[0] + a;[lJe + --- + a;[k]e* © R[e] instead. And for these polynomials we have just seen 


F(br,-+-sbn)[K] = Le(F)(610],--- 


f(a1,.--,@n)[k] ; 
= Lx(f)(al0],.--,a[k]) = Lx(F)(al0), aft], a[2], ..-) 


Append R to a polynomial ring in the variable symbols ¢,., where r € 1...n and s € 0.../ and 


consider a, := tpg +triet---4 tae! € Re]. Then by (ii) we have 


F(ary..-,an)(e) = S > Le(f)(a[0],...,a[f]) e* 
k=0 


where as usual we took a[k] := (aj[k],...,@n[K]) = (tik,---5 tn.) € R”. Then by construction of 
the a, we have £;(f)(a[0],...,a[l]) = £.(f) and hence 


(Poo) GigscisGn) = SAF oe 
k=0 


But the evaluation of polynomials is a homomorphism, such that we may use the multiplicativity to 


split (fg)(a1,...,@n) and evaluate separately 


Comparing the coefficients of c* we find the multiplicative identity of the claim. And the R-linearity 


is clear, as £; has been defined by linear expansion of 


me SS (S)e 


BEB(a,k) 


Consider any 8 = (61,.--,8n) € B(a,l) and suppose t? contains some factor of the form t,, for 
some p €1...n. As ty) divides t° we have 8,, > 1 and hence J =||8||>1- 8,1 > 1. This implies 
Pp, = 1 and we will argue below, that thereby @ is of the form: 


Bi = (a;,0,0,...) for any i 4 p and 
Bp (ag 1, 0)..0450/1)0,.5) 


e If 7 {1,1} then 6, = 0, as any 6,; > 1 would contribute 7 - 6,,; to ||3]| and this already 
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is at 1, due to l- Best 

© By0 = aj —1, as |p| = a» and all the other 6,,; have already been ruled out. 

e Ifi Ap then ; = (a;,0,...), as for any j > 1 any §;,; > 1 would contribute j - (;,; to || || 
and this already is at J, due to /- 6,7. 


In particular we find (a, over G,) equals a,» and for 1 £ p we have (a; over 6;) equals 1 instead. 


Combining this we get (a over (3) equals a,. Let us now split B(a,/) into two subsets 


Bi(a,l) := {8€ Bla,l) |Apel...n: tyr |} 


B"(a,1) { 8 € Blo.) |Vpel...m: ty, fe} 


Now consider f(@)[/], by (ii) this is £;(f)(a@) and we can split this term according to the disjoint 
union B(a,l) = B’(a,l) U B’(a,1) (where @ = (a[0],..., afl], 0,...)) 


EE CQawrE E(w 


a@eN” BEB'(a,l) aelN” BEB" (a,l) 
lead rest 


By what we have argued above, at the beginning of our proof ov (iv), B’(a,/) has exactly n elements 


that are determined by {,[/] = 1 each, hence we get 


ail a] a,[0]°?~* ap [I] [| [ @:(01° 


acIN” p=1 if#p 


= ¥> flelyd~ (ica (a[0]) - ap [2] 
p=1 i=1 


aeIN” 


lead 


The rest does not contain any of the monomials t;; and hence is independent of a[/] and all higher 
orders a{l + 1],.... That is we can arbitrarily change a{/] without changing its value. In particular 
we may choose a[l] = 0, but if a[/] = 0 then any 6 € B’(a,1) makes a? = 0 vanish, such that lead 


vanishes and only the rest remains 


rest = L£,(f)(a[O],...,a/l—1],0,0,...) = f(a)[l] 


Proof of (3.83): 

Let us start with (a) => (b): By assumption we have a: M -— L such that ay = Ip. Let us consider 
any x € M. Then a(az — ya(x)) = a(x) — ava(x) = a(x) — a(x) = 0. That is x — ya(x) € kn(a@) and 
as ya(x) € im(y) also x € kn(a) +im(y). As x € M has been arbitrary this means M = kn(a) +im(y). 
Now suppose we had x € kn(a) Nim(y), say x = y(u), then 0 = a(x) = ay(u) = wu such that 
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x = y(u) = y(0) = 0. That is kn(a) Nim(y) = 0. So together we have proved 
M = kn(a) @im(y) 


We are on the way to construct w : N — M, so now consider x, y € M with w(x) = v(y). Then we 
have 0 = #(x) — Y(y) = w(x — y) such that x — y € kn(w) = im(y). But of course ya(y — x) € im(y), 
too such that 


(x—y)+pa(y—2) € im(y) 


Yet (x — y) + pa(y— 2) =x-—y+ vay) — ya(x) = (x — ya(x)) — (y — ya(y)) and as we have seen 
above x — ya(x) and y — ya(y) € kn(a). Therefore we also find that 


(x—y)+paly—2x) = (x@— va(x)) — (y— valy)) € kn(a) 


Together this is (x — ya(x)) — (y — ya(y)) € im(y) M kn(a) = O such that w(x) = w(y) implies 
x— pa(x) = y— ya(y). Note however, that ~ is surjective by assumption, so for any p € N there is 
some x € M such that p = ¢(x). And thereby we may finally define 


w(p) := «—ypa(x) for some x € M with (x) = p 


This is well defined, as the result of w(p) does not depend on the actual choice of z, as we have 
just argued. And as both w and Ij — ya are homomorphisms, so is w. Now it is easy to compute 
yu(p) = (2 — pa(z)) = o(xz) — vypa(z) = ¥(z) — 0a(x) = v(x) = p such that yw = 1y. Thus we 
have arrived at (b). 

The proof of (b) ==> (a) is rather analogous: We have w : N — M such that ww = lly and need to 
construct a: M — L. Given x € M we see (x — wyp(x)) = W(x) — dw (xz) = W(x) — (x) = 0 such 
that 7 — we(x) € kn(w). And as wy(x) € im(w) this is x € kn(qw) +im(w). As x has been arbitrary we 
have found M = kn(w) + im(w) again. Now suppose x € kn(w) Nim(w), say x = w(p) for some p € N. 
Then 0 = (x) = ~w(p) = p such that x = w(p) = w(0) = 0. That is we also have kn(w) Nim(w) = 0 
again and thereby 


M = kn(w) @im(w) 


We are on the way to construct a : M — L, as we have seen for any x € M we have x — wu(x) € 
kn(q) = im(y). And as yg is injective by assumption there is a uniquely determined wu € L such that 
p(u) = x — wy(x). Thus we may define 


a(x) := u where ué€ L with y(u) = 2 —wy(z) 


As both y and jy — ww are homomorphisms, so is a. It remains to verify ay = Ip. Thus consider any 
u € L and let x := y(u). Then x — wy(x) = y(u) — wvyp(u) = v(u) — w0(u) = y(u). That is we have 
a(x) = u by definition of a, but this again is ay(u) = u as needed. Thus we have arrived at (a), together 
we have (a) <=> (b). 

Now that the equivalency of (a) and (b) has been established, we will prove that kn(@) = im(q) is in 


fact the same submodule: We have seen that M/ can be decomposed into the inner direct sums 
M = kn(a) Gim(y) 
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M = im(w) @ kn(w) 


But thereby L’ := im(y) = kn(w) is precisely the same set. Thus the inner direct sums gives rise to the 


following isomorphisms 


kn(a) Mf pp: key R+L 
im(w) > MT i :jregjt+l’ 


Composing these isomorphisms k +> k + L’ ++ k we find that the identity map is an isomorphism from 
kn(@) to im(w). But the identity maps kn(a) to itself so we have im(w) = kn(a). 


The implication (c) == (a) and (b) is rather easy: Let us denote the canonical homomorphisms 
tt: L@®N > L given by mz (u,p) := u and ez : L > L@N given by ez(u) := (u,0). Likewise 
my: L@N—-+Nandiy: N>LON. If we have the isomorphism ® : M + LG N then we may 
explicitly define a: M— Landw:N— M to be 


a := ry 


WwW = @-tiy 


Recall that we have the commutativity of the diagram, that is ®y = vz and ty ® = w. Then for any u € L 
it is clear that ay(u) = mp ®y(u) = trez(u) = u. And likewise ty® = ~ turns into ty = W®! such 
that for any p € N we have puw(p) = vin (p) = tnLNn(p) = p. Thus a and w satisfy the required 


properties and we have (a) and (b). 


It remains to verify (a) and (b) == (c): Again this can be done explicitly, given a let us define 
@: M>LON : «£h (a(z),(2)) 


Clearly ® is a homomorphism and we also find the commutativity of the diagram: For any u € L we get 
Dyp(u) = (ay(u), Yy(u)) = (u,0) = ez(u). And for any « € M we have my ®(x) = ty (a(x), Y(2)) = 
(ax). The inverse of ® is given to be 


®': LEN +M : (up) y(u) +u(p) 


Let us verify, that this truly is the inverse: Starting with « € M we decompose x = k + ¢ for some 
k € kn(a) = im(w) and @ € im(y) = kn(~). That is we may choose u € L and p € N such that k = w(p) 
and £= y(u). Then 


B'O(x) = pax) + w(x) 
= pa(k+@)+uwy(k+ 2) 
= galt) + wip(k) 
= pay(u) + wibw(p) 
= y(u)tu(p) = @+k = 2 
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Conversely for u € L and p € N then the composition of ® after ®~! yields 


87 '(u,p) = (a(y(u) +H(p)), b(e(u) + w(p))) 


As w(p) € im(w) = kn(a@) and y(u) € im(y) = kn(wW) we can drop w(p) in a and likewise y(u) in w. It 


only remains the identity desired 


67" (u,p) = (ay(u),yw(p)) = (u,p) 


Proof of (3.84): 
Since N is free we may choose a basis {n; | i € I} of N. And as w is surjective, we may choose some 


m; € M such that 7(m,;) = n; for any 7 € J. Then we may define 


w:N>M : Saini > SY > arm, 


wel tel 


This is a well-defined homorphism, that satisfies ~w(n;) = (mi) = n; for any 7 € J. As the n; generate 
N this is ww(x) = x and hence ww = 1y. Thus we have property (b) in (3.83) such that by property (c) 


there is some isomorphism ®: M + L@ WN that makes the diagram commute. 


Proof of (4.23): 


(i) Clearly, if 6 ¢ im(A), then Ax = b has no solution at all, hence L(Az = b) = 0. Conversely if 
b € im(A) then we can pick up some wu € R” with Au = b. Now if v € kn(A) then A(u+v) = 
Au+ Av = 6+0=b. And as v has been arbitrary, this means u+kn(A) C L(Az = 6). Conversely 
consider some x with Ax = b, then A(a—u) = Av— Au = b—b = O and hence v := x—u € kn(A). 
Again, as x has been arbitrary that is L(Av = 6) C w+kn(A). 


(ii) First of all let us compute DT~! = SATT~! = SA. Further note that - due to the invertibility of 


S - we have the equivalency 
b= Ar <=> Sb = SAr = DT'z 


Now for (a) == (b): let us define z := T~'z, then Dz = DT~!x = SAx = Sb. And x = 
TT ‘x = Tz is clear, as well. Conversely for (b) => (a): if2 =Tz thenz =T'Tz=T !r 
and hence also Sb = Dz = DT~'zx and hence b = Ax by the equivalency above. 


(iii) By definition « € L(Ax = b) means that Ax = b. As we have seen in (ii) this is equivalent to 
x = Tz and Dz = Sb for some z € R”. Again this translates into x = Tz and z € L(Dz = Sb). 
And this is nothing but « € T L(Da = Sb). 


(iv) Due to (i) we know that L( Dx = Sb) either is empty (if Sb ¢ im(D)) or given to be u + kn(D) for 
some special solution Du = Sb. Now by (iii) we have L( Az = b) = RL(Dx = Sb) = R(u+kn(D)). 
And since a matrix always defines an R-linear operation, this yields L( Az = b) = Ru+ Rkn(D). 


Proof of (4.24): 
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e Since im(L) = ajR+---+a,R = dR according to (2.79.(iii)) we have 6b € im(L) = dR if and 
only if d | b. So L 4 @ clearly is equivalent to b € im(L) which in turn is equivalent to d | b. In 
particular we may pick up some u = (u1,...,Un) € R” such that L(u) =d € dR =im(L). That is 
ajuy +-+++4nUn =d. In case d | b there is some 6 = b/d € R satisfying d3 = b, so multiplying 
this equation with this @ yields (due to the R-linearity of L) 


L(Gu) = BL(u) = Bd = d 


such that s = Su truly is a special solution to the equation L(x) = b. It is immediately to see that 


s = (6u1,..., Un) € L is the special solution given in the claim above. 


e In case n = 1 there is next to nothing to prove: clearly 71 = Bu; = 8 = b/d = b/a, is the special 
solution and this is uniquely determined since R has been assumed to bee an integral domain (even 


an Euclidean domain). 


e In case n = 2 we have to prove the equality of the kernel AK := kn(Z), once this is established we 
know L = s+ K from (4.23). So let us denote a; = a;/d (that is da; = a;) and consider some 
x € R? of the form x = (az,—a1)t for some t € R. Then it is clear that L(x) = aya, + agr2 = 
ajagt — agait = dayagt — dazgait = dt(a1a2 — a201) = 0 such that (a2,—a1)R C K. Conversely 
given x € K, that is L(x) = ajx1 + ax = 0, then already d(ayx1 + agx%2) = 0. And since a; and 
az # 0 we have d = 0 such that necessarily a171 = —a22. In particular we have a; | a2. But 
according to (2.55.(v)) we also know that 1 € gcd { a1, a2 } such that by (2.61.(iv)) we get ay | x2, 
that is x2 = at, for some ty € R. Likewise we find 21 = ate for some tg € R. Using these 
equations we find 0 = a,x, + agr2 = a, a2gt2 + agayty = a1a2(t) + tz). Since both a; # 0 are 
non-zero we get t2 = —t, such that (abbreviating t := t,) we have 7; = agt and x2 = —ayt. This 


also proves the inclusion (a2,—a,)R C K. 


e We will prove this statement by induction on the number n > 2 of variables. The case n = 2 
has already been shown above (note that d; = gcd { aj } = a; and dz = gcd { a1, a2 } = d) so we 


continue with the induction step where n > 3. That is we regard the equation 
Q121 +++++GnFe+On412n41 = 5 


This equation admits a solution if and only if the greatest common divisor d,,+1 divides b, that is iff 
dn4+1 = gcd { a1,...,4n,4n41} | 6. If this is untrue, then there is nothing to prove, since there is 
no special solution s = b/dn41(Uin4i,--+;Unn+1;Un,n+41)- But clearly this equation is equivalent 
to ay%1 + +++ + Any = b— Gn41%n41 and we know that this equation is solvable if and only if 
dn = gcd {a1,...,@n} | b—Gn41%n41 (note that this is equivalent to the solubility of the original 


equation as well). That is, there is some z € R such that we have the system of equations 


b-—@Ant12n41 = 2dn 


ary tes: +4ntn = Zdy 


Let us abbreviate y = 241 and note that the first of these equations can be reformulated, as 


An41y + dynz = b. From the case n = 2 we already know that the solutions to this equation are 
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given to be 


wa) = (gov ~—w) + (5 set 
” isa An+1 : Oat An+1 


Where r € R is an arbitrary coefficient, that spans a 1-dimensional space of solutions. This 
is due to (2.61.(vii)) where we have seen, that gcd{dn,an4i1} = gcd{gcd{ai,...,a@n},a@n4i} = 
gcd{a1,..-,@n41} = dn4i and finally v, w € R are some elements satisfying a,410 +dnw = dy41. 
Note that this can be achieved, by letting v := Un+ijn+41 and 

an 


ay 
WS FU nt1 FF 5 Un, nt+1 
dn dn, 


as in this case we get an41u + dnw = Gn4iUn4+int1 + Q1Uin41 +++ + Antnnti = Andi by 


construction of the uj;z. Let us finally take the coefficient to be r, := —r € R instead, then we 
have 
b dn 
Intl = ia = iar? 
dn+1 dn+1 


We now apply the induction hypothesis to the second equation in our system @12%1+---+4n%n = Zdn 


yielding the solutions x € s + im(A) where s € R” is a special solution, such as 


dn ” dn 
=> ethics nae) Sige ay aan) 
b An4+1 
= w+ r U1Lny+++)U 
(— Gos n ( 1jn> ; fit) 
So let us regard the solution x = s+ Ar where x = (21,...,%,) and r = (r1,...,7n—1), then we 


find that x, (k € 1...n) is given to be 


On+ 
ue Uk Tn + [Ar], 


b 
re = 8+ [Ar], = ——urnw + —— 
An+1 


Crs A 


Combining this result for the previous x; (K € 1...n) with our result for the current step 7,41 we ar- 


rive at the following matrix representation of the solution of the original equation (21,...,2n,%n+41) = 
bur nw/dn+1 An4+1U1,n/dn+41 a 
A 
+ 
bun nw/dn+1 an4 ‘tbl ny Orit Tn-1 
bln+1n+1/dn41 0--- 0 —dy/dn+1 Tn 


It is plain to see, that this matrix is precisely the matrix given in the claim in the case of n+ 1 vari- 
ables. In order to distinguish the n x (n—1) matrix A from this (n+1) x n-matix, let us denote the lat- 
ter by A’. Let us also denote this special solution by s’ := (buinw/dn4i,.--,bUnnw/dn4i, bUntin+1/dn+1)- 


Then we only have to argue, that we can shift this solution s’ in such a way, that we truly get 


xz = s+ A’t for some t € R” and the special solution s = b/dn4i(Uin4i,-++;Untint¢1) € R*+ 
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given in the claim. To do this recall that 
d,w = (a1 U1 .n set esse AnUnn)W = AU nW +++ + GnUnnW 


Inserting this into dn41 = dnw + Gn41Un+in+1 we find two distinct equations for the greates 


common divisor d,+41 namely 


dn41 = QqU1 nW +++ + AnUnnW + An41Unt1,n+1 


dn41 = QyUi nti +++ + AnUnn+1 + @n41Un+1n41 


Subtracting these two equations we see, that 0 = aj(uinw — Uin41) +°°* + Gn(Un.nW — Un,n41): 
Let us now take k = (ki,...,kn) to be 


b 
k; = ea (ujnw _ Una i) 
n+l 
then by construction we see that s’ = s + (ki,...,kn,0) is the special solution we found above. 


But it also is clear that ajkj + ---+ank, = 0. That is k is a solution to the homogeneous 
equation L(k) = 0 and by induction hypothesis this means & € im(A). That is &k = Aq for some 
q € R™-+. Let us now define ¢t = (t1,...,tn) := (T1,---;17m) + (M;---;Qn-1,0) then we clearly 
have A’t = A’r + (Ag,0) = A’r + (k,0) such that s + A’t = 5+ (k,0) 4+ A’r = 8 4+ A’r = 2. 
That is we can also parametrisize the solutions x in the form x = s+ A’t by taking to the shift 
t =r + (k,0) which is a bijection. 


Proof of (4.29): 

We will prove the following claim by induction on the number m of rows of the matrix A: using the 
Gaussian algorithm one obtains an (m x m)-matrix S and an (m x n)-matrix E such that FE is in 
echelon-form. The fact, that S is a product of elementary matrices is clear from the algorithm - no other 


matrices are involved. 


In the case A = 0 the algorithm already terminates at step (2), so we are left with S = Il, and 


E = A=0. In this case E = 0 trivially is in echelon-form and E = SA is clear. 


So let us now assume A ¥ 0. We first anchor the induction for m = 1. As A 4 0 we necessarily have 
s = 1=r and the pivot step is skipped. Likewise the main step (5) is void, as r+ 1...m is empty. So 


again EF = A is in echelon-form and EF = SA. And as m =r the algorithm terminates. 


Let us now assume that the claim has been proved for any matrix B with less than m rows. Then we 
need to show, that the claim holds true for A as well. The algorithm starts with row r = 1. And as A 40 
the algorithm does not terminate in (2) but targets u and s such that wu = u(A) and p(row,A) = u. In 
case s £ r = 1 the rows 1 and s are interchanged FE = P,,,A = SA. So after step (4) we can be sure, 
that (row; EZ) = j(E) is minimal. That is the first u—1 columns of F are zero. Let us denote p = m-—1 
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and q:=n-—u then E is of the form 


0 --- 0 2 a1 ++: a 
eee ° sts : n has sind haa 
oe 0 ye Tiga eee Fie 

That is 2 = (%9,21,...,2%q) where 2; = e144; and y = (y1,..-,Yp) where y; = ej41,, and H = (hy;) 


where hy; = €i41,u4j;- Now the main step (5) is initiated. For any 7 € 2...m the following row-operations 
are performed 


rows := ery (row) — e:,4(row,E) 


Specifically for the u-th column of E (that is the w-th entry of row;E) this is [row;E]u = erwin — Ciuer,u 


and as R is commutative this means [row;£],, = 0. Hence after the main step the matrix E is turned into 


0) eee @) XO Ly eee Xq 

O-- 0 0 bir + dig 
E = . . . . . 

Gi 8e 105 0 bp" 24> Bey 


For some matrix B = (b;,;) where i € 1...p =m-—landj €1...¢. Now the Gaussian algorithm iterates 
with r = 2. As B has m — 1 rows only, the induction hypothesis yields that the Gaussian algorithm will 
also transform B into echelon form. So after the algorithm terminates B is in echelon form i.e. there is 
some r € 1...m—1 such that p(row, B) <--- < (row, B) and for all i > r we get row;B = 0. As E is 
in the form presented in the equation above, we have p(row,£) = u < u+ pu(row,B) = p(row2F) and 
hence 

p(rowyB) < ... < p(row,41F) 


And for i > r+ 1 we have p(row;_1B) = 0 and therefore .(row;E’) = 0 due to the shape of E. That is 


E is in echelon form, as claimed. The fact that E = SA is clear, as all the operations (multiplications 


with elementary matrices from the left) on A are performed on S simultaneously. 


Proof of (4.33): 

We have to prove that the algorithm presented in (4.34) truly comes up with some matrices P;, L;, (where 
k €1...n that satisfy the properties claimed in (4.33). To do this let us enumerate the matrix U that is 
used in the k-th step by U;. Upon initialisation of the algorithm, this is Py = 1,41 and Up = A. Ina 
first step we will prove that [U,]i,; = 0 for any 1 < 7 < k and any j <i <n+1 and that 


Up = LePrU-1 


for any k € 1...n. Of course we use induction on k for that and the case k = 0 is void. That is we only 


have to regard k > 1 and work our way up. And as Up = A the above equation already means 
Up, = LyPy... I, Pi A 
From this we find that U; is invertible: A was assumed to be invertible, P, is a permutation matrix and 
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Ly, satisfies Li € tric A); Thus U;, inherits the invertibility from these matrices. First thing in the 
k-th step, q(k) is selected, this is possible, unless [U,—1]i,, = 0 for all ic k...n+ 1. But in this case 


U,—1 had determinant 0: By Laplace expansion we see, that the determinant of Uz_1 is 


ar [Upsilee eee | [heal eet 
det(Uz_1) = [ [eeu - det : 
Jas Cite 425° [Up taar 


so the first column of this submatrix would vanish, leaving determinant 0. But we have seen that U; has 
to be invertible, a contradiction. So we find a suitable g(k) € k...n +1. The multiplication P,U; swaps 
the k& and the g(k)-th row of Ux, which is precisely, what the algorithm does next. We also see that the 
algorithm assembles the matrix Ly = 1,1 @ Li, where 


1 O ... O 
>» — | eelexsae 1 
ko : 
: . O 
See O! ane 


And by induction hypothesis we have [U;];,; = 0 for any 1 < j < k and any j <i < n+l. That is the 
first k — 1 columns U, have a triangular matrix J), € triz_1(F’) at the top, such that U; is of the form 


Ti, U" 
Uk = 
And as q(k) > k the transposition matrix P, only interchanges two rows in the lower part of this matrix, 


but does not change its block structure. For ease of notation we therefore ignore Py for the moment, as 


the algorithm continues with P;,U;, in place of Uz. Take a look at 


LyUR = Ge ( ) = (i 
0 Ly ie Ore O° bu; 


As row;(Lx) = ex for any i < k we find that row;(L,U,) = row;(Uz). For i > k the i-th row of Lx is 


[Lilinek + e; such that vector-matrix multiplication yields 
row;(L,U,) = [Lali rown(Us) + row;(Ug) 


That is the algorithm mimics the matrix-multiplication L;,U; here. In particular for the k-th column of 


L;,U, we find that our choice of [Ly];,~ results in [L;Ux]i4, = 0 for any i > k, as 
[Leliz Velie + [Unlin = 0 


In particular Upi1 = LyPyUy is of the same shape, as U;, before, but the upper triangular matrix 
Tri € tri,(F’) now is of size (k x k). When we end at k = n we see that Uni = Ln PU is an upper 
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triangular matrix itself. And therefore 
i= Une = hy = ee = Dg ha TAPAS tia 
Next we want to prove that L;, is of the same shape, as Lz. Let us call this shape lower-k-columns-only 
matrix for the moment being. This is to say Ly satifies the properties 
(1) for anyic1...n+1 we have [Lg]i¢ = 1 
(2) for any 7 < k we have [Ly]i,x = 0 
(3) for any 7 Ak and any i 4 j we have [Ly];,; = 0 


By construction L;, is a lower-k-column-only matrix and we want to prove that thereby for any / > k& the 
matrix Li) := P,L;,P, is lower-k-column-only matrix, too: By construction P; is the permutation matrix of 
the transposition 7 = (I q(l)), where & <1 < q(l). In particular we have 7(j) = j for any 7 < k. Thereby 
P, is self-inverse, such that Li, = PiLyP, * and then (4.21.(v)) tells us that the (7, j)-th entry of Li, is 


Lili = [Exlewrey) 


So let us now check the three properties of a lower-k-column-only matrix: For any 7 we have [Li Ji; = 
[Lil r(i),7(¢) = 1 as needed. For any i < k we have r(i) = i < k = r(k) such that [Zi]in = (Lelin = 0 
is granted, as well. If 7 A & then r(j) 4 r(k) = k, also if i A 7 then 7(7) F T(j) and as T(7) Fk 
we find [L4Jij; = (Lel-a),7(7) = 0 from property (3) of L;. Altogether we have proved, that P,L;,P, is a 


lower-k-column-only matrix again. By induction it is now clear, that 
Ly = ie aoe Pri Ly Prat wee P, 


is a lower-k-column-only matrix, too. Next note that due to P2 = 1,41 down to eae = In+41 we find 


that Tp and Ly are turned into each other, by commuting with P,... Pr4i 
Dig Pisce Peace Poni Pata eae ow Pad Pag S Peas Pele 


Now we are good and ready to turn LPA into U: Just replace any TeP  nen Per by Pr... Priilr 


beginning with Ly and working our way to the left. If we note that Ln = Ln, we end up with 


EPA. 2: Diiesla Poe PPA 
GD io ba ~ PePa eh A 
SD bist Ps oe Pala Pela Pie 


SSP bateth oa PA 
= TP Tsai euthy Pray Ss 


Proof of (4.54): 
We start by proving (a) ==> (c): For ease of notation let us only consider the transposition 7 = (12) € Sy. 
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The general transposition 7 = (i7) only requires more effort in writing out the proof, but conveys the 


same idea only. By assumption on D we may expand the following term 


0 = D(ai + a2, a1 + a2, 03,..., An) 
a D(a, 41, 43,...,An) + D(a1, a2, a3,..-, An) 
+D (a2, a1, a3, o ni tig) + D(a, a2, a3, oe 5 lta) 


= 0+ D(a, a2, 03,...,An) + D(a2, a1, a3,...,an) +0 


and therefore D(a, a1, 43,...,@n) = —D(a1, a2, 43,...,@n) such that we have arrived at (c). And clearly 
this implies (b), as by (1.18.(iv)) any permutation o € S, can be decomposed into transpositions o = 


T1T2...Ts, such that (by induction on s) it is clear that 


D(a@o(1); Go(2)) +++ 1 Ga(n)) (—1)*°D(aj, a2,.--, Gn) 


sgn(o)D(a1, A2,--- pln) 


Thus we have seen (c) ==> (b) and the converse implication is trivial. It remains to verify (c) = > (a): 
For ease of notation we will regard the case a, = a2 only. Again the general case only requires more 
notational effort but grants no additional insight. So let us pick up the transposition 7 = (12), then by 


assumption we have (a,(1),@7(2);+++;@r(n)) = (@1,42,---,@n), hence 


D(a1,42,---,4n) = D(a,(1),@,(2),-- +, @(n)) 


—D(a1,@2,..., Qn) 


Altogether we found 2D(a1, a2,...,@n) = 0, if now 2 € NzD(R) is a non-zero divisor of R this can only 
mean D(a1,a2,...,@n) = 0, which is precisely the claim of (a). Thus we have returned to (a) and all 


three statements are equivalent. 


Let us now assume R is some commutative ring and { a1, @2,...,@n } C R” are linearly dependent. That 


is there are some 0; € R, not all zero, such that 


n 
So bi Qi = 0 
i=1 


For ease of notation let us assume b; 4 0. As D is linear in every argument we can use this relation to 


evaluate the determinant of the a; 


by D(a1, a2,..-,@n) = D(b1 a1, G2,.--, Qn) 
n 

D(- Shaan] 
1=2 


n 
Ss" —b;D(a;, AQ,-++, Gn) 
IZ 


But as D is a determinant form and D(aj,a2,...,@n) contains a; twice for any 7 € 2...n property (a) 
implies D(a;,a2,...,@n) = 0. Therefore b; D(a1,a2,...,@n) = 0 where b; 4 0. If R is an integral 


domain we may conclude D(a1,a2,...,@,) = 0. For a general commutative ring R # 0 we find b; € 
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ann(D(a1, a2,...,@n)) such that 


{ 41, 02...,@n } linearly dependent = > ann(D(a1,a2,...,an)) 4 0 


Negating this implication we find the implication: If ann(D(a1, a2,...,@n)) =0 then { a1,a2...,a@n} C 


R” must be linearly independent. 


Proof of (4.55): 


(i) 


(iii) 
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Let A* = (a;.;) that is if A = (a;,;) then the coefficients of the transpose matrix are aj; = aj, and 


hence we find 


n 


det(A*) = ye sgn(o) [leew = sgn(o) [[eow.i 
i=1 


aESn i=1 oESn 


Let's say j = a(t) then i = a !(j) and we can replace the index i € 1...n by j € 1...n rewriting 
this expression, as 
n 
det(A*) = S> sgn(c) [] 3,.--1) 
cESn j=l 


Also note that S;, > S,:a+3 071 is bijective and that sgn(o~!) = sgn(c), such that we may once 


again rewrite 


det(A*) = Ss sgn(o~!) | J ajo-1(5) 


I 
n 
(co) 
=) 
—— 
S 
er 

R. 

lI 3 

a 
‘SI 
S. 
4 
S 
| 
Qa 
io) 
aL 
— 
~~ 
WN 


In a first step we will prove D(1,,) = 1, the proof multiplicative property will be postponed until 
after we have also proved (iv). Now clearly we have col;(Il,,) = e; where e; is the Euclidean basis 
vector e; = (d;,;) € R”. Therefore 


det(In) = S$ > sgn(o) b1,6(1)52,0(2) «+ Snjo(n) 
aESn 


Thus all the summands vanish, except for the one permutation o that satisfies o(1) = 1, (2) =2 
and so on until o(n) = n. That is o = Il is the identity, which is of signum sgn(l) = 1. Hence 
det(1,,) = 1. 


Let us first prove, that the determinant is a multi-linear form. To do this we fix any permutation 
oa € Sy, and define D, : (R”)” > R by 


Dg (Git; 952s 0583) = Ag-1(1),1%0-1(2),2 - »+QAg-1(n),n 


where a; = (a1,j,42,;,---,@nj) € R” as usual. That is D, picks one entry from every a; and 


multiplies all these. In particular D, is linear in every argument, ie. it is multi-linear. On the 
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other hand the determinant is just 


det = S= sgn(c) De 


oESn 


an R-linear combination of these multi-linear maps - also refer to remark (4.53.(ii)) for more details 


on this. And thereby det clearly is multi-linear itself. 


Next we will prove that det(A) = 0 whenever A has two identical columns. For ease of notation 
let us assume aj = ag, the general case uses precisely the same idea. Let 7 := (12) € S;, be the 
transposition on 1 and 2, then clearly 7~' = (21) =T. For a start, note that a; = ag in particular 


means @,-1(1),1 = @-1(1),2 and likewise a,-1(2) 1 = Gg-1(2),2. Therefore we get 


n 
Dar; A2,Q3,.-- says) = Ag-1(1),1%-1(2),2 II Qg-1(5),7 
j=3 
n 
= gh) 2012) 1. I Beas 
j=3 
n 
= Ogle), 2%) I Gas Ga 
j=3 
n 
= Gerte() le 7(2),2 I Og lea 
j=3 
= Dslais Q2,43,.--, Gn) 
The latter, since (7c) 1 — g-1,-!1 = g~!F. That is, we have seen, that in case aj = a2 we have 
the equality 
DAaiopeescetn), == (Dre 05,5 524:04) 


Recall that A, = {a € S;, | sgn(o) =1} and let us also denote B, = {7 € S,, | sgn(z7) = —1} 


here. Then it is clear, that S;,, is the disjoint union S,, = A, U B, and hence we have 


det = Ss" sgn(o) Do + ys sgn(7) Dz 
oEAn TEBn 
But clearly S;, <—> S,:a++ Ta is a bijection (this is true in any group). In this case however 
we have sgn(to) = —sgn(c), such that under this bijection A, and B,, are interchanged: That is 
TAn = By, and TB, = An. Therefore 7 € By, = 7TApn means 7 = To for some o € Ay. That is we 


may rewrite the sum over 7 € B,, in terms of 


det = S° sgn(o) Do + S> sgn(Ta) Dro 


aEAn aCAn 


Using sgn(to) = —sgn(o) and rejoining the sum we see, that the determinant can be evaluated by 


using even permutations only 
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(iv) 
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However, if aj = az then we have argued above, that for this particular A = (a),@2,...,@n) we 
have D(A) = D,,(A) and therefore we find, that the determinant truly vanishes 


det(A) = > sgn(o)(Do(A) — Dro(A)) = © sgn(o)-0 = 0 


oEAn oEAn 


Consider any n-tuples a; = (ai,;) € R” where j € 1...n as well. If e; = (;,;) € R” denotes i-th 


the Euclidean base vector of size n then it is plain to see, that 
n 
ay = S04, 564 E€ R” 
i=l 


As we will do this with any a; let use a separate index a(j) instead of 7. Using this the above 


identity will now be written as 
n 


aj = SS Ga(j),j aj) 
a(j)=1 


By assumption D is a determinant form, in particular it is linear in each argument. Therefore we 


may expand all these a; to find the following expression 


D(ay, Hing An) = D SS @a(1),1€a(1)o++ +> S- a(n) n€a(n) 
a(1)=1 a(n)=1 


S> Bees S> Ga(1),1-*- Gan), nD? (Ea): war Cai) 


a(1)=1 a(n)=1 


If a(t) = a(j) for some i #7 € 1...n, then clearly eg¢) = e.(;) such that by assumption (D is a 


aj) 
determinant form) we then find D(eq(1),---;€a(n)) = 0. Therefore only summands remain in which 


i#j = a(t) € a(J), that is in which a € S), is a permutation 


D(a1,---;@n) = S° Ga(1)j1-+: Bo(n),nD (€a(1); ae sEcilay) 
aeSn 


But since D is a determinant form, we have already seen in (4.54) that D also is alternating. In 


particular for any a € S;, we find 
D (€a(1)s whit Ca(n)) = sgn(a)D(e1,...,en) = sgn(a)D(1,) 


Altogether we have arrived at the following identity 


D(a1,..-54n) = >> aac) +++ @a(n)n 890(@)D(Mn) 
acSn 
= D(In) > sgn(a) Qa(1),1 +++ Fa(n),n 
aceSn 
Once again we use the bijection S,, <> S, : @++ a+ to sum over o := a! instead. As 


sgn(a) = sgn(a~!) = sgn(a) we finally see that this sum turns into precisely the expression we 
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(ii) 


— 


are aiming at 


D(a1,..-,@n) = D(Un) $5 sgn(o) ag-1(1),1 «+» @o-1(n),n 
oESn 
D(Un) - det(ai,..., Gn) 


It remains to prove the homomorphism property of the determinant: To see this define D : mat,,(R) > 
R by D(B) := det(AB). By definition of the multiplication of matrices we have col;(AB) = 
Acol;(B). That is (for any 61, b2,...,bn € R”) we have 


D(b, be, . $s 50a) = det(Aby, Abo, ..., Abn) 


and hence all the maps R” > R: by HH D(b1, b2,...,bn) are just compositions of the linear maps 
R” — R” : by HH Aby and R” > R: cp +> det(ci, c2,.-.,Cn) and therefore are linear themselves. 
In other words D is multi-linear. But also, whenever b; = by for some 7 #k, then Ab; = Ab; such 
that det(Ab;, Abo,..., Abn) = 0, which means that D even is a determinant form. Now by (iv) we 
get 

det(AB) = D(B) = D(1,)-det(B) = det(A)- det(B) 


In a first step we will prove the Laplace expansion theorem by expanding along the bottom row. 
That is we start with a size (n+ 1) x (n+1) matrix A = (a;,;) € mat,+1(R) and choose p=n-+1. 
Then clearly 


Oi. “CIS: ei ga aig a8. OL. 

G21 G22 ++. Gaq-1 @2qt1 ++» Gant 
Ag = Ansa = Z 

GQn1 An,2 +++ Ang—-1 Anti +++ A@nn4+1 


We identify S,, with { 0 € of Sn41Sn41 | e/a +1) =n+4+1}, a subgroup of S41. Then by (1.12.(ii)) 
we know that S,,41 is the disjoint union 


n+l 
Spc. lll aS 
q=l 
where 7, is the transposition 7, = (¢ n+1) € Sp41. Thereby we can split the sum in the determinant 


of A into n + 1 separate parts 


n+1 


det(A) = S~ sgn(o) [J aiow 
1=1 


7ESn41 
n+1 n+1 


= S> Ss" sgn(7,0) II Gi rq 0(i) 
i=l 


q=1 0€Sn 


If ¢=n+1 then ty = Il and hence sgn(7,0@) = sgn(g) if g=n+1 and sgn(tge) = —sgn(@) in any 
other case. Also t,0(t) = ¢ if i = n+ 1, likewise 7,0(1) = n+ 1 if o(i) = q and Tyo(%) = o(Z) in 


689 


any other case. Therefore 


det(A) = yo sgn(o) 1 7 An4i,n+1 
i=1 


0ESn, 
n n 

- S> S> sgn(o) (1 a) An+1,q 
q=l 0ESn i=l 


In the first part of this expression we clearly see the determinant of A,,+1. In the second part we see 
the determinant of the matrix A,+41 in which the g-th column has been replaced by the (n + 1)-st 


colums 


S- sgn(Q) II Qi,740(i) 
i=l 


0€ Sn, 
Q11 ++ Alg-1 ntl G@ljqti +++ Gln 
G21 +++ G2q-1 42n41 G42q41 +++ G2n 
= det ; ; 
Qn +++ A@ngq-1 Gnynt1 QAngtl +--+ Ann 


This matrix can be obtained from A, by moving the last column of Ag one step up front n — q times. 


As det is a determinant form and hence alternating, this means 


n 


S= sgn(e) [| :,7,00) = (-1)" ‘det(Ag) 


0€Sn i=1 
Altogether we have found the following expression for the determinant 


det(A) = det(Ansi)anginti — >) (—1)"Mdet(Ag)ansi.g 
q=l1 
Since (—1)24 = 1 we find —(—1)"-9 = (-1)"-41(-1)4 = (—1)"*174 and if we recall p=n+1 
this is —(—1)"~4 = (—1)?*4. Therefore this identity can finally be written as 


Ontinzidet(Angi) +S (-1)?*4an41,qdet(Ag) 
q=1 


det(A) 


n+1 
= S 0-1)? 4an41,qdet( Ag) 


q=1 


That is we have proved the Laplace expansion theorem in case p = n+ 1. ie. when expanding 
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(vi) 


along the bottom row of A. For arbitrary p € 1...n+ 1 consider the matrix 


—— row,(A) —— 


—— r0W,,41(A) 


—— row,(A) —— 


This matrix is obtained from A by moving the p-th row of A down one step, n + 1 — p many times. 


Again - since det is alternating 
det(B) = (—1)"*1Pdet(A) 


On the other hand, we may expand B along the bottom row already. Doing so we find the following 


identity [note that bn41,.q = Gp,q] 


n+1 


det(B) = S°(-1)"*'*4ay gdet( Ba) 
q=1 


Thereby we also have By = Ap.q by construction, such that joining these two equalities we find 


the following identity 


n+l 
(—1)"** Pdet(A) = So(- Dt *4ap,qdet( Apa) 


q=1 


By multiplying with (—1)"*!~? and using (—1)?”"*? = 1 this is precisely the formula in the Laplace 
expansion theorem. So it oly remains to prove, that this formula also holds true when expanding 
along the g-th column of A. But this third step can be easily done by expanding the transpose A* 
along the g-th row. Doing this we get 


n+l 
det(A*) = S°(-1)%?a%_,det(A’ ,) 
p=1 


By construction it is clear, that (A*)¢, = (Ap,q)* and due to (i) these two matrices share the same 
determinant. The same is true for A and A* of course, so rewriting aj, = @p,q we finally found the 


formula for expanding along a column, as well: 
n+l 


det(A) = S °(-1)? Map qdet(Apq) 
p=1 


By definition the determinant is just a combination of sums and products. Since a is a ho- 


momorphism of rings we have a(lz) = 1g such that for any permutation o € S,;, we have 
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a(sgn(a)) =sgn(a) € S. And thereby we may compute 


det(a(A)) = S© sgn(o) [] o(aio() 
aESn i=1 
= So a a(sgn(o o(IL Qi,o( »)] 
aESn 
= o( S> sgn(o oT] Dio ») 
aESn 
= a(det(A)) 


Proof of (4.58): 


(i) Let us abbreviate the block matrix by X and denote its entries by 2;,; where i, 7 € 1...(m-+n), 
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that is 


X = (aj) = & *) 


Let us also introduce J :=1...mand J :=(m+1)...(m+n) and let us finally identify S,,. and 


S,, with certain subgroups of Sin4n: 


Sa. Sg oe = ee Sel Vel teat} 
Ifo € S!, and o € S’ then clearly dom(e) Ndom(c) C IN J = and hence we have oc = aa. 
Now let us have a look at the determinant 


m+n 


det(X) = S°  sgn(m ) TT ain 


TESmin 


However, by the design of X, we have x;,; = 0 whenever i > m and j < m. That is 7 € J and 
jel = 2; = 0. In particular we find 


m+n 
ieJ: r(ijel => [] 2inw = 0 
i=1 


Therefore the product vanishes unless 7(J) C J and since 7 is bijective this also implies m(J) C TI. 
For such a 7 let us define 9 € S, by o(2) := a(t) and o(j) := 7 where i € J and j € J respectively. 
Likewise define o € S!, by letting o(i) := 7 and o(j) := 7(j). Then it is clear, that 7 = go such 
that 


m+n m+n 
sgn(7) II Lin(i) = sgn( Qo IT 0 I] Tio(9 
1=1 j=m+1 
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m m+n 
= (so TT 0) sgn(o ) II U5j,0(j) 
i=1 


j=m+1 


= (sao II oun) sgn(o) I] bj,0(3) 
i=l j=l 


In the last step we used the identification S,, = S/, or - if we wanted to be formal - we would 
have to introduce o(j) := 0/(j +m) — m for this. As the product vanishes for all 7 that cannot be 


written in this form 7 = go the sum in truth only runs over 


m+n 
det(C) = S> Ss" sgn(7 TI Lina 
0€ St, cESI, i=1 
a » ay [san NTT +2 sgn(o) | [ 2, (3) 
o€S!, oe St, i=1 j=l 
= ys, sgn(o) [ [ a,0) y sgn(o oT o(j) 
0€S!,, i=1 oeS!, 


(det()) (det(B)) 


(ii) This is just a special case of (i) where C = 0 € mat,,,,(R). So there really is nothing left to prove. 


(iii) We will prove the statement for lower triangular matrices 7’. Upper triangular matrices are included, 
as they are the transpose of a lower triangular matrix. Recall that the determinant has been defined, 


as 
n 


det(T) = S> sgn(o) [] tiow 


cESn i=1 
Consider any permutation o # Il and let 7 := min{j €1...n|a(j) #7}. As 7z is minimal this 
means o(h) = h for all h < i. If we had o(i) < 7 then for h := o(t) we had o(h) = h = a(t) 
in contradiction to o being injective. Hence we necessarily have i < o(7). But since T is a lower 
triangular matrix this means ¢;,,(;) = 0 and hence the entire product |]; ¢:,.¢) vanishes. The only 
permutation which avoids this is o = Il with sgn(1l) = 1. Hence the entire determinant boils down 


to 
n n 


det(T) = S> sgn(o) | J tiow = [Tu 


o=1 i=1 i=1 


Proof of (4.63): 


(iv) Consider any p, g € 1...n; if we scratch the p-th row and q-th column of A and transpose the rest, 
we obtain the same matrix, as if we had started with A* and had scratched the q-th row and p-th 


column. Therefore we have 
(Ap,q)” = (Aes 
Let now Cpq be the (p,q)-th entry of the cofactor matrix of A, that is cpg = (—1)?*4det(A,,,). 


Likewise let cj , be the (q, p)-th entry of the cofactor matrix of A* that is cj, = (—1)?*4det((A*)q.p)- 
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As transposition does not change the determinant according to (4.55.(i)) we may compute 


(—1)?*4det (Aan) 
= (—1)?"det ((Apq)”) 
(—1)?"det (Ap,q) 


That is the cofactor matrix cof(A*) of the transpose is just the transpose matrix cof(A)* of the 
cofactor matrix of A. And if this is true for the cofactor matrices, then it remains true for their 


transposes, the adjungate matrices. 


(i) It might come as a surprise, but the proof of this theorem is purely computational. To begin with, 
fix g€1...n and forpeEl...n let 


oS. = (—1)?*4det(Apq) 


Then by the Laplace expansion theorem (4.55.(v)) (expanding along the g-th column) it is clear that 


the cp satisfy 
n 


So jana mi S = (=1)? +4ap qdet( Ap,q) = det(A) 
p=1 p=1 


On the other hand if k € 1...n with k # q then by the same theorem we see that we expand the 


determinant along the g-th column of another matrix, namely 


n 
) CqgQpk = det} a, +--+ Gg-1 Gg Gg41 *** Gn 
p=1 


But since & € (1...¢g—1)U(q+1...n) this matrix contains the column a, twice. That is the 
determinant has to be zero, such that 


n 
See = 0 forkA#q 
p=1 


Let us now write out what the SLE Az = b means, explicitly. In fact this is precisely how the 


matrix multiplication has been defined 


112i +1289 +*-* + Ointy = bi 
42121 +42 2%9++::+dan%tn = bo 
An1L1 + An2%2 +++ +EAnnIn = bn 


We now multiply the first equation by c;, the second equation by cz and do on until the last 
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~~ 


equation is multiplied by cy 


C144 121 + C101, 2%2 +++ + C141 nin = Cyby 
C202 121 + C2a99%2 +++: + C242 n%n = Cobe 
Cn An 121 + CnAn2%2 +++ + CnAnnIn = Gn0y, 


In a final step we sum up all these new equations, doing this we find the next equation, which is 


n n n 
) CpOp1 | Zr +--++ ) Cato || tae = ) Cpbp 
p=1 p=1 p=1 


As we have seen the sums over cpa, vanish unless k = g. But in case k = q the sum turns out to 
be det(A). That is in truth only 


det(A) zy = ee 
p=] 


But looking at the right hand side of this equation, we see, that this sum is just another expansion 


of another determinant along the g-th column, this time it is 


Note that the coefficient c, defined in (i) is just the (p, q)-th coefficient cp, = (—1)?T4det(A,,,) of 


the cofactor matrix of A. So we have just shown in (i) that for any & € 1... we find 
Se Cp,qGp,k = det(A)- die 
p=1 


Let at be the (p, q)-th entry of the adjugate matrix A* that is ai = Cpq. Then the above equation 


turns into 


S> ai, Ay, = det(A)- dxq 
p=1 


Note that the sum on the left hand side is just the scalar product of the g-th row of A* with the 
k-th column az of A. But this is precisely the (q,k)-th entry of the product matrix A* A 


[a* A] a (row,(A*, colj,(A)) = det(A) - dk,g 


qk 


And as this holds true for any k, q € 1...n this is precisely A*A = det(A)Il, in terms of 
coefficients. It remains to prove the other ordering AA* = det(A)Il,. But this can be done by 


using (iv) and going to the transpose matrix 
(4a*)" = (at) a = (A*)# a 
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det(A*) 1, = det(A)1, 


— AA# (det(A)I,)* = det(A)I, 


(ii) If A is invertible then by the homomorphism property of the determinant (4.55.(ii)) we see, that 
det(A) is invertible in R, as 


1 = det(,) = det(A~'A) = det(A™*) - det(A) 


and from this we also see det(A~!) = det(A)~! (as R is commutative). If conversely det(A) € R* 
is invertible, then we may define the matrix B := det(A)~! A#. Then from (iii) we see, that B is 


the inverse of A 
BA = det(A)~!A*A = det(A)~'det(A) 1, = 1, 
AB = Adet(A)~!A# = det(A)~! AA# 
= det(A)~‘det(A) 1, = 1, 


(v) If A is invertible (as a matrix), then so is det(A) (as a scalar) due to (ii). Then using (iii) it is easy 
to see, that B := det(A)~!A is the inverse of A# since 


BA# 
A#B 


det(A)-1AA* = det(A)~'det(A)1, = In 
Atdet(A)"'A = det(A)-1A*#A 
det(A)~‘det(A)1, = 1, 


That is we have proved (A¥)~! = B = det(A)~!A in case A is invertible. But then we may 
use (iii) on A~! as well, to also obtain the identity (A~!)*#A7~! = det(A7!)11,. Multiplying this 
equation by A from the right we get 


(A-!)* = det(A“!)A = det(A)-!A = (a*) 


On the other hand, since the determinant is linear in each of it's n arguments we get det(A#) = 


det(A)"~! by dividing one det(A) from the following equation 


det(A)” = det(det(A)l,) = det(A*A) = det(A*) - det(A) 


Proof of (4.65): 


(i) We have already seen (a) <=> (b) in (4.63.(ii)), next we will also prove (b) <= (e): To be 
invertible means that for any b € R” there is precisely one x = (#1, %2,...,2%n) € R” such that 
Az = b (namely x = A7'!b). But this is b= Ax = x1c] + ocq +--+ + LpCp which is just what we 


required for { c1,c2,...,Cn } being a basis. 


Since det(A*) = det(A) and the columns of A* are just the rows of A we also find that (f) is 
equivalent to det(A*) € R* which is again equivalent to (b). Thus we also have (f) <=> (b). 
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The implication (b) == (c) and (d) is clear, so it remains to prove the converse implication only. 
lf AB = I, then due to (4.55.(ii)) we have 1 = det(1,,) = det(AB) = det(A) - det(B). As R is 
commutative this means det(A) € R* which is (a) and hence (b). The same argument also proves 


(d) == (b) so we are done now. 


By definition kn(A) 4 0 means, there is some x = (%1,2%2,...,%n) € R” such that x ¥ O but 
Ax = £1C1 + £202 +++: + 2nCp = 0. But this is just the R-linear dependency of { c1,c2,..-,Cn }- 
Thus we have finished (b) <=> (c). 


Next we will prove the equivalency of (a) and (c). Let us suppose (c) was untrue, i.e. there is some 


L = (X11, X2,...,%n) € R" with « 40 and xc] + rocq +--+ + LpCyn = 0. For ease of notation let 


us assume x; # 0, then - as the determinant is linear in every argument - we see 
0: ey let(O, cof s.056)) 
n 
= det (= LiCi, C2,---, «) 
i=1 


nr 
= ) x; det (cj, C2,---, Cn) 
i=1 


But for any 7 4 1 in this sum the term det(c;, c2,..., Cn) vanishes, as the column c; appears in the 


determinant twice. Hence this sum boils down to the simple expression 
OS my det (ioe) <-S--y det(A) 


Since x; # 0 by assumption and R is an integral domain this can only mean det(A) = 0 such that 


we have proved (c) => (a). 


For the converse direction let us suppose that {c1,c2,...,Cn } is not linearly dependent, then we 
have to show that det(A) 4 0. To do this let us consider R to be a subring of the quotient field 
Ro E:=quot(R). Then { c1,c2,...,¢n } not only is R-linearly independent but even F-linearly 
independent: If we had 


ay ag 
ns By t es 


then we could multiply this equation by b := bijb2...b, € FR to find (note that b ¥ 0, as all the 
b; £0 and b/b; € R is a well-defined element of 2) the following relation in R 


ay—Cy + adg—Co +... An 


by bg bn 

As the c are R-linearly independent this would imply a;b/b; = 0 and hence a; = 0 such that in 
turn a;/b; = 0 for any i € 1...n. Therefore { c1,c2,...,¢n } not only is B-linearly independent 
but, as E is a field, also an E-basis of E”. Thus by (i).(e) we have det(A) € E* = E\ {0}. In 
particular det(A) 4 0. 


Since det(A*) = det(A) and the columns of A* are just the rows of A we also find that (d) is 
equivalent to det(A*) = 0 which is again equivalent to (a). Thus we also have (d) <= (a). 
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Proof of (4.66): 
If we abbreviate x = (x1,...,%n) and y = (y1,.--, Yn) € M” and generalize the matrix-vector multipli- 
cation to M by writing 

jai 1,5 25 

AG. = 


a1 Ang 25 
then by assumption we have Ax = y. Since M is an R-module all the operations of R and M are 
compatible. E.g. if a, b€ Rand x € M then we have a(bx) = (ab)x. Consequentially we find 


A#y = A#(Ax) = (A¥A)x = det(A)a 


according to (4.63.(iii)). By definition the (7, 7)-th entry af, of the adjugate matrix A* is the (j,7)-th 
coefficient of the cofactor matrix C = (cj,;) of A, which is c;,; = (—1)’det(A;,;). Therefore 


YS ae Yi Di Ci,1 Ys 


ye aria ici Cin Fi 


But these are precisely the n equations given in the claim. Finally, as thereby det(A)x,; € Lh{ y1,-.., Yn } 


for any j € 1...n it is clear that the entire submodule generated by the det(A); is contained in 


det( A) Lh{ a1, %93.22,%n +) CG Unify yas... syn } 


Proof of (2.4): 


(i) Let us abbreviate U := LA, as A is non-empty there is some a € A. And asa <j R is an ideal 
we have 0 € @ € A and hence 0 € U. If now a, b € U then - by construction - there are a, 6 € A 
such that a € @ and b Eb. As A is a chain we may assume @ C Bb and hence a € 5, too. Therefore 
we geta+be b and —a, —b € Bb, such that a+b, —a and —bEU again. And if finally r € R then 


ra € 4, such that ra € U. 


(ii) Let Z:={b dS Ria CHAR}, then ZO since ae Z. Now let A C Z bea chain in Z, then 
by (i) we know that U:= JA <j R is an ideal of R. Suppose U = R, then 1 € U and hence there 
would be some 6 € A with 1 € b. But as 6 <j Ris an ideal this would mean b = R in contradiction 
tobe A C Z. Hence we find U € Z again. But by construction we have 6 C w for any b € A, 
that is U is an upper bound of A. Hence by the lemma of Zorn there is some maximal element 
m € Z*. It only remains to show that Mm is maximal: as M € Z it is an non-full ideal Mm 4 R. And 
if R Ab <i; Ris another non-full ideal with m C b thena C m Cc 6 implies b € Z. But now it 
follows that b =m since m € 2*, be Z andm C Bb. 


Let a € R* be a unit of R and m <j; R bea maximal ideal. Then a ¢ Mm, as else 1 =a ba em 
and hence mM = R. From this we get R* C R\Smax(R). For the converse inclusion we go 
to complements and prove R \ R* C JSmax(R) instead. Thus let a € R be a non-unit a ¢ R*, 


(iii 


na 
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then 1 ¢ aR and hence aR # R. Thus by (i) there is a maximal ideal mM <i FR containing 
ae€éaR Cm C LSmax(R). Thus we also have a € J SmaxR which had to be proved. 


(iv) If R = 0 is the zero-ring, then R = {0} is the one and only ideal of R. But as this ideal is full, 
it cannot be maximal and hence Smax(R) = 0. If R 4 0 then a := {0} is a non-full ideal of R. 
Hence by (ii) there is a maximal ideal mM € Smax(R) containing it. In particular Smax(R) # 0. 


Proof of (3.18): 
Of course we will prove the claim using a Zornification: Let us define the collection of all proper sub- 
modules of JN, that is 

2 t= {Zea PCA Ze NY 


As P € Z this collection is non-empty. Also it is clear that Z is partially ordered under the inclusion 
relation "C". If now (Z;) C Z is a chain in Z (that is a totally ordered subset), we take Z := LU; Z. 
Then Z <, WN is a submodule again: if x, y € Z then there are some i, 7 € I such that x € Z; and 
y € Z;. As these sets are totally ordered we may assume Z; C Z; without loss of generality. And hence 
x+y€Z; © Z again. Also ifac R, then ax € Z; C Z. 


Now suppose Z = N, in particular for any k € 1...n we have x; € N = Z. Therefore for anykcl...n 
there is some i(k) € I such that xp € Zj,). As the Z; are totally ordered we may single out the maximal 
element among Zj(1),---;Zj(n). That is there is some 7 € I such that Zj(,) C Z; for any k € 1...n. 
In particular x, € Zi(k) C Z; and as Z; is an R-module we find Lh{ 21,...,an } C Z;. Now, as also 
P C Z; we get N=P+Lh{2,...,%,} C Z; C N, that is Z; = N. But this is in contradiction to 
Z; € Z, such that we necessarily have Z 4 N. 


Let us subsume: we have found a submodule Z <, N with Z # N and clearly also P C Z. That is 
Z € Z again. But by construction Z is an upper bound (for any i € I we have Z; C Z) of the chain (Z;). 
Hence we may apply Zorn’s lemma to find a maximal element M € Z*. So by construction of M € Z we 
have properties (1) and (2) of the claim. And if 14 C Q C N for some submodule Q, then either Q = N 
or @ € Z and hence M = Q, due to the maximality of MM, and this is (3). 


Proof of (3.55): 


(i) Because of (D1) (that is x € T = > TF 2) we have the obvious inclusions S C T C (T). That 
is we have T+ S. If now x € M with SF z, then by (D2) we also get 7J’'F x. And this is just a 
reformulation of the claim (5) C (T). 


(iit) We will first prove (S) = (){P €sub(M)|S C P}. For the inclusion "C" we are given any 
x € (S). Then we need to show that for any P € sub(M) with S C P we get x € P. As 
P € sub(M) there is some T C M with P= (T). Then S C P translates into S C (7), which 
is T+ S. Together with S + x now property (D2) implies TF x. And this is x € (T’) = P, which 
had to be shown. Conversely for ">" we are given some x € M such that for any P € sub(M) we 
get S C P = > «€P. Then we may simply choose P := (S), then S C P is satisfied due to 
(D1). Thus by assumption on x we get x € P = (S), which had to be shown. 
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Thus let us now prove P = (P), where we abbreviated P := (S'). The inclusion "C" is clear by 
(D1) again. And by what we have shown, we have (P) = (]{@Q€sub(M)| P C Q}. But as 
P €sub(M) with P C P this trivially yields (P) C P, the converse inclusion. 


(iii) (a) = > (c): by assumption there is some s € S such that S \ { s} s. Due to (D3) there is some 


— 


finite subset S, C S\ {5} such that S, s. Now let So := S;U {5}, then So is finite again, as 
#59 = #53 +1 < cand So \{s}=Ss. In particular Sp \ { 5}  s, that is Sp is Fdepenedent. 
(c) == (b): consider So C S C T, by assumption there is some s € So such that Sg \{s}b s. 
However So \{s} C T\ {s}, such that by (i) we also get T'\ {5} s. That is T is Kdependent. 
(b) ==> (a) finally is trivial, by letting T := S. 


(a) == (b): suppose S was Fdependent, that is there was some s € S, such that S\ {s} s. 
As S C T we also have S\ {s} C T\ {s}, hence we find S \ {5s} s due to (i). But as also 
s€S C T this is a contradiction to T’ being independent. (b) == (c) is trivial (a finite subset 
is a subset). (c) == (a): suppose there was some x € T' such that T \ {x} x. Then by (D3) 
there would be a finite subset T, C T \ {x} such that T, + x. Now let To := T, U{ x}, then 
To is finite again, as #7p = #T, +1 < ow. Also Ty \{x}=T, ka, that is To is Hdependent in 


contradiction to (c). 


(v) (a) = > (b): clearly S C T := SU{ax}, such that S is Findependent by assumption (a) and 
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(iv). Now suppose we had SF az, then clearly T\ {x} = St a. That is T is Fkdependent in 
contradiction to the assumption. (b) ==> (a): if we had x € S, then by property (D1) also SF a, 
in contradiction to the assumption. Now suppose that S U {ax} was fdependent. That is there 
would be some s € SU { x} such that 


Cae (su{z})\{s} ks 


We now distinguish two cases: (1) if s = x then S’ = S and thereby we would get S = S’+ s =a, 
a contradiction to S¥ x. (2) ifs Ax then se SU{ x} implies s € S. Now let R:= S\ {5}, that 
is $= RU{s}and S’=(SU{xr})\{s}=RU{z}. This again means 


S\{aj-= R= S\s} 


As S' is Findependent we now have S’\ {x} = S\{s} Fs. Because of « € S’, S’ + 5 and 
S’\ {x} ¥ s property (D4) implies 


Se (S\{s})U{s} = (S'\{2}) U{s} ke 


This is a contradiction to S ¥ x again, thus in both cases we have derived a contradiction, that is 


SU{a} is Findependent, as claimed. 


Let us abbreviate the chain’s union by 7 := LU; 5; and suppose T would be Fdependent. Then 
by (iii) there would be a finite subset Zp C T, such that Zo is Fdependent, already. Say To = 
{1,---,M%n }, where for any k € 1...n we have xz € Six) for some i(k) € I. As { 5; |i eT} is 
totally ordered under C, so is the finite subset { Siz) | RE 1.2.0 i Without loss of generality we 


may assume, that Sj) is the maximal element among the Sj). Hence we find zz € Sip) © Sign) 
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(vii) 


(viii 


~~ 


(ix) 


(ix) 


for any k € 1...n and this again means To C Sj). Yet as To was dependent this implies, that 


Si(n) ts Fdependent (by (iti) again), a contradiction. Hence T' is independent, as claimed. 


Not surprisingly we will prove the claim using a zornification based on 
Z:= {PCM|SCPCT, Pistindependent } 


Of course Z is non-empty, as S € Z, and it is partially ordered under the inclusion relation C. 
Due to (vi) any ascending chain (S;) admits an upper bound, namely T := LU; S; € Z. Thus by the 
lemma of Zorn Z contains a maximal element B. Because of B € Z we have S C B C T and Bis 
tindependent. Now suppose there was some x € T’ with B ¥ x. However, as B is Findependent and 
BY¥ «, we find by (v) that even BU{ x } is Findependent. But as z ¢ Bwe have B Cc BU{ax} C T. 
Thus we have found a contradiction to the maximality of B. This contradiction can only be solved, 
if T C (B). And using (i) and (ii) we thereby get M = (T') C ((B)) = (B) C M. Altogether 
B ist independent and M = (B) - it is a Fbasis. 


First suppose x = b, then B’ = B and hence there is nothing to show. Thus assume x 4 b. The 
proof now consists of two parts: (1) as B\ {b} C B’ C (B’) and B’t b by assumption, we have 
B=(B\{b})U{b} C (B’). And thereby M = (B) C ((B’)) = (B’) C M, according to (ii). 
That is M = (B’). (2) as B\ {b} C Bisa subset and B is tindependent, so is B \ {b}, due 
to (iv). Now suppose B \ {b} + a, then we would get B’ = (B\ {b})U{a} C (B\ {b}). And 
hence be M = (B’) C ((B\ {b})) = (B\ {b}), according to (1) and (ii) once more. But this is 
B\ {6} bin contradiction to the Findependence of B. Thus we have B\ {hb} a, as B\ {b} 
also is Findependent (v) now implies, that B’ = (B\ {b}) U{a} is Findependent. Combining (1) 
and (2) we found that B’ is a Fbasis. 


(a) = > (b): M = (B) is clear by definition of a HK basis. Now consider some subset S C B, that 
is there is some x € B, with x ¢ S. As B is Findependent and x € B we get B\ {x} ¥ 2g, in 
other words « ¢ (B\{ax}). Andas S C B\ {ax} (i) implies x ¢ (S). In particular (S) A M, as 


claimed. 


(b) = > (a): as M = (B) by assumption it only remains to verify the FKindependence of B. Thus 
assume, there was some x € B such that S:= B\{a}t a. As S C (S) and x € (S), we have 
B=SU{z«x} C (S). And thereby M = (B) C ((S)) = (S) C M according to (ii). This is 
M =(S) even though S Cc B, a contradiction. 


(a) = > (c): suppose B is a Fbasis, that by definition B already is Findependent. Thus suppose 
B Cc S, that is we may choose some s € S\ B. As s € M = (B) we get BE s. And as 
BC S\{s} (i) also yields S\ {5} s. That is S is F dependent, as claimed. 


(c) == (a): as B is assumed to be Findependent, it remains to show M = (B). Thus suppose 
we had (B) Cc M, that is there was some s € M such that B ¥ s. Then by (v) we find that 


S := BU{s} is independent, as well - a contradiction. 


Let us denote m := |A| and n := |B 


, then we need to show m =n. In the proof we will have to 
distinguish two cases: (I) m or n is finite and (II) both m and n are infinite. We will deal with (I) 


in the following steps (1) to (4), whereas (II) will be treated in (5) 
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(1) Without loss of generality we may assume m < n (interchanging A and B if not). Then 
is finite by assumption (I), let us denote the elements of A by A = {21,...,%m }. Thereby 
let us assume that 21,...,7,% ¢ B and xp41,...,%m € B for some k € W [note that for k = 0 
this is A C B and for k = m this is AM B = Qj. In the case k = 0 we may skip steps (2), (3) 
and let A(*) := A, immediately proceeding with (4). 


as 


As A is a Fbasis of M, it is a minimal generating subset, by (ix). That is ({ v2,...,%m})# 
M = (B). Hence there is some point b € B such that b ¢ ({ x2,...,U%m}) [as else B C 
({ Z2,..-;%m}) and hence M =(B) C (({a2,...,2m})) = ({ £2,...,2m}), according to 
(ii), a contradiction]. For this b € B let us define 


Ass (AU {b}) \{a1} ee a ee 


Then A’ is Findependent [as A is Findependent, the same is true for { 2,...,2m }. And due 
to { v2,...,U%m } ¥ b (v) implies, that A’ is independent}. Next we find that A’ 2 [because 
if we had A’ ¥ x1 then - using (v) and the fact that A’ is Findependent - A’ U { x1 } would 
be independent, too. However this is untrue, as (A’U {21 }) \{b} = AF dD]. Therefore A’ 
even is a basis [as A’ + x1 we have 21 € (A’) and clearly A \ {21} C (A’), such that 
A= (A\{a1})Uf{a1} C (A’). Combined with (ii) this yields M = (A) C ((A’)) = 
(A’) C M, that is (A) = M and the Findependence of A’ has already been shown. 

(3) In (2) we have replaced x € A by some b € B to obtain another tbasis A’ := (AU {b}) \ 
{x1} = {b,x2,...,2%}. That is: venturing from A to A’ we have increased the number of 
elements in A’ B by 1 (with respect to 4M B). Iterating this process k times we establish 
a Hbasis A®) = {}1,..., bg, @h41,--+52m} © B. 

(4) From the construction it is clear, that |A’| < m < n = |B. On the other hand - as B 
is a Hbasis, A’ C B and M = (A’) - item (ix) now implies that A’ = B. And thereby 
n = |B| = |A’| < m, as well. Together this is m = as claimed. 

(5) It remains to regard case (Il), that is m and N are both infinite. As B C M = (A) we 
obviously have Afr 6 for any b € B. Thus by property (D3) there is a subset A, C A such 
that #Ay < oo is finite and A, 6 already. Now let 


At c= U A, Cc A 
be B 
Then for any b € B we have A, C A* and hence A* | 8, due to (i). That is b € (A*) for 
any b € B and hence B C (A*). Thus by (i) and (ii) again we get M = (B) C ((A*)) = 
(A*) C M, such that M = (A*). Now, as A is a EF basis, if we had A* C A, then (ix) would 
yield M 4 (A*), a contradiction. This is A = A* and hence we may compute 


Al = | 40] < So l4vl < [Bx IN = [BI 
beB beB 
Hereby |B x IN| = |B holds true, as B was assumed to be infinite. Thus we have found m < n 


and by interchanging the roles of A and B we also find n < m, which had to be shown. 


(xi) As S is independent, S C M and M = (M) we get from (vii) that there is some Fbasis A of M, 
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with S C A C M. Thus by (x) we already obtain the claim from |.S| < |A| = |B]. Likewise, as T 
generates VM and 0) is independent (trivially), we get from (vii) that there is some -basis A of M, 
with 0 C A C T. Thus by (x) we already obtain the claim from |B| = |A| < |T]. 


(xii) (b) = = (a) has already been shown in (x), thus it only remains to verify (a) == (b): thus 


consider any Findependent subset S C M with |S| = |B]. As before [S is independent, S C M 
and M = (M) now use (vii)] there is some Fbasis A of M, with S C A C M. Thus by (x) we find 
|B| =|S| < |A| = |B]. That is |A| = |S = |B] < co which was assumed to be finite. In particular 
S is a subset of the finite set A, with the same number of elements #5 = #A. Clearly this means 
S = A and in particular S is a Fbasis of M. 


Proof of (3.58): 


(i) Trivially @ is R-linearly independent and @ also generates {0}, as {0} is the one and only 


(iv 


— 


submodule of {0}. Together @ is an R-basis of {0} and in particular rank { 0} = 0. Conversely if 
rankM = 0, then by definition M = (0)m = {0}. 


If M = P+(X)m then as P C Q we also get M=Q+(X )m. 


First suppose a = aR is principal. If a = 0, then a = 0, which is a free R-module, with basis @. 
And if a 4 0, then { a} is an R-basis of a. It generates a, as ({a})m =aR = and it is R-linearly 
independent, as ba = 0 = > b=0 (asa #0 and R is an integral domain). Conversely suppose 
a is free, with basis B C a. If B =, then a = (0)m = 0, which is principal a = 0 = RO. And if 
we had #B > 2, then we could choose some 0j, bo € B. But this would yield 626; + (—b1)bo = 0 
(as R is commutative) and hence B would not be R-linearly independent. Thus it only remains 
#B =1, say B = {a} and hence 4 = (B)» = aR is principal. 


We have to prove that E is an R-linearly independent set, that also R-generates R®!. Thus 
suppose we are given any x = (x;) € R®!. Let us denote Q := {ic I | 2; £0}, then 0 is finite, 
by definition of R®!. And hence we get 2 = Diea Viei € (E)m. Therefore € generates R®! as an 
R-module. For the R-linear independence we have EO a;e; = 0 for some finite subset Q C JI 
and some a; € R. We now compare the coefficients of 0 and >°,-, aje;. Hereby for any 7 € © the 
i-th coefficient of 0 € R® is 0 € R. And the i-th coefficient of rien aje; ts a;. That is a; = 0 for 
any 2 € 2) and this means that € is R-linearly independent. 


Proof of (3.59): 


(i) (D1): consider an arbitrary subset X C M and x € X. Then we find X F x simply by choosing 


n:=1, , := x and a, := 1, as in this case ayx71 = lx = x. (D2): consider any two subsets X, 
Y C M such that Y | X and X | x. Thus by definition there are some n € WN, x; € X and 
a; © R such that x = aj271 +---+4na%p. But as x; © X and Y + X there also are some m(i) € N, 
yg € Y and b}; € R such that 2; = by +--+ + Upsala Vian): Combining these equations, we 
find 

n m(j) 


n 
a = Sar, = So aibighy 
i=l 


i=1 j=l 
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In particular this identity yields Y F x, which had to be shown. (D3): consider an arbitrary subset 
X C Mand2x € M such that X F x. Again this means x = a,%1+---+Gn%p for sufficient x; © X 
and a; € R. Now let Xo := {21,...,%n } C X. Then Xo clearly is a finite set and Xo F 2, by 
construction. As (D1), (D2) and (D3) are satisfied, we already obtain (iii), (iv) and (v) from (3.55). 


(iit) The identity (X) ={x Ee M| Xt ax} =Lhpr(X) is obvious from the definitions of the relation 
and the linear hull Lhy(X). And the identity Lhy(X) = (X )m has already been shown in (3.12). 


(vi) (b) => (a): we first prove that B is a generating system of M: Thus consider any x € M, by 
assumption there is some (2)) € R®? such that « = >>,xb. Now let Q := {bE B| a, AO}. 
Then Q C B is finite and we further get 


c= > ab = S mb © Lhg(B) 


beB bEQ 


As x has been arbitrary that is I C Lhr(B) = (B)m. Let us now prove that B also is R-linear 
independent: thus consider some finite subset 2 C B and some apy € R (where b € Q) such that 
ncn 4b = 0. Then for any b € B\ Q we let ap, := 0 and thereby obtain 


Sand = S| avd =0 = S_ 0b 


beB bEQ beB 


Due to the uniqueness of this representation (of 0 € MZ) we find ay = 0 for any b € B. And in 
particular a, = 0 for any b € 2. By definition this means that B truly is R-linearly independent. 


(vi) (a) ==> (b): Existence: consider any x € M, as M = (B)m = Lhr(B) there are a finite subset 
Q ¢ Band a € R (where b € Q) such that x = Soycq apd. Now let ap := ap if bE D and x, := 0 
ifb € B\Q. Then (x) € R®? and we also get 


L£= S > apd = S¢ aod 


bEQ beB 


Uniqueness: consider any two (2p), (yp) € R°? representing the same element >>, 2») = >>), ypd. 
Now let Q:= {be B| a 40, ory, #0}. Then C B is finite and we clearly get 


0 = Si(t—yw)b = Sia —y)b 


beB bEQ 


Yet as B is R-linearly independent, this means zp, — y, = 0 for any b € 2 and hence xp = yp for 
any bE B (ifb gQ, then x, = 0 = y). But this already is the uniqueness of the representation. 


Proof of (3.61): 
As (3.63) is a direct continuation of (3.61) this proof deals with both of these propositions simultaneously. 


Hence the odd enumeration of the statements in (3.63) that began by (vii) instead of (i). 


(i) By (3.59) F already satisfies (D1), (D2) and (D3). Thus it only remains to prove (D4) and we will 
already do this in the stronger form given in the claim. That is we consider  € X and X F y. 


By definition of F this is y = ajax +--+ + np for some a; € S and x; € X. Of course we 


704 17 Proofs - Rings and Modules 


may drop any summand with a; = 0 and hence assume a; 4 0 for anyz € 1...n. As y 4 0 
we still have n > 1. Now let X’ := (X \ {x})U{y} (that is we have to show X’ + 2) and 
distinguish two cases: (1) if « ¢ {21,...,an} then {21,...,a,} C X\{ax} C X" and in 
particular X’- x. (2) if € {x1,..., an } we may assume x = 21 without loss of generality. Now 
let 6; := —a; 1a; € S (for anyz € 2...n), then = 2, = ay ayay = borg +--+ + by Xp. And as 
{x2,...,%n} C X\{a} C X"' this implies X’ + x. Thus we have proved the claim in both cases. 
From this property we can easily derive (D4): suppose x © X, X Ff yand X\{ax}F y. Then 
y #0, as even 0 + 0 and hence X \ {a} t y. Thus we may apply this property to find X’ + a, 


which had to be shown. 


(ii) (b) => (a): suppose there was some x € X such that X\{ x} x. So by definition there would be 
some elements x; € X\{a} and a; € S (where i € 1...n) such that x = aj21+---+@n2p. Now let 
Lo = x and ap := —1, then we get x; € X for anyz € 1...n and also agpx%o + a12%14+--++4n%n = 0. 
But as ag # 0 this means that X is S-linear dependent, a contradiction. Thus there is no such 
x € X and this is the Findependence of X. 


(a) = = (b): suppose there were some (pairwise distinct) elements 7; € X and a; € R (where 
i © 1...n) such that (without loss of generality) a, A 0 and ayx%1 +--+: +an%p = 0. As ay #0 
we may let bj := —ajy a; for 7 € 2...n. Then x1 = a; ‘aya = borg +--+ + bn and hence 
{22,...,%n} v1. As {22,...,an} C X\ {a1} this yields X \ {x1} + 21, that is X is 
dependent, a contradiction. Thus there are no such x; and a; and this again means, that X is 


S-linearly indepenendent. 


(iv) As (B) = Lhs(B) S-generation and +-generation are equivalent notions. And in (ii) we have seen 
that Fdependence and S-linear dependence are eqivalent, too. In particular we find (a) <= (b) 
according to the respective definitions of S-bases and bases. And the equivalencies (a) <=> (c) 
<= (d) have already been proved in (3.55.(ix)). Finally the we have already shown (b) <=> (e) 
in (3.59.(vi)). 


(iii) This is just a reformulation of (3.55.(v)) in the light of (ii). Likewise (v) resp. (vi) is just the content 
of (3.55.(vii)) resp. (3.55.(x)) using the equivalencies (a) <=> (b) of (iv). Finally (vii) and (viii) are 
repetitions of (3.55.(xi)) and (3.55.(xii)) respectively. All we did was bringing the definition of the 


dimension into play. 


(ix) If P<, MM then (according to (v)) we may pick up a basis B of P. Then by assumption 
|B| = dim(P) = dim(V) and M is finitely generated. Now by (viii) we find that B even is an 
S-basis of M, as |B| = dim(M). In particular that is P = Lh(B) = M. 


Proof of (3.60): 
The direction(b) —+ (a) is trivial: If X C E®! is E-linearly independent, then for any finite subset 


{ 21, %2,...,%n } C X and any e; = a;/b; € E for which we have a relation of the form 
C1 A ote pent y = 0 
we necessarily hav e; = e2 = --: = e,, = 0. In particular this is the case for any e; = a;/1 € R such that 


X C R® is R-linearly independent, as well. 


705 


Conversely for (a) == (b): Let us again consider any {%1,%2,...,%n} C X and pick up some 
a; /b; = e; € E. That is a; and b; € R such that b; 4 0. Let us define (for any 7 € 1...n) 


b 1k and by := a [2 
i=l b5 ikj 


Then 6 and all b € Rand since R is an integral domain and all the b; 4 0 are non-zero, so are b £0 


and all b, # 0. Now suppose we had a dependence relation 
e121 + e€9%2+++++€nIn = 0 


Then multiplying this equation by b we would find another relation over R 


0 = (Soe) = Seid: 
i=1 i=1 


Now, since X C R® and hence { 21, 22,...,2n } is R-linearly independent, by assumption, this means 
a;b; = 0 for anyz €E1...n. But as b; # (0) this can only be, if a; = 0 € R and hence e; = a;/bj = 0 € E. 


Thus we see, that X then is £-linearly independent, as well. 


Proof of (3.64): 


(i) By (3.55.(vii)) and (3.61.(i)) we may choose an S-basis A of PQ. And by the same theorems we 
may extend this basis to a basis B of P, that is A C Band B is an S-basis of P. Likewise we 
pick up an S-basis C’ of Q, that extends A, that is A C Cand Cis an S-basis of Q. Let us denote 
D := BUC and choose any p € BNC then p € Lh(B) NLh(C) = PA Q =Lh(A). That is there 
are some (sq) € S@4 such that 


S800 = pS S- dpb € Lh(B) = P 


acA bEeB 


And as A C B both sides of the equation are linear expansions of p in terms of the basis B. Due 
to the uniqueness of the representation this means p = a (and sq = 1) for some a € A and hence 
p © A. That is we have proved BM C' = A. Therefore D is the disjoint union of 


D = AU(B\A)U(C\A) 


Hence the cardinality of D is the sum of the cardinalities of A, B \\ A and C \ A respectively. And 
as A C Band A C C this turns into 


ID] = |A[+|B\ Al +/C\ Al 
= |A| + |B] - A] +1C] - [AI 
= |B\ +c] - [4] 


We will now prove, that D = BUC is an S-basis of P+ Q. First of all it is clear that: 
P+Q = In(B)4+Lh(C) = Lh(BUC) = Lh(D) 
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(i 


That is D generates P + Q. Now by definition it remains to prove the linear independence of D, 


hence: suppose we have a linear dependence equation 


S- vad = 0 


deD 


By the above D is the disjoint union of A, B\\ A and C \ A and hence we may split this sum into 


S 0 tea + S° xpb+ S- rece = O 


acA bEB\A cEC\A 


three seperate parts: 


The first way to reassemble this equation is to divide it into a part contained in P = Lh(B) (the 
left-hand side) and a part contained in Q = Lh(C) (the right-hand side) 


S— apb = - Ps Lec 


beB cEC\A 


Conseqently both - the left- and right-hand sides - are contained in both - P and Q. Now, as 
PQ =Lh(A), there are some (uniquely determined) (y,) € S@4 such that 


S- aod = S > Yaa 


bEeB acA 


Again we rearrange this equation, splitting it into two parts as a basis representation of 0 within 


P=Lh(C) 

pace — Ya)at+ Ps zpb = 0 

aca beEB\A 
Now, as B is linearly independent we find z, = 0 for any b € B\ A. By precisely the same 
arguments we can prove that 2, = 0 for any c € C’'\ A. So there only remains )°, xa = 0. Again, 
as A is linearly independent, this means x, = 0 for any a € A. Altogether we have xq = 0 for any 
d € D and this is the linear independence of D. That is D is a S-basis of P+ Q and therefore we 
finally got 


dim(P+Q) = |D| = |Bl+|C]—IAl 
= dim(P) + dim(Q) + dim(PN Q) 


As in (i) above, we may choose an S-basis A C P of P, as Sis a skew field. Again we may extend 
A to an S-basis B C V of V. Let us now denote B/A:={b+P|beB\A} C V/P. It is easy 
to see, that B/A corresponds to B\ A, that is b> b+ P is bijective. Suppose we had b+ P =c+P 
for some b, cE B\ A. Then c—b € P = Lh(A). That is either b= cor {b,c}UA C Bis 
S-linearly dependent. But as B is S-linearly independent (being a basis), the latter is absurd and 


hence b =c. This is the injectivity and the surjectivity is clear from the deinition of B/A. 


We now claim that B/A is an S-basis of the quotient V/P. All we need to do is check that B/A 


is S-linearly independent and generates V/P. For the linear independence we suppose we had 
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some x» € S such that 


0= So wm(b+P)=( S> mb] +P=| S> mb) +P 


b+PEB/A b+PEB/A bEB\A 


That is >¢,2,b € P = Lh(A) and hence there were some xq € S such that >°, «yb = D0, Laa. 


Altogether that is 
0 = Ss" xpb — S > taa 
beB\A ac A 
But as B = (B\ A)UA is linearly independent, this can only be if all the x, € S and all the x, € S 
are identically 0. And this is what was needed for linear inependence of B/A. Also we have to 
check that B/A generates V/P. To do this regard any x + P =€ V/P. As B is a basis of V there 
are some zp € S (where b € B) such that « = )°, 2b. Again we use the split B = (B\ A)UA 
and A C P to get 


r+P = [so] +P = S © xo(b + P) 
be B beB 
= So m(b+P)= SY) m(b+P) 
bEB\A b+PEB/A 


As x has been arbitrary we have V/P = Lh(B/A) Then as B/A is a linearly independent generating 
set of V/P it is a basis. And therefore 


dim (Y/p) = |B/A| = |B\ A| = |B|—|A] = dim(V) — dim(P) 


(iii) The dimension formula now is an easy application of (ii) and the first isomorphism theorem (3.73.(ii)) 


which implies, that 

a kn(p) =m im(¢) 
In particular we have dim(V/kn(w)) = dim(im(y)). But by (ii) we now know that dim(V/kn(y)) = 
dim(V) — dim(kn(y)) such that we truly find the claim from 


dim(V) — dim(kn(y)) = dim(im(y)) 


Proof of (3.41): 
We first have to prove the equality aR®! = a®. The elemets of AR®! are of the form - where a, € a 
and by = (dix) Ee Re! 


S- ax(bi,k) = (See € q®! 
k=1 k=1 


That is aR® C a®, conversely consider any a = (a;) € a®! and let us denote the support of a by 
Ip := {i EI | a; #0}. Note that (by definition of direct sums) Ip is a finite set. Let us also denote the 
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canonical basis of R® by {e; | j € I}, that is e; = (5;,;) € R®!. Then we can write 


(a;) = Se ae; € aR®! 
1€Io 


Altogether we have proved aR®! = a®/ and it remains to prove the isomorphy of (R/a)®! and R®™ /aR®. 
To do this regard the R-linear map 


gy: RFS aay : (bj)  (b; +4) 


Clearly y is surjective, and its kernel is given to be kn(y) = a! R®! = a® such that kn(y) = aR®. 


So by the first isomorphism theorem, this induces an isomorphism of R-modules 


Oo. Fe | gre? > Car : (bj) +aR®  (b; +4) 


But both R®! /aR® and (R/a)® are (R/a)-modules and from the explict construction of © it is clear, 


that ® even is an (R/d)-module-homomorphism. 


Proof of (2.5): 


e (a) = (c) 
If a <j R/mM is an ideal, then by the correspondence theorem it is of the form @ = a/m for some 
ideala <j R with m C a. But as M is maximal this means dQ = M or d = R. Thus we have 
a= {0+} (in the case d= Mm) or d = R/mM (in the case a = R). 


e::{c) >" (b} 
R/M is a non-zero (since m #4 R) commutative ring (since R is such). But it has already been 


shown that a commutative ring is a field if and only if it only contains the trivial ideals (viz. seciton 
1.6). 


e (b) == (d) 
Leta gM, this means a+mA70+m. And as R/M is a field there is some b € R such that b+ m 
is inverse to a+. That is 


ab+m = (a+mj(b+m) = 14m 


Therefore there is some m € M such that 1 = ab+ m € aR+M and hence we have truly obtained 
aR+m= R. 


° (d) = (a) 
Suppose a <j R is some ideal with mM C a. We want to show that M is maximal hence ifa =m 
then we are done. Else there is some a € 0 with a ¢ M. Hence we get aR+M=R. Butasacea 
andm CadwegetR=aR+mcCcac R. 


Proof of (2.7): 


e —(a) = > —(b): by assumption — (a) there is some maximal ideal M <i R such that 7 ¢ M. Hence we 
have M+ 7R = R such that is there is some b € R (let a := —b) such that l-aj = 1+b7 =1eE R*. 
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e — (b) =  -— (a): by assumption - (b) there is some a € R such that 1 — aj ¢ R*. That is 


(1 — aj)R # R is a non-full ideal and hence there is a maximal ideal M <j; R containing it 
l1—aje€ (1—aj)R C M by (2.4.(ii)). If we now had 7 € Jac(R) C Mm then also aj € M and hecne 


we would arrive at the contradiction 


1 = (l-aj)+aj em 


(a) ==> (b): if 7 © a C Jac(R) then we let a := —1 and as we have just proved above this yields 
1+j=1-—aj € R* and hence (b). 


(b) = = (c): first of all we have 1 € 1+ 4 since 0 € a. Now consider any a = 1+ 4 and 
b=1+ke€E1+44, that is j andk ea. Thenab=14+(j+k+ jk) € 140 again, as j7+k+ jk € 4. 
Further we get 


GaGa) a) Sg) ap 4 
which implies a~! = (1+ j)~' = 1— (1+ )~1j. And hence we also have a~! € 1+4, since 
—(1+j)-1j €aduetoj ea. 
(c) = > (a): fix 7 € G and consider any a € R. Then we also get —aj € @ and hence 1 — aj € 


1+a C R* by assumption. But as we have already proved above 1 — aj € R* for anyae R 
means j € JAC(R). 


Proof of (2.11): 
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e (a) = > (b): consider a, b € R such that0+p = (a+ p)(b+p) = ab+yp. That is ab € p and 


as ~ is assumed to be prime this implies a € p or b € Pp. This again means thata +p =0+) or 
b+p=0+) and hence R/P is an integral domain. But R/p 4 0 is clear, since p 4 R and hence 


1+pA40+p. 


(b) = > (c): since R/p 4 0 is non-zero we have 1+ ) A 0+} or in other words 1 ¢ P which 
already is (1). Now let u,v € R\p, thenu+pA0+P andv+p 40+). But as /P is an integral 
domain this then yields uv +p = (u+p)(u+p) 40+ p. Thus we also have uv ¢ P which is (2). 


(c) = > (a): since 1 € R\P we have p #4 R. Now consider a, b € R with ab € P. Supposed we 
hada ¢P and b¢Pp then a, b€ R\P and hence ab € R\}P, a contradiction. Thus we truly have 
acporbep. 


(a) => (d): consider two ideals a, 6 <; R such that ab C p. Suppose neither a C p nor b C p 
was true. That is there would be a € @ and b € b with a, b Zp. Then ab € ab C p. But as p has 


is prime this yields a € p or b € P, a contradiciton. 


(d) => (a): consider a, b € R with ab € p. Then we let d:= aR andb := dR. Thenab=abR C p 
by (1.57), hence we find a€ aR=a C porbe bR=D C } by assumption. As we have also 


assumes Pp # R, this means that P is prime. 
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Proof of (2.8): 
leti AJ eE1...r, thenm; C mM; would imply mM; =, (since M; is maximal and mM; 4 R). Hence there 
is some a; € M; with a; ¢ M;. And as we have just seen in (2.5) this means a4;R+M,; = R. But as 
a; € M we find R=a,R+m,; C m,+m; C R. Hence the M; are pairwise coprime. And the second 
claim follows from this, as we have proved in (1.59.(iv)). 
Hence it remains to prove the third statement, i.e. the strict descent of the chain M, D M,M_g D 

. D> M,...M,. To do this we use induction on k (the foundation & = 1 is trivial), and let d :=™,...M, 
and M := Myz41. For anyz€1...k there are a; € M; such that a; ¢g M again. Now let a := a)... ax € 4. 
Then a ¢ M, as maximal ideals are prime (see the remark to (2.11) or (2.23) for a proof) and hence 
a= aj,...a, € M would imply a; € M for some i € 1...k. In particular a ¢ aM C M, that is we have 
found the induction step 

a © (mMy,...M,) \ (My... MM,41) 


Finally we want to show that the powers m4 and Mm are coprime as well (the general case of mM; and 
M, is just a reformulation of this). Suppose we had m) +m # R, since R is a commutative ring (2.4.(ii)) 


tells us, that there is a maximal ideal M containing m + m3. That is we find the chain 
m Cc m+m3cm 


in particular m C m. As any maximal ideal is prime we find mM, C M and hence mM, = M, since m, is 


maximal, too. On the other hand, the same reasoning yields M2 = M which would contradict M; # Mo 


being distinct ideals. This contradiction can only be resolved, it m/ +m! = R. 


Proof of (2.13): 


(i) We will prove the statement by induction on k - the case k = 1 being trivial. So let now k > 2 and 
let a := a1... @p-1 and b:= ax. Then ab = a1...ax—1a% € P, but as P is prime this implies a € Pp 
or be p. lf b € p then we are done (with 7 := k). If not then a = a)... ax—1 € P, so by induction 
hypothesis we get a; € Pp forsomeie1...k—1. 


(ii) Analogous to (i) we prove this statement by induction on k - the case k = 1 being trivial again. 
For k > 2 we likewise let @ := @,...0,_, and b := ay. Then ab C pimpliesa C porb Cp 
due to (2.11). If 6 C p then we are done with i := k. Else a C p and hence a; C for some 
a €1...k—1 by induction hypothesis. 


Wn 


contained in the union of the 6; (i € I) with a 
Us: 
ier 


Jo = #1< ¥4J 


ied 


(iii) Let us choose a subset J C 1...n such that ai 


minimal number of elements. That is 


a 
IM 


VJ Cil1...n:4 


IN 


It is clear that this can be done, since J = 1...n suffices to cover @ and the number of elements 
is a total order and hence allows to pick a minimal element. In the following we will prove that [ 
contains precisely one element. And in this case J = {7} we clearly have a C 6; as claimed. Thus 


let us assume #J > 2 and derive a contradiction: consider some fixed 7 € J, as J has minimally 
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many elements we have 
ag U b; 
j#iel 

That is there is some a; € @ such that a; ¢ 0; for any j 4% € J. In particular we find a; € by, 
as the b; (i € I) cover a. Let us pick one such a; for every j € J. If #I = 2 then we may assume 
I = {1,2} without loss of generality. As a; and ag € @ we also have a; + ag € a. Suppose we 
had a, + ag € by then az = (a1 + a2) + (—a1) € b, as well, a contradiction. Likewise we find that 
aj +a2 ¢ bo. But now aj + a2 € a C by Ub, provides a contradiction. Hence #/ = 2 cannot 
be. Now assume #J > 3, then by assumption there is some k € I such that b, is prime. Without 
loss of generality (that is by renumbering) we may assume J = 1...m and 6, to be prime. As any 
ai € A we also have ay + a2...Q@m € . Suppose aj + a2...dm © Db; for some i € 2...m, then 
a, = (a, +a2...dm)+(—a2...am) € 6; too, a contradiction. And if we suppose a, +a2...@m € by 
then a2...dm = (a, + a2...adm) + (—a,) € by, too. As by is prime we find a; € by for some 
a € 2...m due to (i). But this is a contradiction, altogether aj + ag...@m is contained in @ but 
none of the b; for i € I, a contradiction. Hence the assumption #J > 3 has to be abandoned, which 


only leaves #J = 1. 


(iv 


— 


For the implication (a) == (b) we first note that by definition of the minimal spectrum we have 
SminR C Spec(R) and by assumption also Spec(R) = Smax(R) such that Smin(R) C Smax(R). 
For the converse inclusion we regard any maximal ideal M <j AR. In particular M is prime, now 
take @ = 0 to impose no restrictions in (2.17.(iv)) to produce a minimal ideal p, € Smin() such 
that p, C Mm. In particular p, is prime and hence maximal by assumption. But now p, C MAR 
implies p, = mM, such that M is a minimal prime ideal of R. Therefore Smax(R) C Smin(R), as 


well. 


For the implication (b) ==> (a) we only have to show Spec(R) C Smax(R). That is we begin with 
any ~ € Spec(R). Again take d = 0 and use (2.17.(iv)) to find a minimal prime ideal p, € Smin(R) 
such that p, C p. By assumption p, is maximal, such that p, = p. In particular p = p, € 


Smin(R) = Smax(R) is a maximal ideal. 


And by definition of the krull-dimension we have kdim() = 0 if and only if any chain of prime 
ideals has length 1. That is any p € Spec() admits no distinct prime ideals below or above it. 
And this is precisely the case if ~ is both: maximal and minimal. Hence kdim() = 0 is just a 


reformulation of property (b) in other words. 


Proof of (2.9): 
As the maximal ideals M,; are distinct, we know by (2.8) that mM; + M,; = R are coprime. Hence we may 
employ the Chinese remainder theorem (1.96.(iii)) to get the isomorphism 
we ~ DB */m, :ativ (a +m.) 
i=1 


— 


Now consider any prime ideal p <j, R/{, then by the correspondence theorem of ideals (1.64) p is of the 
form P = p/{ for some prime ideal p <j R of R, with | C p. However by (2.8) we also know that j is the 
product { = M,-M ----M,. of these maximal ideals. And as ) is prime M,...™, C Pp implies mM; C Pp 
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for some 7 € 1...r - this is (2.13.(ii)). But as mM; is maximal, Mm; C p # R implies M; = Pp and hence 


p = m,/{. In particular any prime ideal Pp already is a maximal ideal. 


Proof of (2.15): 
As any ideal p <i R contains 0 € p we have 0 C P such that V(0) = Spec(R). And as any prime ideal 
p € Spec(R) is proper p 4 R we never have R C Y. That is V(R) = 0. We will now prove 


V (= 7 = (\V(ai) 
iel iel 

Clearly if }7,a; C p then a; C Pp for any i € J and hence p € V(Q;) for any i € J. Conversely let 4; C Pp 

for anyi ce I. Ifb eb := 5°, a; then there is a finite subset 2 C J and a; € Q; (where i € Q) such that 

b = D>, a; (where the sum runs over i € Q). In particular a; € 4; C Pp and hence b € p such that b C p 


which in turn is p € V(O). It remains to prove 
Vv (s 7 = Uva) 
i=1 i=1 


If (;@; © Pp then - as p is prime and we know (2.13.(ii)) - then there is some j € 1... such that 4; C . 
But this again means p € V(Q;) for some j € 1...n. Conversely if p € V(a;) for some 7 € 1...n then 
(\,4; C a; C p such that p € V((), 4;) is granted. 


Proof of (2.16): 


e We will first show the well-definedness of Spec(y) - it is clear that y~'(q) ={a€ R| y(a) Eq} 
is an ideal in R. Thus it only remains to show that y ‘(q) € X truly is prime. First of all 
yp !(q) 4 Ras else 1 € wy !(q) and this would mean 1 = y(1) € q. But this is absurd, as q is 
prime and hence q 4 S. Hence we consider ab € y~1(q), Le. yp(ab) = y(a)y(b) Eq. As gq EY is 
prime, this yields y(a) € q or y(b) € q, that is a € y +(q) or bE we 1(Q) again. 


e Next we will show that for any a € R we have (Specy) !(Xa) = Yq). But this is immediate from 


elementary set theory, since 
(Spec(y)) (Xa) = {VEY la¢gy'(Q)} = Yow 


e Likewise (Spec(y))(V(6)) C V(y~~1(b)) is completely obvious, once we translate these sets back 


into set-theory, then we have to show 


{et(@lbcqeY} Cc {pex|y tb) Cp} 


Thus we have to show that 6 C q € Y implies y'(b) C yw 1(q) € X. But b C q clearly implies 
y!(b) C wy !(q) and we have just proved, that y~1(q) € X as well. 


e Finally it remains to prove (Spec(y))~!(V(a)) = V((p(a) )i). So let us first translate the claim 


back into elementary set-theory again 


{geYlacyt@} = {qeY| ya) cq} 
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But by definition we have y-!(q) = {a€ R| y(a) € q}, and hence the inclusion a C y 1(q) 


trivially implies y(a) C q and vice versa. 


Proof of (2.17): 


(i) First of all a :=()P is an ideal of R, due to (1.50). And if we pick any p € P thena C Y. As 


(iii 


(iv 
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1 ¢ we also have 1 ¢ 4 and hence a 4 R. Now let 


U = R\a = (J{R\plpeP} 


Then 1 € U as we have just seen. And for any u, v € U there are p,  € P such that u € R\ Pp and 
v € R\q. But as P is a chain we may assume P C g and hence v € R\ gq C R\}P, as well. As 
p is a prime ideal FR \ p is multimplicatively closed, so u, v € R\ Pp implies wv € R\P and hence 


uv € U. That is U is multiplicatively closed and hence @ is a prime ideal. 


Clearly P is partially ordered under the inverse inclusion relation ">" (as P 40). Now letO C P 
be a chain in P, then by (i) we know that p:=()O <i R is prime. Now pick any q € O, then as 
~ C q and the assumption on P we find p € P. Hence p is a D-upper bound of O. And by the 
lemma of Zorn this yields that P contains a >-maximal element p,. But clearly > -maximal is 


C-minimal and hence p, € P.. 


Let us take Z := {P © Spec(R) | condition(p) }, then Z is partially ordered under the inverse 
inclusion ">" of sets. In any case Z 4 @ is non-empty: if we imposed none then by assumption 
R # 0 and hence FR has a maximal (in particular prime) ideal due to (2.4.(iv)). If we imposed 
p C q then g € Z. If we imposed a C Pp then by assumption a 4 R and hence there is a maximal 
(in particular prime) ideal M containing @ C M due to (2.4.(ii)) again. Finally if we supposed 
aC p C qg then we assumed a C g and hence q € Z. Now let P C Z be any chain in Z and 
p :=()P. Then by (i) P is a prime ideal of R again. Alsoa C p and p C 4 are clear (if they have 
been imposed). Hence p € Z is an upper bound of P (under >). And hence there is a maximal 
element p, € Z* by the lemma of Zorn. But as p, is maximal with respect to > it is minimal with 


respect to C. 


By assumption @ C 4q and (iii) there is some prime ideal p~, minimal among the ideals p, € 
{Pp € Spec(R) |a C p CG}, and in particular a C p, C q. It remains to prove, that p, also is 
a minimal element of {) € Spec(R) | a C p}. Thus suppose we are given any prime ideal p with 
aC pandp C p,. Then in particular p C q and by the minimality of p, this then implies p = p,. 


Thus p, even is minimal in this larger set. 


Let us take Z := {b <i A) O.E€ be. R\ U }, then Z is partially ordered under "C". Clearly 
Z #() is non-empty, since a € Z, as we have assumed ANU = 0. Now let B C Z be any chain 
in Z, then ¢ := JB is an ideal, due to (2.4). And if we pick any 6 € B thena C b C C and hence 
a CC. And if b €C then there is some b € B C Z such that b eb C R\U. Hence we also find 
¢ C R\U such that ¢ € Z again. That is we have found an upper bound ¢ of B. Hence there is 
a maximal element 6° € Z by the lemma of Zorn. Now let p € 2* be any maximal element of 2. 
Asp C R\U and1€U we have 1 ¢} such that p ¥ R is non-full. Now consider any a, be R 
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such that ab € p but suppose a ¢ Pp and b ¢ Pp. As we have P C P+ aR and Pp € Z* is maximal we 
have (p+ aR) Z R\U. That is we may choose u € (P+ aR) NU. That is u = p+ aa for some 
p€pandaé€ R. Analogously we can find some v = q+ 6b € (P+b6R)NU with g EP and Ge R. 
Thereby we get 


uv = (p+aa)(q+ $b) = pgt+aaq+ Bbp+afab € P 


since p, g and ab € p. But as U is multiplicatively closed and u, v € U we also have wu € U. That 
is uv € PNU, a contradiction to p € Z. Hence we have a € f or b € P which means that P is prime. 


Proof of (2.21): 


(i) 


— 
= 
a) 

a 


First of alla C a: b, because if a € a then also ab € @, as @ is an ideal. Next we will prove that 
a:b <i Ris an ideal of R. It is clear that 0 € 4: b since 0b = 0 € a. Let now p and gq € A: 8, that 
is pb and qb € a. Then (p+ q)b = pb+ qb € G, (—p)b = (—pb) € a and for any a € R we also get 
(ap)b = a(pb) € a which means p+ q, —p and ap € @: b respectively. 


First of alla C \/@, because if a € @ then for k = 1 we get a* =a € a. Next we will prove that 
Va <j; Ris an ideal. It is clear that 0 € a C Va. Now let a and b€ V4 that is a* € a and b' ca 
for some k, | € IN. Then we get 


I 
| 
KH 
SS 
so 
Q 
ca 


(—a)* 
(ab)' 


I 
QL 
oa 


k+l 
RARE gong as lear. seipatcg 
ib ae . tb z 
1 
ROW sess BHU pe gtg 
‘ ; Jew ) ee a*'/b 


i=0 j=l 
ee gay pea} 
tpk—i I ols }71—9 k 
_ b jpl-J 
(>:( ; Jeo + pa (a) b a 


As all these elements are contained in @ again, we again found a+b, —a and ab € Va. Thus it 
remains to prove that V@ is a radical ideal. Thus let a € R be contained in the radical of 4, that 
is a* € \/a for some k € IN. And hence there is some | € IN such that a! = (a*)! € a. But this 


already means a € V/@ and the converse inclusion is clear. 


Ifaea:bthen abea C Band hence a € B: b again. Likewise if we are given a € V/@ then there 
is some k € IN such that a*® €a C B and hence a € Vb already. 


lfle R=a:b then b= 1b€a. And if 6 € a then for any a € R we have ab € Q, since a is an 
ideal. But this also means a: b= R. Now let p be a prime ideal of R, if b € p then we have alredy 
seen P: b= R. Thus assume b ¢ p. Then a € P: b is equivalent to ab € p for anya € R. But as p 
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is prime this implies a € Pp or b € Pp. The latter is untrue by assumption so we get a € Pp. That is 


we have proved ~p: b C P and the converse inclusion has been proved in (i) generally. 


(v) I{0 AA C Srad(R) C Ideal(R), then the intersection (].A <j R already is an ideal of R due to 
(1.50). Thus it remains to show that (}A is radical. Let a* € ().A, that is a* € a for anya A. 
But as @ is radical we find that a € a. As this is true for any a € A we found a €() A. 


(v) Consider any a € R, then a is contained in the intersection of all a; : 0 iff a € a; : b for any i € J. 


And this again is equivalent to ab € Q; for any 2 € J. Thus we have already found the equivalence 


a € ( \(a; : b) ———s ab € { \ ai = ce (Me) 


ier iel iel 


Proof of (2.22): 

(c) <= (a) is trivial and so is (a) ==> (b). For the converse implication it suffices to remark, that 
a C V@is true for any ideal a <j R (as a € G implies a = a! € a). Thus we prove (a) => (d): Let b+a 
be a nilpotent of R/a, that is b®& +a = (b+.a)* =0 +4 for some k € IN. This means b* € a and hence 
b € Va C a by assumption. And from b € a we find b+a=0+4. Conversely (d) ==> (c): consider 
any b € R such that b* € a. Then (b+ a)* = bk +4 =0+4+4 and hence b +0 is a nilpotent of R/a. By 


assumption this means b+ 4 =0-+4 or in other words 6 € @. 


Proof of (2.23): 

The equivalencies of the respecive properties of the ideal and its quotient ring have been shown in (2.5), 
(2.11) and (2.22) respectively. Hence if m <j R is maximal then R/M is a field. In particular R/M is a 
non-zero integral domain which means that M is prime. And if p <i FR is prime, then f/P is an integral 
domain and hence reduced which again means that P is a radical ideal. Yet we also wish to present a 


direct proof of this: 


e Mm maximal => M™ prime: consider a, b € M with ab € M, but suppose a ¢ M and b ¢g M. This 
means M Cc M-+aR and hence M+ aR = R, as Mis maximal. Hence there are m€MandaeR 
such that m+ aa = 1. Likewise there are n € M and 6 € R such that n+ Gb = 1. Thereby 


1 = (m+aa)(n+ Bb) = mn+aan+ Bbm + aBab 


But as m, n and ab € M we hence found 1 € M which means M = R. But this contradicts M being 


maximal. 


e ~ prime == P radical: consider a € R with a* 


1 = a° €P such that p = R). But p is prime and hence a* € p for some k > 1 implies a € p due 
to (2.13.(i)). This means that p is radical, due to (2.22.(c)). 


€ p. As p is prime we have k > 0 (as else 


Proof of (2.24): 


(i) We have to prove Ya =(){p|a C p}. Thereby the inclusion "C" is clear, as any P contains 4. 


For the converse inclusion we are given some a € R such that a € P for any prime ideal p <j R 
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(vii) 


with a C p. Now let U := { easo i: }, then it is clear that U is multiplicatively closed. Suppose 
anU =, then by (2.17.(iv)) there is an ideal 6 <; R maximal witha C 6 C R\U. And this 
ideal b is prime. But as 6MU =@ anda € U we have a ¢ B even though 6 is a prime ideal with 
a C Db. A contradiction. Thus we have aN U # (), that is there is some b € U such that b€ a. By 
construction of U 6 is of the form b = a* for some k € IN. And this means a € V4. 


Let us denote V(a) := {p € Spec(R)|a C p} and M := V(Q),. Then in (i) above we have just 
seen the identity 


va = ()\VQ@) 


We now have to prove () V(a) =(]M. As M C V(@) the inclusion "C" is clear. For the converse 
inclusion we are given any a € {}M and any q € V(Q) and need to show a € g. But asa C q 
by (i) there is some p, © M such thata C p, C p. And asa €()M we find a € Pp, and hence 


a €q. Thus we have also established inclusion " >". 


By definition it is clear that NiIL(R) = V0 is the radical of the zero-ideal. And the further equalities 


given are immediate from (ii) above. 


Let a € R be contained in the radical of 4, that is a* € \/a for some k € IN. And hence there is 
some I € IN such that a*! = (a*)! € a. But this already means a € V@ and the converse inclusion 


is clear. 


Asab C ant we have Vab C Vanb by (i). Next leta € va nb, that is there is some k € IN such 
that a® €amb. Now a® € a and a* €b implies a € Van vb. Finally consider some a € Van vb, 
that is a’ € @ and a! € DB for some i, j € IN. Then a*t? = a'a € ab and hence a € Vab. Altogether 


we have proved the following chain of inclusions 


Vab c Vanb c Vanvb c Vab 


By induction on (v) we know that Va” = Van---M Va (n-times). And this obviously equals a 
such that we get the equality /a” = \/a claimed. And if @ is a radical ideal, to begin with, then 


Vak = Va=a again. 


In a first step let us assume k = 1, thatisa C p C V4, then in particular we have a C p and hence 
Va C \/p. Yet as p is prime we also have \/f =p due to (2.23). Thereby we get Va C p C Va 
by assumption. Now consider an arbitrary k € IN. Then by (vi) we have a* C p C Va= Var. 
Thus by the case k = 1 (using a* instead of a) we get p = Vak = V4, the latter by (vi) again. 


By assumption @ is finitely generated, that is there are a; € R such that @ = (a1,...,an)i. And as 


a is contained in the radical of we find that for any i € 1...n there is some k(i) € IN such that 
ak) Eb. Now let k := k(1) +---+(n) and consider fi,..., fe € a. That is 


n 
i= 3 ae 
i=1 
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(viii) 


(viii) 


for some f;,; € R. Using (1.39) we now extract the product of the f; 


n 


k k k 

[4 = LDS. fuses = De, aes, 

j=l j=l1i=1 i€I j=1 
where I = (1...n)* and i = (i1,...,in) € J. For any h € 1...n we now let m(h) := 
#{j€1...k |i; =h} the number of times h appears in the collection of i;. Then it is clear 
that m(1)+---+m(n) =k = k(1)+---+k(n) Hence there has to be some index h € 1...n such 
that k(h) < m(h). Thereby a)” divides ak” € 6 such that 


n 


k 
bj i= Il, = a”) eb 
j=l h=1 


This now can be used to show f,... fx € 6. Simply rearrange to find 


k k k 
Il4 = DTT fies, = »: fis bi € b 
il j= 


j=l 1 jel \j=l 


Now recall that - by definition - a’ consists precisely of sums of elements of the form 1... fx 


where fj; € a. As we have seen any such element is contained in } and hence a* C 8. 


If a is contained in the radical of the intersection of the a; then there is some k € IN such that a 
is contained in the intersection of the a;. That is a* € a; for any 7 € I and hence a € \/Q; for any 
wel. 


Let a be contained in the sum of the radicals ,/@;. That is a is a finite sum of the form a = 


a, ++...@n where aj; is contained in the radical of a,j). Thereby for any 7 € 1...n we get 


ay € /Qy3) = Ak(j)EN : a € Qii;) 


Now let k := k(1) +--- + k(n) € N, then by the polynomial rule (1.39) 


bs 7 at) 
w= > Is 
ja|=k j=1 
Suppose that for any 7 € 1...n we had a(j) = k(z), then ja] = a(1) +---+ a(n) < k(1) +--+ + 
k(n) = k, a contradiction. Hence there is some j € 1...” such that k(j) < a(j). And for this 7 
we have ane € Qj). Thus a® is contained in the radical of Qiqa) + +++ + Qin) and in particular in 


the radical of the sum of all Q;. 


Proof of (2.27): 
Fix any commutative ring (£,+,-) and consider the polynomial ring S := E[t; | 1 < 7 € IN] in countable 


infinitely many variables over E. Then we take to the quotient where for any 1 <7 € N we have t! = 0. 


Formally 
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R= Shy where © := (t#|/1<ie NN), 
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For any f € S let us denote its residue class in R by f := f +¥%. And further let us define the size of f 


to be the maximum index 7 such that t; appears among the variable symbols of f. Formally that is 


size(f) := max{1<ieEN| da: fla] #0, a; 0} 


Note that this truly is finite, as there only are finitely many a such that f[a] 4 0 and for any a = (a;) 
there also are finitely many 7 only, such that a; 4 0. As our exemplary ideal let us take the zero-ideal 
a := 0. By construction we have (¢;)’ = 0 and hence ¢; € V0. On the other hand we have (for any n € IN 
with n < 2) 


(&)" € (v0)" but (&)" 40 


Thus for any n € WN let us just take some 7 € IN with n < i. Then ¢; demonstrates that (/0)” is not 
contained in 0. Also V0 is not finitely generated. Because if we consider a finite collection of elements 
fis---> fe € VO then just take ¢ > max{size(f;) | 7 € 1...k}. Then it is clear that f; © Elti,...,ti-1] 
and hence ¢; ¢ (fi,..., fx )i. And thereby 


ti g (Pst di/y = ere rar 


Proof of (2.30): 


(i) Consider any a € R, then a € VOM R is equivalent, to y(a) € Vb. That is iff there is some k € IN 
such that y(a*) = y(a)* € Bb. This again is a* € NR, which is equivalent to a € VON R. 


(ii) In order to prove VaS C V@S we have to verify (Va) C VS. Thus consider any a € V4, that 
is a® € a for some k € IN. But from this we get y(a)* = y(a*) € y(a) C aS. And this again is 
y(a) € VaS, which had to be shown. Next, as @ C V/@ we clearly have aS C QS which gives 


rise to the incusion 


vas Cc vas 


Conversely consider any f € S such that f* € aS for some k € IN. That is there are g; € S and 
a; € Va such that 
‘i = nyv(ar) Speen oe InY(an) 


As a; is contained in a there is some k(i) € IN such that ak) € a. Now let us abbreviate 
b; = y(a;), b:= k(1) +---+ k(n) and m:=k- 1. Then we get 
l 
f”™ = (gibi asses gnbn)! = S° ( Jame ae (Gnbn)o™ 
a 


jal=l 


Now fix any @ and suppose for any i € 1...n we had a(i) < k(i), then we had 1 = |a| = 
a(1)+---+a(n) < k(1) +--:+k(n) =1 an obvious contradiction. Hence for any a there is some 
j €1...n such that a(j) > k(j). And for this 7 we get 


2A) = eH _ p2-My (ak) eC ag 


But as this holds true for any a with |a| = / we find that f™ € aS. And this again means that f 
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is contained in the radical of 0S. 


(iii) The equivalence 6 is a x iff y~+(6) is a * has already been proved in the correspondence theorem 


(1.64). Thus from now on y is surjective, then y(q) is a ideal of S due to (1.74). Now compute 


gy ty(a) = {bE R| y(b)€ y(a)} 
= {bE R|Aa€a: v(b) = v(a) } 
= {be R|Ada€ca:b—ackn(y) } 
= {be R|Ada€ca:beatkn(y) } 
= {a+kn(y)|aea} 
= a+kn(y) 


Now by the first claim 6 := y(q) is a « iff py 1(6) = yp ty(a) =a4+ kn(y) is a . And this already 


is the second claim. 


Proof of (3.100): 
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e We will first prove the implication (a) = > (b): that is we regard a non-empty family P C 


Subm(M) of sumbodules of 17. We will give a proof by contradiction, that is we suppose P had no 
maximal element. That is for any P € P there is some Q € P with P C Q but P 4 Q. As P is non- 
empty we can start with some Pp € P. Suppose we have already found Py C Pi C ... C Py where 
P;,€ PB. As P has no maximal elements P; is not maximal, that is P, C Pyi1 for some Py44 € P. 


Continuing indefinitely we would find a non-stationary chain Pp C Py Cc... C Pe C Pray Cc... 


in contradiction to (a). 


Next let us prove (b) == (c): that is we are given any submodule Q <, M of M. To do this let 
us regard the set of finitly generated submodules of @ 


P := {P <n Q| P finitely generated } 


Clearly 0 € P, such that P is non-empty. By assumption (b) contains a maximal element P* € P. 
Now for any xz € Q it is clear that P := P* + Lh(z) is another finitely generated submodule of Q 
[clearly if P* = Lh(a1,...,@,) then P = Lh(x,...,2n,x)|. That is P € P again and P* C P. 
By maximality of P* this is P* = P and hence xz € P = P*. As x € Q has been chosen arbitarily 
this means @ C P* and hence @ = P%*. In particular Q € P is finitely generated itself. 


Let us first close the circle by proving (c) == (a): that is we regard some ascending chain 
Po CPC PC... of submodules P, <m M of M. As the P; for a chain we know by (3.27.(v)) 
that the union 
Pte | a 
keIN 
is a submodule of M again. And by assumption (c) it is finitely generated, that is P = Lh(a1,...,2,) 
for some x; € P. That is for any i € 1...r there is some k(z) € IN such that x € Pyy) 


now take s := max{i(1),...,i(r) } © IN. Then - as the Py for an ascending chain - we have 
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ri € Py GC Ps again. In particular P = Lh(x,...,%-) C Ps such that for any 7 € IN we 
have P C P, © Ps4; © P which implies P,,; = P;. This means that the chain (P,) becomes 


stationary at the index s, which proves (a). 


Proof of (3.105): 


(i) If M is x then P clearly is x as well, as any chain of submodules of P also is a chain of submodules 


— 


a 


of M. Also M/P is x again: by the corrspondence theorem (3.16.(ii)) any submodule of //P is of 
the form Q/P for some submodule Q <,, M. Hence any chain of submodules of //P corresponds 


to a chain of submodules in M and hence stabilizes. 


Conversely suppose both P and M/P are noetherian, then we have to prove that MV is noetherian. 


To do this we regard an ascending chain of submodules 


Qo © Qi Cc... © Qe C Qk+1 Cnn 


Then QoNP C QiNnP © QaNP C ... is an ascending chain of submodules. As P is noetherian 
it stabilizes, that is there is some r € IN such that for any 7 € IN we have Q,4;9 P = Q,M P. Also 


we obtain an ascending chain of submodules of M//P by 


Q+P/p a A+P/ > e Q+P/p C 


As M/P is noetherian as well this chain stabilizes, too, that is there is some ¢ € IN such that for 
all 7 € IN we have (Qi4; + P)/P = (Q; + P)/P. By the correspondense theorem this already is 
Qi4i + P = Q: + P. Now choose s := max(r,t), then for any i € IN we have 


Qs4iNP = Q,NP and Q4;+P=Q,+P 


Now by the modular rule (3.17) this implies Q,4; = Qs, which means that M is noetherian, as well. 


In case that both P and M/P are artinian, we regard a descending chain Qo D Qi D Qo D... 
and use the same arguments as above to show that it stabilizes, as well. All we have to do is 


replace any "C" by" >". 


Clearly M is isomorphic to the submodule M @0 of M@N by virtue of MS M G0: 24 (2,0). 
Also it is clear that NV is isomorphic to the quotient (IV @ N)/(M @0) under the isomorhism 


nN % MON/ ag 2 9 (Gy) +(M@0) 


Thus regarding M @ 0 as a submodule of MZ @ N we know that M @ N is x if and only if both 
M ®0 and (M@N)/(M @0) are x. But due to the isomorphisms this again is equivalent to both 
M and N being x. 


It is really easy to see, that M/(P MQ) can be embedded into (1//P) © (M/Q) by virtue of the 


following map 
Ml pag <3 M/peM/o > £+(PNQ)H («+ P,24+Q) 
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Because, if 2+ P= y+ P and x«+Q=y+4+Q then we have both «—y € P andx—yeEQ. 
And this means 7 — y € PM Q which yields « + (PN Q) =y+(PNQ). Hence the above map is 
injective. As both M/P and M/Q are x so is (M/P)®(M/Q) according to (iv). But as //(PNQ) 
is isomorphic to a submodule of (V/P) 6 (M/Q) and this isomorphic copy is * according to (i), so 
is M/(PNQ). 


(v) As py: M - N is surjective, the first isomorphism theorem (3.73.(ii)) yields an isomorphism 
M/kn(y) > N by virtue of « + kn(y) + v(x). In particular N is isomprphic to a quotient module 
M/kn(y) of M. Now, as M is x, we find that M//kn(y) is x due to (i) and hence N is x because 
of the isomorphy. 


(iii) As P and @ are x by (iv) we know that P@Q is x. But clearly there is a surjective R-module 
homomophism P 6 Q — P+Q by letting (x,y) 4 x+y. The surjectivity is trivial and the R- 
linearity is obvious: a(x, y) = (az, ay) > ax+ay = a(a+y) and (u,v) +(z,y) = (utaz,u+y) o> 
(u+a)+(v+y) = (u+v)+ (a+ y). Hence by (v) we find that P + Q is * again, as it is an 
epimorphic image of P@Q. 


(vi) Since M is finitely generated we can choose some generators x, € M, that is M = Lh(21,...,2n). 


Then we clearly have an R-module epimorphism by letting 
R” -» M : (a4,...,@n) H+ Se ante 
i=k 


As R is x as a ring it also is x as an R-module (in fact this even is equivalent). Using (iv) and 
induction on 7 it is clear that R° = RO RG---@ KR (n-times) is x again. Hence M is x, by (v), 


as it is an epimorphic image of a x module. 


(vii) Let us denote the R-module homomophisms by y: L ~~ M andw: M -» N, that is we regard 


the following exact chain 


vy 


Os a + N70 


As w is injective we find that kn(q) = im(y) is isomorphic to Z under L > kn(w) : e+ v(x). And 


as w is surjective, by the first isomorphism theorem (3.73.(ii)), we also get the isomorphism 


Mh ce +N : y+kn(b) 6 Vy) 


By (i) we know, that / is x if and only if both kn(w) and M/kn(w) are x. And due to the above 


isomorphisms, this now is equivalent to both L and N being x. 


Proof of (3.104): 


e Suppose P C Q is a finitely generated Z-submodule of Q. That is there are some x% = ax /bx 
(where k € 1...) that generate P, then we let b := bybo...b, and be = b/b, € Z. Then any 


element of P is of the form 


n n 


ne = py = (Soni) j € M, 


k=1 k=1 k=1 
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e Suppose M C Q was maximal and choose any g € Q with q ¢ M. Then M+ Zq = Q, as M was 


maximal. Hence we find an epimorphism 
Z—» Ql yg : ke kq+M 


Let nZ be the kernel of this homomorphism, then we have an isomorphy of Z,, + Q/M under the 
correspondence k+nZ +> kq+M. Composing the canonical epimorphism Q + Q/M: rH «2+M 
with the inverse Q/M 4 Z,, we find another epimorphism 


yp: Q>~ 4: ¢tH244+M=a=kq+Mvnk4+nZ 


But a homomorphism of this form always is zero: Let e := y(1/1), then for any prime p we have 
e = y(p/p) = pp(1/p). That is p | e for any prime p and this only leaves e = 0. From this 
reasoning we then get 0 = e = y(b/b) = by(1/b) for any b ¥ 0, which means y(1/b) = 0, such 
that » = 0 altogether. 

In particular y(q) =0+nZ, but q+ M also corresponds to 1+nZ such that 0+ nZ=1+4nZ, 
which means n = 1. That is g+ M =0+4M or in other words gq € M. This finally is a contradiction, 
that can only be remedied, by dropping the assumption of the maximality of M. 


Proof of (3.107): 

The implication (b) == (c) is easy to see, since any noetherian module V already is finitely generated. 
Conversely for (c) == (b) we note that any field is noetherian - as it contains two ideals only. And as 
V =n F” by assumption, it is the (n-times) direct product of a noetherian module and hence noetherian 
itself, according to (3.105.(iv)) 

The same argument holds true for (c) == (a): Since F also is artinian and V =, F” just is a 
finite direct sum of this, we likewise find that V is artinian, too. So it only remains to prove (a) => 
(c): To do this let us start with a basis {v;|7¢J} of V. To begin with, we let Jo := I. Suppose 
Ip to I, have already been constructed, then we commence: If J; 4 @ still is non-empty, choose some 
arbitrary i(k +1) € J, and let Ip44 := Ip \ {i(k + 1) }. Always take Uy := Lh{ vu; | i € I, } the subspace 
generated by the v; where 7 € I. This means Up = Ugii + Fujy 41) and in particular Ug41 C Ux [if we 
had v;(41) © Uz41 this would contradict the linear independence of the basis]. Thus we found a strictly 


descending chain of subspaces 


Vee Ue. DS Op Doe DS UR D° ee: 


But since V is artinian, this chain has to stabilize, that is there is some n € IN such that we cannot 


continue our construction. And this can only occur if J, = 9, which means, that J was finite. 


Proof of (3.108): 


e (a) => (b): given any x € M with z £0 we clearly know, that P= Rx <, M is a submodule 
of M. And since x = 1x € P we have P #0, which only leaves MM = Rz, by assumption (a). 


e (b) => (a): consider any submodule P <, M of M. If P = 0, then there is nothing to prove, 
else pick up some x € P with x 4 0. Now we get M = Rz by assumption (b), but as also 
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M=Rxz C P C M this implies P= M. 


e (b) ==> (c): choose any x € M with x ¥ 0, which is possible since M ¥ 0 is non-zero. By 
assumption (b) we then have M = Ra. Now let M:= ann(x) <i R. Then by (3.22.(ii)) we have 


the following isomorphy of R-modules 
® : TT hes + M : b+ann(x) bx 


Now suppose a <j & is an ideal of R such that m C a. Then the above isomorphy transfers a/m 
to a submodule P = ®(a) <, of MM. But as (b) implies (a) this means P = 0 or P = M. In case 
P =0 we have 0 = M and in case P = M we have 4 = R. This shows that M even is a maximal 
ideal of M. 


e (c) => (a): suppose ® : R/M> M is that isomorphism of R-modules and consider some submodule 
P <m M of M. Thena:= ®-!(P) <, R/m is an R-submodule of R/m. As R is commutative 
it is clear that a even is an ideal of R/m. But as M is maximal, the only ideals of R/m are 0 and 
R/mM itself. In case d = 0 we see P = ®(0) = 0 and in case €d = R/M we find P = im(®) = M. 


Hence 0 and M are the only submodules of /, as has been claimed in (a). 


Proof of (3.111): 
For the moment being - as long as we have not proved that the length of M is uniquely determined - let 


us denote by ¢(M) the minimum length of of a composition series of M 
£(M) := minfreé€ IN| (Mo,™M1,...,M,) composition series of M } 


Also, given any two submodules U and V <, M, we denote the set of all chains of submodules that 
start in P and end in Q by C(U,V), that is 


MESE V) = (Care aie : $F ey 


Vie0...7: PB <p M 
Us= Po © Pi C.a.3<G Py SV 


And we say that two chains (Po, Pi,...,P,-) and (Qo, Q1,.-.,Qs) in C(U,V) are equivalent, written as 
(Po,15---;Pr) ~ (Qo, Q1,---,;Qs), iff r = s and there is some permutation o € S, such that for any 


7 €1...r we have the following isomorphy of the quotient modules 


P; SS Oat 
/p., =i is 


And in this case we say that o assigns the equivalence of (Po, Pi,..., P,) and (Qo, Q1,...,Q,). Thereby 
~ truly is an equivalence relation: clearly (Po, Pi,...,P-) ~ (Po, Pi,..., P,) is assigned by the identity 
I € S,. And if (Po, Pi,..., Pp) ~ (Qo, Q1,.--,Qs) is assigned by o € S;, then the reverse relation 
(Qo, Q1,--.,Qs) ~ (Po, Pi,...,P,) is assigned by the inverse permutation ao! € S,. And finally, if 
(No, Ni,...,N-) ~ (Po, Pi,..., Ps) is assigned by o and (Po, Pi,..., Ps) ~ (Qo, Q1,.-., Qt) is assigned 
by 7 then we also get the equivalency (No, M,...,Nr) ~ (Qo, Qi,---,Qz) that is assigned by the 
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composition Ta, since 


N; ~ P, a aS Q- ot 
Nes eu ( ee mm ( 1 Over 


(i) Let (Mo, M,...,M,) be a composition series of M of minimal length r = ¢(M) and denote 
P; := M,N P. Let us also denote 


Yi: Pa Mil ay :enet+Mi_1 


then it is clear that kn(y;) = Mj;_1N P = P;_;. Hence we find an R-module-monorphism (this is 


the first isomorphism theorem) 
®; : fal Ph > Mal vp :@+tPiyrRartM_-1 


That is P;/P;1 is isomorphic to a submodule of M;/Mj_1. But as M;/M;_1 is a simple module 
this implies P;/P;-1 = 0 (which yields P; = P;_1) or ®; even is an isomorphism (which yields that 
P;,/P;-1 is simple again). Altogether 


P; = P+ or ®; is an isomorphism 


Let us now omit those P; with P; = P;_1, that is if we take to the index set J := {iE 1...r| P, 4 P_1 } 
and q := (#J)—1 then we may renumber the index set J = { a(0), a(1),...,a(q) } with 0 = a(0) < 
a(1) <--+< a(q) and thereby obtain a composition series of P 


0 = P.(0) G Pa) Gy eet XS Pog) =i 


Thereby Pag) = Mr OP = MOP = P. Hence we have obtained a composition series of P 
of length g < r. Suppose we had g = 1, then we did not omit any i € 0...r, that is ®; is an 
isomorphsim for any i € 1...r. Then we can prove P; = M; for any i € 0...r by induction on r: 
Clearly Po = 0 = Mo and if Pi_1 = Mj_, then, as 9; is surjective, it is just the identity map on 
M;/Mj-1. |n particular we get P = MN P = M,N P = P, = M, = M which contradicts the 
assumption P 4 M. 


(iii 


a 


Recall that a composition series (Mo, M1,...,M,) of M is an element of C(0, Z) such that every 
quotient M;/M;_, is simple. We will now prove, that any two composition series (Mp, My,..., M,-) 
and (No, Ni,...,.N;) of M are equivalent. Without loss of generality let us assume r < s, then we 
will use induction on the length 7 of the shorter chain. To be precise the induction hypothesis will 
be: If (Mo, Mi,...,M;,) and (No, Ni,..., Ns) are two composition series of some module M,. = N, 
of length r < s, then (Mo, Mi,...,M,) ~ (No, Mi,..., Ns) are equivalent already. 


For r = 0 we have 0 = My = M, = M, that is M = 0 and hence s = 0, too. Thus for r = 0 there 
is nothing to prove. Also if r = 1 then M = M/0 = M,/Mo and hence M is simple. Therefore 
(0, /) is the only composition series of M, as M admits no other submodules. So from now on 
we only have to regard r > 2 and can assume that the induction hypothesis is already proved for 
length <r—1. 
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As a first case let us assume M,_1 C Ng_ 1. Then we find the inclusions M,_; C N,-; C M= 
M,. But as M;,/M,—1 is simple this already means M,_; = Ns-1 as Ns-1 # N, = M = M... 
Hence 

(Mo y:Migs 235 Misi) oS ENGIN ig soy Not) 


by induction hypothesis. But as M,./M,_-1 = M/M,-1 = M/Ns-1 = Ns/Ns—1 even is an equal- 
ity of R-modules it is clear that this equivalence extends to an equivalency of the same chains, 
appended by 7 

(Mo, Mi,...,Mr—1,M,) ~ (No, Ni,...,Ns—1,.Ns) 


Likewise, as a second case, we suppose N._; C M,_; then the inclusions Nz; C Mp; C M= 
N, imply M,_1 = Ns_1 as N,;/Ns—1 is simple and M,_; 4 M, = M = N,. Thus this case ends 


up in the same equivalence, as the first case. 


So in the last case we may assume M,_; ¢ N,-1 and N,-; ¢ M,—1. Then we find the inclusions 
M,-1 C Ms-1+Ns-1 CG M = M, such that we get the equality M,_1 + N;-1 = M. Now let 
P:= Ns-1 # M and P; := M; P as in (i) above. As we have seen there is some g < r such that 
a(0) < a(1) <--- < a(q) satisfies 


{aati s alg) = t-ecf7-6 liso | Pe Pr 


Suppose we had P,_; = P, = M,NP = P, then M,_1NP = P,_1 = P implies N,_; = P C M,_1 
which has already been dealt with. Hence we have P, # P,_1 that is r € I and hence necessarily 
a(q) =r. Let us finally abbreviate Q; :-= Pay = Macy VP, then Qg = Paw) = Pr = Mp OP = 
P = N,-_1. Also, as P,_1 # P, we find from the construction of the a(i) that Qg—1 = P,—1 (even 
though it might well be, that P,2 = P,_1 but this does not bother us). As we have seen in (i) the 


(; then form a composition series of P = Ns_1 


0 = Qo C Qi Cn asa 3G Qq = Ns_-1 


That is (Qo, Q1,---,Qq-1, Qq) = (Qo, Q1,---, Qg—1, Ns-1). And as as g < r—1 we may use the 
induction hypothesis to obtain the equivalency (Qo, Q1,.--,Qq—1, Ns—1) ~ (No, M1, .--, Ns—1). In 


particular we may append these chains by N, to finally arrive at 
(Qo, Gis sey Qa Ns-1, Ns) or (No, M1, teey Ns-1, Ns) 


We will now prove the equivalency of (Qo, Q1,.--,Qq—1, Mr_1, M,) and (Qo, Q1,.--, Qg—1, Ns—1, Ns) 
which will be assigned by the transposition 7 = (q —14q). That is we will prove the following iso- 
morphies 

Mr-1 O74 > Ne ns Se eat eae 


Ns-1 O45 + Mage oe ah Oe Re a eee 


The injectivity is clear from the definition, if ¢ © M,_1 with e+ N,_; =0+ Ns_1 then « € M,_4N 
Ns—1 = Qq-1. And likewise, if x € Ns_1 with e+ M,_; =0+M,_; then x € Ns_19M,_-1 = Qy-1 
again. Hence M,_1/Qg_-1 is isomorphic to a submodule of the simple module N;/Ns—i. But 
M,—1 = Qg-1 = Mr—-1 7 P would mean M,_; CG P = Ns_1 which has been dealt with in the first 
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case. Hence here x + Qg-1 > « + Ng_1 is an isomorphism. Likewise Ns—1/Q —1 is isomorphic 
to a submodule of the simple module M,./M,—1 but Ns—1 = Qg-1 = Myp—1M Ns—1 would imply 
Ns—1 © Ns—1 which has been dealt with in the second case. Hence 2 + Q,-1 +> x + M,_, is an 


isomorphism, as well. 


But as g < r—1 we may use the induction hypothesis once more to get the equivalency (Qo, Q1,..-, Qg—1, Mr_1) 
(Mo, M1,...,Mr—2, M;—1). And again this can be appended, to (Qo, Qi,..-,Qq—1, Mr-1, M;) ~ 
(Mo, Mi,...,My—2, M;—1, M;). So summarizing all the results we have finally proved, that 


Noa igxces ea Nae) is (05: Oi ys 5. Ooty Neat Ne) 
~ (Q0;:Qi5< ==; Qg—1y M1; Me) 
i (Mo, Mi,...,Mr—2, Mp_1, M,) 


Let (Po, Pi,..., Py) be a composition series of P and (Qo, Qi,...,Qn) be a composition series of 
M/P. Due to the correspondence theorem any submodule Q; of M//P is of the form Q; = M;/P 
for some submodule M; <p M with P, = P C M. Then we get 


M _ M = ~ =P 
Up. = /p = Qi 2m P/g = Pi/p 


That is: as P,/Pp is simple, so is Mj/Pr,. Also due to the third isomorphism theorem (3.73) we 


also find for anyz El...n 


2/0, = ME | ee =a Ml Nis 


where this isomorphism is given by (a + P) + (Mj-1/P) % x + Mj_-1 which is not important 
however. Thereby we have found, that any 1/;/M;_1 is simple again, such that we can assemble a 
composition series of M by letting (Po, Pi,..., Pe, M1,...,Mn). In particular M is of finite length 


and we have found the equality 
&(M) =ktn= “p)+e(M/p) 


It remains to prove that conversely, if M/ has finite length, then P and M/P have finite length, 
too. The case of P has already been shown in (i), it remains to prove this for M//P. Hence let 


(Mo, Mi,...,M;,) be a composition series of /, then we define 


It is clear that Qo = P/P =0 and Q, = (M+P)/P = M/P. And the third isomorphism theorem 
(3.73) yields the following isomorphy 


ke ee | ~ Ce sh 


= Qi/ 
Mp ace BR) PP Qi-1 
Explicitly this isomorphism is 7 + (M;-1 + P) > (a + P) + Q;_1 but this doesn’t matter, really. 
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Let us now regard the following map 
®; : MT Nie zene ek ae > ©@+Mi-1H 24+ (M-1+4 P) 


It is clear that ®; is surjective, given any x € M; and p € Pwesee that z+M;_1 > 4+(Mj_-1+P) = 
x+p+(Mj-1+P). And the kernel of ®; is obviously given to be 


kn(®;) = MEME) rap Ean MT hiss 


But as M;/M;_1 is simple this either means kn(®,;) = 0 (and hence 9; is injective, thereby bijective) 
or kn(®;) = M;/M;_, (and thereby M7; (M;_1 + P) = M; which means M; C Mj; + P such 
that M; + P = Mj_-1 + P which implies Q; = Q;_1). Altogether we have 


M;+P=M;-1+P or 9; is an isomorphism 


Let us now take J :={1...r| Q; 4 Q;-1 }, then for any 7 € I we have that ®; is an isomorphism, 


such that 
M; AY M,;+P Pe F 
SM, pa ey (eee ot a 2/0, 


That is for any 7 € J we find that Q;/Qj_1 is a simple module. And for any j ¢ J we have seen Q; = 
Qj-1. Therefore we can pick up some indexes 0 < a(0) < a(1) < --- < a(n) < r such that J = 
{ a(0),a(1),...,a(m) } and have found a composition series of M/P by (Qai0); Qa(1); +++» Qa(n)): 
In particular //P has finite length again and the equivalency holds true. 


We now turn our attention to the generalization of the above statement for any ascending chain 
0=Phy CPC RC... C P,=M of submodules of M. For n = 1 the equality is clear, as 
P,/Po = M/0 = M. For general n we use induction on n. By the above, we have 


em) = @(@/p .) +e(Pa) 


Note that P,, = M and use the induction hypothesis on P,1 then we may express the length of 
P,—1 [and thereby of M] as the sum 


n-1 n 
&(M) = eee Pe) - DAG Pe) 


Without loss of generality we may assume Po = 0 and PR, = M. Because if Pp £0 or Py A M 
then we may append the series (Po,..., Px) to (0, Po, Pi,..., Px, M) which we will refine instead. 


We will now prove this statement by induction on the length r = @(M) of M. If r = 0 we have 
M =0 and hence the only series of sumbodules of MW is (0) which is a composition series already. 
Likewise for r = 1 we know that M is simple, such that (0, /) is the only series of submodules 
which is a composition series already. Thus let us now assume the refinement-property has been 


established for any series of submodules in any R-module of length r — 1 or less. 


If & < 1 then any composition series of MZ appends (Po, Pi) = (0,4). And as M was assumed 


to have finite length, there is some composition series. Thus we may regard the case k > 2. 
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Then 0 c Pi, C M such that by (i) we have (Pi) < €(M) =r and by (ii) also €(M/P,) = 
€(M) — (P,) < &(M) = r. By induction hypothesis we hence get a refinement (Lo, Li,..., Lp) 
of (0, P;), that is Lp = 0 and L, = P,. And denoting Q; := P;/P, for i € 1...k, the induction 
hypothesis also yields a refinement (Ni, No,...,Nq) of (Qi,...,Qxz). Thereby Nj is of the form 
N; = M;/P,; for some M; <m M due to the correspondence theorem of modules. Therefore 


Moti/p, = Nay = % = *i/p, 


which yields Mai; = P; fori ¢ 1...k. We have seen in (ii) that (Lo, L1,..., Zp, Mo,...,.Mq) is 
a composition series of M. And any P; can be found inside of this composition series: Pp = Lo, 
Py = Ly = My and P; = Mai for any i € 2...k. Hence (Lo, L1,..., Lp, M2,...,Mq) is the 
refinement of (Po, Pi,..., Py) we sought. 


It is clear that < is a partial order on C(0,.M), so we only have to prove the three equivalencies. 
(a) == (b): consider any refinement (Mo, Mi,...,M,) < (No, M,...,Ns), then by (v) we can 
choose a refinement of (No, Ni,...,.Ns) to a composition series (Co,Ci,...,Cr) of M. By (ii) 
the composition series has length t = ¢(M) = r. And thereby r < s < t = r implies r = s, 
which means (Mo, M1,...,M;) = (No, M1,...,Ns). (b) = > (c): now suppose (Mo, Mi,..., M,) 
was no composition series of 1, that is there is some 7 € 1...r and some Q <, M such that 
Mi-1 C Q Cc Mj. Then we already had a true refinement of (Mo, Mi,...,M/;,) by 


(Mo, ...,M,) < (Mo,...,Mi_1,Q, Mi,..., M,) 
such that (Mo, M1,...,M;) could not have been maximal. Finally the implication (c) == (a) has 


already been proved in (iii). 


Consider any y; : Mj_1 — M; then, by the first isomorphism theorem, we have M;_1/kn(y;) > im(y;) 
and hence by (ii) 


(kn(pi)) + €(im(‘pi)) = e(kn(pa)) + (Mi-t/fa(g,)) = &(Mi-1) 


Now recall that the i-th homology module is defined by H; := kn(yi+41)/kn(y;), then the claim 


follows by easy computation using (ii) again 


n n 


De () = Lye (ME avg,)) 
= yy [é(kn(i+1)) — €(kn(yi))] 
2 a 
- S(-1) (kn (i431) = S(-1)'é(kn(yi)) 
i=l =) 
= So(-1)! [e(kn(yi)) + £(kn(y;))] 
i=1 


+(-D"E(kn(gn+41)) — €im(yo)) 
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Proof of (3.113): 
Let us denote the quotient ring Q := R/ann(M). If now M is an R-module, then M can also be turned 


into a Q-module under the scalar multiplication (b+ ann(x)) := bx as has been shown in (3.22.(v)). And 


from this construction it is clear that (for any X C M) 


Lhp(X) = Lho(X) 


In particular the @-submodules of M are precisely the R-submodules of M/. And therefore it is equivalent 


whether M is noetherian (resp. artinian) as an R-module or an an Q-module. This will be used in the 


proof of (i) and (ii). 


(i) 


(i 


(iii) 


(wv) 
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If MZ is noetherian, then in particular it is finitly generated by property (c) of noetherian modules. 
And also, if M is noetherian, then M” is noetherian by (3.105.(iv)). But by (3.23.(iv)) we find an 
embedding Q — M” of R-modules (where n = rank(M)). That is, there is an isomorphic copy of 
Q as an R-submodule of WM”. As M” is noetherian this implies, that Q@ is a noetherian R-module, 


hence a noetherian @-module and hence a noetherian ring. 


Conversely suppose Q is a noetherian ring and / a finitly generated R-module. Then Q is finitely 
generated as an @-module (using the same generators) and hence a noetherian @-module by virtue 


of (3.105.(vi)). But this again means that MW is a noetherian R-module, as well. 


If M is artinian, then M” is artinian by (3.105.(iv)). But by (3.23.(iv)) we find an embedding 
Q — M” of R-modules (where n = rank(J/), which is finite by assumption). That is, there is 
an isomorphic copy of @ as an R-submodule of MZ”. As M” is artinian this implies, that @ is an 


artintan R-module, hence an artinian @-module and hence an artinian ring. 


Conversely suppose Q is an artinian ring and WM a finitely generated R-module. Then Q is finitely 
generated as an @-module (using the same generators) and hence an artinian @-module by virtue 


of (3.105.(vi)). But this again means that / is an artinian R-module, as well. 


If M is finitely generated and artinian then Q = R/ann(M) is an artinian ring by virtue of (ii). 
But from (2.37.(ii)) we know that any artinian ring already is noetherian. Hence Q is noetherian 


and M is finitely generated, such that M/ is noetherian by (i). 


Let us regard K,, := kn(y”) <m MM, then it is clear that the K,, form an ascending chain of 
submodules of 


Ke CRG SAC 


As M is noetherian this chain has to stabilize at some point s € NN, that is K,4,; = Ks. Now 
consider any y € kn(v), as is surjective so is y* : M — M. Hence there is some x € M such that 
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y = v(x). Now 0 = v(y) = v(y%(x)) = vet! (x) that is z € Ks41 = Ks. That is y = y°(x) = 0 


which implies that vy already is injective, as well. 


Let us regard J, := im(y”) <m M, then it is clear that the J, form a descending chain of 
submodules of 


Ip DT Dp D 


As M is artinian this chain has to stabilize at some point s € N, that is [541 = J,. Now consider 
any y € M, as m°(y) € I, = [541 there is some x € M such that y*(y) = y**1(z) = y8(y(z)). As 
y is injective, so is 7* : M — M and hence we find y = y(x). As y has been arbitrariy this means 


that y already is surjective. 


Let us first suppose that r = £(/) < oo that is M admits a composition series (Mo, Mi,..., M,). 
We will prove that M is noetherian and artinian by induction on r. If r = 0 then M = 0 so there is 
nothing to prove. And if r = 1 then / is simple and hence 0 C &M is the only chain of submodules 
of M. In particular 1 is noetherian and artinian. Let now r be aritrary and suppose the claim has 
been proved for any module of length less than r. As Jj is simple it is noetherian and artinian as 
we have argued for r = 1. Also by (3.111.(ii)) we have @(//M,) = €(M) — €(M,) < &(M) =r so 
by induction hypothesis M/M, is noetherian and arininan too. But (3.105.(i)) now implies that 


is noetherian and artinian, as well. 


Conversely suppose /M is both, artinian and noetherian. Then we have to prove that M is of finite 


length. To do this define the set K of all those submodules of M/ that have a composition series 
= Ae Sn A | UR) oe} 


As 0 € K we see that K is non-empty and hence (as JM is noetherian) has a maximal element 
k* € K. By construction A* has a composition series, say (Ko, K1,...,K,). Now suppose we 
had k* # M, then we take to the set £ of all submodules of M that strictly contain k* 


L= {L <m M| K* CL} 


As Ik* # M we have M € £ such that £ is non-empty. Hence (as JM also is artinian) there is a 
minimal element L, € £. Now suppose there is some submodule P <, M with k* C PC Ly. 
If P A K* then P = L, as Ly is minimal with this property. That is L,/K* is simple and 
hence we find a composition series of L. by (Ko, Ki,...,K,, Lx). But remember, A* has been 
maximal among those submodules of M that admit a composition series so it cannot be extended 
to k* C L,. Hence the assumption K* 4 M has to be false and in particular M = K™ itself has 


a composition series. 


We start with (d) ==> (b), but in fact we have just seen in (vi) that a module of finite length is 
both, artinian and noetherian. For (b) == (c) there is nothing to do either, as any submodule of 
a noetherian module is finitely generated - in particular M itself. And (c) == (a) is true, since 
R was assumed to be artinian and we have (3.105.(vi)). So it only remains to prove (a) = > (d): 


Let { := Jac(R) be the Jacobson radical of R. As R is artinian j is nilpotent, that is there is some 
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n € WN such that {” = 0, due to (2.37.(v)). Now define (for any k € 1...n) 
jk—-1 


e.g. Qi = M/iM. As j*-1 lM is a submodule of M it is artinian, too and hence Q, is artinian, being 
the quotient of an artinian module. We will now prove, that any @, has finite length only. This 
will then ensure, that M is of finite length, as well, since by the remark (iii) following the theorem 
of Jordan-Holder (3.111) we know 


n 


eM) = S>€Qx) 


k=1 
Let S := R/j, then Q; can be regarded as an S-module, as any submodule of Q; allows the scalar 
multiplication (a + f)(a +1*M) = ax + {*M. ?? Griines Buch S. 563 Aufgabe 2 


First of all (e) = > (d), as for any 2 € 1...n we can take N; := Mi, ®---09M;G00---80 <p M. 
To be precise also let No := 0 <m ™M then for any z € 1...n we clearly have the isomprphy 
M; >> N;/Ni-a : tj + %j+Mj_1 and in particular M;/M;_; is simple, by assumption (e). Therefore 
(No, Ni,...,N) is a composition series of M such that (17) = r < co is finite. 

The implications (d) = > (a) and (d) ==> (b) have already been shown in (vi). Also (b) => (c) 
is clear, as any submodule of a noetherian module is finitely generated, in particular M itself. 
We will now prove (c) ==> (e): as lM is finitely generated we may pick up some x, € M such that 


M =Lh(a1,...,2n). By assumption M is semi-simple, that is there are some simple submodules 


M; <m M such that 
M = QM 
EL 
That is any x, can be written as a finite sum of some elements x; € MM; and hence there is some 
finite subset Q(k) C I such that 
5 Li 

tEQ(k) 

As n € N is finite and any Q(k) C J is finite, so is the union 2 := (1) U---UQ(n) of these sets. 


And as the x, generate / we see that MM in fact is a finite direct sum, as claimed 


M = QM 


t€QQ 


Hence we have established the chain (e) = > (d) = > (b) = = (c) = > (e). And as we 
already know (d) ==> (a) as well, it suffices to prove (a) ==> (e): as M is semi-simple we have 
M = 6; M; as above. Thereby we may omit all those 2 € J with M; = 0. Now suppose J was 
infinite, then there was some injection a: IN @ J. Then we take [(k) :=I\ {a(j)|j7<k} for 


any k € WN and let 
Ny c= B M; 
i€I(k) 
Then it is clear that the N;, form a strictly descending chain of submodules of MM, that is No D 
N, D> Nz Dd... in contradiction to M being artinian. Hence J could not have been infinite such 
that (e) holds true. 
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(ix) 


If now M even is a vector-space, that is R is a field, then clearly M is finitely generated if and 
only if M is finite dimensional. Hence (f) is equivalent to (c) and therefore to any other of the 


statements, as well. 


Let us denote the set of all ideal-induced submodules aM of M such that M/aM is noetherian by 
P 
Pos {am la <i R, M/au is not noetherian } 


Suppose M was not noetherian, then 0 € P and hence P is not empty. By assumption and (0.23) 


P then contains a maximal element a*//. Let us now denote 


NM = Moen and A := ea, 


Then A is a commutative ring again and we can regard M’ as an A-module. Note that by con- 
struction M’ is not noetherian. Now, given any ideal a <j, A in A, by the correspondence theorem 
ais of the form a =6/ann(M’) for some 6 <; R with ann(M’) C b. We will now prove 


a* c Ob 


To do this regard any a € Q* then for any « € M we get ax € a*M. That is a(a + a*M) = 
ax + a*M = 0+4*M and hence a € ann(M’) C DB. As a has been arbitrary this proves 
a* C ann(M’) C b. Now, by construction it is clear that aM’ = bM/a*M. And thereby the 


third isomorphism theorem yields 


ha ana si | bM/a*M =m My 6M 


But as a* C DB and a* has been maximal this implies either a* = 6 (and hence a = 0) or M’/aM’ 


is noetherian. Now let 


Q = {Q <n M'|anna('/Q) =0} 


Recall A = R/annpr(M’) and that the scalar multiplication of M’ (with A) is defined by (a + 
ann(M"))(2+a*M) = ax +a*M. Therefore we have ann4(M’) = anng(M")/anng(M’) =0 C A 
such that 0 € Q. In particular Q is non-empty. 

If now (Qi) C Q is a chain in Q then we take @ := UL; Qi to be the union of the Q;. As (Qj) 
is a chain Q is a submodule of M’ again. Consider any a € A with a € anng(M’/Q) = 0, 
that is a(M’/Q) = 0 or in other words aM’ C Q. As M is finitely generated, so is M’ say 
M' = Lh(21,...,2n), then we have azz, € Q for any k € 1...n and hence azz € Qi) for some 
i(k) € I. As the Q; form a chain we may take Q; to be the maximum of Qji1) to Qin). Then for any 
k €1...n we have ax, € Q;. But as the x, generate M’ this implies al’ C Q, and therefore 
a € ann(M’/Q;) = 0 such that a = 0. That is ann4(M’/Q) = 0 and hence Q € Q again. Hence 
any chain (Q;) of QO has an upper bound Q and hence the lemma of Zorn yields a maximal element 


Q* of Q. Now take to 
vt. M’ 


Ifa <j, A is any ideal with a 4 0 then by (3.40.(v)) we have aM” = (aM’+ Q*)/Q*. Therefore the 
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third isomorphism theorem again yields 


M" _ M' * ny M' 
As we have shown before we have a* C 6 for a = b/ann(M’). But as a 4 0 and a* has been 


maximal we find that /’/aM’ is noetherian. But as we also have an epimorphism 


M' M' 


This implies that M’/(aM’ + Q*) is noetherian. By the above isomorphism, this makes M”/aM” 
noetherian. So at last we have arrived at an A-module N := M” that satisfies the following two 
properites 

Vad A: a40 = N/a is noetherian 


VQ <mN:Q40 = ann (/Q) 40 


We will now prove that N = M” is noetherian by showing, that any submodule of N is finitely 
generated: So suppose Q <, WN is any submodule of NV. If @ = 0 then there is nothing to show, 
else there is some a € A with a ¥ 0 such that a(N/Q) = 0, that is aN C Q. But as aA 40 
we know that N/aN is noetherian and hence Q/aN <m N/aN is finitely generated. And as M 
is finitely generated, so are N = M” and aN. But as both Q/aN and aN are finitely generated 
(3.90) tells us that @ is finitely generated. 


By now we have established that N = M” = M /Q* is noetherian. Therefore (i) implies that 
A/ann(V) is a noetherian ring. Yet by construction we have ann(N) = ann(M’/Q*) = 0 such that 
A/ann(N) = A. That is A is a noetherian ring. Yet M’ is a finitely generated A-module such that 
(3.105.(vi)) implies that M’ = M/a*M is noetherian. But we have constructed M’ is such a way, 
as to be not noetherian. This contradiction can only be solved, if MZ has been noetherian from the 


Start. 


Proof of (2.43): 


(i) 


(iii) 
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If R is a field, then it clearly is an integral domain and artinin, as well as in this case the only 
ideals of R are 0 and R itself. In the converse direction regard any 0 £a € R, then we obtain a 


descending chain of ideals 


aR GP SS oo GE art Re 


IU 


Since R is artinian this chain has to stabilize, say at n € IN. Hence a” € a"R = a"t!R. That is 
there is some b € R such that a” = a”*1b which yields a”(1 — ab) = 0. But since R also is an 
integral domain and a ¥ 0 this implies ab = 1 and hence a € R* is invertible. Since a # 0 has 


been arbitrary this means, that R is a field. 


If p <j Ris a prime ideal, then Q := R/P is an integral domain by (2.11) and artinian by (2.37.(i)). 


But in (i) we have seen, that hence @ must be a field and hence f is a maximal ideal, according to 
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— 
= 
< 

— 


(2.5). This means we have proved 
Spec(R) = Smax(R) 


Now consider any prime ideal p <j R, by (2.17.(iv)) there is a minimal prime ideal p, underneath 
p - that is p, C Pp, just take @ = 0 to impose no restrictions. But since p, is prime, it already is 
maximal in the artinian ring R. Hence we get p,,, = ~. And as p has been arbitrary, this shows 


>that any prime ideal of R already is minimal 
Spec(R) = Smin(R) 
Suppose { Mm, | 7 € IN} were infinitely many distinct maximal ideals of R. Then by (2.8) we would 
get a strictly descending chain of ideals in R, by taking to 
Mm, D MM. D MyM...M, D MyM...M,Mn41 D 


But this of course contradicts R being an artinian ring. Hence R could only have had finitely many 


maximal ideals, to begin with. 


Let { := JAc(R) be the jacobson radical of R, then we regard the following descending chain of 
ideals of R 


bt i De Sale D 


Since R is artinian this chain has to stabilize, that is there is some n € IN such that j” = {”+!. 
Suppose we had j” # 0, then set of ideals A:= {a <; R|i"G 40} 40 would be non-empty, as 
it contains R. Still R is artinian so we may choose a minimal ideal a € A, satisfying ("a A 0. 
Now we observe 

Hey =" = as 
That is {a is another ideal satisfying i” (ia) 4 0. But as @ was minimal with this property and also 


{a C a we must have ja = a. 


On the other hand, since ja 4 0 there have to be some j € { and a € d such that ja 4 0. Therefore 
i(aR) 4 0, as well. And as @ has been minimal with this property and aR C @ we also find that 


a = aR is a principal ideal. In particular @ is a finitely generated R-module. 


Now, as {” C { = sac(R) and {"a@ = a we may apply Nakayama’s lemma (3.43.(ii)) to find a = 0. 
This of course contradicts {"a 4 0. So a could not have been chosen in the first place, which means 


A =). But this can only happen, if {” = 0 already. 


Finally consider any j € { = Jac(R), then j already has to be nilpotent, as j” € {” = 0. As this is 


true for any 7 € { we have shown the first inclusion in the chain [refer to (2.24.(ii))] 


ac(R) C NIL(R) = ( )Spec(R) C Smax(R) = sac(R) 


(vi) By (iv) we already know that R has finitely many maximal ideals only, say {,,M,...,m, } And 
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in (v) we have seen that the nil radical is the jacobson radical 
NiL(R) = sac(R) = {)m, 


But as (powers of) distinct maximal ideals are coprime M; +M, = R according to (2.8) we may just 


employ the Chinese remainder theorem (1.96.(iii)) to find precisely the isomorphism of the claim. 


(vii 


a 


Again let {1,M2,...,M,} be the set of distinct maximal ideals of R. Also let { = Jac(R) be the 


jacobson radical of R, of which we know {” = 0 due to (v). Then we compute 


r r LG 
() m? oc (n m Ao fT 3 1 
i=l i=1 

Note that the ideals a; := Mm are coprime, since they are powers of maximal ideals (2.8) such that 


the Chinese remainder theorem (1.96.(iii)) once again yields our isomorphy 


Rly & Ba, 


As we have argued above we find d = 4, ---4, = 0, such that R/a is canonically isomorphic 
to R. Also any of the rings L; := R/d; is a local ring, as it is one of the examples following 


proposition (2.128). Its maximal ideal is given to be m;/d;. 


(ii) Let us first assume, F is a local, artinian ring and denote its maximal ideal by mM. Then clearly 


m = Jac(R) and hence there is some n € IN such that m” = 0, according to (v). Now regard 
k-1 
Qh c= m m* 


eg. F := Q1 = R/M is a field. The other Q; are R-modules, but we can also consider them to be 
F-vector spaces under the scalar multiplication (a+m)(x+m*) = ax+m*. Since R is artinian (as 
an R-module) so are its submodules m*—!. Hence the Q; are artinian R-modules, being quotients 
of such. As any R-submodule of @; already is a F'-subspace, the R-submodules and F’-subspaces 


are precisely the same sets (3.40.(ix)). Hence they also are artinian as F'-vector spaces. 


But by (3.107) this means that any Q, is finite-dimensional vector space and hence noetherian. As 
both Q, =m m+! and Q,-1 = m"~?/m"~! are noetherian, so is M”~?, according to (3.105.(i)). 
By induction we find that R is noetherian as an R-module and hence as a ring. 

If R is not local, then by (vii) it still is isomorphic to a direct sum of local artinian rings L;. And as 


we have just seen, any L; is a noetherian ring. Hence by (2.37.(iii)) Li @--- @ L, is a noetherian 


ring, due to the isomorphy, so is R. 


Proof of (2.34): 

Let Z:={a C R|a <j, R} denote the set of ideals of R. Then we can install a partial order on Z by 
letting a < 6 if and only is 6 C a. Then the equivalency (a) <= (b) is just an application of (0.23) to 
the partially ordered set (Z, <). 
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The main part (a) == (e) of the theorem has already been proved in (ii), (iv) and (v) of (2.43). And 
the implication (e) ==> (d) is easy to see: We need to prove Spec(R) C Smax(R), so let p <i, R be 
any prime ideal of R. By assumption VO = NiL(R) = sac(R) = M,O---AM, where mM, to m,. are the 
distinct maximal ideals of R. Then by (2.8) 


and as P is prime, this means M; C Pp for some i € 1...r. But as M; is maximal and p ¥ R this implies 
mM, = Pp and in particular p is maximal. 

The next step (d) == (a) uses another major theorem, the structure theorem of noetherian modules 
(5.14). By assumption R is a noetherian ring and thereby a noetherian R module. Hence there is a finite 


ascending chain of submodules 
0=M cc Mc... Cc M, =R 


where every quotient Q, := M;,/M,_1 is isomorphic (as an R-module) to R/p, ~Q; for some prime 
ideal p, € Spec(R). But by assumption we have Spec() = Smax(R) these p, <j R already are maximal 
and hence ¢(R/p,) = 1, as 0 C R/P, is the one and only composition series of R/p,. In particular we 
find 


UR) = SQ) = D1 = % <0 
1 


k=1 k= 


The last step (c) == (a) is trivial, as any (descending or ascending) chain of ideals (equivalently of 


R-submodules) has £() as an upper bound. 


Proof of (3.114): 
This proof is has been taken from the paper Bilinear Maps on Artinian Modules by George M. Bergman 
[2012]. It will require several steps: 


e In a first step let us assume that b is non-degenerate, then we will eventually prove that L and 
M are of finite length: Let us denote the submodules of L that appear as orthogonal complements 
under 6 by 

Ore(L) := {Qt (Os, mM } C Subm(L) 


Since L is an artinian module the partially ordered set (Subm(L), C) satisfies the DCC. And as 
Orc(L) C Subm(ZL) is a subset, we in particular find that (Orc(L), C) satisfies the DCC. Likewise 
orc (MM) C Subm(M) satisfies the DCC under the partial order C. But by (4.105.(i)) we have a 


Galois connection 


Orc(L) <> Orc(L) 
P + Pr 
Om Ah TO 
As this correspondence is order-reversing, the DCC of (Subm(L), C) is turned into the ACC on 
(Subm(/), C) and vice versa. That is the partially ordered sets (Subm(ZL), C) and (Subm(M), C 


) satisfy both ACC and DCC. In particular we know by (0.24) that any chain in (Subm(L), C) is 


finite and can be refined to a maximal chain. Refining Mt = 0 Cc L = 0+ we get a maximal 
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ascending chain in Orc(L) 


OS Foie Pine x2.°GuP. = pb 


Due to the one-to-one correspondence any Py € Orc(L) it is of the form Py = QZ for some 
submodule Q, € Orc(M) where we have Qt = Py again. In particular the Q; for a maximal 
descending chain in Orc(M), that is 


M=Q0 2D Qi D... D Qn = 0 


We will now prove that for any & € 1...n the following map is well-defined, bilinear and integral. 


But let us take one step at a time 
by 2 Pe Pp * M-r/ 0, +N : (ut Pri, + Qz) > b(u, x) 


First of all b;, is well-defined, if (w+ Py_1,2+Qz) = (v+Pe_1,y+Q,) then v—u € Phy = Ona 
and y—2%€Qp= ise That is b(u — u, y) = 0 for any y € Qz_1 and likewise b(u, y — x) = 0 for 


any u € Px. But then we can compute 


b(v, y) = b(v — U, y) al b(u, y) a b(u, y) 
b(u,y — x) + b(u,x) = b(u, x) 


That is by, is well-defined and it clearly inherits the bilinearity from b. We also claimed that bj is 
integral, that is for any @ = u+ Pp_y © Py/Pp_-1 and any © = «+ Qe © Qr_-1/Qx we have the 


implication 


bea, ©) =D w= 0 ore =0 


So let us start with any u © PR = 0; and x € Qy_-1 = Palas It is clear that for the submodule 
Ru <m L we have 


(Ru)! = {rE M|VaeR: b(au,z) =0} 
{xe M | db(u,x) =0} 


And as u € Py = Q¢ we have Ru C Q+¢ which turns into Q, = (Q¢)' C (Ru)'. Thus as 
Qz © (Ru)! and as Qe C Qz_-1 we have 


Gee Qr1M (Ru)! C Qk-1 


Thereby Qy-19 (Ru)! = P_, 9 (Ru)! = (Pe-1 + Ru)! from which we get Qp-1.9 (Ru)! € 
Orc(M). However we have chosen the chain Qo D ... D Qe-1 D Qe D... D Qn to be 
maximal in Orc(M). That is we either have Q, = Qp_-1 (Ru)! or Qp-1M (Ru)! = Qz-1. In 
the second case we see Q,_1 C (Ru)! and thereby Ru C ((Ru)')+ C Qt, = Qz-1 which is 


u © Qz_1 and thereby @ = 0. So let us assume this is not the case, then necessarily 


Qe = Qr-19 (Ru) | 


If we have b(u,x) = 0 then x € (Ru)! and as also x € Qz_1 this implies x € Qy. But this is 
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x = 0. Thus we have proved that b; also is integral. And by (4.105.(iv)) this implies 
uw #0 and © 40 => ann(u) = ann(z) © Spec(R) 


Let p, := ann(w@) = ann(%) be the common annihilator ideal of all the non-zero elements % € 
Py / Py and © € Qy_-1/Qz respectively. Then P;./Py_1 (and Qp—1/Qx) are modules over the ring 
R/~, by virtue of the scalar multiplication (a + p,)u := au. But by (3.22) we have the following 


Fly. =n A Sm hom 


such that R/p; is isomorphic to a submodule of the artinian module L/P,_1. Hence R/p, is an 


isomorphy of R-modules 


artinian R-module itself, but this is the same as being an artinian ring (as in a commutative ring 
submodules are ideal). As p, is a prime ideal R/p, is an integral domain and hence a field, by 
(2.43.(i)). Thus P;,/P,—1 is a vector space over R/p,. But Py/P,—1 also is artinian, since Py <m L 
and LF is artinian. But an artinian vector space has finite length, as we have seen in (3.107), resp. 
(3.113.(vii)). Now we can finally apply (3.112.(iii)) to find 


any = Ye(Fe/p) < 0 
k=1 


That is L has finite length, at last. And as the same reasoning holds true for the modules Q,-1/Qz 
we find (in complete analogy) that 1 has finite length, as well. 


For an arbitrary note that by (4.105.(ii)) b induces a non-degenerate bilinear b map of the following 
form 

Db: Eng? x eae +N: (u+M~,x+L") Hy b(u, x) 

And as L and M are artinian, so are the residue modules L/M+ and M/L'. Then by the item 
above we find that L/M+ and M/L' are of finite length, which was one of the claims. 


As special case of a bilinear map is t: L x M > L @ M given by t(u, x) := u® a. Though it is 
of no importance to us let us note, that in this case we have L' ={xreE M|VucL:ue@xr=0}, 
again 
ee!) M ‘ aE T 
» fat x tT > LOM: (ut+M~,c4+L') Hb u@e 
By the universal property of the tensor product this bilinear map ¢ now induces an R-linear map 


L® + LOM : u+M & ctl rH UBL 


This map is an isomorphism however: If we denote the canonical projections onto the residue 
modules by o, : L » L/M+:utsu+M? and likewise oy: M —- M/L': 2+ 2+L! then it 
is clear that oz © gz is the inverse map, as it is given to be (0, ® eu) (u®@x) = or (u) ®@ eu(x) = 
(u+ M+) @ (2+ LL"). In particular we have the isomorphy of 


Ef ys @M/ yr ~n LeM 


739 


But in the item above we have proved that both L/M+ and M/L' are modules of finite length. 
And hence L ® M is a module of finite length, too as by (3.149.(iii)) we have 


(L@M) = e(4/yie™/;7) 


(Haas) +e(M/ar) < 


IA 


Proof of (4.70): 


(i) For any a and 8 € Asc(r, n) let us denote the following map of the form Dag : matn(R) = (R")” > 
R, defined by 
Da,g(A) := det(Ala | S]) - det(A[@ | 8) 


In a first step we will show that Dag is multi-linear. However we will do this for the first column 
of A only, as the other columns are just more notational fuzz. That is for any a € R and any 


a1, 42,...dn € Rand any b; € R” we need to show the properties 


De BGGis Ga; 2i<s0n) (S? ODyeGi day Oy) 
Dap(ar + b1, a2,.-. Ore) — Da,p(a1, 1p rerenera An) + 
Dag(b1, a2, a On) 
To further complicate things we denote 2’ := (Ze(a\s-++92oa(r) for any a = (1, 79,...50n) € BR”. 


The scalar multiplicativity is quite obvious: If 1 € $(8) then aa‘, appears as the first column of 


Ala | 6] and as the determinant is multi-linear we call pull the a in front. That is 


det((aaj a2 ... an)[a| 8]) = adet((a; a2... an)[a | 8) 


o~ n~ 


And in this case 1 € S() we also get 1 ¢ S() such that first column of A is scratched in A[@ | {] 


and with it a. Therefore we then get 


det((aa; az... dn)[@| B]) = det((ay a2 ... an)[@ | 6]) 


n~ 


If 1 ¢ S(G) then 1 € S(3) so in any case the first column of A is scratched from one matrix but not 


from the other. So in both cases we find the first equation, needed: 
Do-p( ai, 02, 0%) = @Deg( 014005. <Gn) 


Next we need to verify the additivity of Dy g - to do this we need to introduce some matrices: First 
of all A := (a, a2... Gp) then Bo := (b1 0... 0) and lastly B := (b; ag ... ay). Using these we 


need to verify (compare this to the second equation above) 
Da,p(A + Bo) = Dap(A) + Da,p(B) 


Again we need to distinguish two cases, beginning with 1 € S(). In this case (A + Bo)la | 6] 


contains a‘, + {, as the first column and as the determinant still is multi-linear we can pull out that 
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det((A + Bo) [a| @]) = det(A[a| #]) + det(B [a | 6]) 


o~ 


Note that in case 1 € S(G) we have 1 ¢ S(3) again such that the first column of A+ Bo is scratched 


o~ 


in (A+ Bo)[@ | 8] entirely. Thus Bo does not affect the result at all. And as A and B only differ 


o~ o~ 


in the first column, we also have A[@ | 3] = B[a | 8] such that 
det ((A + Bo) la | 3]) = det (A la | 8]) = det (B la | 8]) 


If we combine these two equations and use the law of distibutivity we find the second equation 
needed (in case 1 € S()) 


Da,g(A + Bo) 
= det((A+ Bo) [a | 6) - det ((A+ Bo) a | §}) 
= (det (A [a | 4]) + det (B [a | ]))- det (A a | 8]) 


= Da,9(A) + det (B [a | 8]) -det (A [@ | 8) ) 
= Da,9(A) + det (B [a | 6]) - det (B [a | 8]) 
= Dg,g(A) + Da,a(B) 


o~ 


If 1 ¢ S(8) then 1 € S(8) so in any case the first column of A+ Bo is scratched from the first 


matrix but not from the second. In complete analogy to the above we arrive at 
Do,g(A+ Bo) = Da,s(A) + Da,a(B) 


Altogether for any a, 8 € Asc(r,n) the map Da,g is multi-linear. Hence any R-linear combination 


of these maps is multi-linear, such as 


D(A) = DD (21D (A) 
BEAsc(r,n) 


Note that D.(A) is precisely the expression of which we need to show that Da(A) = det(A). In 
a next step we will prove that Dg is alternating: That is whenever A has two equal columns, such 
aS Gp = Aq for some p< q€1...n then we need D,(A) = 0. If both p and g € S(8) then Afa | 3] 
contains aj, and a/, which are equal and hence det(Ala | 3]) = 0. Hence all the summands of Dq in 


which { p,q} C S(G) vanish. The same is true if {p,q} C S(8) that is if p ¢ S(3) and q ¢ S(). 


Thus we may split D, into the distinct sums 


D(A) = Gasp eA 
peS(B),4¢5(8) 


ys (—1)!*1+161_D, @(A) 


péS(8), qeS(B) 
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That is these two distinct sums run over the following subsets of Asc(r, 7) 


P := {BE€Asc(r,n) |p € S(8), a ¢ S(B)} 
Q = {BE Asc(r,n) |p ¥¢S(B), ¢€ S(B)} 


If 8 € P then let us define (’ € Asc(r,n) such that p is replaced by g. That is (’ is the uniquely 


determined ascending of indexes chain with 


S(8') = (S(8)\{p})U{a} 


Note that 3 ++ (’ is a bijection from P to Q, as the inverse map is given by replacing g by p. Also 
it is clear, that |6’| = |G] —p+q, ie. 


Ie'|-|8| = a-p 


Now what does (’ look like? Let 7, 7 € 1... such that p = 3(z) and gq = §’(j). Then we see that 


B' with d:= j —i> 1 is precisely the following chain of indexes (in ascending order) 


61) = B(1) 
Bi-1) = Bi-1) 
Bi) =p 
B'(2) = BG+1) 
B(i+td-1) = B(it+d) 
B'(it+d)=q 


That is: The middle section of 6’ is a shifted version of the middle section of 6 and hence we can 


decompose A[a | (] into three blocks 


/ —_ / 

Ay = ai 5-1) 
/ 

Ag := Os(441) 5:44) 
/ 

Ap = | 4supan1) -*- %) 


That is Ala | 6] = (A‘, ai, AG A’p) (recall that the prime denotes the scratching of rows due to a) 
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and likewise Ala | 8’] = (A), Aly aj, Alp). But as a, = a/, we see that we get Ala | 6") by permuting 


the columns of A[a | 8] with the cycle ¢~! where ¢ = (ti +1...i+d) and hence 
Ala | 6'] = Ala | 6] Po? 


As ¢ € S, is a cycle of length d+ 1 we have sgn(¢) = d and hence det(P=") =‘sqn(c)- > = 
(—1)~¢ = (-1)%. Altogether 


det (Ala | 6'J) = (—1)4det (Ala | 5]) 


Let us summarize: Since we get to 3’ by shifting d+ 1 elements of 3 the determinant of Ala | 3”) 
gains the factor (—1)¢. The same consideration applies when we compare I to B. As p € S(8) 
we have p ¢ S(’) and then again p € S(B'). For the same reason q ¢ S(B’). Only the indexes 
of B from p to g are shifted. But how many are there? First of all there are g — p+ 1 numbers in 
between, but of these d belonged to § (including p). Thus we have to shift g — p — d indexes to 
turn B into BI and therefore 


det (Ala | A)) = (-1)?-** det (4a | 8)) 
Altogether 


Do,(A) = det (Ala | 8"]) -det (Ala | i) 
= (-1)4det (Ala | A]) -(-1)"? 1 det (Ala | 8]) 
= (-1)*P1 det (Ala | §]) - det (Ala | 3)) 
= —(-1)*?Da,6(A) 


That is every 8 € P has a partner 6’ € Q such that the respective summands in D, cancel each 
other. Formally we may compute 


S—(-1e!*!81D, a(A) 


BEQ 


= S-(-D ie F'lD, gr(A) 


BeP 


= — So (-pleltlsl-p+a(_1)4-? Dg (A) 
BeP 


= — S>(-alel*!4lDa (A) 


BeP 


In a final step we will prove Da(In) = 1. To do this we will first show det(I,[a@ | 8]) = da,8. By 
the definition of the determinant we can evaluate this explicitly 


det(Inla| 8]) = S— sgn(o)] [ent,,.((Unfe | 8) 
i=1 


o€Sr 
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(ii) 
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S= sgn(o) | [ ba0a,a008) 
4=1 


o€Sr 
lifa= Bo 
= So sgn(c) 
se6: Oifa¥ Bao 


However if a@ = Bo then in particular S(a) = S(3) and hence a = f. That is we have det(1,,/a | 
B]) = 0 whenever a # G. In case a = B we have a = fo if and only if a = I which features 
sgn(Il) = 1. Thus in case a = £ we have det(1,,[a | 6]) = 1. In this case we also have @ = B such 
that 


Da,g(Un) = 9a,8 
— > D,(In) = ss (—1)lel+1415, = (-1)2el = 1 
BEAsc(r,n) 
In the three steps above we have finally shown, that Dg, is an alternating, multi-linear map, so by 


lemma (4.55.(iv)) we now find 
D(A) = Da(ln):-det(A) = det(A) 


Thus we have proved the first formula in the Laplace expansion theorem. But as A*|a | 3] = A[G | 
a|* (4.83.(i)) and the determinant is invariant under transposition (4.55.(i)) we find Dg,g(A*) = 
Dg ..(A). Thus the second formula in the Laplace expansion theorem follows by applying the first 


formula to the transpose matrix A*. 
Now consider the product matrix C = ABmat;,,(R), that is the (i,7)-th entry of C is qj; = 


(row;(A), col;(B)). Then for any p, gE 1...r the (p,q)-th entry of Cla, 7] is 


enty ¢(Cla, y]) = eNtai)n(q) (C) 
rowa(py(A), col )(B)) 


= Yeu 6 B,4(q) 


We now evaluate the determinant of Cla,7y] explicitly, using nothing but the definition of the 


determinant, which is 


det(C[a, ¥]) 
= to sgn(c) II enty «(p) (Cla, y]) 
o€S, p=1 
= > sgn(o) [I do 2a ),8 &B,y0(p) 
o€S, p=1 \@=1 
= S> sgn(o es .3 Werner P),70(p) 
o€S, BA)=1 ue =1p=1 


= So SE sgn(o NT ean 8(p) 8p) 10(0) 


BE(1...m)" cE Sy 
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» Ie (p),8(p 2, 897) |] bate) ret 
re 


BE(1...m)” p o€S, 
bea)ro(t) «++ 58),y0(r) 
— S> Tl Qa( (p), B(p ) det i : 
d:; “m) 
po ber)yo(1) -++  OB(r)qo(r) 
= S> I Qa(p),B(p ) det(B (Bie | 7) 
BE(1...m) 


If 8(p) = B(q) for some p # q € 1...r then the p-th and q-th rows of the matrix B[G | y] are 
the same and hence its determinant vanishes. Thus this sum breaks down to the terms in which 
B:1...r 4 1...m is injective. There is an equivalency relation on the set of injections from 
1—rto1...m however, by letting 8 ~ 6’ if and only if 6(1...r) = B’(1...1r). Every equivalency 


class [3] has a uniquely determined representative 6 € Asc(r,m) and the class then is 


[8] = {BeleeS,} 


r 


Thus we may split the sum over all (injective) G € (1...m)" into a sum over 6 € Asc(r,m) and a 


sum over all 0 € 5S; 


det(Cla,y]) =  O pc »),Bo(p) det(B[Be | 7) 
BEAsc(r,m) @€ Sr p=1 


Now we see that for any fixed G € Asc(r,m) the matrices in the above term are just different 
versions of the same matrix subjected to a permutation of rows B[Ge | y] = Po B[G | y] In particular 
their determinants are just sgn(g) times the determinant of the original matrix. Using this the 


determinant of C[a, 7] can finally be written in the desired form 


det(C[a, 7]) = Ss" S- II Ae(p),80(p)S9(@) det(B[B | 7]) 


BEAsc(r,m) @€S p=1 


S° det(B[6 | 7] ys sgn(o TL oan ),Bo(p 


BEAsc(r,m) QESr 
= det(5Ih| 1) aerate |) 
BEAsc(r,m) 


Proof of (4.72): 


(i) As the column rank of A has been defined, as the maximal number of linearly independent columns 
of A it is clear that c-rank(A) < n. For any j € 1...n let us now abbreviate c; := col;(A) € R™ 
the j-th column of A. As R™ = Lh{ e1,e€2,...,€m } is generated by m elements lemma (3.93.(i)) 
tells us, that - whenever J C 1...n with #J > m-+1 - the set {c; | j € J} is linearly dependent. 
In particular the number of linearly independent columns c; cannot exceed m, that is c-rankA < m, 


as well. 
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(iii) 
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For the same property of the row-rank just consider the transpose matrix A*. As this satisfies 


r-rank(A) = c-rank(A*) < min{ m,n} the statement is already proved, as well. 


The same reasoning can be used to prove c-rank(A) < i-rank(A): By definition of the vector- 
matrix multiplication we have Aw = 2c; +--+ +2nc, € R™ for any x € R” and thereby im(A) = 
Lh{ci,...,¢n }. In particular cy := {cj | 7 € J} C im(A) for any J C 1...n. Now pick up 
a generating set {21,...,2-} C im(A) of im(A) such that r = rank(im(A)) = i-rank(A). If 
J C 1...nsuch that c, is linearly independent, then necessarily #J <r, by (3.93.(i)) again. And 
as c-rank(A) = #J for some J C 1... this means c-rank(A) < r = rank(im(A)) = i-rank(A). 


Remark: In the proof of (i) we used the very intricate lemma (3.93.(i)) which in turn uses Hilbert’s 
basis theorem and the theory of noetherian modules. In the case of a field R, this argument can be 
replaced by (3.63.(vii)) which likewise implies that #J < dim(R™) = m. 


Let us abbreviate B; := col;(B) and suppose for some J C 1...n the vectors { B; | j € J} are 


S > aiB; = 0 


je 


linearly dependent. That is we have 


for some a; € R that are not all = 0. But since A is linear this already implies, that { AB; | 7 € J} 


is linearly dependent as well, since 
SC aABy = Al S aby) = AO) =.0 
jet jet 


Negating the statement we find: If { AB; | 7 € J} is linearly independent then { B; | 7 € J} has 
already been linearly independent. Recall that the AB,, AB, to AB, are precisely the columns 
of AB. Hence 

c-rank(AB) <_ c-rank(B) 


Recall that (AB)* = B*A* since R is commutative. Such that, going to transpose matrices, we 


find the following inequality from this 


r-rank(AB) = c-rank(B*A*) < c-rank(A*) = r-rank(A) 


Let us abbreviate A’ := Ala | 8] and q := c-rank(A’). For ease of notation let us also as- 
sume that col;(A’) to col,(A’) € R™ are linearly independent columns of A’. We now define 
the map P, : R™ > R” by virtue of Py(x) := x’ where for x = (21,...,2m) € R™ we let 
@ 3= (Latiys-++) Lai) € RK”. Then it is clear, that 


col;(A’) = Py (colg(;)(A)) 


for any 7 € 1...s. We will now prove that colg(1)(A) to colg(g)(A) are linearly independent. To do 


this let us assume there was some relation between these vectors 
q 
Soa; colg(;)(A) = 0 
j=l 
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— 


As the projection P, is R-linear this would also yield a relation between the vectors col;(A’) to 


col,(A’), since 


(an) 
II 
3U 
gS 
wR. 
io) 
° 
RB 
= 
—— 
aN 
Sy 


But since these are linearly independent by assumption, this means a; = 0 for any 7 € 1...q. But 
this is precisely the linear independence of the col(;)(A). That is A contains at least q linearly 


independent columns and hence we find 
c-rank(A’) = q <_ c-rank(A) 


For the row-rank we simply take to the transpose matrix: Note that Ala | ]* = A*[G | a] and use 
the inequality we have just shown for the column-rank 

r-rank(A) = c-rank(A*) > c-rank(A*[@ | al) 
c-rank(Ala | 8]*) = r-rank(Ala | ]) 


Define a € Asc(r,m) by a(i) = 7 for any i € 1... and consider the submatrix A’ := Ala | pu] of A. 
That is a,j = Ga(i),u(i) = Fp (i) # 0 and ai, j = Ga(i),uj) = Fu): If now j <1, then (7) < pu(i) 
such that the assumption on A then yields a = 0. Altogether A’ is a square, upper triangular 


matrix non-zero entries on the diagonal 


A1u(1) F,u(2) +++ F1,u(r) 
Fe a OL) 
0 Sie 0 Gp p(r) 


We will now prove, that in this case r-rank(A’) = r. That is we need to show that all the r rows 


of A’ are linearly independent. Suppose 
So ai row;(A’) =. 0 
i=1 


then we have to show that all the a; are zero. We start with a, and use induction down to ay. 


Since the sum in R” is zero, so are all its components, in particular 


r r 
/ / / 
= P a; row;(A’)| = ) Aji Ay, = Ap App 
=i i=1 


r 
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In the last step we used that a/,; = 0 for any 7 <r. But we also have a/,,. # 0 which means - since 


Ris an integral domain - that a, = 0. Now suppose we already had a, = a-_, = ++: = ag41 = 0. 


Then we want to show, that a, = 0, as well. To do this compute 


a bs a; row;(A 
i=l 


by induction hypothesis. As before Oe = 0 for any 7 < k such that this sum also boils down to a 


- 


k 
= ) Qi [row;( (A’)] = 5 Qi [row;(A 
i=1 


k i=1 


single term 
pS ay [row;(A 23 A O,; = — Gk Vy 


Again, as Or, , #9 and R is an integral domain we conclude az, = 0. Thus we find a; = 0 for any 


i €1...r, which means that the rows of A’ are linearly independent and therefore r-rank(A’) = r. 


In exactly the same way we can prove that c-rank(A’) = 0, in this case we would start with a; = 0 


and use induction up to a, = 0. But as A’ is a submatrix of A item (iii) tells us, that 


c-rank(A) > c-rank(A’) = r 
r-rank(A) > r-rank(A’) = r 


On the other hand the assumption on A includes row;(A) = 0 for any i > r. That is in truth A is 


of the following form 
— row; (A”) 


—  row,(A”) 
0 ee 0 
0 me 0 
for some A” € mat,,(). As the zero-rows clearly at the bottom do neither contribute to the 


column-rank nor the row-rank of A we have c-rank(A) = c-rank(A”) and also r-rank(A) = 
r-rank(A”). It is clear that r-rank(A”) < r such that 


r = r-rank(A’) < r-rank(A) = r-rank(A”) < r 


and we finally get r-rank(A) = r. But by (i) we also have c-rank(A”) <r, such that the same 


argument holds true for the column-rank and we also find c-rank(A) = r according to 


r = c-rank(A’) < c-rank(A) = c-rank(A”) < r 


Let us first prove c-rank(A) = free(J/): To do this consider some set J C 1...n of indexes, 
such that {c; | 7 € J} is linearly independent, but for any k € 1...n\ J the set {cj | jE J}U 
cy, is linearly dependent. Then L := {c;|j¢J} and X := {c,|keE1...n\ J} satisfy the 
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assumptions of corollary (3.96.(v)). Therefore we find 


#J = free(M) < rank(M) = i-rank(A) 


c-rank(A) = = 
The proof of r-rank(A) = free(V) is just the same: In this case we pick up J C 1...m such that 
L := {r; |i € TI} is linearly independent such that for any k € 1...m\J the set LU{r;} is 
linearly dependent. Then (3.96.(v)) again implies 


r-rank(A) = #I = free(N) 


(vi) It remains to prove that c-rank(A) = r-rank(A). Let us abbreviate the j-th column (where j € 
n) of A by cj := col;(A) € R™. If now r = c-rank(A) then there is some 8 € Asc(r,n) such 


ae 
that 

{ eg(i) |i€ Leer ae 
is R-linearly independent. Let E := quot(R) be the quotient field of R, then by (3.60) this set is 


E£-linearly independent as well. Thus it even is a basis of 
<, BE” 


—Vv 


i Lhe{ cei) | 4 € Peony 


By assumption any other c, is R-linearly dependent on this set, that is for any k € 1...n there 


are coefficients ¢; ;, € R such that 
i. 
Ch = Stk CB(i) 
i=1 
We will later use the matrix of these coefficients T := (t;,,) € mat,,(R). In particular it is clear 


that U even is the entire column space of A 


U = Lhe{c;|j7E1...n} Ky 


—Vv 


Let us define the submatrix A’ € matm,-(R) of A that is made of exactly these r linearly independent 


columns of A, that is 
| | 


A’ := | cgay ca) CB(r) 
Q1,8(1)  41,8(2) 21,8(r) 
_ | 2,60) 42,62) 22,8(r) 


Am,B(1) %m,6(2) 


Looking at proposition (4.20) we see that X = A and Y = A’ such that A = A’T. But on the other 
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hand we can compute 
— T*row,(A’) —— 
— prayers — 
T*rowm( A? —— 


Thereby for any pel... 


ac) tr Ay B(1) 
Te row,(A’) = ; 


es iat Fp 9 (2) 


Dizi tin p,6(i) 
tit 
= Gp ,B(i) 
i=1 
tin 


r 


S> Ap, B (a) row;(T’) 
i=l 


In particular we see that for any p € 1...m the p-th row of A is a R-linear combination of the r 
rows of T’ 
row,(A) = T*row,(A’) € Lhp{row,(T)|iel...r} 


Hereby the row space of T’ (as a subspace of &”) is generated by r elements and hence is at most 
r-dimensional. Therefore there can be at most r E-linearly independent rows row,(A) of A. But 
if any r+ 1 rows of A are E-linearly dependent by (3.60) again, they are R-linearly dependent 
already. And this finally means 


r-rank(A) < r = c-rank(A) 


Note that this inequality has been established for any matrix A of any size. Thus it also holds true 


for B := A*. And with this we also find the converse inequality 


c-rank(A) = r-rank(B) < c-rank(B) = r-rank(A) 


(iv) As R is an integral domain and det(S) 4 0 corollary (4.65.(ii)) tells us that kn(S) = 0. That is for 
any z € R™ we have Sx = 0 if and only if e = 0. On the other hand the columns of SA clearly 


are Sc; 
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(vii) 


Thus if we regard some subset J C 1...n and 2; € R, where j € J then for x = )/, xjc; € R™ 


we find the equivalency of 


sae =0O0 <— Se, = §$ So aye; = 0 


jet jet jet 


Therefore {c; | 7 € J} is linearly independent if and only if the set { Sc; | j € J} is linearly 


independent. And as the Sc; are the columns of S'A this in particular means, that 
c-rank(SA) = c-rank(A) 


Note that this has been proved for any matrices A and S. Thus given A and T consider B := A* 
and S := T* then AT = B*S* = (SB)* and therefore we find 


r-rank(AT) = c-rank(SB) = c-rank(B) = r-rank(A) 


So far this has been proved without using that both ranks are equal, due to (v). If we also use that 


c-rank(A) = r-rank(A) for any matrix A then we can complete the proof to full effect 


c-rank(SAT) = c-rank(AT) = r-rank(AT) 
= r-rank(A) = c-rank(A) 

r-rank(SAT) = r-rank(.SA) = c-rank(SA) 
= crank(A) = r-rank(A) 


In this statement R is assumed to be a PID. In particular we have c-rank(A) = r-rank(A), as 
this is true in any integral domain and c-rank(A) < min{m,n} according to (i). It remains to 
prove c-rank(A) = i-rank(A) = rank(im(A)). So let c; := col;(A) be the j-th column of A again 
(where 7 € 1...n) and pick up a subset J € 1...n such that #J is maximal with the property 
that {cj | 7 € J} is linearly independent. That is r := #J = c-rank(A) and if we consider any 


i€1...n\J, then there are some non-trivial uj; and vj € R such that 


) UigCj +UiCGE = 0 
ged 


As the {c; | j € J} are linearly independent this relation has to encompass c; such that vu; A 0. 


Now define v the product of the v;, where 2 runs along z ¢ J and let 
Cc: = lhte ged) san. RK” 


Then {c; |j€ J} is a basis of C, but as R is a PID and R™ is finitely generated and free, 
(3.98) tells us, that im(A) also is finitely generated and free. Also it is clear, that C C im(A), as 
im(A) = Lh{ c1,...,¢n }. Hence we may pick up a basis { 71,...,25 } of im(A). Recall 


UG = — So wise; € Lh{c;|jeJ} =C 
jed 
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(viii) 


(ix) 
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US [ei = v¢4= VjVjiCj EC 
ig J 
foranyi € 1...n\J. And for 7 € J we have c; € C by construction, such that vc; € C is true for any 
i €1...n. But the image of A is generated by the columns of A, that is im(A) = Lh{ c1,...,¢n } 


and in particular any 2x is of the form 


n n 
Lk = ) hj hej == =~ VLE = ) hy pvc; EC 
j=l j=l 


That is {va1,...,v%5} C C. But as v £ 0 and im(A) is free in particular torsion-free the set 


{ vxr1,..., vas } is linearly independent again: Suppose we had a relation on this set 


Ss Ss s 
0 = ) A,VLE = V ) at, => V= ) AnLh 
k=1 k=1 k=1 


then this would yield a relation on the set {21,...,25 } itself. But as this is a basis this implies 
ay =+:: = as = 0 such that {vax1,..., vas} is linearly independent, too. That is C contains the 
linearly independent set { vx1,...,ux,s }, although it is an r-dimensional module, by construction. 


Hence (3.98.(i)) implies s < r and this has been (using (i) in the end) 


i-rank(A) = dim(im(A)) = s < r = crank(A) < i-rank(A) 


In this statement R is assumed to be a skew field. We will prove the equality r-rank(A) = dim(V) 
only, as the proof of c-rank(A) = dim(M) is completely analogous. So let p := r-rank(A) and 
I C 1...m be one of those sets for which #J = p and r; is R-linearly independent. If p = m, 
then {11,7T2,...,1%m } is a basis of N and hence dim(N) = m = p is clear. Otherwise, since I is 
of maximal size we find that for any k €1...mwithk ¢ J the set {r; |i eI }U{rz } és linearly 


dependent. That is there are some a; € R (not-all zero) such that 
S> Ayr, + QR’Tk = 0 
tel 


If a, = 0 then r; already would be linearly dependent, which it is not. Hence we have ax ¢ 0 and 
since FR is a skew-field this implies 


Th = S> (= aj as) ri € Lh(rz) 
tel 


And as this is true for any k ¢ I we find N C Lh(r7) C N. Sor; generates N but also is linearly 


independent, therefore a basis of N. Hence 


r-rank(A) HT HEY | dim(V) 


Finally we have i-rank(A) = rank(im(A)) = rank(7Z) = dim(), since R is a skew-field. This 


has been explained in remark (3.94). 


The implication (b) == (a) is true for a general commutative ring and easy to see: Suppose there 
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are some Qj, @2,...,@m € R such that 


m 
) Qty = 0 
i=1 


By (b) there is some a € Asc(m,n) such that { Pa(21),...,Pa(@m) } is linearly independent. But 


as the projection Py is R-linear we find 


m m 
i — ar ore (Sean) = ya) 
i=1 i=1 


The linear independence of the P,(a;) implies a1 a2 tee Am 0 and hence the 2; are 


linearly independent themselves. Conversely let us define the matrix 


A= XZ, LQ ... Lm E Mat m(R) 
| | | 


By assumption (a) we have c-rank(A) = m, but if R is an integral domain, then by (vi) we also 
have r-rank(A) = c-rank(A) = m. That is there is some a € Asc(m,n) such that row, 1)(A) to 


rOWa(m)(A) are linearly independent. Thereby it is clear that 
— rOWa(1) (A) — | | 


A= : = | Palen) cee Pea) 
— 10Wa(m)(A) — | | 


But since c-rank(A’) = r-rank(A’) = m again, we find, that the P,(x;) are linearly independent. 
And this is precisely the claim of (b). 


Proof of (4.79): 

We will first prove the equivalencies of (a), (b) and (c): If (a), that is c-rank(A) = q < r then there is 
some J C 1...n with #J = q such that {c; | 7 € J} is linearly independent but for any k €1...n\ J 
the set {c; | j € J}U{c } is linearly dependent. That is there are some a; and b € F such that 


S| ajc; + bey = 0 
jet 


If b = 0 then we would also have a; = 0 for any j € J, as {cj | 7 € J } is linearly independent. But as 


cr is linearly dependent we may assume otherwise. Now, since F is a field, this means: 


Ck = So (-a;b ey € Lhre{ Cj | j € 5 
jEed 


Of course any c; for some j € J is contained in the linear hull Lh{ c; | 7 € J}, as well. And this remains 
true if we expand I to size r by adding random elements of 1...n. So we have arrived at (b). 


Now assume (b), for ease of notation we may assume J = 1...r, then by assumption any cz can be 
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expressed as a linear combination of c; to c, 


r 
Ck = y Qj, kCi 
i=l 


Thus if we define the matrix C € matm,(F') to have the columns col;(C) = c and the matrix R € 
mat,,(F') then proposition (4.20) tells us, that truly A = CR. So we have deduced (c). 


For the first part it remains to show that (c) implies (a). But this is easy to see, using (4.72.(ii)) and 
(4.72.(i)) as these yield 


c-rank(A) = c-rank(C R) < c-rank(R) < min{r,n} < r 


In the next part we will prove the equivalency of (e), (d) and (c): Starting with (e) we have c-rank(A*) = 
r-rank(A) < r and hence (b) holds true for the columns of A*. But as the columns of A* are just the 
rows of A we find statement (d). Likewise (d) implies the decomposition A* = R* C* for some matrices 
R* € mat,,,(F) and C* € mat,.,(F). But transposing this equation we find (c) A = CR. And (c) in 
turn implies (e) by virtue of (4.72.(ii)) and (4.72.(i)) again: 


r-rank(A) = r-rank(C R) < r-rank(C) < min{m,r} < r 


In the third and final step we need to argue, that c-rank(A) equals r, where r is the minimal number 
such that there are some C’ € maty,-(Z") and R € mat,;,(F') such that A = CR. By (a) this already 
implies c-rank(A) < r. Suppose c-rank(A) <r, then by (c) there would be a decomposition A = C” R’ 


of smaller size. But as r was assumed to be minimal, this cannot be and hence c-rank(A) = r. Precisely 


the same reasoning also yields r-rank(A) = r and hence r-rank(A) = c-rank(A), as well. 


The proof of (4.83.(vii)) requires substantial effort. We hence chose to export a part of the argument here. 


Due to its technicak natrue we do not deem it worthy to be presented in the first part of the book, though. 


(17.1) Proposition: (viz. 754) 
Let (R,+,-) be a commutative ring and A € matm (RR) where n < m. For a € Asc(n,m) let us denote 
the submatrix Ay = Ala | ll] € mat,(R) of A. Then all the coefficients of the product AA* © mat,(R) 


are taken from 


ent; ;(AA%) € U {m,—m,0} C f,(A) 
m € Minorn (A) 


Proof of (17.1): 
Let us denote A = (a;,,) and AZ = (a’",) where 7 € 1...m and j, k € 1...n. Then by definition of the 


matrix multiplication we have 


ent; ,(AAZ) = Sage, 
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= S\(-1)'+*a;; det(A [a | U,;) 


ro 


By the Laplace expansion theorem (4.55.(v)) this is precisely the expansion of the matrix B along the 7-th 


row, where B is gained from 


Ag by replacing the k-th row of Aq by the j-th row of A. That is 


— rOWa(1) (A) — 


— foWa(k—-1)(A) — 


ent;,(AA%) = det —— row,;(A) —— 


If 7 € {a(1),...,a(k—-l),a 


determinant is O in this case. 


—— fOWa(e41)(A) — 


—— 10Wa(n) (A) — 


(K+ 1),...,a(n) } then row;(A) appears twice in this matrix and hence the 


If not we can permute the rows of this matrix such that the order of the rows 


matches the order of the rows of A. But as permuting the rows only changes the sign of the determinant, 


we find that ent; ,(AA*) = 4 


Proof of (4.83): 


tm for some m € Minor,,(A). 


(i) As usual let A have the entries A = (a;,;) and fix some i€1...r and j € 1...s. Then we take a 


look at the (j,7)-th entry of the two matrixes in question: 


ent; (Ala | BJ") = enti; (Ala | ]) = aai,acj) 


entjs (A*[6 | a]) = 46(j) a7) = Fa(d),8() 


Here we can clearly see, that these entries agree and hence the matrices are equal as a whole. 


But as the determinant is invariant under transposition this implies 


Varying a and § over 


collect all the minors o 


Minor,(A) 


det (Alfa | B]) = det(A*[S | al) 


all ascending chains of indexes in Asc(r,m) and Asc(r,n) respectively we 
f A and A* 


{ det (A[a | 6]) | a € Asc(r,m), 8 € Asc(r,n) } 
{ det (A*[8 | al) | a € Asc(r,m), B € Asc(r, n) } 
Minor,(A*) 


In particular we have Minor,(A) = {0} if and only if Minor,(A*) = {0}. And as this have been 
used to define the minorial rank we have m-rank(A) = m-rank(A*). As the Fitting ideal f,,(A) is 
generated by Minor,(A) we also find f,.(A) = f,.(A*). But as the annihilators of these ideals have 
been used to define the Fitting rank, we clearly have f-rank(A) = f-rank(A*), as well. 


(ii) The proof of this statement is a tedious distinction of several cases - it will be conducted in several 
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steps - the first two steps are the technical part, the later parts will be applications of this, that 


will yield the claim by induction 


e We will first prove that for any permutation matrix P € matrR 


+Minor,(P A) CG +Minor,(A) 


Thus choose any a € Asc(r,m) and 6 € Asc(r,n) and suppose P = P(a). Then define 
a’ € Asc(r,m) to be the chain of indexes with scope a’(1...r) = o(a(1...7)) and define 


a’ € S;, to be the permutation that satisfies a’ oa’ =a 0a. Then it is clear that 

P(o)Ala| 8] = P(e’) Ala’ | 6] 
And hence the minor of PA selected by [a | (| is just the minor of A selected by [a’ | 3] (up 
to the sign of P(o’)). 


e Now we will prove that for any transvection matrix T € mat, (2) 
Minor,(Z.A) © Minor,(A) 
Thus choose any a € Asc(r,m) and y € Asc(r,7), then the Cauchy-Binet-formula reads as 


det(TAla|>]) = DS) det(T[a| §])det(A[s | >) 


BEAsc(r,m) 


It is clear that the submatrix T/a | {] is a triangular matrix, since T was such. Thus the 
determinant only depends on the entries in the diagonal. In the case a = £ all these diagonal 
entries are 1 and hence det(entg J’) = 1. In the case a ¥ £ there is (at least one) 0 on the 
diagonal and hence det(T[a | 6]) = 0. Thus the sum over { collapses to the case 8 = a and 
hence 

det(TA [a] ]) = det(A[o | >) 


In other words the respective minor just remains unchanged. 


e In the previous two steps we have seen that for any elementary matrix E € mat,,() we get 


+Minor,(£ A) CG +Minor,(A) 


But with E also E~! is an elementary matrix and A = E~! EA. Therefore we can use this 


inclusion twice to obtain 


+Minor,(A) CG +Minor,(&£ A) CG +Minor,(A) 
e Thus we have seen that for any elementary matrix E € mat,,R 


+Minor,(£.A) = +Minor,(A) 


As the determinant is invariant under transposition of matrices we see that for any elementary 
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matrix F' € mat,,R we also get 


+Minor,(A fF’) = +Minor,(A) 


e Thus if A and B are elementary equivalent by virtue of the matrices £1,...,£, € mat, R and 
F,,...,F, € mat, R 
A= B= &...L,Al...Fs 


Then we may easily use induction on the number r+ s of elementary matrices taking the 


previous part as the induction step. 


(iii) For r = 1 the statements are trivial, as fy(A) = Randf,(A) C f,(A)! is clear. Thus let us consider 


— 


r > 2 only: If m € Minor,(A) is an r-minor of A, then m = det(A’) for some (r x 7)-submatrix A’ 


of A. But using Laplace expansion of A’ along the first column we see that 
m= So (-1)'*" aj, ,det( Aj.) 
i=l 
It is clear that det(Aj,) € Minor,—1(A) is an (r —1)-minor of A. Thus if Minor,_1(A) = {0} then 
all these det(A’ ,) = 0 are zero and hence m = det(A’) = 0, as well. Therefore we have 


Minor,_1(A) = {0} =  Minor,(A) = {0} 


Also we find m € Lh(Minor,-1(A)) = f,_,;(A). But as m was any r-minor of A this means 
Minor,(A) C f,_,(A) and hence even 


F(A) & fpa(A) 


In fact we find even more: Let us finally prove Minor,(A) C f,(A)” by induction on r. The case 
r = 1 is trivial, so by induction hypothesis we already have Minor,—1(A) € f,;(A)"~+. Looking at 
m above we note, that a, € f,(A) and det(Aj,,) € Minor,_1(A). By induction hypothesis this is 
det(Ai,) © f,(A)"~" such that 


m € f,(A)-f,(A)"™ = f(A) 


As m € Minor,(A) has been an arbitrary minor of A, this of course implies Minor,(A) C f,(A)" 
and hence f,,(A) © f,(A)’. 


Since the fitting ideal f,(A) is generated by the set Minor,(A) of r-minors of A we can cite 
proposition (3.22.(iv)) to see 


ann (f,.(A)) 


ann (Minor,(A)) 


(){ann(m) | m € Minor,(A) } 
{ae R|Vme€Minor,(A) : am =0} 


And as by (ii) we have f,,(A) © f,_,(A) then annihilators of these ideals clearly satisfy the converse 
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inclusion 


If A’ = Ala | 8] is a submatrix of A, then Minor,(A’) C Minor,(A) is obvious, for any r € N. If 
now r = m-rank(A’) then by definition there is some m € Minor,(A’) such that m 4 0. But then 
0 £m € Minor,(A), as well. And as the minorial rank of A has been defined to be the maximal 


number r with this property we have 
m-rank(A’) = r <_ m-rank(A) 


Also Minor,(A’) CG Minor,(A) implies f,.(A4’) C f,(A) and hence the annihilator ideals satisfy 


ann(f,,(A)) © ann(f,,(A’)) the opposite inclusion. If now r = f-rank(A’) then ann(f,,(A’)) = 0 and 
due to the inclusion ann(f,(A)) = 0. And as the Fitting rank of A has been defined to be the 


maximal number r with this property we have 


f-rank(A’) = r <_ f-rank(A) 


Let us first assume A € mat,(R) is a square matrix with f-rank(A) = r. Then we have to show 
r-rank(A) = c-rank(A) = r. By assumption 
0 = ann(f,(A)) = ann(det(A)) 


Let now A; := col;(A) be the j-th column of A and consider some a; € R such that the following 


linear relation holds true 


We will prove, that in this case we already have a; = 0. In complete analogy we could prove a; = 0 


for any 7 € 1...r, but specialize to the case 7 = 1 for ease of notation. To do this simply compute 


ay det(A) = a det(Aj, Ag,... , An) = det(a; Aj, Ag,... , A) 


= det S © =a; Aj, Aa,---5 An 
j=2 
= S° —a; det(A;, Ag,..., An) 
j=2 


As any determinant in the last term contains A; twice, it vanishes. That is we have a; det(A) = 0, 
but as ann(det(A)) = 0 this implies a; = 0. That is the columns A; to A, of A are linearly 
independent, c-rank(A) = r. And as this has been proved for any matrix A, we can apply it to A*: 
By (i) we have f-rank(A*) = f-rank(A) = r and hence we find r-rank(A) = c-rank(A*) = r, as 


well. 


For the general statement let A’ := Ala | 3] € mat,(R). By assumption we have ann(det(A’)) = 0 
such that by the above we find r-rank(A’) = r and c-rank(A’) = r. But as the rank of the 
submatrix A’ cannot exceed the rank of A - this is (4.72.(iii)) - we find c-rank(A) > c-rank(A’) = r 
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(vii) 


(viii) 


and r-rank(A) > r-rank(A’) = r. 


Let r := m-rank(AB) and suppose r > m-rank(A). This would mean det(Ala | 6]) = 0 for any 
a € Asc(r,k) and any 6 € Asc(r,m). Likewise if r > m-rank(B) then det(B[G | 7]) = 0 for any 
B € Asc(r,m) and any y € Asc(r,n). Now take a look at the formula of Cauchy-Binet 


det(AB[a|7]) = S> det(A[a | 5]) det(B[S | 7]) 


BEAsc(r,m) 


But by assumption r = m-rank(AB) there are some a and ¥y such that det(ABla | 7]) 4 0. Thus 
neither all the det(A[a | 6]) nor all the det(B[S | y]) may all be zero. In particular this means 
r <m-rank(A) and r < m-rank(B). 


First of all we note, that all these statements are false in case m < n: By definition we have 
f-rank(A) < m < n and c-rank(A) < m <n is true by (4.72.(i)). In this case we also have 
kn(A) 4 0, since 

Rvs ae ene ~, im(A) C R™ 


Clearly R” contains n linearly independent elements [namely e; € R” the Euclidean base vectors]. 
But as R™ is generated by m < n elements [namely the Euclidean base vectors e; © R™| any n 
elements of R™ are linearly dependent, according to (3.93.(i)). But this contradicts the injective 


homomorphism R” <> R™ above. Thus throughout this proof we may assume n < m. 


Let us begin with kn(A) = 0 <= c-rank(A) = n. Denote the column vectors of A by A; := col;(A) 


where j7 € 1... and suppose there was some relation of the form 
1A, +%9A9+---+atnAn = 0 € R™ 


Note that Az = Aix; + Anwp is precisely that sum. Thus if we have c-rank(A) = n, then the 
Aj are linearly independent, such that Az = 0 implies x = 0, which is just a reformulation of 
kn(A) = 0. And if c-rank(A) <n then there is some x € R” with « 4 0 but Ax = 0 which in turn 
means «x € kn(A) such that is this case kn(A) ¥ 0. 


The hard part is the implication kn(A) = 0 ==> f-rank(A) = n, which we will do now. To do this we 
will use induction on n: The case n = 1 is quite obvious: We need to show ann(Minor;(A)) = 0. In 
this case A is a single column vector A = (ci C2 ... Cm)* only and hence Minor;(A) = {c1,...,¢m } 
If we had a € ann(Minor;(A)) for some a £ 0 then a(c1,c2,...,Cm) =0 € R™. That is the column 
vector of A would be linearly dependent (itself) in contradiction to c-rank(A) = 1. Thus we conclude 
f-rank(A) = 1, as well. 


The clever part is the induction step: Suppose we have the implication c-rank(A’) =n—1 => 
f-rank(A’) = n — 1 for any A’ € matg,»—1(R) with n — 1 < g. Then we need to show this property 
for A € matm»(R) with n < m. That is we need ann(Minor,(A)) = 0. Again we assume the 
opposite - there was some a 4 0 with a € ann(Minor,,()). Then for any a € Asc(n,m) let us 
denote the submatrix 

Ag := Ala|] € mat,(A) 


By (17.1) we know that all the coefficients of AA are either 0 or +m for some n-minor m € 
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Minor,,(A) of A. In particular 
A(aA#) = aAA# = 0 € matmn(R) 


That is Aacol;(A®) = 0 € R"™ for any 7 € 1...n. But by assumption kn(A) = 0 this means 
acol;(Az) = 0 € R” and as this is true for any j we find the annihilation 


VaeéAsc(n,m) : aA# = 0 € mat,(R) 


But clearly the coefficients of Af are (n—1)-minors of A and as a runs along all ascending chains 


of indices we have 
Minorn—1(A) = lee |a€Asc(n,m), 1,7 €1.. an} 


Since a annihilates all these coefficients we have a € ann(Minor,_1(A)) already. But if we look 


at the matrix 


A’ := | coly(A) colg(A) ... coln1(A) |] € matmn—1(R) 


we have c-rank(A’) = n — 1 and hence kn(A’) = 0 such that by induction hypothesis we have 
f-rank(A’) = n — 1 [and n — 1 <n < ml] again. That is ann(Minor,_1(A’)) = 0, but as the minors 
of A’ trivially are minors of A [that is Minor,_1(A’) CG Minor,_(A)] we have 


0#a € ann(Minor,_1(A)) C ann(Minor,_1(A’)) = 0 


That is we have arrived at a contradiction, which means there is no a 0 with a € ann(Minor,,(A)) 


such that f-rank(A) = n. So at long last we have arrived at the implication 
c-rank(A) = n = > f-rank(A) = n 


We finally have to show f-rank(A) = » == kn(A) = 0 to complete the equivalency. This proof 
is easy again: As before let us denote A, := Ala | I] again, for any a € Asc(n,m). Suppose we 
had some x € R” with « #0 and Ax = 0. As any Aq has the same rows as A (only a subset of 
these) this also means Agx = 0. But then 
det(A,)z = A#A,x = A#O = 0 € R” 

Since there is some k € 1... with x, 4 0 this means x;,det(A,) = 0. But as this is true for 
any a € Asc(n,m) we have z,m = 0 for any m € Minor,(A) and hence x, € ann(Minor,,(A)). 
In particular we would have f-rank(A) < n in contradiction to the assumption. And this means 
Ax =0 = > x =0 such that kn(A) = 0. 


Proof of (4.86): 
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The theorem has three seperate parts: The better the base ring R is, the more equalities we get for the 
rank of a matrix. We start with an arbitrary commutative ring R 4 0. The first, easy step is to prove that 
generally f-rank(A) < m-rank(A). But if Minor,(A) = {0} then (as all a € R satisfy a- 0 = 0) clearly 
ann(f,.(A)) = R 40. By negation this is the implication 


ann(f,.(A)) =0 == Minor,(A) 4 {0} 
Thus if r = f+rank(A) then this means ann(f,.(A)) = 0 such that Minor,(A) 4 {0}. But as m-rank(A) 


was defined to be the maximal number r with Minor,(A) 4 {0} we find f-rank(A) < m-rank(A). 


In the next part we need to prove c-rank(A) < f-rank(A). Likewise take c-rank(A) = r then there 
is some 3 € Asc(r,n) such that the submatrix A’ := A[l | 6] € mat,,,(R) has full rank c-rank(A’) = r. 
But then we find f-rank(A’) = r according to (4.83.(vii)) and hence 


f-rank(A) > f-rank(A’) = r = c-rank(A) 


by (4.83.(iv)). Note that thereby the requirement r < m is always satisfied since r = c-rank(A) < m 
according to (4.72.(i)). Thus we have proved c-rank(A) < f-rank(A) for a general matrix A. Once this 
is done it is clear that the row-rank of A also is bound, since r-rank(A) = c-rank(A*) < f-rank(A*) = 
f-rank(A), where we used (4.83.(i)). 


For an integral domain R we have already seen c-rank(A) = r-rank(A) in (4.72.(vi)) and the equality 
f-rank(A) = m-rank(A) is easy to see: In an integral domain Minor,(A) = {0} even is equivalent to 


ann(f,.(A)) 4 0. By negation this is the equivalency of 
Minor,(A) A{0} <= ann(f,(A)) =0 


As the Fitting and the minorial rank of A have been defined to be the maximal number r with the 


respective property they have to be equal 
m-rank(A) = f-rank(A) 


So it suffices to show c-rank(A) = m-rank(A), which we will do now: If 7 = m-rank(A), then there are 
some a € Asc(r,m) and 8 € Asc(r,n) with 


det(Ala| B]) 4 0 


Let us define the projection P, : R™ — R" by P,(a) := a’ where for a = (a1,...,@m) we let a’ := 
(Ga(1);+++1@a(r)). If we also abbreviate the columns of A by cj := col;(A) for any j € 1...n then clearly 
Ala | fel = Pa(eg1y) see Pa(car)) 


Since the determinant of this matrix is non-zero corollary (4.65.(ii)) tells us, that the Pa(cg(;)) are linearly 
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independent. Now suppose there was an R-linear combination ajcgqj) + +++ + @rCg(r) = 0 in R™, then 


But since these are R-linearly independent we have a; = 0 for all 7 € 1...r and this means the cg(j) 


themselves are R-linearly independent. In particular A has r many linearly independent rows and hence 
m-rank(A) =r <_ c-rank(A) 


Conversely let r := c-rank(A), then there is some 8 € Asc(r,n) such that the columns { cgi), ---, Car) } C 
R™ are R-linearly independent. That is the submatrix A’ of A 


A’ = A[ll | 6] = Cg (1) see CB(r) 


has c-rank(A’) = r. But as r-rank(A’) = c-rank(A’) = r this means, that there also is some a € Asc(r,m) 
such that { rowa;)(A’) | i € 1...7} is R-linearly independent. But this is 


— roWa(1)(A’) — 
Ala| 6] = 
— rOWa(r)(A’) — 


As the rows of Ala | 6] are linearly independent corollary (4.65.(ii)) again intervenes to provide det(A[a | 


B|) £0. That is we have found an (r x r)-minor of A that is non-zero and hence 
c-rank(A) =r <_ m-rank(A) 


Finally, in case R even is a field, it is both an integral domain and a skew field. But (4.72.(vii)) tells us, 


that in a skew field the image-rank then equals the column rank i-rank(A) = c-rank(A) and all the other 


equalities have already been shown in case of an integral domain. 


Proof of (4.88): 
The proof of (i) is a non-algorithmical trick computation. However it is far from being trivial and hence 


presented here. Then (ii) is clear, simply apply (i) to the transpose matrix A* of A. 


(ii) We begin by proving the existence of such a representation of A by a divisibly ascending chain of 
scalar factors. This will be the major part of the proof, the representation of the scalar factors in 


terms of minors then is simple 


e First of all we define - for any matrix 0 4 A = (aj) € MatmxnR 
viA) 2=—min{ lags) |e Lin ang 7 CVn ny agy FO} 
Now we regard the set of all v(B) where B is a matrix that is elementarily equivalent to A 
{v(B)|BematmxnkR, A= B} C N 
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As WN is well-ordered this set has a minimum and we choose such a matrix M for which v(M) 


is minimal. 


Suppose that the (7, 7)-th entry mj;,; of M takes the minimal value v(M) = v(m,,;). Then we 


may rearrange MM to shift m;,; to the position (1,1) and we denote this rearranged matrix by 
M := P(1i)M P(1j) 


le. ent!’ = ent,;M = m,j and hence v(M’) = v(ent;, 1’). Thus we may equally well 
assume that v(M/) = v(m1,1) 
We now claim that ™ 1,1 divides all the entries m,; in the first column of M/. To see this we 


use division with remainder 


Mia = pimatr where 0 < v(ri) < v(m) 


’ 


Suppose r; 4 0 then we would obtain a matrix B := T; 1(—p;) M being elementary equivalent 
to M and hence to A, too. Clearly the (i,1)-entry of B is given to be 


[row;B], => [row;M — pjrow, M], = M1 — PiTN1 1 = 7% 


Therefore v(B) < v(ri) < v(m) = v(M), but M was chosen to be minimal, so this cannot 


occur. 


Analogously we see that 71,1 divides all the entries ™mj,,; in the first row of M7. We use 


division with remainder again 
mij = GM11 + Sj where 0 < V(s;) < v(m ,1) 


Suppose s; 4 0 then we would obtain a matrix B := M T,,;(—q;) that is elementary equivalent 


to A again. Clearly the (1,7)-entry of B is then given to be 
[col; B], = [col; M — q;col,M], = ™145 — Qj™M1,1 = Sj 


Therefore v(B) < v(s;) < v(m) = v(M), but M was chosen to be minimal, so this cannot 


occur. 


We now use elementary transpositions to replace the entries of the first column mj > r; = 0 


and of the first row m1; ++ s; = 0. And this obviously is accomplished by 
N — T2,1(—p2) ar -Tm,1(—Pm) M T,2(—4q2) i -Tin(—4n) 


As we have seen this matrix N now is of the following form 


mii O ... 0 

0 oe ALAS fk 
N = ; 

0 * * 
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Let us abbreviate N = S MT where S and T' denote the respective products of transposition 


matrices. Then we will have a look at the entries of N for 


ent, ;N = [col;S MT]; 
= [col;S M — gjcolS M]; 
= ent; ;S M — qjent,,;S M 
= Mj — Pi™M1,; 


= Mig — Pidg™1,1 


e We finally prove that mj, = 1,1 even divides any other entry ni; = mij — pigjmi,1 (with 


a7€2...mand j € 2...n) of N as well. First we use division with remainder once more 
nig = higniatky where 0 < v(kij) < v(m) 
Now regard the matrix N’ := T;,1(1) N, clearly the i-th row of NV’ assumes the form 
row,;N’ = row;N+row,N = Ga Wi 4 Ge nim) 


Thus defining N” := N’T,,;(—hi,;) yields another matrix with 


col; N” = col; N’ — hj,;coly N’ = hij 


Hence v(N”) < v(kij) < v(nii) = v(M). But N” is elementarily equivalent to N and 
hence to A and as M was chosen to minimal among these matrices we find kj; = 0 again. 


Thus we have decomposed WN into a scalar block (7™m1,1) and a scalar multiple of a block Aj 
of the size (m— 1) x (n—1) 


N = (m1) ® (m1 At) 


Thus we let d; := m ,; and recurse the entire process starting with A;. Using induction we 


find after m — 1 steps that A truly is equivalent to a matrix D of the claimed form. 


Until now we have shown that A is elementarily equivalent to D 


As the determinant of a submatrix of D always is a product of the coefficients of the submatrix 
(and hence of D) we find 


{O}U{ dat) ---de(r) | a € A(r,m) } = Minor,D 
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Since the d; form a divisibly ascending chain it is clear that the greatest common divisor of 
these elements is just d; ...d,. But by (ii) the gcd of the minors is invariant under elementary 


equivalence and therefore 


d,...d, © gcd(Minor,D) = gcd(Minor,A) 


Proof of (4.93): 
The only thing we need to check here are the additional properties (4) and (5) of a sesqui-linear form s. 


But this is straightforward: Let x, y, z © M anda e€ R, then we may compute 


s(z|ytz) = e(s(ytz|2)) = e(s(y| x) +5(z|2)) 
e(s(y|z)) +e(s(z|z)) = s(a| y)+s(z| 2) 
s(a|ay) = e(s(ay|)) = e(as(y| x) 
= e(a)-e(s(y|x)) = e(a)- s(x] y) 


Proof of (4.92): 
Consider ¢ = (t1,...,tn), w = (wi,...,Wn) and z = (z,..., Zn) € C” where ty, = rp +isp, WE = Up tive 


and z, = x, + 7yx respectively. Then the first few identities are straightforward computations: 


(t+wlz) = So(tet+ur)ee = So tee + 5) were 
k=1 k=1 k=1 
= (t| 2) + (w| 2) 
(aw|z) = S" (awe) Za = aS) week 


k=1 k=1 


lI 
XR 
ca 
g| 
> 

l| 
Xll 
ca 
g| 
ca 

II 
XI 
> 
€ 
> 


(z | w) 


That is we have verified the three properties of a sesqui-linear form with respect to the complex conjugation 
and hence we already get the other properties, by (4.93). Next we have wpZ, = (up + tug) (UE — ty) = 
(unte + UEYR) + U(URYR — UetR). And from this we get 


n 

) WkZk 
k=1 

n 


y (uty + URYR) + t(URYE — VER) 
k=l 


= (u,x) + (v,y) +4((u,y) — (v,2)) 


(w | 2) 


Here we can evaluate the real and imaginary part of (w | z) to find the formulas we have given in the 
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proposition. By the construction of the inner product we have 


n 


n 

(z|z) = So zKZk = SS ze? 
k=1 k=1 

Thus if we take |z| := (|z1|,.--,|2n|) € IR” we see that (z | z) = (|z|,|z|). But as the scalar product on 

R” is positive definite we see that (z | z) > 0 is positive and if (z | z) = 0 then we get |z,| = 0 and 

hence z, = 0 for any k € 1...n. Hence (z | z) = 0 implies z = 0, which means that the inner product 


even is positive definite. It remains to regard w € ©”, z € C” and A € mat ,(C), then we compute 


(Aw | z) = S- (Soave) Zr 


Proof of (4.97): 


(i) Consider a linear relation of the g;, that is for some a; € R we have 


) am, = 


wel 


Then for any 7 € J we could apply the linear map x +> s(x | m;) to find a; = 0 and thereby the 


linear independence of the m,; 


0 = s(0 | mj) -+(¥ asm | ns) = So ais(m | mj) = S- aidi,j = aj 


iel wel tel 


(ii) As {m; |7€ I} is a basis of M for any x € M there are uniquely determined coefficients x; © R 


S TEM 


iel 


such that x can be written as 


For any j € J now apply x ++ s(x | m;) to this equation. Then we find that the coefficient x; is 


given to be x; = s(x | m;) 


(£78) -+(¥° xyM; | ns] = S > xis(m [5 = S > 2idig =f; 


iel wel wel 


(iii) In case of R= R or R= C the function r is easy to see: For x € M just take the positive square 
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root r(x) := \/(x| x)) =||a]|. But let us check that it is possible to construct r in the general 
setting: 

Since s is positive definite we have s(x | x) € Q for any x € M with « # 0 where Q := 
{a-e(a)|aeR*}. So take a look at the map v : R* +» Q:a+> a-«(a). We obtain an 
equivalence relation on R* by letting a ~ 6 if and only if v(a) = v(b). The equivalence classes 
under this relation are the fibers [b] = q-1({b-(b) }). By the axiom of choice there is a subset 
P C R* such that: P +> Q: at a-e(a). Now take r(x) := 7 1(s(x | x)). Then risa 
well-defined function r that satisfies r(x) € P C R* and r(x) -e(r(x)) = V(r(ax)) = s(x | 2). 
Now that we have defined r : Q > R* we also have N(x) = r(x)~'x for x 4 0. Note that 
Lh{ «} = Lh{ N(x) } since r(x) is a unit of R. 

We will now prove that the Gram-Schmidt-Orthogonalisation Process truly yields an ONB of 


with respect to s. We will use induction on k to verify the following properties 
(1) gx is well-defined 
(1) {91,---,9% } ts an ortho-normal system 
(3) Lh{ g1,---5 9% } = Lh{mi,...,mx } 


Starting with & = 1 we have g; = N(mj). And as {m,...,7™, } is a basis [in particular linearly 
independent] we have m; 4 0. Thus gj; is well-defined, Lh{ g; } = Lh{ m } and we have 


s(gi |g.) = s(r(m Tm | r(m1)~ ; 


= iis e(r(mi)~*)s(7m1 | m1) 
1 


= (r(m)-e(r(m1))) s(m | m1) = 1 


ma) 


For the induction step we may suppose the above statements (1), (2) and (3) for {91,..., 9x—-1 }- 


As x ++ s(x | gj) is linear, so is 
k-1 
P:Mo>M: cr S° s(x | gigi 
i=1 


And by induction hypothesis we have im(P) = Lh{mj,...,mz-1}. And as {m1,...,™mn} is a 
basis we therefore have m, ¢ im(P). In particular q, := mz, — P(mz) 4 0 such that az := r(qx) 
and thereby gx = N(qx) = a; ‘qx are well defined. Thereby gx € im(P) + Rm, and conversely 
mz = P(mg) + Qe € im(P) + Rg, such that we also have property (3). It remains to prove (2): By 
induction hypothesis we already know s(g; | 9;) = 6i,; for any 7, 7 € 1...4—1. Now for any j <k 


we compute 


s(ge|9;) = 8 (ag! (me — P(me)) | 93) 
= a,'(s(mze | 93) — s(P(me) | 9;)) 


k-1 
= 7? (me | 95) — D7 s(me | 94) 8 em 
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= a," (s(me | 97) — s(mx | 97)) = 0 


Note that with g(gx | gj) = 0 we also have s(g; | gx) = 0 as s is symmetric up to € and this is a 


homomorphism of rings. For 7 = k: 


8(9% | 9x) s(az gn | a, ax) 
a, €(4;,")5(4% | a) 


(ax e(ax))8(a (Get 


The latter, as a, = r(qx) and r(qx)e(r(Ge)) = S(dz | de) such that the inverse of axe(az) cancels 
s(qx | qx). Altogether the induction is complete and thereby { g1,..., gn } is an ortho-normal system 
again, that generates MM. By (i) we know that any ortho-normal system is linear independent and 


hence {91,---,9n } is a basis of M. 


Proof of (4.98): 
It is clear that U+ is a subspace of V as it is the intersection of the kernels of 2 ++ s(x | wu) which are 
subspaces of V. Also it is easy to see that UM Ut = 0. Suppose u € UNU+ then u lies in the kernel 
of x ++ s(x | u) and hence s(u | u) = 0 Suppose we had u 4 0, then 0 = s(u|u) € {ae(a)|ae F*} C 
F* = F\ {0}. By that contradiction we have u = 0. 

Next we prove V =U +U1. To do this choose a basis { v1,...,v, } of U and append it to a basis 
{U1,---,Ur;+++5;Un } of V. Using the Gram-Schmidt-algorithm (4.97.(ii)) we can turn this basis into an 
ONB { 91,.--59r5-+-59n } of V with respect to ¢. Let 


= (UN vison se can} 
U' = Lh{ Gr4i,-++59n } 


We will now prove that U’ C Ut: For any j € (r+1)...n and anyi €1...r we have s(g; | gi) = 0. 
As the g; generate U this implies s(g; | wu) = 0 for any uw € U and any j € (r +1)...n. But as the g; 
generate U’ we have U’ C Ut. 

But it is also clear, that V = U +U’, if we consider any x € V, then [as { g1,...,9n } is a basis of 


V] there are coefficients x, € F’ such that x can be written in the form 


L= N° reve = S° xiv; + > Livi € U+U' 
k=1 i=1 j=rtl 

Thus we have V = U+U! C U+U+ C V and hence V =U+Ut+. But we have already proved 
UnU+ = 0 such that V = U @U+ is the inner direct sum. Applying this argument to U+ we find 
V =U+ @(U+)+. But as Ut = Lhf gp4i,...,9n } it follows that (U+)+ = Lh{gi,...,ur} =U. 

Let us finish the proof by showing U’ = Ut: We have already seen U’ C Ut and V =U @U-$ also 
V =U ®@U' is clear by the definiton of U’. Thus consider any « € Ut and write x =utul CU +U". 
Then uv’ C U! C Ut. But as x =0+a2€U+4+U?* and the decompositions in U @ U+ are unique we 


have u = 0 and u! = «. In particular 2 = u’ € U’ such that Ut C U’ as well. 


Proof of (4.105): 
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(i) Clearly P' <,, M is a submodule of M, as it is the intersection of kernels of a G-linear map and 
these are submodules. Also it is clear that P++ P' is order reversing P; C Py => PJ C Pi 
as P' is defined by an intersection over p € P. If now p € P then for any 2 € P! we have 
b(p,) = 0. And as this is true for any x € P' we see p€ (P')+ such that P C (P')+. Due to 
the symmetry of the definition the same is true for Q+> Q+. Thus (P+> P',Q+> Q*) satisfies 


property (b) of a Galois connection. 


Consider some u, v € L and a, y € M such that (u+ Mt+,2+L')=(v+M+,y+L'). That is 
v—ué M+ and y—ax € L'. And by definition this implies b(v — u,y) = 0 and b(u, y — 2) = 0 
for any u € L and any y € M. And thereby we find that 6 truly is well-defined (and the linearity 


(ii 


~~ 


in both arguments is trivial), since 


b(v, y) aa b(v — U, y) oF b(u, y) 7 b(u, y) 
b(u,y— 2) + b(u,x) = b(u, zx) 


Also it is clear, that b is non-degenerate: Suppose there was some u+ M+ € L/M+ such that 
for any x+L' € M/L' we had 0 = d(u+ M+,2 +L") = b(u,x), then by definition this means 
u € M+ and hence u+ M+ =0€ L/M+. In complete analogy we also find (M/L')+ =0 such 


that b is non-degenerate. 


(iii) As for any i € I we have P; C 5°, P; and P+ P' is order-reversing we already have (>>, P;)' C 
P.' for any 7 € I. And this is the "C" part of the equality. For the converse inclusion we consider 
any « € M with x €(), P,'. This means that for any i € J and any p; € P; we have b(p;, x) = 0. 
If now u € >>; P; is any element of the sum of the P; then (by definition) there is a finite subset 
QC I such that u = >>, p; for some p; € P; where the sum runs over i € 2. But then we get 


ba, ).= (Sones) = S > (pi, 2) = S-0 = 0 
ee) iEQ iEQ 


That is b(u,x) = 0 for any u € >>, P;. But by definition this is nothing but 2 € ()°, P;)' and 
thereby (1); P,' C (90; P;)' as x has been arbitrary. Due to the symmetry the argument it also is 
clear, that this is true for any family of sumbodules (Q;) C Subm(/). 


(iv 


— 


Consider any0 Ax € Land anyO Fy € M. If a € ann(z) then az = 0 and hence 0 = B(0, y) = 
b(axz,y) = a(a)b(a,y) = B(a)b(z,y) = d(x, ay). As x ¥ 0 but 5 is integral this implies ay = 0 
which is a € ann(y) again. Hence we have ann(x) C ann(y) and the equality is clear, due to the 


symmetry of the argument. 


It remains to prove, that ann(z) <j R is a prime ideal. First of all we have x 4 0 such that 
1 ¢ ann(x) and hence ann(x) 4 R. Now consider any two a, r € R such that ar € ann(ax) but 
r ¢ ann(x), then we have to prove a € ann(x): Choose any 0 4 y € M, then 0 = 0(0,y) = 
b(arz,y) = a(a)b(rz,y) = B(a)b(ra,y) = b(ra, ay). But as r ¢ ann(x) we have ra # 0 and as b 


is integral this implies a € ann(y) = ann(x). Therefore ann(z) € Spec(R) is a prime ideal. 


Proof of (4.101): 


769 


(i) 


(ii 


~ 


(iii) 
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First of all {m‘{,...,m/, } is linearly independent: suppose we have a linear relation (for some 


a; € R) between the m’, of the form 
nr 
/ 
i=1 


But from this we get a; = 0 for any 7 € 1... (which is the linear independence, as desired) by 


evaluating this at m; €¢ M 


n n 
/ 
= dlaimi(ms) = Yo aidiy = a; 
i= 1 i=1 


But this set also generates M’: Given any f € M’ we let f; := f(mi) (hence f; € R). For any 
x= >), 24m; € M we then get 


z) =f (som a te a S- fim x 
i=1 i=1 i=1 
As this is true for any « € M we have f = 5°, fim’, which is contained in the linear hull of the m’. 


Together {m{,..., mi, } is a basis of M’. 


Consider any f € M’ and expand it as f = 5°, fimi. Then for any k € 1...n we find B(m,)(f) = 
mii(f) by computing 


Mr) (> jot) 
7A 


y fiB( mr) ( -¥ fim 
- fidin = 3 fimy(m) = my, nae jt) 
i=l i=l i=l 


Let us first suppose M is free and pick up a basis {m,;|ie¢JI} of M. For any j € J let us the 
define mi, € M’ as with the dual basis 


nr 
mi; : MOR: ) A, M4 > A; 
i=l 


Then for any 2 = >°; xjm; we get B(x)(mi) = mi,(a) = xj. Thus B(x) = 0 implies 2; = 0 for any 
gj € I which means x = 0. And as kn(G) = 0 we see that £ is injective. 


If the basis of MM is finite {m1,..., 7m, } then by (i) we can take to the dual basis {m{,...,m’, } 
which is Ds) = 06;,;. Using (i) again we can also look at the dual basis of the dual basis 
{mi{,...,™mzy } which is mi(m/) = 4;,;. But thereby we find B(m;)(m',) = mi(m;) = 4;,5 = mj (m‘) 
such a aes and mi! agree on {m},..., mi, }. But as this generates M’ (it even is a basis) 


this means 6(m;) = mi such that M” = Lh{ m/,...,mi,} C im(G) C M”. But im(B) = M” is 
the surjectivity of 6 that we needed. 


For (a) = > (c) we start with any x € M such that f(2) = 0 for any f € M’. That is 
B(x)(f) = f(x) = 0 for any f € M’ which means 8(x) = 0 € M”. But as £@ is injective we have 
kn() = 0 such that « = 0. For (c) == (b) we first note that 6 is bilinear (by remark (4.100.(iii))) 
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and hence a duality. Now (c) is property (2) of the dual pair. So we have to prove property (3): 
for any f € M’ we need the implication (Vx € M : f(x) = 0) f = 0. But this is trivial, 
f(x) = 0 for any x € M means that f = 0 is the zero map. It remains (b) ==> (a): If suffices to 
show kn(3) = 0. Thus consider any x € M with 6(x) = 0, that is 8(x)(f) = 0 for any f € M’. 
This is f(a) = B(x)(f) = 0 such that 2 = 0 by property (2) of (IM, M’). 


a 
< 
= 


Property (1) is identical, but we will prove that in this case (2) and (2’) resp. (3) and (3’) are 
equivalent: For property (2) this is plain to see V f € im(d) : f(x) = 0 is just a reformulation of 
Va € N : 6;(u) = 0. But as 6,(u) = 6(u, x) this is just property (2) again. Let us turn to the 
implication (3) ==> (3’) next: By assumption we have Vu € M : 6;(u) =0 = > x =0. In terms 
of maps this is 6; =0 —* «x = 0. Now suppose we had 6, = dy then 0 = dy — dx = dy—x such 
that « — y = 0 and hence x = y. And this is the injectivity of 2 +> 6,;. Conversely (3’) = > (3): 
Suppose there was some x € N such that Vu € M : 6,(u) = 0. In terms of maps this is 6, = 0. 


But as 6 is a duality we have d9 = 0 already, so by injectivity we get x = 0. 


(vi) Clearly S(y) : « + s(x | y) is well-defined, by properties (1) and (2) of a sesqui-linear map. 
Therefore S is well-defined. Also y ++ S(y) is e-linear, by properties (4) and (5) of a sesqui- 
linear map. For the injectivity of S we consider any two y, z € M such that S(y) = S(z). Then 
0 = S(z—y), that is for any ec € M we have 0 = S(z — y)(x) = s(x | z — y). In particular 
for cv = z—y we have 0 = s(x | x). But as s is poritive definite we have 0 = s(x | x) € R* a 
contradiction. This means z — y = 0 and hence y = z which is the injectivity of S. 

For the surjectivity of S we pick up an ONB { q1,...,9n } of M according to (4.97.(iii)), which is 
possible, since M is free and finitely generated. Let {g},...,g/, } be the respective dual basis. 
Then we claim S(g;) = gj for any i € 1...n. To do this consider any a € M, as the g; are a basis 
of MV we get 

f= Stig: where 2; = s(x | gj) 
i=l 

according to (4.97.(ii)). But by definition of the dual base we also have g/(x) = x; = s(x | g;) = 
S(gi)(x). As this is true for any x we see gi = S(g;). As the gi generate M/’ we can write any 
feM' as 


f= She, 
i=l. 


for some f; € R. As © is surjective we can choose some a; € R such that e(a;) = f;. Then we find 


the surjectivity of S, as 


n 


s(Sas = S > e(ai) (ga) = SS fig ed 
i=1 i=1 


i=1 


Proof of (4.103): 


(ii) Suppose M = {mj,,...,mp} is an ONB of M, that is M is a basis of M such that satisfies 
s(m;,mj;) = 4;,;. There is such a basis, since s is positive definite and hence we may use Gram- 
Schmidt (4.97). Thus if «w € M+ then we consider the representation u = >>, u;m, in this basis 
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and compute 


P P 
Oot | ng) Sc8 (Som | ns) = So us(m: | mj) = uy 
i=1 i=1 


Hence u € M+ implies u = 0 and this is M+ = 0. The same is true for t and hence N+ = 0, as 


well. 


Clearly N := R” has the ONB { 1,..., én } with respect to b,. That is we have bn(e;,e;) = dij 
and hence my use (ii) to find (R")+ = 0 and likewise (R™)+ = 0. Then we compute 


(im (A) )~ = {we R™”|VveEim(A) : (u,v) = 0} 

= {ue R”|VyeR" : (u, Ay) = 0} 

= {uER™”|VyeR” : (Atuy) = 0} 

= {we R™| Atu e (R")~ = 0} = kn(4*) 
(im (A*))* = {xe R"|VyeEim(A*) : (x,y) = 0} 

= {cE R"|VveE R™ : (2, A*v) = 0} 

= {rE R"|VveER™ : (Az,v) = 0} 

= {re R"| Av c (R™)* = 0} = kn(A) 


Choose ordered ONB M = (mj,...,™mp) of M with respect to s and N = (nj,...,nq) of N 
with respect to ¢ again. And denote the basis representation of y with respect to these bases by 
A = (aj;) = [py] € matg,p(R), that is p(m;) = 0; a;,;nj- Now define A’ = (a; ;) € maty,g(R) by 
ai; == €~'(aj4). That is A’ = e~!(A*). Then we define y’ : N + M to be the homomorphism 
which has the representation A’ = [p’] in these bases, that is y'(nj) = )°; aj; mi. We claim that 
y’ is the (one and only) adjoint of y. That is, given any u € M and y € N we need to show 
s(u | y’(y)) = t(p(u) | y). If we also represent [u] = (u1,..., up) € R? and [y] = (y1,---,¥q) € RY 


in the respective basis that this boils down to a straightforward computation: 


s(u | y'(y)) = s| So um | Dae nj) 


a 


Be 


q 


] 
[oe 


uie(Y;) S (m; | Y ‘(nj)) 


P 
uiE(Y;) 8 @ | Sahn] 
k=1 


ll 
fan 
G 
ll 
far 


| 
Ms 
Me 


ll 
} 
&. 

ll 


Me: 


uie(Yj) > €(a; x) s(mi | ME) 


II 
i Ms 
Ms 


a 
c 
S 
ll 
c 
cr 
ll 
an 


i 


c€*(an,j)5i,k 


wie (Ys) 


l| 

a 

i Me» 
Sa: a. 
td Bt 

Er 

il 

I 


WiE (Ys) i,j 


I 
Ms 


ll 
mn 
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t(y(u) | y) 


P 
diel mi) | yan 


= oS » uie(ys) t (p(mi) | n,) 


I 
“+ 


=1 j= 
- "i q 
= Soo ui t oe | ni] 
mnie = 
ie a q 
= due wD, aig Ene | 1) 
=1 j= k=1 
= - q 
= Dod meus) dain 
i=1 j=1 k=1 
p 4q 
= >> iE (Yj) i,j 
i=1 j=l 
= s(u| y'(y)) 


(iii) If y’ is the adjoint homomorphism of ~ then by definition we have t(y(u) | y) = s(u | y/(y)). But 


as both s and ¢ are sesqui-linear forms with respect to € (the positive definiteness of s or ¢ is not 


needed) 
(x | o(v)) = 


e(t(e(v) | 2)) = 


e(s(v | ¥(@))) = s(¢'(a) |v) 


(iv) Note that by (ii) we have M+ = 0 and N+ = 0. Also note that y’ satisfies both identities of (iii) 


Then we simply use the same computation as in (i) before: 


(im(y))~ = 


(im(A*))> = 


Proof of (4.108): 


{zreEN|Vyeim(y) : t(x|y) = 0} 
{rE N|VvEM : t(az| y(v)) = 0} 
{rE N|VvEM : s(y'(x)|v) =0} 
{zeN|¢(2) ¢ Mt =0} = kn(y’) 
{ue M|Vveim(y’) : s(u|v) = 0} 
{ueM|VyEN: s(uly'(y)) =0} 


{uEeM|VyEN : t(y(u)|y) = OF 
{we M | ou) E (N)* =<) kn(y) 


The isomorphy of the dual space (IM @ N)’ is just a special case of (3.37). Nevertheless we will give a 


proof here: First note, that myyeyy : Z +> & is the identity, whereas mylyy : © ++ 0 is the zero-map. We 


also find the following map eam : 


(z,y) 


(x,0). If we start with h € (M @ N)! then 


hw (hums, hen) + Aiyay + hintn 
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But h(x, y) = h(x,0) + h(0,y), as h is R-linear, so this is h again. Conversely if we start with (f,g) € 
M’ @ N’ then this is mapped to 


(f,9) 0 h:= frut+gmn +> (hem, hen) 


Hereby hiyy = famem+ganem = flm+t+g0 = f and likewise hiy = g again. Thus we have seen that 
these maps truly are mutually inverse. 

Now we turn to the isomorphy of the bidual (MM @ N)". If we start with w € (M @ N)” then this 
element is mapped to 

wh? (wy,WwN) > (h + wy (hem) + wy (hey)) 

where war(f) = w(fam) and wv(g) = w(gan). For f = hey this is wayr(f) = w(heyam) where 
hiuumu (x,y) = h(x,0). Likewise hinan(x,y) = h(0,y) such that the sum of these is h(z,y). This 
means h = wyy(hiys) + wy (hen) which is the first part. For the second part we start with wy € M” 
and wy € N” such that (waz,wy) is mapped to w with 


w(h) = wy (hem) + wy (hen) 


In turn w is mapped to f +> w( faz) and g +> w(gmn) separately. So we need to show w( faa) = war(f) 
and w(gtn) =wy(g). But watch what w does to fays 


w(fam) = wu(frmem) +wn(fauen) = wm (f)+n(0) = wm (f) 


Similarly we find w(gan) = wy(g) such that (wyy,wn) H wr (wy, wy) closes the circle. Together we 
have shown the isomorphy of the bidual. 
It remains to prove the commutativity of the diagram, that is for any (x,y) € M @N we need to show 


OB(x,y) = (Bu(x), Bn(y)). Let us abbreviate w := B(x, y), wy := By (x) and wy := By (y), then we 
need to show O(w) = wy X wy. By definition of O the M-part of this is w(faas) = war(f) for any 
x € M. But then 


w( fam) — B(x, y) (frm) = fru(z,y) = f(x) 
wau(f) = @u(2)(f) = f(x) 


which is w(faw) = war(f) as needed. Likewise we see w(gan) = wy(g) for any g € N’ which seals 


the commutativity of the diagram. 


Proof of (4.107): 


(i) Consider any f = >); bjmj, € M’ and any p = 97; piaim; € P. Then it is clear, that f(mi) = 
do; dim’; (mi) = b; and thereby 


f(p) = So piasf(ma) = > piasds 
i=1 i=1 
Thus if f ¢ P' then f(p) = 0 for any p € P and thereby a;bi = 0 for anyi € 1...r. But as R is 


an integral domain and a; 4 0 this implies 6; = 0 such that f € Lh{ m/,,,...,m/, }. Conversely if 
f € Lh{mi.,,,...,mf, } then for the same reasoning we have f(p) = 0 for any p € P and hence 
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f < P'. Thus we have proved 


BY eS OCP So iene coca 


n 


Let us now take a look at P'+ = 6(L| P') whichis defined tobe P')'={xeM|VfeP!': f(x) =0}. 
If now f = Be bjmi, € P! and x =)>, apm, € M then in complete analogy we have 


n 


fa) = So cit) = Dy 
k=1 j=rt 
Thus if 2 € Lh{m,...,m,} then f(a) = 0 for any f € P' and hence « € P'+. Conversely 
if f(x) = 0 for any f € P'+ then necessarily 2; = 0 for any j € (r +1)...n and hence 


x € Lh{m,...,m, }. Thus we also have 
P'+ = 6(1|P") = Lh(m,...,m, } 


And Lh{mj,...,™m, } = Hull(P) is obvious: By definition any a;m; is contained in Hull(P) 
(for i € 1...r) and as these generate P we have Lh{mj,...,m,} C Hull(P). Conversely if 
x= >>, e~mp~ € M such that ax € P for some ac R\ {0}, then 


n 
ax = S > axpme é€ P= Uht-apmi,:..,d¢m} 
k=1 


As the mx are a basis of IM we may compare coefficients and find a; | az; for any2 € 1...r and 
ax; = 0 for j € (r+1)...n. As R is an integral domain and a ¥ 0 this means 2; = 0 and hence 
x € Lh{mi,...,m, }. Thus we have finally established 


Lh{ aij cgm,)}- = Hull(P) 


(iit) As P is a vector space over a field (3.62) tells us, that P is free. Let { 7m1,...,m, } be a basis of 
P. By (3.61.(v)) we can extend this to a basis {7m1,...,7™n } of M. The identities of P' and P'+ 


are just a special case of (i), then. 


(iii) Since M is free and finitely generated the natural map 6 : M — M” is an isomorphism, according 
to (4.101.(iii)). In particular we have 6(M) = M” and by definition «”(f) = f(x) for any « € M 
and f € M’. But thereby we can just compute 


Fr 


{we M" |\VfeF:u(f)=0} 

= {2 €p(M)|VfeF : 2"(f)=0} 
BUceM|VWfeF: f(x) =0}) 

= B(F*) 


Likewise for P <m M anyw € {(P) is of the form w = 2” for some x € P and thereby 
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— 


w(f) = 2" (f) = f(x). Thus we find 


BP)” = {fe M'|Ywe BP) : o(f)=0} 
= {feM'|VreP: f(x)=0} = P! 


The implication (a) == (b) is clear: Just let Q := Lh{ m,41,...,7m™n } then it is clear that 
M =P®Q. For (b) => (d) we are given x € Hull(P), that is az € P for some € R witha £0. 
Write out « = p+q for some p € P and q € Q, then az = ap+aq € P. As M = P@Q this means 
aq = 0. But as R is an integral domain (even a PID) and J is free, M also is torsion-free. Thus 
aq = 0 and a £0 imply g = 0 such that x = p+q=p€ P. Thus we have proved Hull(P) C P 


and the converse inclusion is generally true. For the implication (d) => (e) we note that by 


assumption and (i) we have P = Hull(P) = P'+. And (e) => (c) is trivial, as we may just take 
F:=P! <j, M”. It only remains to prove (c) => (a): So by assumption we have 


P= Ft ={ceM|VfeF: f(x) =0} 


Since M is free and finitely generated M’ is such, as well, by (4.101.(i)). Since R is a PID 
(5.28.(iv)) tells us that there are a basis { fi,..., fn } of M’ and factors aj,...,a, € R such that 
{aifi,...,arfr } is a basis of F. Then by (i) we get 


FT = {weM"|VfeF:u(f)=0} 
Hs i deere ee ele 


Again the natural map 6 : MM” is an isomorphism, by (4.101.(iii)). Thus we may take ms, := 
B-"(f,,) € M that is f, = mi} for any kE1...n. Then {m,..., mn } is a basis of M and by (iii) 


A(P) = @(F*) = F' 
= Ea ee renee (a 
= Lh{ B(mr41),---, 8 (m7) } 
= B(Lh{ tippi 92.55 Ta }) 


As £3 is injective (even an isomorphism) this implies the equality of P = Lh{ m,41,...,7%n }. So 


by renumbering the basis {7m ,...,7™%n } of M we have proved the claim of (a). 


For an arbitrary commutative ring we have seen the Galois connection between the submodules of 
M and M’ as a special case of (4.105.(i)). And by (0.20) it is a general truth of Galois connections 


that these interlock the images of the respective maps, that is 


where Orc(M) := {F|F <m M’} C Subm(M) and Orc(M’) := {P'|P <m M} C 
Subm(M’). But in (iv) we have seen, that P € Orc(/) is equivalent to P being a complemented 
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submodule 
Orc(M) = Subc(M) 


But as M’ is a finitely generated module over a PID R, as well, we can also apply (iv) to a 
submodule F <, M’ of M’. That is F is a complemented submodule of M’ if and only if F = Q+ 
for some Q <, M”. But letting P := 871(Q) this is Qt = 6(P)+ = P' due to (iii). Thus we see 
that F’ € Subc(M’) is equivalent to F' € Orc(M’) and thereby we also have 


Orc(M’) = Subc(M’) 


Proof of (4.109): 


(i) Note that O06 = By x By for some bijective map © according to (4.108). Thus if both Gj, and By 


are injective then { has to be, as well. Conversely, if § is injective then O@ is injective, as well 


and this means both (y¢ and Gy are injective. 


Likewise if 8,7 and By are surjective, then 8 = Q~!(By4 x Bn) is surjective as well. And if 8 is 


surjective then O£ is surjective, as well and this means both {jy and (Gy are surjective. 


(ii) This is just a special case of (i): I @ N was called reflexive iff the natural map { is bijective. And 


(iii 


a 


by (i) this is equivalent to Gjyy and (Gy being bijective. But this is when we say VM and N are 
reflexive. 


If P is projective, then there is another R-module Q and a free R-module F’ such that F = P®Q. 
Since F is free we know that (Jp is injective, due to (4.101.(ii)). But then (p is injective, as well, 
according to (i). 

Likewise if P if projective and finitely generated, then F’ can be taken to be finitely generated, too 
by (??). Thus (4.101.(ii)) tells us, that Sp even is bijective, such that {p is bijective, by (i). An this 


means that P is reflexive. 


Proof of (4.118): 


(i) Let us first prove that Ch(X) is convex: Consider any x = >), a;2; and y = 97; bjy; in Ch(X). 


That is x; and y; € X and aj, bj € Rt where >), a = 1 and pF b; = 1. If we are now given any 
a, b € R* such that a+ b = 1, then 


m n 
ax+by = Ss" aajx; + a bby; 
i=1 j=l 


Thereby aa; and bb; € Rt and we find that the arbitrary element az + by of the line segment is 


contained in Ch(X) again, since 


Sa = Pek =a+b=1 
i=1 j=l i=1 j=l 
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If now « € X is any fixed element, then we need to prove the identity for Ch(X). Given a, € Rt 
with >>, an < 1 we let ap := 1— 5°, ax > 0 and xo := 2, then we see that 
n n n 
e+ S- agar —-Zz) = (: -Yon) c+ S- apse 
k=1 k=1 


k=1 


= agto + So apary € Ch(X) 
k=1 


is contained in Ch(X). Conversely consider z = o>, apr, € Ch(X), that is So, a, = 1. If 
x {X1,...,%p } then we find 


n n n 
Z=2- (Sone) e+ Soon = 2+ S~ ap(ap — 2) 
k=1 k=1 k=1 


And if  € {21,...,% } then we may assume x = x, without loss of generality. And thereby we 


find another representation of z of the form desired 


n 
a = A2-+- S Ark 
k=2 
n n 
= ayet+ S> an(LE — 2) + So age 
k=2 k=2 
n n 
= (>: «) a+ San (2 — 2) 
k=1 k=2 


n 
= “t+ S- an( ae — 2) 
k=2 


(ii) Consider any x, y € (); C; and any a, b € Rt such that a+ b= 1. As 2, y € C; and C; is convex, 


we find ax + by € C;. But as this is true for any i € I we have ax + by € (},; C; again. 


(iii) The inclusion "C" is easy to see: Of course we have X C Ch(X), as for any x € X we have 
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x = 1l& € Ch(X). But by (i) we also know that Ch(X) is convex. Thus C = Ch(X) meets the 


conditions of the set on the left hand side and hence we have '"C". 


For the converse inclusion ">" we need to show Ch(X) C C for any convex subset C' C V with 
X C C. Thus consider any z = )>,apxx% € Ch(X), then we will prove z € C' by induction on 
m: In case n = 1 we have z = a x1 for some ay = 1 and x; € X, that is z= 2, € X CC. 
For the induction step n+ 1 we first note that a,4; would mean z = @n41%n41 SO we are done 
by the case n = 1 already. Next suppose we had ani; = 0. Then we could omit x41 in 
Z= YX +... Ann +An41%n+41 Such that the sum would run over the first m elements only and we 
can already use the induction hypothesis to find z = ajx%1 + ...dn% € C. Thus we may assume 
b := Gn41 > 0 and let a := ay +--+ +a. Then 0 <a=1-—06< 1 and therefore we may define 
Y := E41 and 


n 
—— ak 
C:= te Ee V 
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As 0, an/a = (0, ax~)/a = a/a = 1 we have x € Ch(X) and thereby x € C by induction 
hypothesis. Also y € X C C by assumption on C. But as C’ is a convex set and a+ b = 1 this 
implies az + by € C again. But it is clear that this is z 


ak 
ax+by = a ) Gtk t Ont Fn = y —“t, = Zz 
k=1 k=1 


Proof of (4.120): 


(i) As F is a field and the scalar, resp. inner product is a positive definite sesqui-linear form on F” 
we can choose an ONB of F” with U = Lh{ gi,...,9, } according to (4.98). If now u € U is any 


point in U, then we have a basis representation 


i fi 
“uU= S- chIK Ee U 
k=1 


We now wish to find the wu € U such that the distance ||w— || is minimal. But as the square 
Rt + R* : a+ a? preserves order (that is a <b <= > a? < D? it suffices to minimize the 
following function 


d(u) := |lu—all? 


As IR C C and the inner product agrees with the scalar product for real vectors it suffices to regard 
F = C only. Then 


d(u) = (u-alu-—a) = (uu) — (ula) — (| u) + (| 2) 
= (u|u)—({e]u) +(e] u)) + (| 2) 
= (u|u)—2re({a | u)) + (x | x) 


Now let cy, = ag +ibp and wy = uptivg, = (x | u), then we can continue to evaluate this expression 


by parts 
(ulu) = Oe C595 | S cege) 
j=l k=1 


= Odo cite (95 | gn) 


j=l k=1 
r r 
5 : a Y 2 2 
=> ChCk = (az, + bz) 
k=1 k=1 


3 


(c|u) = (x| S cege) = So G(x | 9x) = ChWk 
k=1 k=1 


r 


= ) (a, Up + bpvp + 1apVUpK ib; Ux) 
k=1 


Thus if we aggregate a = (aj,...,a@,) resp. b = (b1,...,b,) € R” then d(u) = d(a,b) really is a 
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function of the form d: R27 > R 


is r 


d(a.b) = (az + bp) - 25 (anu + bevR) + |||]? 
k=1 k=1 


In fact d is a quadratic form so it has a uniquely determined minimum, but let us apply some 
calculus: If (a,b) is a minimum then all the partial derivatives vanish e.g. [Barner, Flohr, Analysis 
Il, Kapitel 14.4] 


ee eee ee 
Oh Ne 


That is cj = aj + ib; = uj + ivy = w; = (a | gj) which means, that the point u € U of least 
distance to x has the coefficients cy, = (x | gj). In particular it is uniquely determined. And it truly 


is a minimum, as the Hesse matrix of d is 2- Ilo, which is positive definite. 


(ii) We need to find the minimum of the function S + Rt: t+45||t— ||. But as S = s+U where 


U=S—s <, EF” is a subspace of F” we can reformulate this to find the minimum of the function 
d(u) = |\(st+u)-all? = |(w-(@-s)|? 
where u € U. In (i) we have seen that the point g € U for which this distance is minimal has the 


coefficients c, = (x — 5 | gx), that is 


r 


c= (7—8| on) on EU 
k=1 


Thus p = s+q is the point in S that minimizes ||t — a|| for t € S. In other words: p = s+ wu is the 


orthogonal projection of z to S. 


(iii) This is just the special case r = 1 of (ii): Since u 4 0 we may define g := u/ ||u||. Then clearly 
(g | g) =1 such that {g} is an ONB of U = S — 5 = Fu. And hence we find 


WU (x —s|u) 
BONO SO eee" eae ag ee 


Proof of (4.121): 

In elementary geometry you have to be extra-careful to distinguish between formal arguments and intuitive 
insights (that may not convince someone who doesn’t share the insight). As we aim to be as rigorous as 
possible the proof might require more effort than expected. We will rely on the sine rule 


sin(a)  sin(@) __ sin(y) 


a b Cc 


and prove this along the way. If z = 0 or y = O then we have 0 = 0 so there is nothing to prove. 
Otherwise we start with A=0, B=x2 #0 and C=y #0 and define S := Ry C R”. Then S is a line 
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in R” and we may use (4.120.(iii)) to find the projection p € R” of x onto S. By said proposition this is 


given to be 
I(x, ¥)| (2, ¥)| 


llyll? lly 


However we will need to distinguish two cases: a < 7/2 first and a > 7/2 second. In the first case the 


(x,y) 
p= Tal?” = \lpll= 


llyll = 


triangle looks like 


A=0 b Po C=y 


e Let us first prove the sine rule c- sin(a) = a- sin(y): If we choose P such that the angle 9 = 1/2 


is right, then we may use the definition of sine to already find 


e Note that by construction p € IR” is the one point p € S for which the distance d is minimal. Let 
us argue, that in this case @ = 7/2 is a right angle: By the sine rule applied to ABp we have 


c-sin(a) 


d-sin(g) = c-sin(a) = > sin(@) = 7 


As c-sin(a) is fixed and d is as small as it can be, sin(g) is as large, as it can be, which is 
sin(@) = 1. And this is the case for a right angle @ = 7/2, which also yields P = p. 


e Then we can use ||p|| and the definition of cosine to compute the angle 


b _ Ill _ le.) 
e fel Tel Tol 


cos(a) = 


As a < 7/2 we have it, that P lies in the positive direction of y, when looking from A = 0. That is 
p = ay for some a > 0. And as a = (x,y) we have |(x, y)| = (x,y) such that finally 


So we now turn our attention to the case a > 7/2, in this second case the triangle looks a little different 


Bae 


C=y 


e Again we start by proving the sine rule c- sin(a) = a-sin(y) in that case, too: Choose P such that 


the angle @ = 7/2 is right, then by the definition of sine again 
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But a’ = 7 — a and hence it is clear from the symmetry of the circle in the definition of sine, that 


sin(a’) = sin(a — a) = sin(a) such that the sine rule is complete. 


e Applying the sine rule to ABp again, we find P = p, as before. The proof has been independent 
of the shape of the triangle. 


e This time P lies in the negative direction of y, when looking from A. That is P = ay for some 


(z,y) = a < 0 such that |(x,y)| = —(x,y). And cosine computes the complementary angle 
a’ =a —a only 
b’ 
cos(a’) = % — loll _ Kew) 
e lal! fell: My 


But from the symmetry of the circle in the definition of cosine it also is clear that cos(a’) = 


cos(m — a) = — cos(a) such that we arrive at the same formula, as the minus sign can be scratched 
— cos(a) = cos(a’) — (x, y)| = (x,y) 
[lal - Ilyll lll - Ilyll 


Proof of (4.124): 
First of all it is straightforward to see, that (a,b) = (a,a A x) = 0 from the definition of the scalar and 


wedge product: 


(a,aAx) = ay(agxz — a3%2) + a2(agx1 — a1x3) + a3(a122 — A271) 
= 4102%3 — A143%2Q + A2A3X1 — 41 A2%3 + A1a3%2Q — a2a3L1 


= 0 


Generally we have aAx = bif and only if b} = agx%3—a3xq and bz = a3x%1—a 123 and b3 = ayx2—A2%). Let 


us reformulate the third and second equations into aj%2 = 63+ a2% 1 and a,x%3 = —bg+a321 respectively. 
Then we find, that 
A,X 0 at 
ar = atx — b3 +21] ao 
ayx3 —bo a3 


This already is the first equation ajx = (0,b3,—b1) + x1a of the claim and in complete analogy we 
see the other two identities aj2 = (—b3,0,b1) + xa and a3x = (b2,—b),0) + x3a. If now ay € R* is 


invertible, then we get 


0 at 0 
c=a,'| bs | +(a,'21)| a | € a,;'bz |+Ra 
—be a3 —ajz'be 


Thus we have proved the inclusion L C (0, az 'b3, —a;'b1)+Ra for the set of solutions L := { 2Eel?|anz=b i 
Again, in complete analogy to this case we also find L C (—az ‘bs, 0, az'b,)+Ra whenever a2 € R* and 
LC (az ‘be, —a3 ‘bi, 0)+ Ra supposed a3 € R* respectively. It remains to prove the converse inclusions: 


So let us assume (a,b) = 0 and ay € R* and pick up any u € R. Then for x = (0,a7'b3, —a,;'b1)+ua 
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we need to show aA x = b. First of all it is clear that aA (b +c) =aAb+aAc and aAa=0 such that 


0 


CRA AK az 'b3 +u(a/ a) 


-1 


0 
= —1 
= aN a, b3 


-1 


And evaluating this expression by the definition of the wedge product finally yields a A z = 6, using 


azbg + a3b3 = —ayb; in the following computation 
—agay ‘by on a3a, -b3 
aNxr = a3-0+ aya; be = 
aya, bs — ag: 0 
—a;'(—a1b1) by 
= by = | bo 
b3 b3 


—a;'(agb2 + a3b3) 
i) 
b3 


In complete analogy we can prove a A x = b for the like cases, in which we have (a,b) = 0 and ag € R* 


or a3 € R* respectively. 


Proof of (4.126): 


Properties (1) to (3) and (5) are immediate from the definition of the wedge product. Property (4) is 


immediate from (6) as (x A y, x) = det(z,y, x) =0 and (x/A y, y) = det(z, y, y) = 0. So we start with (6) 


which is a straightforward computation: Let n:= x2 A y that is ny = xoy3 — ©3Y2, Ng = L3Y1 — X1y3 and 


n3 = @1y2 — L2y1 then 


(cAYy,Z) = N12 + nez +7323 


= %2Y321 — L3Y221 + V3Y122 


— 2X1 Y322 + X1Y223 — L2Y123 


= £1Y223 + ©2y321 + ©3Y122 


—2%2Y123 — V3Y221 — ©1Y3~2 


= det(z y z) 


We will show (7) by another direct computation, let n := x /A y again, then 


1223 — 1322 


U3Y123 — L1Y323 — ©1Y222 + L2Y122 


L1Y221 — ©2Y121 — £2Y323 1 L3Y223 


©2Y322 — %3Y222 — LZ3Y121 + @1Y321 


r 022941 7 


r 022942 7 


Cee oe = 321 — 1123 
N14 22 — N2QZ1 
T121Y1 71 
(x, z)y = 1 21Y2 4 
12193 71 


r 022943 7 


r L323 Y1 
r U323Y2 
r L323Y3 
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T1Y12Z1 + ©2QY1 22 1 L3Y123 
T1Y271 1 ©QY222 1 L3Y223 


L1Y321 1 ©2Y322 T+ L3Y323 


YI2Z121 TF Y222T1 + Y3 230%] 

(y,2)@ = | yrzrre + yoz2r2 + y32322 
Y121%3 TF Y222%3 + Y323%3 

T1Y121 7 21 Y222 1 Y1Y323 

<= LQY12Z1 1 L2QY222 T L2QY323 


U3Y121 1 ©3Y222 1 L3Y323 


From these we find (xAy)Az = (x, z)y—(y, z)x and thereby xA(yAz) = —(yAz)Axv = —(y, 2) 2z4+(z,2)y = 
(x, z)y — (x,y)z. Now (8) is an immediate consequence of (7): Clearly the following terms sum up to 


zero: 


aN(yAz) = (x, 2)y— (x, y)z 
yA (z A x) = (y, £)z _ (y, zy 
zA(a@Ay) = (z,y)a—-(z,2)2 


For property (9) convince yourself that the k-th coefficient of x A y can be expressed in the following 
way: Fork €1...3 pick up i, 7 € 1...3 such that 7 < j and {7,7,k} =1...3, then 


[eAgyle = (-1)***(aiyj — 2yy) 


That is for k = 1 we have (i,7) = (2,3), for & = 2 we have (i,j) = (1,3) and for k = 3 we have 


k+1 


(i, 7) = (1,2). Hence in the scalar product (uA v,xz A y) the signs (—1)"** cancel each other and the 


sum k = 1 to 3 turns into the sum over (i, 7) € (1...3)? with 7 < j 


3 
(uAv,zAy) = SY furveleryle 
k=1 
= So (ue; — ujri) (wiyy — 2542) 
i<j 


So let us check what we find for (u, x)(v, y) — (u, y) (uv, x), if we evaluate this expression we see that for 


i = the terms in the difference cancel each other, such that we can split the sum into two parts again 
(u, x) (v yo «) 
3 3 3 
i=l 


Il 
3. 3 
= DOD) (uixingy; — wiyinjrs) 


= UV; (LiYy — YL;) 
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[> usin; (xij — yerj) + = Uj; (wij — ers) 
i<j i>j 


The bracket in the sum over 2 > 7 is symmetric in 7 and 7 up to sign. Thus if we interchange 2 and 7 in 


this sum we pick up a minus: 


(u,x)(v,y) — (u, y)(v, 2) 
SY wiv; (wig — yay) — D5 uyui (wigs — yews) 


i<j i<j 

= Do (wiv; — ujri) (wins — yiers) 
i<j 

= HUAU Ny) 


To prove property (10) we take a look at the matrix A having the columns xz and y, that is A = (ay) € 
mat3 (IR). By definition of the column-rank we have c-rank(A) = 2 if and only if { x,y } is linear inde- 
pendent. But as R is an integral domain (even a field) we have c-rank(A) = m-rank(A) due to (4.86) 
and the (2 x 2)-minors of A are given to be m1 = x1 y2 — Lay1, M2 = 11 y3 — L3y1 and M3 = Loy3 — 3 Yo. 
That is the wedge product xz A y = (m3, mz, m1) contains precisely these minors. In particular we have 
m-rank(A) = 2 if and only if Ay 40. 


For we next part we take a look at the cofactor matrix first. By it’s definition for any n € R® the i-th 


coefficient of cof(A) n is 
3 
[cof(A = S-1 jes det(Aj,;) n; 
j=l 
Let B := (0,2, y) € mat3(R) be the matrix with the columns 0, z and y. Then AB = (0, Az, Ay) is the 


matrix with the columns 0, Ax and Ay. Also it is easy to see, that 


det(Bii) = x2y3-a3y2 = [x Ay] 
det(Bo1) = xiys—a3y. = —[xAyle 
det(B3,1) = Bip —ayy =. ||enyls 


We will look at the components of Az A Ay one by one: We may use property (5) to extract the first 


coefficient of Aw \ Ay as a determinant 


[Az \ Ay]1 = (e1,Ax A Ay) = det(e, Ax, Ay) 
1- det te ve = det((AB);,1) 


[Az]; [Ay]s 


Let n := x Ay again. We now apply the formula of Cauchy-Binet to AB, where we choose a = (2,3) 
and y = (2,3) € Asc(2,3). Then 


det((AB)i1) = det(ABla|y]) = S$ > det(Ala | 6]) det(Bls | 7) 


BEAsc(2,3) 


Note that the sum over 8 € Asc(2,3) runs over (1,2), (1,3) and (2,3) which are the complements of 3, 2 
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and 1 respectively, that is 


3 
[Ax A Ay]1 = det((AB)11) = S det(A1,) det(Bj1) 


j=l 
= det(A1,1) ny — det(Aj 2) n2 + det (Ai 3) n3 
= |cof(A) ni 
In the same way we are able to prove [Ax A Ay]zg = —det((AB)i.2) and by choosing a = (1,3) we 
get det((AB)12) = —[cof(A) n]z. And lastly (with a = (1,2)) also [Ax A Ay]z = det((AB),3) and 


det((AB)1,3) = [cof(A) n]3. As we have the equality for any component this finally is 
Az Ay = cof(A)n = cof(A)(xAy) 


Now we are up to the geometric properties of the wedge product: Let us denote the parallelogram spanned 
by « and y by P := Ph{ x,y} and the parallelepiped spanned by z, y and z by Q := Ph{a,y,z}. In 
order to prove ||x A y||= Area(P) we use property (9) of the wedge product with u= 2 andv=y. Ifa 


is the angle between z and y then we use (4.121) to compute 


Iz Ayll? = (eAy,zAy) = (2,2)-(y,y) — (x,y) - (y, 2) 
= |x|? - \lyll? —Ca,y))? 
= |x|? - lly]? — llall? - Ilyll? -cos(e)? 


= lz? - llyll? (2 — cos(a)’) 


= |||? - Ilyl|? -sin(a)? 


Note that for any a € [0,7] the sine sin(a) > 0 is positive. Thus we may simply scratch the square from 


this equation to find the formula of the area 
ZA yll = lel - llyll-sin(a) = Area(P) 


For the final formula of the volume, note that x Ay is perpendicular to both x and y, according to property 
(4). That is x A y is perpendicular to the plane P lies in and thereby the angle between x A y and z is 
m/2— 6. Thus (4.121) again tells us 


(cAy,z) = |jxAyll- |lz|| -cos(r/2 — 8) 

= |lxAyll - [zl] -sin(4) 
Area(P)- ||z|| - sin(@) 
Vol(Q) 


Proof of (4.128): 

We find from the figure in (4.128), that the trapezoid 7’ = ABCD can be decomposed into two triangles 
ABD and BCD and hence its area is Area(T’) = Area( ABD) +Area(BCD). Let us denote u := B—A, 
v:= D—A,x:= B—C and y:= D—C. Then our assumption of a trapezoid amounts to —y = C— D = 
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t(B—A) = tuand therefore rAy = —trAu =tuAz. Alsout+z+y = B—A+C-B+D-C = D-A=v 


is clear and hence 


uAv = uA(utet+y) = uAutuAL+UAY 
= O+fuAr+0 =UudAz 


AsxAy = tuAaz = tudAv we find Area(BCD) = (1/2) ||x A y||= (t/2) ||u A vu]] and therefore 
Area(T’) = Area(ABD) + Area(BCD) = (1+ t)/2 ||uA v||. But we get the same result for 


((B- 4) +(C-D))\(C-A) = (uy) Ay) 
= uAv—-uAy-yAvt+ydAy 


= uAvtvAys=udAvutzaAy 
= (1l+t)uAv 


and hence the claim Area(T’) = (14+ t)/2 ||wA v||= (1/2) ||(u— y) A (v— y)]].- 


Proof of (4.129): 

Let us denote U := Lh{ u,v} and S:=s+U. Define n:= uA v and h := (n,s) as in the theorem and 
denote N := {ax € R3 | (n,2) = h}. Then we need to show S = N. The inclusion S C N is easy: If 
x € S, then z is of the form « = s + au + bv for some a, b € R. But by (4.126.(3)) we have (n,u) = 0 
and (n,v) =0 such that 


(n,z) = (n,st+aut+bv) = (n,s)+a-(n,u)+b-(n,v) = (n,s) =A 


which is 2 € N already. For the converse inclusion N C S we look at the map f : R? > R: 2+ (n,z). 
As {u,v} is linear independent we have n # 0, due to property (10) of the wedge-product. Thus f 4 0 
and thereby dim(im(f)) = 1. The dimension formula (3.64.(iii)) then implies 


dim(kn(f)) = dim(IR*) — dim(im(f)) = 3-1 = 2 


So P :=kn(f) = {2 € R® | (n,x) =0} is 2-dimensional. But as f(u) = (n,u) =O and f(v) = (n,v) = 
0 we already have U C P. If there was some p € P\ U, then { u,v,p} C P were linearly independent 
which cannot be, as dim(P) = 2. Thus we have U = P. We will finally show N = s+ P. To see this 
consider any x € R°, then x € N is equivalent, to f(a) = (n,x) = h = (n,s) = f(s) which is equivalent 


to f(a —s) =0 which is equivalent to x — s € P which finally is equivalent to  € s+ P. Thus we have 
N=s+FPand thereby S=s+U=s+P=N. 


Proof of (5.36): 
If aj = A then p(m;) = ajm, turns into (mj) = Am; and hence m; € Eig,(A). For the converse 
incluison we need to verify, that any x € Eig, (\) is a linear combination of those m,; such that a; = 4». 


But as {771,...,7™n } is a basis we may write 


L = So ajm; 
j=l 
for some x; € R. Now apply ¢ to z, on one side we have v(x) = Ax, as x € Eig, (A). On the other side 
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y is R-linear and any x;m,; is mapped to x;a;m,; by assumption on y. That is we find the identity 


n n 
A= Olay == So Axim; = S) ajajm; 
j=l g=l 


Subtracting the sums, and using the fact, that the m,; are linearly independent, we get (a; — A)x; = 0 


for any 7 € 1...n. As R is an integral domain we get a; = A or x; = 0 for any 7 € 1...n. That is 


LE Li | GS De a; =X} 


as all the 7; with a; 4 A have to be zero. As we started with an arbitrary x € Eig,() this also proves 


the converse inclusion and hence Eig,() and Lh{ m, | 7 € 1...n, aj = A} are identical. 


Proof of (5.37): 


(i) 


(ii) 


(iii) 
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Since R is commutative z ++ 7 — All is a linear map. And therefore Eig,(A) <m M is a 
submodule, since it is the kernel of this map » — All € end(/). It remains to prove that Eig,,(A) 
also is invariant under ¢. To do this consider any x € Eig,,(A), then we have v(x) = Ax € Eig.(A) 


again, as Eig,,(A) is a submodule. 


Now, if M is torsion free, then we continue: By definition ax € Eig.(A) means y(ax) = Aax. On 
the other hand we have y(ax) = ay(a) such that a y(x) = Aax. As R is commutative, this is 
a(y(x) — Ax) = 0. Now, as M is torsion free, this implies y(2) = Ax, which is x € Eig.,(A) again. 


Since M is free and finitely generated d(A) := det(y — Alls) is well-defined. By definition of the 
spectrum A € Spec(y) if and only if kn(y— Alar) 4 0. But since R is an integral domain (4.65.(ii)) 
tells us that this is the case if and only if d(A) = 0. 


We will prove the statement by induction on n: For n = 1 we consider some a,x; = 0. As 21 #0 
by assumption and M is torsion-free we get a; = 0 and hence { 2; } is linearly independent. For 


the induction step n — n+ 1 we consider 


n+l n 
) ac; = 0. Qn41Un41 = — ) A4X; 
j=1 i=l 
anita) = GAari~eaa) = -@riArgti¢ne 
n 
= Aidan: = Ags y A,X; 
i=l 


nr 
= - oF aiAn+1Vi 
i=1 
n n 
P(Antitnti) = Y (- De vo) = —)} > ay(a) 
i=1 i=1 
nr 
=> —- S> AiAjLi 
i=l 
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Thus since we have found two seperate expressions for ~(Gn+12n+1) these have to be equal. And 


thereby we arrive at a new equation 
n n 
= = y A¢An41%4 = — y Ging; 
i=l i=l 


=> So ai (An+1 _ ri) oe, =i0 
i=l 


By induction hypothesis { 21,...,2n } are linearly independent such that we conclude a;(An+1 — 
Ai) = 0 for anyz € 1...n. But since the \; are pairwise distinct we have A,41—A; # 0 and as R is 
an integral domain this implies a; = 0 for any 2 € 1...n. But from this we also see @n41%n41 = 0 


and as %n41 #0 we conclude ani; = 0, as well. That is 71,...,%n,%n+41 is linearly independent. 


(iv) Consider any finite collection of elements ui; € U; where i € 1...n and j € 1...m/(é). If now 


a;,; © R are any scalars, then we claimed 


n m(j) 
De aig May =0 = Viel...n,Vjel...m(i) : aj = 0 
i=1 j=1 


To see this let uj := >); ai,j ij, aS any Ui; € U; C Eigy,(y) and the eigenspaces are submodule 
of M by (i) we find that u; € Eig,.(y). Suppose u; A 0 for some 7 €1...n, as uy +-+-+Un =0 
by assumption this would imply 1 = 0 due (iii). But as R 4 0 this is not the case. Therefore we 


have u; = 0 for allie 1...n. Now 


Ue = So aig Ui,j =0 => V7 E1...m(t) : aj = 0 
j=l 


since all the U; were supposed to be linearly independent. That is we have a;,; = O for any 


gj €1...m(t) and this for any i € 1...n. 


Proof of (5.43): 
Items (i), (ii), (iv) and (v) are clear, we only have to prove the remaining statements (ii), (iii) and (vi): But 
(iii) is covered in (4.58.(iii)) and this also yields c,4(t) in (ii), as for A = dia(aj,...,m,) we find 


r 


ca(t) = [[@-a;) = [[@-ay 
j=l 


i=1 
For the minimal polynomial m,4 we assume F to be a noetherian integral domain. Note that, as A is a 
diagonal matrix, for any f € R[t] we have f(A) = dia(f(a1),..., f(G@n)). In particular 
ma(A) = dia (Il -90.---F[lon 20) = dia(0,...,0) = 0 
i=l i=l 
Also m4 is monic by construction, so it only remains to prove property (3), which is f(A) = 0 implies 


ma | f. The assumption 0 = f(A) = dia(f(a1),...,f(a@n)) means f(a;) = 0 for any 7 € 1...n. As 
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f(t) = a(t): (t—a;) + f(a;) (by division with remainder) we hence find t—a,; | f. In particular t—A; | f 
for anyi€ 1...r. But then the t — ; are pairwise non-associate prime elements of Rit], that all divide 
f. In other words (t — A; | f) > 1. And thereby (2.56.(vi)) implies 


ma = [](t-») | T[@-ay 9 | Ff 


The proof of (vi) splits into two parts: First we need to show that the characteristic polynomial cc(t) of 
the companion matrix C := comp(f) truly is f again. This is not hard, using induction on the degree n 
of f: For m= 1 we have f =t+ ag and C = (—ap) a (1 x 1)-matrix. For this it is clear, that 


det(tl, —C) = det(t+a9) = t+ao = f(t) 


For the induction step, we have to regard the polynomial f(t) = t’t!+a,t”+---+a,t+ao. To evaluate 


the charactristic polynomial of C = comp(f) we then use Laplace expansion along the first row 


t 0 0 --. O ao 
—-1 ¢ 0 --. O ay 
QO -l 0 a2 
det(tl,+1 _ C) = det : Ls =t-Di,+ (2 1)" 196 > Dnr+1 
: . t An—-1 
0 0 0 —-1l t+ta, 


Here we still have to take a closer look at the determinants D; and D,,.1 of n x n-matrices: Define the 
monic polynomial fi (t) := t" + ant” 1} +...agt +a, and let Cy := comp(fi), then we find 


t QO --- O ay 
D, := det : =i)“, = det(tl,, — C1) 

t an—-1 
0 0 —-1 t+ta, 

—1 ¢ 0 0 

QO -l 0 

Dry = 0 ie (cae 
—-l1 ¢ 
0 0 QO -l 


Here Dnii = (—1)” is obvious, as it is derived from an upper triangular matrix. And by induction 


hypothesis we have D; = f(t) such that the above determinant of tl,41 — C turns into 
det(tI,41 —C) = t- fi(t)+(-1)?"t7ap = t- filt)+ao = f(t) 


Thus we have completed the induction and found cc(t) = f(t). It remains to prove, that this also is the 
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minimal polynomial mc(t) = f(t). However the proof of this needs some more advances in the theory - 
namely the Cayley-Hamilton theorem and (5.56). However we give the proof here, but abstain from using 
this property: First of all we have f(C’) = co(C) = 0 by (5.44.(ii)). Let us now denote the endomorphism 
p: R” > R": a+ Cz. In the Euclidean basis € of R” we then have [yje = C = comp(f). So by 
(5.56.(iii)) we find the following isomorphism of R[t]-modules 


Rl pra + (Ee : g+fRit] > gey 


In particular: If g € Rit] is any polynomial satisfying g(C) = 0 then of course 0 = g(C)(e1) = ger. Due 
to the injectivety of the map this means g + fR{[t] =0+ fR[t] and hence f | g. Therefore f satisfies 


the properties of the minimal polynomial and as this is unique, we have f = mc. 


Proof of (5.44): 


(i) Recall the explicit definition of the determinant of a square matrix A, as a sum over all permutations 


of n and the respective products 


det(A) := ys sgn(o) | | ai,o1i) 
aESn i=l 


We will now cluster this sum: For any permutation o € S), let us denote the fixed set of o by 


fix(a) := {i €1...n| o(t) =7}. Using this we can partition S;, into 


S. = U U {oe€ 5, | fixie) =F} 
f=0 g 28 Ges eee 75 
#F=f 


For any i € F' = fix(a) we have o(i) = 7 by construction. Thus this partition enables us to rewrite 
the determinant into the form 
ik bs Ais ifie F 
det(A) = S- s ~~ nto TH ee 
f=0 #F=f fix(o)=F int (Gow fig F 
fi ¢ F = fix(c) then a;,,¢) is off the diagonal of A, so if we apply this to det(tll,, — A) we find 


the following expression 


ie 2 t—a.,iieF 
MO De, De Dy sn 1 foe 


f=0 #F=f fix(o)=F i=1 


We will prove that this expression can be reformulates as the equality 


n 


cat) = So(-I""" SS det( Ala | al) 


r=0 a€Asc(n—r,n) 


As R is commutative, the product can be decomposed into two separate parts: Note that the 
product of the (t — a;;) can be rewritten as a polynomial in t. Thereby the coefficient of t/—* is 


the elementary symmetric polynomial evaluated in the a;; where i € F C 1...n. Let us denote 
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Asc(k, F) :={y:l...k > F | y(1) < 7(2) <--- < y(k) } then these products can be rewritten as 


II (-aioa) = (-1)"7 II Ai, (2) 


igF iF 
f k 
IT@-a) = Docae® Dd) [Tawa 
ick k=0 yeAsc(k,F’) j=1 


Since y(j) € F for any 7 € 1...k we have o(y(j)) = y(j). Thus if we denote F := (1...n)\ F 
and FUy:= FU7(1...k) then aeauninina these two equations we find 


I 


Cte 
i=l 


= —Qio(i) if 7 ¢g fe 
f 
= \(-1 jae f+kyf-k S- I] i, o(i) 


k=0 yeAsclk,F) ie FUy 
Altogether we can rewrite the characteristic polynomial of A as c4(t) = 


f 


SY sanley eye! TT aia 


f=0#F=f fix(o)=F k=0 yEeAsc(k,F) ieFUY 


We can pull the summation symbol 5°, in front, right behind Par, by the associativity property of 
the addition, such that the summation runs over all indexes (f,&), where f, k €0...n andk < f. 
However we can rearrange this index set to the set (r,k), where r,k €0...n andk<n-—r. The 
bijection of these is (f,k) + (f —k,k) with inverse (r,k) > (r+k,k). Therefore c4(t) = 


n 


yor ys YY soe) YL TT we 


r=0 k=0 #P=k-+r fix(o)=F yEAsc(k,F) ieFUy 


In case r = n we have k = 0 and since #F' = n necessarily F = 1...n. Thus o = I, since this 
is the only permutation, that fixes the entire set 1...n. Therefore the case 7 ¢ F is void such that 


the coefficient of t” equals 1. In any other case r < n we have to show 


>» Dd» 2s) dC. Teen 
k 


=0 #P=k-+r fix(o)=F yEAsc(k,F) ieFUy 


= det(Afa | a]) 


But this is not too far away: Let us apply the above partition of S,,_,. to the expression det(Ala | a]), 


then we have the equality 


yy det(Afa | a]) 


acAsc(n—r,n) 


=~ net = = wet Ga(i),a(é) ifieF 
= sgn(o 
ele, ame 


=f fix(@)=F i=1 | @a(i),ag(i) Hig F 
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Rerranging a little we can pull out the summation symbol LF up front and push the summation 
2, behind sgn(a). Then we see that both expressions start with a summation from 0 to n — r. 


Thus if we take the same summation index f = k it suffices to show the equality of 


~ dv sore) YT aioe 


#F=k+4r fix(o)=F yEAsc(k,F) ie FUy 
a(i) ),a( (i) if 1 — F 
= S° S> sgn(@) S- Il co 
#F=f fix(o)=F ac€Asc(n—r,n) i=1 Ga(i) coli y if Q g B 


Note that in these terms both products encompass n — r entries of A. For det(Ala | a]) this is 
obvious and for c(t) note that #F =k-+r such that #F =n—k—kandas #7(1...k) =k and 
y(1...k) C F this means #(F Ny) =n—-—k+r+k=n-—r. Let us take a closer look at these 


products 


a Qa(i),a(i) ifie F 


II = II ex(i) ,or(i) II Fe(i) ,a.o(i) 


i=1 \ Fa(2),co(2) age ick igF 


LL tow = TL ea LL eiou 
i€FUy 


JEy(1...k) j¢F 


We are being a little sloppy, as in the upper term F C J :=1...(n—,r) differs from F C J := 
1...n in the lower term. Let us rename these sets fF; and Fy respectively. Then a: J ~ J and 
0 € S; such that we may consider o := aga” '. We can regard a € S7 if we take o(j) := 7 for any 
j€1...n\a(JZ). With this continuation we find 


fix(a) = a(fix(g))aZ) 


Prob If 7 ¢ a(Z) then j € fix(c) by construction and if 7 = a(i) then 7 = o(7) = aga 1(j) if and 
only if a~!(7) = ga~!(7) which is i = o(2) or in other words i € fix(g) such that j € a(fix(g)). 


Altogether, if we use the bijection Fy +> Fy := a(Fy) Ua(Z) we turn the subset Fy C 1...(n—r) 
with f elements into a subset Fy C 1...n with f +r elements. And if Fy = fix(g) then for 
0++ o = aoa! we find fix(c) = Fy. Thereby it is clear that sgn(a) = sgn(@) as conjugation 
does not change the cyclic structure of 9. All we have to do is define y € Asc(k, Fy) to be the one 
ascending chain of indexes with 7(1...&) = a(Fy). As Fy; has f =k elements and a(F7) C Fy, 
this is well defined. Thus we have translated the lower term into the upper term using Fy; +> Fy, 


ot+o and a++ ¥. But from this construction it is clear that the products match each other 


II a5 > WEzoro 


JEA7(1..-k) ie Fy 
[Gee = Tl teens 
IEF igFy 


(ii) Let B := (tll, —A)* € mat,,(R[t]) be the adjugate matrix of tl, — A, then (as R[t] is a commutative 
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ring) we have seen in (4.63.(iii)) that 
(tl, —A)B = det(tl,—A)I, = ca(t)In 


That is we have n? equations in the polynomial ring R[t] encoded in a single equation for n x n 
matrices over Rt]. And by construction the degree of all these polynomial equations is n. Let us 


now write 


n-1 
B = (tl,-—A)* = Sot Be 
k=0 


for sufficient By, € mat,(R), then the above equation takes the form 


n-1 n—1 n—-1 
ca(t), = (tl, —A) Sot Be = Sot B, = St AB, 
k=0 k=0 k=0 
n—-1 
= Brit >) (Be — ABg) — ABo 
k=l 


Comparing coefficients yields c4[n]l, = By_1 and hence B,_1 = 1, as c,(t) is monic: c4[n] = 1. 
Also ABp = —ca[0|In = —(—1)"det(A)11,,. Also this is no wonder, as By = —A*. Also for any 
kel1...(n—-1) 

calk]l, = Br-1— ABz 


Let us now multiply all these equations with A* from the left, that is B, A" = A” and for any 
kel1...n—1 we get 
ca[k].A* = A Beg = Ar B, 


Then c4(A) = >>, ca[k]A* can be replaced in every coefficient c4[k]A* separately to find a 


telescopic sum, that vanishes identically 


n n—-1 
ca(A) = So calk]A® = A" +50 calk]A* + ca[0]Dn 
k=0 k=1 
n—-1 
= A” +S °(A*B1 — APT By) + ca[O]In 
k=1 


n—-1 ue 
= Fata Sata teal, 
k=1 k=2 


= A”+ABo—-— A” Bn-1it+ ca[O] 1, 
~ A” cAlOJA— A" +ca[O]l, = 0 


Pick up an ordered basis M of VM and let A := [yp] be the matrix representation of y € end(M). 
Then the characterisitc polynomial of y has been defined, as c,(t) = ca(t) € Rit]. As p> [yl 


is an isomorphism of R-algebras, according to (4.40), we find 
leolPlu = Ce (l¥la) = ¢p(A) = ca(A) = 0 
as we have just seen in (ii). Therefore c,(y) = 0 € end(/) is the zero-map, which had to be 
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proved. 


(iv) As M is finitely generated we find some x, € M such that M = Lh{2,...,2, } where n = 
rank(M). Now, as y(x;) € M again, for any j € 1... we also find some a;,; € R such that 


nr 
CG) SD aig: 
i=1 


Let A := (aj) € mat,(R) be the n x n matrix of those coefficients. Then it is clear that for any 
z=), jx; € M we get 


p(x) = S > bjp(a5) — Sub aaah 
j=l j=l i=l 
= Se (= wuts) = S [Ab]: a 
i=1 \i=1 i=1 
where we denoted b = (bi,...,bn) € R” the coefficient-vector of v. And likewise y*(x) = 


3, [A*d]i 2; Now let f(t) := det(til,, — A) be the characteristic polynomial of A again. Then 
we have shown in (i) that f(A) = 0. And hence for any x = 7,6; € M we find 


n n 


ee)(e) = So sikly*(e) = 37 FAIA‘) 2 
k=0 k=0 


i=l 
aa (ss nat) t= >) Sosa xi 
i=1 \k=0 aang ian: 
= So (F(A)4; Lie= > 0m = 0 
ae = 


Proof of (3.43): 


(i) Let us denote J := {i €I|m; ¢aM}, then we have to prove that {m,;+aM|j€ J} is an 
(R/a)-basis of M//aM. So we first have to check, that this set (/a)-linearly generates M/aM. 
Thus consider any x+aM € M/aM, that is x € M. As the m; generate M there are some a; € R 
(where i € J and only finitely many a; 4 0 are non-zero), such that 2 = }°, aym;. And thereby we 
already get 


x+0M = YS -am,+aM = ) (a; +4)(m +aM) 


wel wel 
= S/(a+4)(m +aM) 
ied 


where the latter equality holds, as any 7 € J \ J yields 7; + aM =0+aQM. It remains to prove 
the (/a)-linear independence of this set. Thus suppose we are given any b; + 4 € R/d (of which 


795 


796 


only finitely many are non-zero) such that 


O+aM = S°(b;+a)(mj+aM) = S>dbjmj+aM 
jet JET 
In other terms that is ar bjm; € aM. But as {m; |i € I} generates M we may use (3.40.(ii)) to 


find some a; € 4, of which only finitely many are non-zero, such that 


ye bjm; = ye ay; 


jed ie] 


As the m; form an R-basis of 14 we may compare coefficients in these two representations, which 
yields a; = 0 for anyi € J \ J and b; = a; € 4 for any j € J. Hence we have b; + 4 = 0 for any 
j € J and this is the (R/d)-linear independence of {m,;+aM | j € J}. 


It remains to prove that the m;-+ QM are pairwise distinct, too. First, ifa = R, thenaM = M 
and hence m; € GM for any 7 € I. In this case the basis given is empty and there is nothing to 
prove. So let us now assume 0 4 0. If m; +QM =m; +4M then we have m; — mj; € aM. Yet as 
{m,;|7¢€I} generates M we may use (3.40.(ii)) again, to find some az € 4, of which only finitely 
many are non-zero, such that 
m—-Mj = So anme 
kel 
If we had i ¢ 7 then this would yield an equation of R-linear dependence, simply by moving 


mj; —m, on the left hand side and decomposing 


(a; — 1)mi + (aj; + 1)mj + S> apm, = O 
kel, 
kHi,j 
As the m; are R-linearly independent this implies all coefficients in this equation to be 0, in 


particular 1 = a; € a. That is d= R which cannot occur. Hence we necesserily have 2 = 7. 


(a) = > (b): let us choose a generating set {771,...,™n} of M with a minimal number n 
of elements. Suppose n > 1 then, as my € M = QM we may invoke (3.40.(ii)) to find some 


@1,---,@4n € 4 such that my = aim +--+ +anMn. Let us now write this equation in the form 
(1 = ay)m = agmg ++++ + AnMn 
As ay € 4 © JAc(R) we know by (2.7) that 1 — a; € R* is invertible. And hence my is contained in 


the linear hull of { ma,...,7™n } by 


n 


m = S01 = a1) ta: mi 


i=2 


That is even { mo,...,7™n} generates M in contradiction to the minimality of the number n of 


generators. So our assumption n > 1 has been false, that is n = 0 and hence M = 0. 


= (a) = > 7 (b): ifa ¢ Jac(R) then - by definition of the Jacobson radical - there is a maximal 
ideal m <i R of R such that a G m. And this again means that there is some wu € @ with 
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(iii 


(vi 


~ 


a 


— 


a 


u gm. Now, as M := R/m is a field, and u+m +0 € M there is some v+M € M such that 
uw +m = (u+m)(v+m) =1+4+M. Clearly MW also is finitely generated, by {1+} as an 
R-module. Also 


aM 


{ab+m|acea, be R} 
= {c+m|ceR} = M 


Hereby the central equality is due to the following reasoning: given c € R we may take a := u 
and b := ve, that ab + M = uvc + M = c+M, and the converse inclusion is clear. Thus we have 
found a finitely generated R-module M with aM = M, but M 0. 


Alternative Version: the more advanced lemma of Dedekind allows to prove the implication (a) => 
(b) in a straightforward way: as M is finitely generated we find some a € @ such that (l—a)M = 0, 
due to (v). Yet as a € a C Jac(R) proposition (2.7) yields that 1 — a © R* is invertible. Hence 
M = (1—a)M = 0is proved already. 


By (3.40.(v)) we have know that a(M/P) equals (AM + P)/P and hence we have the following 


identities (by the assumptions on P) 


a(™/p) _ aad i = Mp 


Yet M/P is finitely generated anda C Jac(R) so by the lemma of Nakayama (ii) we get M/P = 0 
and this is nothing but M = P. 


If p is surjective, then y/d clearly is surjective as well - see (3.40.(vi)) for details. So conversely 


assume y/@ is surjective, that is for any y € N there is some x € M that 
yt+aN = ¥/a(2+0M) = o(x)+aNn 


That is v := y — v(x) € AN, such that y = v(x) + v. As y has been arbitrary this means 
N = im(y) +aQN. Yet as N/im(y) is finitely generated and a C Jac(R) this implies im(y) = NV 
by (iii), which is nothing, but the surjectivity of y. 


(<>) If @ is bijective, then ~/mM is bijective for any ideal a C R, as we have seen in (3.40.(vii)). 
Conversely: as M is finitely generated, the zero-module 0 <, M is cofinite and hence also 
im(~) <m M is cofinite. So by (iv) we already know, that y is surjective, as y/d is surjective (even 
bijective). But a surjective endomorphism of a finitely generated R-module already is bijective by 
(5.44). 


(<>) Consider the identity-map 1: M—> M:a2+> x on M. Clearly this is an R-linear map 
satisfying im(1) C M =aM. And as M is finitely generated the Cayley-Hamilton theorem (5.44) 
yields some polynomial f = t” + a;t"~! +---+a, € Rit] such that f(11) = 0 and a, € a” for any 


k €1...n. Now compute 


1” +a,0" 1 +--+ + api 4 anll 
(ltai:+-:-+a,)1 = (1-a)l 


fi) 
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where we let a := —(a1--- +a) € @. Now 0 = im(0) = im(f(1)) = im((1 — a) 1) = (L-a)M. 
That is the a € @ we constructed using Cayley-Hamilton truly satisfies (1 — a)M = 0. 


Proof of (3.77): 


(iii) In case of a skew-field S' things are simple now: according to the dimension formula (3.64.(iii)) we 


(ii 
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i) 


— 


know that 
dim(V) = dim(kn(y)) + dim(im(y)) 


This if y is injective then we have kn(w~) = 0 and hence dim(kn(y)) = 0 which leaves dim(V) = 
dim(im(y)). Thus (as V is finite dimensional) by (3.61.(ix)) we find that im(~) = V such that y is 


surjective. 


Conversely if y is surjective, then im(y) = V and hence dim(im(y)) = dim(V), which leaves 
dim(kn(~) = 0. Therefore kn(y) = 0 [if there was some 0 4 x € kn(y), then {a} would be a 
linearly independent set in kn(w~) and hence dim(kn(z)) > 1]. But of course this means that vy is 


injective. 


So in any case we have seen surjective implies bijective and injective implies bijective. And the 


converse implications are trivial. 


Any power of y is an endomorphism again, so let us consider the following descending chain of 
sumbodules of 


im(y) D im(y?) D ... D im(y”) D im(y"t') D ... 


As M is artinian this chain has to stabilize, that is there is some n € WN such that im(y”) = 
im(y"t!) = .... Let us denote w := y”. Then w : M > M still is injective and if we denote 
P := im(w), then trivially w : WM — P is surjective and hence an isomorphism of modules. Yet we 
also get 


P = im() = im(y") = im(y*") = im(y?) = ¥?*(M) = ¥(P) 


From 7(P) = P we also find, that ~ : PP is an automorphism on P. Now consider any « € M 
and let y := W(x) € P. As W: PP we find that x = y~!(y) € P. Hence M C P C M such 
that ~ : 1+ M is an automorphism on M. Thus y must have been bijective already, the inverse 
is given to be yp? ty-t. 


Dedekind-Proof: We will first present a rather short proof using the lemma of Dedekind: Let us 
regard M as an R{t]-module by virtue of (5.53). Then by construction we get tz = y(z) for any 
x € M hence, as ¢ is surjective, for any y € M there is some x € M with t2 = y. Hence we 
get tM = M, in particular aM = M for a := tR{t] <j Rit]. Now by then lemma of Dedekind 
(3.43.(vi)) there is some g € @ such that (1 — g)M = 0. As g € @ there is some f € R{[t] with 
g(t) =tf(t). Let us define w := g(y) € end(M). Then gx = g(y)(x) = ¥ (a) for any x € M and 
hence (1 — f)M =0 implies 


0 = (1-tg(t))e = 2—tW(x) = ¢—¢(v(2)) 


17 Proofs - Rings and Modules 


a 


0 = (1—gt(t))a = x—gp(x) = x-Y(¢(a)) 


That is p(¢(x)) = x and Y(y(x)) = a for any x € M. That is y is just the inverse map of y and 


in particular y is bijective. 


Noether-Proof: As the proof above requires the somewhat abstract Dedekind lemma, we would 
like to supply another proof that requires the theory of noetherian modules only. As © is finitely 
generated there are some x; € M such that M = Lh(a21,...,an). Then, as p(x;) € M we can pick 
up some p;,; © R such that 


n 
S Pig Vi 
i=1 


Step (A): we will now prove, that M = Lh(y(21),...,y(@n)). That is we choose some y © M 
arbitarily. As y is surjective there is some x € M such that y = v(x). And hence there are some 


aj; € R such that x = )/,a;2;. Now compute 


y = le) = Yrayples) € th(o(er),....¢ln)] 


j=l 


Step (B): as the y(x;) generate M/ we can conversely choose some g;,; € R such that the 7; ¢ M 


n 
S° GaP (25) 
j=l 


Remember all we have to prove is the injectivity of y. And to do this it suffices to prove kn(y) = 0. 


can be written as 


Hence regard some k € M with y(k) = 0. All we have to prove is k = 0, then the injectivity is 
established. 


Step (C): write k as k = )°,; kia; for some k; € R and let A denote the Z-algebra generated by 
all the Pig Uj and k; 

U U { Di,js Gig Ki 

i=1 j=l 
Then A is finitely generated and Z is notherian (even a PID) such that A is a noetherian subring of 
R, by the Hilbert basis theorem (2.39). Also let N be the A-sub-module of M1 that is generated by 
the x;. As N is a finitely generated module over the noetherian ring N is a noetherian A-module 
itself 

No 2 hia @iseeey a5) 


Step (D): we will now prove that y : N > M restricts to py: N — N. That is we will prove that 
p(x) € N for any x € N. But this is easy to see: if ¢ € N then x = 5 a,x; for some a; € N. 


Hence 
n 


n 
ea) = } ajay) 2 Yona = = SY visas 
j=l = 


w=1 7=1 
and this is contained in N again, as p;,; € A as well. Also we will prove that py: N — N is 
surjective, that is for any y € N there is some x € N such that y = v(x). If y = 50; dja; then let 


799 


i — yi Ot ls Gi EA 


n nm 


o(z) = Sob So agel(as) = So bia = y 
i=l j=l i=l 


Step (E): as y: N + N is surjective, so is y* : N + N. Now let K; := kn(y*) <m N. Then it is 


clear, that the /; form an ascending chain of submodules of NV 


Kop C Ky C Ko © 


But as N is noetherian this chain has to stabilize, that is there is some s € IN such that K,,1; = Kg. 
As ® is surjective and k € N, there is some z € N such that k = y*(z). But now 0 = y(k) = 
y(y*(z)) = ye*(z) implies z € Ky41 = Ks. That is k = y%(z) = 0 already. Hence we have 
finally arrived at k = 0 which is the injectivity of p: M—> M. 


Proof of (8.37): 

Fix any ordered basis of S as an R-module and let A := [A;] resp. B := [A,] be the basis representations 
of Az and A, in this basis respectively. Then it is clear, that Ags (s) = (ax)s = a(as) = adA;,(s) and from 
this we get Agr = az. In particular [Agz] = [aAz] = a[Ax] such that Agr has the matrix representation aA. 
Therefore T's.r(ax) = tr(aA) = atr(A) = aTs:r(x) and Ng-r(ax) = det(aA) = a”det(A) = a" Ng.r(z), 
the latter as det is a multi-linear form. 

In complete analogy we have Azx+y(s) = (a+ y)s = xs + ys = Az(s) + Ay(s) such that Azzy = Ax + Ay 
and hence [Az+y] = [Az + Ay] = [Az] + [Ay] which means, that Az+, has the matrix representation A+ B. 
Therefore Ts.r(a + y) = tr(A+ B) = tr(A) + tr(B) = Ts.r(x) + Ts:r(y). Also Az (Ay(s)) = x(ys) = 
(xy)s = Agy(s) such that AzAy = Ary. That is [Ary] = [AzAy] = [Az] [Ay] and thereby we have found the 
matrix representation of Azy to be AB. Now by (4.55.(ii)) this implies 


Ns-r(xy) = det(Azy) = det(AB) = det(A) det(B) = Ng.r(x) Ns-r(y) 


By definition we have c,(t) = c),(t) and hence cz(A,) = 0 € end(S) by the Cayley-Hamilton theorem 
(5.44.(iii)). Yet for any f € Rit] we have f(Ar) = Aza) and hence in particular 0 = cy (Ax) = Ac, (2) such 
that Cr(x%) = ce(x)1g = Ace, (2) (1s) = O(1s) = Os. That is c,(x) = 0, as claimed. And by (5.44.(i)) we 
also find Ts.r(z) and Ng.r(x) as coefficients of c,(t), as claimed in the proposition. 


Proof of (5.42): 


(i) Let S$ := R[y] = Lh{ y* | k € IN} C end(M) be the submodule of end(M) generated by the powers 
of y. Then clearly S is closed under multiplication of elements (i.e. composition of maps) and hence 
a ring - even a commutative ring. Let 1: R — S be the canonical embedding (a) = ally and 
o:N—+S:k+ > ¢*. Then z is a monomorphism of rings and a is a homomorphism of monoids. 
Hence by (7.26) o, : f ++ f(y) is a well-defined homomorphism of rings. And it is clear that 
kn(o,) ={f € Rit] | f(y) =0} <j R[t] is the null ideal of vy. 


(iii) If m satisfies (a), then (1) and (2) of (b) are given already. So consider any f € Rit] such that 
f #0 and f(y) = 0. By assumption (a) we hence find some g € Rit] such that f = gm. In 
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particular g # 0, as f 40, which id deg(g) > 0. But then deg(f) = deg(gm) = deg(g) + deg(m), 
as Ris an integral domain, and hence deg(f) > deg(m). 


If m satisfies (b) then (1) of (c) is given already and we need to show that m generates the null ideal 
of y. As m(y) = 0 we have mR[t] C { f € Rit] | f(y) =0}. Conversely consider any f € Rit] 
with f(y) = 0. As m is monic we may use division with remainder (2.64) to find some g, r € R{[t] 


such that f = gm-+r and r =0 or deg(r) < deg(m). In particular 


0 = f(y) = g(y)m(y) +r(y) = g(y)-9+r(y) = r(¥) 


That is r(y) = 0 again. Suppose we had r ¥ 0, then this would imply deg(m) < deg(r) < deg(m) 


by assumption (b), which is a contradiciton. Hence we have r = 0 and this is f = gm € mR{t]. 


In m satisfies (c) then (1) of (a) is given already. Also m(y) = 0 is trivial, as m € mRit] = 
{ f € Rit] | f(y) =0}. So it remains to prove (3): Given f € Rit] with f(y) = 0 we have 
f € mR{t] and hence f = gm for some g € R{t], which already is m | f. 


(iit) Suppose the null ideal §:= { f € Rit] | f(y) =0} of ¢ is principal, that is there is some g € R{t] 
such that gR[t] = §. By the Cayley-Hamilton theorem (5.44.(iii)) we have c,(y) = 0 and hence 
Cy €§ = gRI{t]. That is there is some f € R{t] such that c, = fg. Yet the characteristic polynomial 
Cy is monic and hence 1 = In(c,) = le(f) - lc(g), as R is an integral domain. That is the leading 
coefficient a := lc(g) is a unit of R and hence m := a~‘g is a monic polynomial that generates 


the §. In particular m satisfies property (c) of (iii) and thereby m = my. 


(iv) Consider any p € P C M then m,(y)(p) = O(p) = 0 and as this is true for any p € P we have 
my(y | P) = 0. By definition of a minimal polynomial of ¢ | P, this already means myjp | my. 


Proof of (5.46): 
(i) First of all o*(a) = A*z is clear by induction on k: For k = 0 we have y°(x) = Iyg(x) = x = Pa. 


Now for the induction step y**+1(x) = y(y*(x)) = y(A¥r) = A*y(x) = A*Ax = A* +12. Using this 


we are able to simply compute 


f(y) (a) 


T T 
, 
Mi 
= 
& 
S. 
Se 
& 
T 
Real 
Ss 
= 
oa 
& 


fia|(Ake) = (ds) x = fz 


k=0 


(ii) As F is a field V is free (it has a basis), according to (3.62). Also, as FE is a field, the polynomial 
ring E[t] is an Euclidean domain by (2.68.(iii)) and hence a PID, by (2.76.(iii)). Now regard 


b= kn(fo fy) = {fe Ee] | f(y) =0} 


which is an ideal in E[t]. By the Cayley-Hamilton theorem (5.44.(iii)) we have c,(y) = 0, such 
that § 4 0 is non-zero. As E[t] is a PID, we can choose a generator g € E|t] of §. Let a € E be 
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(iii 
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a 


the leading coefficient of g, then m := a~'g € E[t] is a monic generator mF[t] = $, too and hence 


we have gained the minimal polynomial m, = m of y. 


Proof without the Lemma of Gauss in case of an UFD: Let R be an UFD and E := quot(R) be 
the quotient field of R. We consider R <> E as a subring of E, via a++ a/1. Also let cy € Rit] 
be the characteristic polynomial of y. By (ii) there also is a minimal polynomial m, € E[t] that is 


a monic generator of the ideal 


mpElt] = {f € Eft] | f(y) =0} 


As co(y) = 0 by (5.44.(iii)) there is some r, € E[t] such that cp = rymy. And as cy € R[t] is 
monic (7.37.(viii)) tells us that there are some a, 6 € E and monic polynomials my and ry, such 
that my = amy and ry = Bmy and 


Co = TyeMNo 


As both my, and my are monic and my = amy we find a = 1 and hence my = my. In particular 
Mo € Rit]. We will now prove that m, also is the minimal polynomial of y over R: That is we 
consider some f € R{t], such that f(y) = 0 and have to prove my, | f in Rit]. As my generates 
{f € Eft] | f(y) = 0}, there is some g € E[t] such that f = gmy. Yet mg is monic, in particular 
primitive. But in this situation we already get g € Rit], by (7.37.(ix)) and hence my | f in Rit]. 


Proof of the general claim in case of a normal domain: Suppose R is a normal domain and let 
E := quot(£) be the quotient field of R. As before, (ii) tells us that there is a minimal polynomial 


My of y over EK. That is my is the monic generator of the ideal 
meElt] = {f € Blt] | f(y) =0} 


By Cayley-Hamilton (5.44.(iii)) we also find a monic polynomial c, € R[t] such that c,(y) = 0. In 
particular m, divides cy in E|t]. That is there is some q € E[t] such that 


Co = qmy € Rif] 


As both my and cy are monic qg has to be monic, too. That is we have m, and q € Et] monic 
polynomials, such that gmy € Rit]. As R is a normal domain, this implies g, m, € R[t], according 
to the lemma of Gauss (8.33). 


Now that we have established m, € R[t] let us check that it also is a minimal polynomial in R[f]. 
That is given any f € Rit] such that f(y) = 0 we have to find some g € R[t] such that f = gmy. 


To do this we use division with remainder (2.64), as m, is monic, to write f as 
f = gmgt+r 


for some g, r € R[t] with r = 0 or deg(r) < deg(m,). From this we get 0 = f(y) = g(y)my(y) + 
r(y) = 9(y)-0+r(y) =r(y), as m,(y) = 0. But as my is the minimal polynomial in E[¢] this 
implies m, | rin E[t]. That is r = pm, for some p € E[t]. Suppose we had r ¥ 0, then p 4 0 
and hence deg(r) = deg(p) + deg(m,) > deg(m,). But this contradicts deg(r) < deg(m,), which 
only leaves 7 = 0. That is f = gmg for some g € R[t], which had to be shown. 
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(iv) 


(v) 


The equivalency (a) <=> (d) has been proven in (5.37.(ii)). For the equivalency of (d) and (b) 
choose any ordered basis M of M and let A := [y],y. Then the characteristic polynomial of ~ has 
been defined to be the characteristic polynomial of A: c,(t) = ca(t) = det(tll, — A). That is for 
any A € R we have 

Cy(A) = det(All, — A) 


Yet the determinant of y — Ally has also been defined by choosing a basis representation and one 


of these is given to be [py — Ally|ay = A— Allyn. Hence 
det(y — Ally) = det(A—Al,) = (-1)"e,(A) 


and in particular, both expressions share the same roots. That is (b) is equivalent to (d), too. We 
now prove (c) => (b): By the Cayley-Hamilton theorem (5.44.(iii)) we have c,(y) = 0. By the 
definition of the minimal polynomial, this means my, | cy, that is c,(t) = q(t) - my(t) for some 
q € Rit). If now A € R satisfies m,(A) = 0, then we also get 


ce(A) = g(A)-my(A) = 0 


Conversely, for (b) == (c) we are given some X € R such that c,(A) = 0. As (b) is equivalent to 


(a) we can choose some x € M, such that « £0 and y(x) = Ax. Then by (i) we compute 


where we used m,(y) = 0, which is property (1) of the minimal polynomial. But as R is an 
integral domain and M is free, M also is torsion-free, due to (3.23.(ii)). Hence m,(A)x = 0 implies 
mg(A) = 0, as « #0. And this is (c). 


let P:= Eig,,(\) <m MM, then by (5.37.(i)) P is a y-invariant, pure submodule of 7. As we noted 
there, since R is a PID, we get from (4.107.(ii)) that P is complemented, that is 


M = PeQ 


for some submodule Q <, M. Note that M is free and R is a PID, such that any submodule 
P <m M is free, too - according to (3.98) Likewise Q + M/P :q +> q+ P is an isomorphism 
and Q <n M is free, such that M/P is free, too. Pick up an orered basis P = (pj,...,p,) of 
P and an ordered basis QO = (q,...,qs) of Q. As M = P@®Q we hence get an ordered basis 
M := (pi,-++;PrsGis+++19s) of M. As any p; € P = Eig, (A) we have (pi) = Api and hence the 


matrix representation of y in this basis is a block-matrix of the form 


A= [glu = ee >) 


If we evaluate the characteristic polynomial of A the determinant of tll,, — A is the product of the 
determinant of ti, — All, and of ti, — D. And thereby we find 


(t—A)" = det(t, —All,) | det(tl, —All,)-det(tl,—D) = det(til,— A) = ca(t) 
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This means r < AM,(A), the multiplicity can be even higher, as t—A may also divide det(tIl,—D). As 
A is an eigenvalue there is at least one eigenvector and hence r > 1. Also r = dim(P) = cm, (A), 


by construction, such that 1 < r = GM,(A) < AMg(A). 


Proof of (5.56): 


(i) 


(iii) 
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(a) = > (b): By assumption M, = Rit] a for any y € M there is some g € Rit] such that y = gz. 
That is 


y = g(x) = d- glkly* (a) 
k=0 


In particular the set { g*(x)|ke IN} generates M as an R-module. (b) => (c): It suffices to show 
that any y”(x) can be written as an R-linear combination over the set { p*(x)|0<k <n}. As 
Cy is monic we may use division with remainder (2.64) to find (not necessarily unique) polynomials 
q and r € R{t] such that t” = qc, +r and also deg(7) < deg(c,) = n. By the theorem of Cayley- 
Hamilton (5.44.(iii)) we have y™ = t”(y) = g(y)co(yv) +r(y) = r(y) and hence y™ (x) = r(y)(z). 
But as deg(r) < n we see that r(y) (x) and hence y™(z) is contained in Lhr{ p*(x) |0<k <n}. 
(c) => (d): By assumption M is a free module of dimension n. As { y*(x) |O<k <n} also 


contains n elements and generates M we find that this even is a basis of M according to (3.93.(ii)) 


Let us denote x, := y*—!(x) for any k € 1...n. Since x € M is a cyclic vector property (d) tells 
us, that (1, %2,...,@n) is an ordered basis of M. And we clearly have y(xp) = v(y*1(a)) = 
y* (x) = ap41 for any 1 < k <n. Also there are coefficients a; € R where 0 < k <n such that 


(p(an) can be expressed as a linear combination 


n 
Glan) = > lage 
k=l 


Let us define the polynomial f € R[t] of degree n by taking the coefficients f[n] = 1 and f[k] = 
—ap41 for0 <k <n. If now C := comp(f) then for 1 < k < n it is clear that Ce, = e444. This 
matches the property y(x,) = %~41. We also have 


Ce, = S-(-flk - Uex = D4 2K 
=1 


k=1 


So Ce, € R" is precisely the basis representation of y(x,). Altogether C’ is the matrix represen- 
tation of y in terms of M. 


Let us abbreviate the companion matrix of f by C := comp(f). In particular we have deg(f) =n 


as the size of C equals #M =n. Then by definition of the companion matrix we find 
[e(er)lm = [elultela = Cer = erp = [tr+i]m 
for any 1 < k <n. That is y(xp) = xp41 and by induction this yields y*(21) = vp41 for any 
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O0<k<n. For k =n we compute 


[y(@n)|m = [y] [tn] = Cen = So (-flk = 1) 
k=1 
n—-1 n—-1 
et Nenu = = SOFIA e*(@) 
=0 k=0 


In other words that is fa; = f(y)(x1) = 0. Also note that the x, generate M so for any y © M 
there are coefficients b; € R such that 


n n-1 
So dete = So depie* (ar) 
k=1 k=0 
Thus if we define g(t) := b) +bot+---+b,t"! € R[t] then by construction we get gz1 = g(y)(#1) = 
y. And as y was arbitrary this means that the following map is surjective 
e: Rit] » My: 9g gx 


But it also is Rit]-linear, since e(fg) = (fg)ri1 = f(gxvi) = fe(g). As we have seen f € kn(e) 


since fx; = 0 such that the following map is a well defined homorphism of R{t]-modules 
RIOT pra > M,:g9+fR[t] 6 gx 


So it remains to prove that this map is injective. But if we let u:=t+ fR[t] then as deg(f) =n 
it is clear, that { 1,u,...,u"~! } generate R[t]/fR[t] as an R-module. Thus any g + fR[t] can be 


written as 


g+ fR{t] = So 


for some by € R. Now &(u*) = e(t* + fR[t]) = tke, = y* (x1) = p41. Hence g + f Rit] is then 
mapped to 


n-1 n-1 
E(g + FRI] = ) = «(5 bpu : = S> b,E(u*) = ye beLEv1 
k=0 k=0 


If now €(g + fR[t]) = 0 then we can conclude by, = 0 for any 0 < k <n since the x, are a basis 
of M. Therefore g + f R[t] = 0 such that we have kn(€) = 0, which is the injectivety of €. 


(iv) (a) = = (b) has been proved in (ii). (b) == (c) has been proved in (iii). And for (c) => (a) is 
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easy to see: Let 
» elt 
® : pre + Ms, 
be the isomorphism of A[t]-modules and let x := 6(1+ fR[t]) € My. As © is surjective, for any 
y € M, there is some g € Rit] such that y = ®(g + fR[t]) = gp(1 + fR[t]) = gz. From this we 
see that M, = R{t]x and hence x € My is a cyclic vector. 


Proof of (5.57): 
Statement (i) is just (3.140.(v)) and statement is just (3.153.(i)). A, is a well-defined homomorphism of 
R-modules, as it is A, = 4 ® M+ Rit] @y. And 7, comes from the R-bilinear map (f,x) + fa by the 


universal property of the tensor product. Let us also verify the R[t]-linearity of these maps: 


(iii) 


(iii 


a 


(iii) 
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Ag(9(f ®@z)) = Ag((gf)@z) = (tgf) @x+ (gf) ® v(z) 
= g((tf)@e+f @y(z)) = gA,(f ez) 
to(9(f @z)) = my((gf) @x) = (gf)x = g(fz) = gny(f @2) 


The surjectivity of 7, is clear: Given any x € M this is contained in the image, as 7,(1 ® x) = 
1x = I(x) = x. Next we prove the injectivity of A,: By (i) any element of Mp can be written 


as a finite sum of ¢* @ a, uniquely. Now suppose 


d d 
@: =: Ay bs t* @ “| = (t**) @ a, — t® ® y(zp)) 
k=0 k=0 
d+1 d d 
= yea @ Lp_-1 — Ss" t* @ ee) = t+ @agt S° t* @ (re-1 — y(xx)) —12® ¢(2z0) 
k=1 k=0 k=1 


As 0 = >>, t* @0 as well and the x; are uniquely determined we find xq = 0 by comparing the 
tensor-companion of ¢7*! and for any k € 1...n also xz; = y(a~) by comparing the tensor- 
companions of ¢*. That is xg_1 = (aa) = Y(0) = 0 and so on, such that we get a, = 0 for any 
k €0...d. That is kn(A,) = 0 and hence Ag is injective. 


Let us check im(A,,) C kn(a,) next: That is we have to verify 7, A, = 0 and for this it suffices to 


regard elements of the form t* @ a, as these generate Mriy- So let us compute 


RNG (t* Sa) s=- Ge er arte y(a)) 
t*tlp — t*y(x) = y*tl(x) — y*(y(2)) = 0 


The exactness of the chain is established, once we prove kn(m,) C im(A,): To do this let us first 
prove that for any & > 1 and any x € M we have t* @ x —1@ p*(x) € im(A,). This can be done 


by a simple telescope sum 
k-1 


k-1 
Ag (x pk-l-r @ te) = So Ay (Gales @ y" (x) 
r=0 


r=! 
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(iv) 


r=0 
k-1 

= trav @) -L eee) 
r=0 r=1 


k=0 k=0 


But this property enables us to append x to x + 0 is such a way that it becomes apparent, that x 


is contained in the image of A, using the telescope elements above 


d d 
cs = \ ther, = Sot ex,-190 

k=0 k=0 
d d 

= Sot @2,-18 (don)) 
k=0 k=0 
d 

= d (8 @ 2-12 9*(e)) € im(A,) 
k=0 


If M is generated by {m;|7€ I} as an R-module, then Mp is generated by {1 @m;|ie I} 


as an R[t]-module. As Ay is injective, it becomes an isomorphism, when restricted to its image 
Ay : Mri + im(A,) _ kn (7) 


In particular the generating set {1 @ m; |i € I} of Mpyy is transferred into kn(7,) under Ay. And 
as A,(1® mj) =t ®m; — 1 v(m) by definition of A, we find, that the set given in the claim 


of (iv) truly generates kn(m,) as an R[t]-module. 


Let M = (m,...,™n) be an ordered R-basis of M, then by (ii) 1® M := (1@m1,...,1@ mn) 
is an ordered R[t|-basis of Mp. Let A := [y] € mat,(R) be the representation of ~ with respect 
to M, that is for any 7 € 1... we have 


n 
glmj) = So aigmi 
i=l 
From this we will deduce that the matrix representation of A,, with respect to 1 @ M is given 


by (tl, — A) € mat,(R[t]) (see below). And from this we immediately get the identity of the 
determinant: det(A,,) = det(til,, — A) = c,(t). So let us verify [A,,] = (tl, — A): 


Ag(1®m;) = t@®m;—1@y(m,) 
n 
= t® my —1 (>: cam 
i=1 
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n 
t1@m; —S lal @m 
J 1] 
Ss" (t6;,; _ aij) 16m, 
i=1 
n 
Sy [tn -, Ales Lem 


i=1 


Proof of (5.48): 


(i) 


— 
— 
a 


(ii) 
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Pick up an ordered basis M = (my,...,m,) of M and let NV := (nj,...,m,) where n; := ®(m;). 
As ® is an isomorphism it is clear that NV is an ordered basis of N. And by construction ®(m,;) = n; 
we have [By = Il,. Thus 


Wl = [vd = (OY [elu (OW = 1 lvl dr = [vl 
A: 


That is w and » share the same matrix representation A := [y]j, = [W]w and in particular the 


same characteristic polynomial c,(t) = c4(t) = cy(t). 


Let us first prove that y* = 6y*—! by induction on k: The case k = 0 is easy, as ~° = Iy and 
&y°-! = $1,607! = Ly in this case. And for the induction step we simply compute 


pett ee wey = dy*o-! by07! = dy" pa! — by*t1g-1 


As ® is R-linear and as the addition and scalar multiplication in end(/) are point-wise, we find 
f(w) = f(®pb"!) = ®f(y~)®"! for any polynomial f € Rit], as for any y € N we compute 


Fwy) = So flkie* = So flkeg*o"y) = (>: sae") (®"(y)) 


In particular we find the equivalency of f(~) = 0 € end(N) and f(y) = 0 € end(M), as for any 
y = (x) € N we have the following equivalency 


f(o)(y) =0n <= Gf(y)®!(y) = Ow 
(y)®*(y) 


—s = 
(y)(@) = Ou 


f(y) Om 
—= fly) 
as ® is assumed to be bijective. That is the ideals kn(f > f(w)) ={f € Rit] | f(v) =O0n } and 
kn(f +> f(v)) ={f € Rit] | f(~) = Om } are identical subsets of R[t]. However my, and my are 


the monic generators of the respective ideal(s) and hence they have to be identical, too. 


First of all y | P i well-defined, as y(P) C P by assumption. Also @ is well-defined: If «+ 
P=y+P then y—2z € P such that y(y) — v(x) = vp(y— 2) € y(P) C P and therefore 
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ply) +P = p(x) + P. 


By assumption P is free, so there is a basis {p;|i€¢I} of P. According to (3.93.(iv)) |Z| = 
dim(P) < rank(M) < co as M was assumed to be finitely generated. Thus we may take J = 1...7r. 
By assumption also I//P is free as well, so there is a basis {q; +P|j€ J} of M/P. Thereby 
{ 4; |j € J} is linearly independent, as >7,6;q; = 0 would imply >7,5;(q; + P) = 0+ P and 
hence b; = 0 for any 7 € J. Thus (3.93.(iv)) also implies |.J| < oo and we may take J = 1...5. 
Then we find, that {p1,...,pr }U{qm,---,q5 } is a basis of M, as any x € M can be uniquely 


r Ss 
w= > api + big 
i=l j=l 


where z+P = 97, b;(q;+P) and 2—)/, bq; = D0; aipi € P. Letus denote M := (p1,...,Pr,G1,-+-+4s) 
and likewise P := (pi,...,pr) and O:= (q+ P,...,q, + P). Then M is an ordered basis of M, 


P is an ordered basis of P and Q is an ordered basis of M//P. Since P is invariant under y we 


written, as 


have y(p;) € P = Lh{ pi,...,p, }. Therefore the matrix representation of vy in this basis is of the 


following form: 


For some matrices A € mat,(R), B € mat,,.(R) and C € mat,(R). By construction it is clear, 
that A = [y | P]p. But also [~]g = C, as G(q; + P) = v(aq;) + P. Thus we may compute the 
characteristic polynomial of y by evaluating the characteristic polynomial of D. For the determinant 
of the block matrix ¢1,4; — D we thereby use (4.58.(i)) 


ath Pie 


dete) det 
etl ) «( 0 t,—-C 


= det(ti, — A)-det(tl,—C) = ca(t)-cc(t) 


As the characteristic polynomials can be computed for any basis representation we have c,(t) = 
cp(t) = ca(t) colt) = cyp(t) - colt). 


(iii 


~~ 


For the proof of this statement we use induction on r, the case r = 1 being trivial. For r+ 1 let 
us denote P := P41 and @ := Pi) +---+ P,. Then M = P@Q and in particular we have the 
isomorphism 

®:Q5 M/p i qu q+P 


In particular M//P is free again, as all the P; admit a basis. Hence the requirements of (ii) are 
satisfied and we pick up @ € end(M/P). Then for any g € Q we have ®(y | Q)(q) = y(q) + P 
and G®(q) = G(¢ + P) = v(q) + P such that ®(y | Q) = GS. From this we get G = (vy | Q)®"! 
such that (i) implies co(t) = c,jg. By the induction hypothesis for y | Q we then get 


colt) = cyjp(t) colt) = egp(t)-cyiat) = Copa® [co 
i=1 


(iv) () This proof is computational, yet a little advanced. It is based on the machinery provided in 


proposition (5.57), so the reader should familiarize himself with the notation used there. 
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Now pick up an ordered basis M := (m},..., Mn) of the R-module M. Then by (5.57.(ii)) we also 
obtain an ordered R{t|-basis of May by 1@M := (1@m1,...,1@ mp). By assumption, for any 
kel...n, we have f,1® mz = fer ® mp € kn(my), since 


To(fr@ me) = ferme = fe(y)(me) = O(mg~) = 0 


But by (5.57.(iii)) we have kn(z,,) = im(A,) and by (5.57.(iv)) the image of A, is generated (as an 
R{t]-module) by elements of the form t@ mj; —1@y(m;). That is there are polynomials gj, € Rit] 
such that 


n 
Spl Ome = S— 95k (t @ mj —1® y(mj)) 
j=l 


Let A = [yp] be the representation of y with respect to the basis M. That is y(m;) = do; ai jmi 


for any j € 1...n. Then we can insert y(m,;) into the equation above 
n n 
So oi ( @m;—-1® (> cam) 
j=l i=l 
n n 
= yD [sem -SYenjtem) 
j= i=l 


n 


n 
= do 95. Sy (6;,;¢1 @ mj; — aj,53 1 ® m) 


I= i=l 


n 
= Slane >, Ggt — 04,3) 1 @ mi 
t=1 


j= 


fe1® mz 


n n 


= Ss ye (dy gt = (eis) Ij,k 18m; 


i=1 \j=l 


Let G := (gj) € mat,(R[t]) be the matrix composed of the coefficient polynomials g;, then the 
equation above tells us that the coefficients of the basis representation of f, 1@m, in 1@M are 
precisely the coefficients of the matrix multiplication (¢1,, — A)G 

fel @m, = Ss" y [él, — A]; [G],,] 1@m = Ds [(tn — A)G],, Lem 


i=l j=l i=1 


Let F := dia(fi,..., fn) be the diagonal matrix of the polynomials f;,, then the left hand side is 
the basis representation of the k-th row of F’. The right hand side is the k-th row of the basis 


representation of (tl, — A)G. That is we have found the following identity of matrices 
F = (ti,-—A)G 


And from this identity, as the determinant is multiplicative, we find that the characteristic polynomial 


of y is a factor of the product f;... fn, the other being the determinant of G 


fivfn = det(F) = det((tiln-A)G) = det(tiln — A)det(@) = cp det(G) 
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(v) 


(vi) 


Since the row in the diagram is exact y injective and hence we have an isomorphism ® : LP := 
im(~) : © + y(a). And as the diagram commutes we have py = yr. Thus if y = p(x) € P then 
wy) = wp(x) = prX(xz) € im(y) = P. That is u(P) C P and thereby we may regard the map 
u| P. For this we also get (| P)® = ®A such that | P = ®A®~!. In particular (i) implies 


Cylp(t) = ea(t) 


The exactness of the rows also means P = im(y) = kn(w) and therefore we obtain another 
isomorphism 
Ww : M/p +N: ytP vy) 


As N is free, so is M/P. That is all the requirements of (ii) for 4 with P are satisfied. Therefore 
we find the split 


Cult) = Cyp(t) - en(t) 
The commutativity of the right side of the diagram is vy = Wu. Thus Ua(y+ P) = U(u(y) +P) = 


wu(y) and vU(y + P) = vy(y) such that Wa = vV as well. Therefore we also found v = Waiw—! 
and by (i) 


Altogether we have found three equalities of characteristic polynomials that finally yield the desired 
result: c(t) = c,) p(t) - q(t) = er(t) - c(t). 


If M = (m4,...,™mn) is an ordered R-basis of M, then according to (3.153.(i)) Ms := (1® 
m41,...,1@ mn) is an ordered S basis of Mg. And if A = (a;,;) = [py] is the representation of 
y in this basis, then ys has the representation [ys|u, = a(A) := (a(aij)) as we have seen in 
(3.153.(ii)). In particular 


Cys(t) = det(tl, — a(A)) = det(a(ti, — A)) 


Now @ is a homomorphism of rings, since a was assumed to be such. And as the determinant can 
be computed explicitly by a combination of sums and products, we can pull @ out of the determinant 
(this is (4.55).(vi)). Doing this we arrive at 


Cys(t) = det(a(t, — A)) = a(det(t, — A)) = a(cy(t)) 


Proof of (5.49): 
By Cayley-Hamilton (5.44.(ii)) we have c,(y) = 0 and hence m, | cy by property (3) in the definition 


of the minimal polynomial. But also m,(y) = 0, by property (1), so by the theorem of Fitting (5.48.(iv)) 


(using fi, = my for any k € 1...) we also have cy | mf. 


If p € Rit] is prime such that p | my then mg | cy yields p | cy, as the divides relation is transitive. 


Conversely, if p | cy then cy | mi yields p | mi. But as p is prime, this means p | my, too. 


Proof of (3.86): 
First of all it is clear, that is suffices to check the implication (a) ==> (b), due to the symmetry of the 
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equivalence. That is we assume that to top sequence of M’s is an [exact] chain. 

It also suffices to check the case n = 2, that is we concern ourselves with the chain Mp — My > Mo 
and prove the chain property of No — Ni — No, respectively its exactness at Nj. For larger chains the 
arguments can be repeated at any module N; where 1 << k <n—1. 

Due to the commutativity of the diagrams we have 4, = Diy 65" and w= Doyo]! respectively. 
And by assumption that Mp — My — Mp is a chain, we also know yoy; = 0. But from this it is easy to 
see, that also 

poi = S2y267'O1y165' = So.y2~16)' = 62069' = 0 


So let us now assume Mp + M, — Mz even is exact, in order to prove the exactness of No > Ni > No 
it suffices to check kn(¢%2) C im(w 1), as the converse inclusion has just been shown. Thus consider any 
ny € kn(w2) C Ny and let my := 7! (n1). Then we find 


y2(m) = &7'Y2®1(m1) = &y'y2(m1) = 71(0) = 0 


That is m1 € kn(w2) = im(y1) and hecne there is some mo € Mo such that yi(mo) = m1. Now let 


No := Bo(mp) then we conversely find 
wi(no) = B191 85 | (no) = ®1y1(mo) = &i(m1) = m1 


That is my € im(y~1) and as n; has been chosen arbitrarily we have truly established kn(q2) C im(¢1) 


as claimed. 


Proof of (3.87): 
In order to prove the left-exactness of the push-forward we have to check two things: . is injective 
and im(y.) = kn(w.). The injectivity is easy however: suppose yf; = yf2 for some homomorphisms f1, 
fo € £(M,U). That is for any m € M we get vyfi(m) = yfe(m), but as vy is injective by assumption 
this means fi(m) = fa(m) and hence f; = f2, since m € M has been arbitrary. Also the inclusion 
im(y.) C kn(~,) is easy: By assumption we have im(y) = kn(w) and hence wy = 0. So if we start with 
some f € £(M,U) and compute y.(y+(f)) = vef = Of = 0 we truly find y.(f) € kn(a.). Finally for 
kn(¢,.) C im(y.) we are given some g € £L(M,V) such that wg = 0 and need to find some f € £(M,U) 
such that yf = g. But wg = 0 is just im(g) C kn() = im(y) again and hence the map f = yg is 
well-defined, since yw is injective. 

In order to prove the left-exactness of the pull-back we have to check two things: ~* is injective and 
im(¢z*) = kn(y*). The injectivity is easy however: suppose hy = hoy for some homomorphisms hy, 
hg € L(W,M). Since w is surjective by assumption, for any w € W there is some v € V such that 


w(v) = w. And using this we can compute 
hy(w) = hap(v) = hab(v) = haw) 


And since w has been arbitrary this means hy = hg. The inclusion im(w*) C kn(y*) is easy as well: 
We have im(y) = kn(w) by assumption and in particular Wy = 0. Thus for any h € L(W,M) we get 
p*(w*(h)) = hvy = hO = 0. Finally for kn(y*) C im(w*) we are given some g € L(V, M) such that 
gy = 0 and need to find some h € L(W, M) such that g = hw. But this h can be defined explicitly: 


given any w € W choose some v € V such that ~(v) = w [which is possible, since 7 is surjective] and 
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let 


Of course we need to check the well-definedness of h, that is consider any two v1 and v2 € V such that 
(v1) = w(v2). That is vg—v1 € kn(~) = im(y) and hence there is some wu € U such that y(u) = ve—v1. 
In other words ve = v1 + y(u) and thereby we find 


g(v2) = glvit+y(u)) = glvi)+ge(u) = g(vi) +0 


We also need to check, that h : W —> M is R-linear. But if v € V satisfies w(v) = w, then clearly 
v(av) = aw(v) = aw and hence h(aw) = g(av) = ag(v) = ah(w). Likewise for (uz) = we we see 
W(vi, +v2) = w(v1) +0 (v2) = wi+we and hence h(w1+we) = g(v1+v2) = g(v1)+9(v2) = h(wi)+h(we). 
Hence we have found our h € L(W, M) that satisfies y*(h) = hy = g. 


Proof of (3.88): 
It suffices to check the case n = 2, that is we concern ourselves with the chain My — My, — Mp and 
prove its exactness at My. For larger chains the arguments can be repeated at any module Md; where 
1l<k<n-1. 


(i) First of all take L = Mo, by assumption we have 0 = (¥2)x(Y1)«(1) = yeyi and hence im(y1) © 
kn(w2). For the converse inclusion regard L = kn(y2) and the inclusionv: L + M,: kk. Then, 
as k is in the kernel of ye we find (Y2)«(v)(k) = yor(k) = yo(k) = 0 and hence (y2).(v) = 0. But 
since u € kn((y2)«) = im((y~1)«) there has to be some a € L(L, Mo) such that » = (y1)«(@) = yia. 
If we now take any & € L = kn(y2) then this means k = u(k) = yia(k) € im(y1). Thus we have 
also established kn(y2) C im(y1). 


(iit) Now take N = Mo, by assumption we have 0 = (~1)*(y2)*(1) = yays and hence im(y1) € kn(y2) 
again. For the converse inclusion regard N = M,/im(y1) and 90: MM, > N: y+ y+im(y1) the 
canonocal epimorphism. Then for any x € Mo we find (y1)*(@)(x) = ovi(x) = yi(x) +im(y1) = 0 
and hence (~1)*(@) = 0 which is @ € kn((y1)*) = im((y2)*) by assumption, again. That is there is 
some y € £(Mo, N) such that 0 = (y2)*(y) = yYo2. Thus if & € kn(ye), then k + im(y1) = e(k) = 
yp2(k) = y(0) = 0 such that & € im(yi). Thus we have also established kn(y2) C im(y1). 


Proof of (3.44): 


(i) Suppose M #0, as M is finitely generated, the submodule 0 <m M is cofinite. Hence by (3.18) 
there is a maximal submodule Q <, M such that P C Q Cc M. As Q is maximal, M//Q is a 
non-zero, simple R-module [M//Q 4 0, as Q 4 M and by the correspondence theorem (3.16.(ii)): 
consider a submodule U/Q <m M/Q, then U <m M satisfies Q C U C M and hence Q = U 
or U = M due to the maximality of Q]. Therefore 


ms ame(M/a) 


is a maximal ideal mM € Smax(R), according to (3.24.(i)). By definition of M we have ax + Q = 
a(x + Q) = 04+ Q for any a € M and x € M. That is az € Q and hence MM C Q. Now by 
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(iii) 


(iv) 


assumption we get Q C M=mM C Q. But that is Q = M in contradiction to Q # M, such 
that the assumption MM ¥ 0 must have been false. 


By (3.40.(v)) we know that m(1//P) equals (m+ P)/P and hence we have the following identities 
(by the assumptions on P) 


m(“/p) _ Dem oe = Mip 


for any maximal ideal m <j R. Yet as P is cofinite the quotient module M//P is finitely generated. 
Hence we may use (i) to find 1//P =0 and this is nothing but M = P. 


If ~ is surjective, then y/M is surjective for any ideal mM C R, as we have seen in (3.40.(vii)). 
Conversely if ~/M is surjective, then for any y € N there is some x € M such that p(x) + MN = 
y+MQN. That is there is some z € MN such that y = v(x) +z € im(y) + MN. And as y € N has 
been arbitrary, this means N = im(y) + MN. As im(y) is cofinite and this is tru for any maximal 
ideal mM, we may invoke (ii) to find im(y) = N, but this is nothing but the surjectivity of y. 


If ~ is bijective, then ~/M is bijective for any ideal Mm C R, as we have seen in (3.40.(vii)). 
Conversely: as M is finitely generated, the zero-module 0 <m M is cofinite and hence also 
im(~) <m M is cofinite. So by (iii) we already know, that y is surjective, as the y/m are 
surjective (even bijective). But a surjective endomorphism of a finitely generated R-module is 
bijective by (5.44). 


Proof of (3.78): 


(i) 
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Suppose J and J have the same cardinality, by definition this means, that there is a bijection 
ao: I — J. And by construction M := R® has the canoncial basis ex = (6;,~) € M, where k € I. 
That is the k-th component of e; is 1, all others (i A k) are 0. Likewise we denote the canonical 
basis of N := R®/ by f, = (d;1) € N, where 1 € J. This clearly gives rise to a well-defined 


homomophism of R-modules: 


p:MHN : So aiei > Sai foi) 
i€l iel 
As a is surjective and { f; | 7 € J} generates N we see that ® is surjective. Suppose ®(a;) = 0, 
as a is injective and { f; | 7 € J} is R-linearly independent this means that a; = 0 for any i € J. 


This is kn(®) = 0 and hence ® also is injective. Altogether ® is an isomorphism. 


It remains to prove the converse implication, that is we suppose that M := R®! and N := R®/ are 
isomorphic. As R is a non-zero, commutative ring we may use (2.4.(ii)) to pick up a maximal ideal 
m <j R of R (containing 0 C R). Then, as M is maximal, F := R/M is a field. 


As we have seen in (3.41) the quotient //mM is isomorphic to F®/, by virtue of the following 
isomorphism : 
® 
Fol ay RY [pot + (bi +m) + (b,) + MRO 


In complete analogy we find an isomorphism of F-vector-spaces between F®/ and the quotient 


N/mN. Now, as M &, WN are isomorphic (by assumption), so are the quotient modules 
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M/mM =, N/MN, by virtue of (3.40.(vii)). And therefore we find a chain of isomorphies of 


F'-vector-spaces connecting 
ol ed 
pol ea R i, ep 2. R / eg Se pos 


Clearly isomorphic modules have the same dimension (the isomorphism transfers bases). And as 


F®! has dimension |J| (using the canonical basis) altogether we find 
[Z| = dim(F®’) = dim(F®’) = |J| 


Let ® : R/a + R/O be the isomorphism of R-modules, that we assumed to exist. Further let 
v+b:= 6(1+4) and u+a:= 6 1!(1+6). Then - as © is R-linear - we get 


O(uvt+a) = vO(u+a) = v(1+b) = v+b = G(1+4) 


As © is invertible this implies wv +a = 1+4 and hence u+a= (v+a)~! € (R/a)* is invertible. 
Now consider any a € R, then a € @ is equivalent to a+a=0+4. And as u+ 4 is a unit this is 


equivalent to ua + 0 = 0+ 4. Now compute 
0+6 = 0(0+a) = O(ua+a) = a®(u+a) = a(1+b) = a+b 


That is a+a=0+4 is equivalent to a+b =0+5. Therefore a € @ is equivalent to a € and this 
is just the equality a =D of subsets of R. 


Proof of (3.89): 


(i) It has already been shown in section 2.7 that Z is a PID. It only remains to verify, that P is infinite. 


(ii 


a 


Hence we suppose, that P is finite, say P = {p1,..., pn}. Then we let b:= p,----- pnp +1EZ 
and choose an arbitrary prime divisor p > 0 of 8, that is b = ap for some a € Z. As P encompasses 
all (positive) prime elements of Z there is some 7 € 1...n with p = p;. Without loss of generality 


we may take p = py. Now 


Pr ect Pn tl — b = ap = ap, 


Hence 1 = p\(a — p2---++ pn) which means that p; is a unit of Z - an obvious contradiction to 


being a prime element. Hence P is not finite. 


Suppose Q = Lh(21,...,%n) was finitely generated, where x; = a;/b;. Then we choose a prime 
number p € P such that for any 7 € 1...n we have p J b;. Such a prime exists, as by (i) there 
are infinitely many primes and all the }; are only divisible by finitley many primes. Now suppose 
1/p = kx, +++» + kn%py for some k; € Z. Let b := by: ++++ by and b; := b/d; € Z, then 


- = yng — Fhe = b= pY hah 


In particular p would divide b and hence some of the 0; (as p is prime) in contradiction to the choice 


of p. Hence there can be no finite generating set of Q as an Z-module. 
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It remains to show, that the set P truly generates Q. To do this consider any x = a/b € Q and 


write down a primary decomposition 


b= sph) Soe iarets pk 
where s = 1 or s = —1 and p; € P. We will now use induction on the number n of distinct prime 


factors of b. If nm = 0 then we readily have x = a/s =as € Z. And ifn = 1 then 


1 1 
Py Py 


For the induction step n — 1 > n let us abbreviate g := pi) tees py) and p := per), Then 


x = a/(sqp) = (as)/(gp). As p and q are relatively prime gcd(p,q) = +1 and Z is a PID there 
are some u and v € Z such that ug + vp = as. Hence we find (note that u/p € Lh(P) as in the 
case n = 1 and v/q € Lh(P) by induction hypothesis) 

as ug + Up U 


U 
a = —+- € Lh(P)+Lh(P) = Lh(P 
= - mae (P) + Lh(P) (P) 


Proof of (3.48): 


(i) First suppose M is simple and consider any 0 4 x € M, then we need to show that M = Rz. But 
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as Rx <m M is a submodule and M is simple we necessarily have Rx = 0 or Rx = M. But as 
also 0 ¢ x € Rz this only leaves Rx = M. For the converse direction we need to show that MZ 
is simple, that is we pick up some submodule P <, M and have to show P = 0 or P= M. If 
P #0, then there is some x € P with x # 0. For this x we then get M = Rx C P C M by 
assumption, such that truly P = M. 


Here we have M = Rm, but in (3.22.(ii)) we have proved the following isomorphy of R-modules 
: ann(m) =m >: a+ann(m) am 


Hence M is simple if and only if R/ann(m) is such. But by the correspondence theorem of 
submodules (3.16.(ii)) the submodules of R/ann(m) are of the form P/ann(m) for some submodule 
P <m Rwith ann(m) C P. That is: if Q <m M is a submodule of M, then 6~!(Q) = P/ann(m) 
for some P <m Rand vice versa. Thereby 0 <m MM corresponds to ann(m) <m Rand M <p, M 
corresponds to R <m R. Any other submodule (on either side) would spoil the simplicity and 


would correspond to some submodule on the other side. 


Consider some module-homomophism y : M — N. If y = 0 then there is nothing ot prove, so let 
us consider y #0. As kn(y) <m M is a submodule, but / is simple, we either have kn(y) = 0 or 
kn(~) = M. But y £ 0 rules out kn(~) = M which leaves kn(y) = 0, which again is the injectivity 
of wy. Likewise, as im(y) <m N is a submodule, but N is simple as well, we have im(y) = 0 
or im(y) = N. Again y # 0 rules out im(y) = 0 which leaves im(y) = N, which also is the 


surjectivity of y. 
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(vi) By (v) we have mend(M) = maut(1Z) U {0} as any non-zero endomorphism y : M — M already 


(iii) 
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) 


is bijective. That is for any » € mend(M) there is some y~! € mend(M) with yp! = I and 
y ty = 1. That is any g is invertible. Hence the ring mend(M) (using the composition as 


multiplication) is a division ring. 


As M is simple, then (i) implies Rx = M = Ry. Hence using the same reasoning as in (ii) we find 


two isomorphisms of R-modules 


® : ete =n M : a+ann(r)H ax 


Uv: Tons =n M : b+ann(y) by 


Composing U-'® : R/ann(x) — R/ann(y) we find an isomorphism of R-modules (defined by 
a+ ann(xz) + 6+ ann(y) where az = by). however by (3.78.(ii)) we know that this implies 
ann(x) = ann(y) already. And the maximality of ann(y) has already been proved in (ii) (as in a 


commutative ring any submodule already is an ideal). 


If MZ is simple, then by (i) MM alredy is of the form M = Ra as x # 0. That is we find some 
a € R such that y = ax since y € M = Ra. As R is a commutative ring, we get an R-module- 
endomorphism by letting 

da: M>3>M : trae 


As M is simple (vi) implies that we either have jig = 0 or [a is bijective. But as fia(x) = ax = y £0 


this rules out fuq = 0 such that fia truly is an an R-module-automorphism. 


Fix some 0 #4 m € M, then as M is simple, we have M = Rm according to (i). As v(m) € 
M = Rm again, there is some a € R such that y(m) = am. And for any b € R we then compute 
yp(bm) = by(m) = b(am) = (ba)m = (ab)m = a(bm) as R is commutative. And as M = Rm this 


means v(x) = ax for any x € M. That is y = fa : + az as has been claimed. 


Proof of (3.50): 


(i) Clearly, if ve and ye € Ae then re+ye = (x+y)e € Ae and (xe) (ye) = (xey)e € Ae again (we even 


(ii 


a 


have (e)(ye) = x(ey)e = a(ye)e = xye? = rye). Also for any a € R we have a(zxe) = (ax)e € Ae 
such that Ae is an R-sub-semi-algebra of Ae. Also if z € A then z(xe) = (zxa)e € Ae and 
(we)z = x(ez) = a(ze) = (xz)e € Ae such that Ae also is an ideal of A. It remains to prove 
14e = € that is for any xe € Ae we need to show e(xze) = xe and (xe)e = ze. The latter is due to 


2 — xe however and the first follows from e(xe) = e(ex) = 2x = ex = ze, as well. 


(xe)e = xe 


Clearly 0 € cEN(A) as for any g € A we have 0g = 0 = gO andifae R, f, f’ € CEN(A) then we get 
(af)g = a(fg9) = flag) = (ag) f = a(gf) = glaf) and (f+ f)9 = fot fig = of taf =9(f +f) 
such that af and f + f’ € CEN(A) again. So far we have shown that cEN(A) <m A is an R- 


submodule of A. But also (ff’)g = f(f'9) = flgf) = (fa)f = (of) Ff = g(ff') implies 
ff’ € cEN(A) as well. Altogether cEN(A) <p A and if 1 € A is the unit element then lg = g = gl 
for any g € A such that 1 € CEN(A) again. In particular, if w and v € cEN(A) then for any g € A 
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(iii 


a 


we also get g(uv) = (gu)v = (ug)v = u(gv) = u(vg) = (uv)g such that wv € CEN(A) again. So 


we also found that CEN(A) is multiplicatively closed. 


First of all we have e(1 — e) = e— ce? = e—e = 0 and (1—e)e = e—e? = O since is 
idempotent, such that e | (1 —e). Also we get (1—e)? =1—2e+e? =1-2e+e=1-e 
such that 1 — e is idempotent again. If e € cEN(A) also is central, then for any x € A we also get 


x(1—e) =x-— xe = x — ex = (1—e)z such that 1 — e € CEN(A) is central, as well. 


Proof of (3.51): 


(i) 


(iii) 
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Clearly for any « € A assumption (1) yields the equality « = rl4 = x(>>,e;) = >0,(xe;) C 
>>; Aei. And as x has been arbitrary this is A = 5°, Ae;. It remains to verify that for any 


j €1...n we have 


Ae; M S > Ae; = 0 
tj 
Thus consider any x € Ae; that is x = x;e; forsome x; € A. Then we get re; = r;e;e; = 7je; = 2 
by assumption (2). If now x € ids Ae; say t = per xje; then by assumption (3) we also get 
C= = oye ce jey = Perr Cee; = ere x;,0 = 0. That is x = 0 as claimed. 


The A-linearity of P; is obvious: if z, y € A then P(xy) = (xy)e; = x(ye;) = xPi(y) and 
P,(a+y) = (a+y)e; = re; t+ye; = P;(x)+P,(y). And the multiplicativity is due to the fact that e; is 
a central idempotent: P;(xy) = (xy)e; = (ry)e? = x(yei)e; = x(ery)e; = (xei)(yei) = P;(x)Pi(y). 
And finally we have P;(1) = e; where e; € Ae; is the unit element of Ae;, as (xe;)e; = xe? = rej 
and e;(xe;) = (e;x)e; = (xe;)e; = xe;. So altogether P; truly is a homomophism of A-algebras. The 
surjectivity of P; is trivial, so it only remains to prove the equality for the kernel. Let x = yy Lie; 
then 


n 


n n 
P(x) = D7 Pilajes) = Dl ayejes = Do aybizey = aie 
j=l j=l 


j=l 
Hence we have x € kn(P,) if and only if 0 = P;(x) = xje; and considering that x = >? , x;e; this 
is equivalent to x = )/,,, xj;e; that is to x € }7,,; Ae;. Note however that ; itself need not be 
zero, it is the product x;e; only, that has to be zero. 
Let us denote P := P, ®---@P,: A A, ®-:-@ Ay which is defined by P(x) = (xeq,..., en), 
that is P is the map of which we claim that it is an isomorphism of A-algebras. But as any P; is 
a homomorphism of A-algebras it is clear, by construction, that P is an A-algebra-homomorphism 


again. And the bijectivity is due to (i), the inverse map is given by (2) +> 41 +--+: + 2p. 


Let us denote the basis of A by { fi |i € J}. Then 14 € A has a basis representation concerning 


lg = Sus 


wel 


this basis 


where only finitely many of the wu; ¢ R are non-zero. As also f;f; € A there are some aj, ¢ R 
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such that f;f; has the basis representation 


fifi = S° ijk tk 


kel 


Combining these we find f; = laf; = (0; wh) sf; = 0, whit = a oe Ga ete = Dl Oy igh) Fee 


Comparing coefficients we find that for any 7, k € I we get 


Ms ae = ie 
1eL 
Now fix an arbitrary r € I and define & : A + R by linear expansion of fj +> aj, then for any 


a € R we can compute 


K(al4) =k (: > wf) a =e Ui ee =O Ss Ute pe =O 


ier tel tel 


That is Ke(a) = K(al4) =a such that Ke = Ip and in particular v is injective (and k is surjective). 
Now let A’ := kn(«&) <m A and consider an arbitrary 2 € A. Let a := K(x) and a’ := x—-al, 
then «(a’) = K(x) — K(al4) = a—a=0 such that 2’ € A’. Thereby we have x = al4 +2’ such 
that A = R14 + A’. It remains to verify (R14) A’ = 0. Hence consider some x € (R14)M A’ say 
x =aly,. Then 0 = K(x) = K(al4) =a such that from x = 0 we get A= Rly @ A’ as claimed. 


Proof of (3.53): 


(i) (a) => (b): consider some idempotents e, f € A with e 1 f (that is ef =0 = fe) ande+f=1. 
Then all requirements of (3.51.(i)) are satisfied, such that we get the decoposition A = Ae © Af 
where the direct sum is that of A-modules. But by assumption A is indecomposable as an A-module 
such that Ae = 0 or Af = 0. But as 1 € A this implies e = 0 or f = 0, as claimed. 


(b) => (c): it is clear that 0? = 0 and 1? = 1, conversely consider an idempotent e € A then we 
need to show e = 0 or e= 1. To do this let f := 1—e, then e+ f = 1 is clear and e | f is due to 
(3.50.(iii)). So by assumption we get e = 0 or f =0. The case f = 0 already is e = 1 however. 


(c) = > (a): suppose A = P@Q is the direct sum of some A-submodules P, Q <, A. Then there 
are some p € P and q € Q such that 1 = p+ q. Now compute p = pl = p(p+ q) = p2 + pq. As Q 
is an A-submodule of A we have pq € Q, but also pg = p— p? € P such that pg € PNQ = {0} 
which is pg = 0. This also proves p* = p such that p € 1P(A) is an idempotent. But by assumption 
this means p = 0 or p= 1. In complete analogy we find g = 0 or g=1. If we had p= 1 andq=1 
then 1 = p+q=1+1 such that 0 = 1 in contradiction to A ~ 0. So we have p = 0 or q = 0. 
Now for any  € A we get « = x1 = 2(p+q) = xp + xq where zp € P as p € P and P is an 
A-submodule of A. Likewise xq € Q. Let us first regard the case p = 0: then for any x € A this 
would imply « = xq € @ such that Q = A. But as A= P GQ this means P = 0. In complete 
analogy g = 0 yields Q@ = 0 such that we have established the indecomposability of A. 


(ii) (a) ==> (d): let us consider some e, f € cip(A) such that 1 =e+ f, that is ef =0 ande+f =1. 
Then we take to the A-sub-semi-algebras U := Ae and U := Af. Note that U and V thereby 
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also are unital R-sub-semi-algebras of A according to (3.50.(i)). And clearly we have the following 
isomorphy of R-algebras 
A>U®V : rH (ae,zf) 


according to (3.51.(ii)). By assumption (a) this implies U = 0 or V = 0 such that e = 0 or f = 0, 
which is (d). 

(c) <= (d): If 1 € A is simple, then A = AI trivially is a block. Conversely suppose we had 
A = As for some simple element s € A. Then there is some r € A such that 1 = rs. And 
as s is central, this also is sr = 1 such that s € A* is a unit element. Due to the isomorphy 
A As:x++ xs it is clear that 1 € A has to be simple as well, as it corresponds to the simple 
element s € As = A. 

(d) = > (e): clearly 0, 1 € A are central idempotents, so conversely let us assume we are 
given some e € cip(A). Then we need to show e = 0 or e = 1. But according to (3.50.(iii)) 
f :=1-—e € cipP(A) is a central idempotent again, with e L f. Hence 1 = e @ f which implies 
e =0 or f =0, since 1 was assumed to be simple. But thereby f = 0 is just e = 1 again. 

(e) == (a): Suppose we had a decomposition ® : AU @ V into some R-algebras U and V, 
that is ® is an isomorphism of R-algebras. Let us denote the elements e := ®~1(1y,0y) € A and 
likewise f := ®~1(0y, ly). Then it is clear that e? = ®-1(17,,0v) = @“!(1y, Ov) =e and for any 


x= ®~'(u,v) we get 


‘(u, v)®~(1y, Ov) = &~!(u, Ov) 
(lu, 0v)®" (u,v) = ex 


te = O 
o- 
Hence we get e € ciP(A) which by assumption is e = 0 or e = 1. In case e =0 = © !(0y, 0) we 


have 1p = Op such that P = 0 and in case e = 1®~1(1y, 1) we have 0g = 1g such that Q = 0. 


Altogether A is indecomposable, as claimed. 


By now we have established the equivalency of (a) <=> (c) <= (d) <= (e). Let us abbreviate 
C :=ceEN(A) <a A, then we will now prove (a) => (b): if A is indecomposable, then by (e) we 
have cip(A) = {0,1}. In particular this means cip(C) = {0,1} such that C satisfies (e) as well. 
And we already know that this implies (b). Conversely for (b) == (a): if C is indecomposable, 
then by (d) 1 € C is simple. That is there is no non-trivial decomposition 1 = e @ f with e, 
f € cEN(C) = C = ceN(A). Hence 1 € A is simple as an element of A, as well. But this is (d) for 
A, such that A is indecomposable, itself. 


Proof of (3.90): 
Suppose X is a generating set of M with |X| = rank(M). As py: M - N is surjective, for any y € N 
there is some x € M such that y = v(x). Also as X generates M we can choose some a; € R and 


xv; € X such that v = a,%1 +--+ +42. And clearly this yields 
y = ve) = raip(a) € Ln(o(X)) 
i=l 


As y € N has been chosen arbitarily we have just seen, that N = Lh(y(X)). And from this we find the 
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first inequality 
rank(N) < |p(X)| < |X| = rank(M) 


For the second inequality choose some generating sets X C P of Pand V C M/P of M/P such that 
rank(P) = |X| and rank(M/P) = |V|. By construction of M//P any v € V is of the form u+ P for some 
u € M. Thus for any v € V we may pick up some u € M such that v = u+ P. We now take those u to 
build up a set U C M, that is we have V = {u+P|ueU} and |U| = |V]. We will now show, that 
X UU generates M. To do this consider any z € M: asx+ P © M/P=Lh(V) there are some a; EC R 
and u; € U such that 


m n 
e+P= S- ai(us + P) = (Soa) +7 
i=l i=l 


That is @ — (ajuy +--+ +GmtUm) € P. From this again we find some b; € R and p; € X such that 


x — (ayuy ++++ + GmUm) = bipi +++: + bnpy since X generates P. Altogether this yields 
x = Soam+ > bjpy € LhUUX) 
i=1 j=l 


Again, as « € M has been chosen arbitarily, this proves MM = Lh(X UU), that is X UU generates M 


and from this we get 


rank(M) <|PUU] <|P|+|U| = |P| +|V| = rank(P) + rank (“/p) 


Proof of (3.93): 


(i) lfm =O then X := { 21,..., 2p } degenerates to X = —) and as X generates M this implies M = 0. 
Thus the only choice of an element y; € M is y; = 0 and this obviously is R-linear dependent. 
Thus we may assume 1 <n. As M is the R-linear hull of X, we can choose some a;,j; € R (where 
a7E€l1...nandj€1...n+1) such that 


n 
Wy = dais ti 
i=1 


Using these elements we first define the Z-subalgebra S of R generated by the a;,;. That is, we 
let 
S22] Liles | telco ped cee 1 


Note that Z is a noetherian ring (even a PID, by (2.68)) and S is a finitely generated Z-algebra 
(by construction). Hence by the Hilbert basis theorem (2.39) S is a noetherian ring again. We now 


take to the S-module generated by the x; 
Mee = Whe tie ci, } 
Now, as Ms is a finitely generated S-module and S is a noetherian ring, Mg is a noetherian 
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S-module, according to (3.105.(vi)). And clearly 
Y= Der € Ms 
i=1 


We will now recursively define the elements y;[m] € Mg for any index 7 € 1...n+ 1 and any 
m € IN. We start by taking y;[0] := y;, then we continue 


nr 
ylmt 1) := So aig yilm 
i=1 
To streamline our notation let us abbreviate zm, := Yn41/m]. Now suppose that Y := { y1,---, Yn; Yn41 } 


was F-linearly independent. As S <, Risa subring of R, then in particular Y would be S-linearly 


independent. In an intermediate claim we will prove, that in this case the elements 
yilm], .--, Ynlm], 2m = yn4il™], 20, «++, %m—1 


are S-linearly independent for any m € IN. The case m = 0 is trivial, as y;[0] = y; our assumption 
on the y; grants their S-linear independence. Let us use induction on m, then for the induction 


step we have to regard an S-linear relation of the form 


n+l m 


S © a; yjlm + 1] +S obz = 0 
jo 1=0 


Let us insert the recursive definition for the 7 ie into this relation, then we find a relation of the 
form 
n+1 m 
0 = Slajyjlm+] + >) biz 
j=1 1=0 
n+1 n m 
= D245 > acguil] + > 7 br21 
j=l i=l I=0 
n n+1 m—1 
> y » agai | yal] + S> bz + bmYn+ilm| 
i=1 \j=1 1=0 


By the induction hypothesis these elements are S-linearly independent, such that we find b; = 0 


for any! €1...mand for anyi €1...n also 


But this allows to give a linear relation between the y;, just use the definition of the a;,; and 
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(iii) 


compute (in the same manner as before) 


n+1 n n+1 
) a; Y5 = ) ) AjQi,j Xi 0 
j=l +=. j=l 


But by assumption the y; are S-linearly independent, such that we necessarily have a; = 0 for any 
j €1...n+1 as well. Altogether we have proved the intermediate claim of linear independance. 


In particular the elements zo, z1, z2 and so on are S-linearly independent. Thus - if we define 


Mm := Lhg{z|leE0...m} 


We get an ascending chain Mp C Mi C Mo C ... of S-submodules of Mg. Yet this chain 
is strictly increasing: suppose we had zm+41 © Mm for some m € IN then there would be some 
50,;+++,8m © S such that 


m 
2m4+1 = Y S] 2] 
1=0 


which contradicts the S-linear independence of the z; and hence we have My C My C Mo Cc .... 
But a strictly increasing chain within the noetherian module Mg is impossible. The only way to 
solve this contradiction is to drop the assumption of R-linear independence of the y;. That is Y is 


R-linear dependent, as we had claimed. 


As {m1,..., Mn } is a basis of M we obtain a well-defined endomorphism of R-modules, by letting 


n n 
yp: M-7>M: So aim b> as, 
i=l i=1 
As {£1,...,%n } generates M this endomorphism is surjective. But then we can apply (3.77.(i)) to 
find that ~ also is injective. That is if }°, a;v; = 0 then )°, aim; = 0. But as the m, are linearly 
independent this means a; = 0 for any z € 1...n. And this is the linear independence of the 2; 


again. 


Since the basis B by definition generates M as an R-module and the rank of M is the minimal 


cardinality of a generating set, trivially 
rank(M) < |B 
It remains to prove the equality. Let us choose some generating set G C M of minimal cardinality, 


that is |G] = rank(M). 


, then we could choose 
some { by,...,bn,bn41 } C B. But as G generates M this would mean, that { b1,..., bn, bn+1 } is 
R-linearly dependent, according to (i). But this contradicts the R-linear independence of B and 


In a first step we assume that n := |G| € IN is finite. Suppose we had n < |B 


hence we have 
rank(M) = |G| = n = |B 


In the second step, we suppose that |G| is infinite. Then necessarily B is infinite as well - else we 
would have |B| < |G| = rank(/). As G generates MW, for any b € B C M, we can choose a finite 
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subset F, C G such that b € (Fy )m. Now define 


Foc: U % eG 
beEB 


Then as B generates M and any b € B is generated by Fy, C F it is clear, that F also is a 


generating set of the entire module M: 


P= Sha SY Re = The) = 
beB beB 
Since any Fy has been finite, but B is infinite the cardinality of F' is precisely the cardinality of 
B. But as F C G this already yields the converse inequality 


(iv) Choose some generating set X C M of M with |X| = rank(/). Further, as F' is free, we can 
choose some basis B C F of F. Let us first suppose X is a finite set, say X = {%1,...,2n }. 
The basis B C M is an R-linearly independent set, and hence B cannot contain more than n 


elements, as we have seen in (i). Hence by (ii) we have 
rank(F) = |B) < n = |X| = rank(M) 


So let us now consider the case that X is infinite - this will require some slight tricks of cardinal 
arithmetic: As X generates M = Lh(X) for any y € B there is a finite set w(y) C X such that 
y € Lh(w(y)). Hence there is a map from B to the set Q(X) := {Z C X | #Z < cw} of finite 
subsets of X, given by 

w: Box): yHrouty) 


But as X is infinite we have |X| = |Q(X)|. Now consider any finite subset Z € Q(X), say 
Z={z,...,2n} © X. Then the fiber of Z is given to be w 1(Z) = {ye B| wy) = Z}. 
Thereby w(y) = Z yields y € Lh(w(y)) = Lh(Z). Note that since w!(Z) C B is contained in 
the basis B of F it is R-linearly independent. And as Lh(Z) is generated by at most n elements 
(i) implies, that w~!(Z) cannot contain more that n elements: #w~!(Z) < #Z. Thus any fiber of 
w is finite. This now means, that the cardinality of B cannot exceed the cardinality of Q(X). And 
altogether that is 
rank(F) = |B) < JQ(%)| = |X| = rank(M) 


Proof of (3.91): 

lf 6: M =, N is an isomorphism of R-modules, then in particular @ : M -» N is an epimorphism. 
Hence by (3.90) we find that rank(N) < rank(M/). But as the inverse 6-! : N -» M is surjective as 
well, we also have rank(V/) < rank(NV). Altogether we have found 


rank(M) = rank(NV) 
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Conversely suppose that rank(J/) = rank(V). As both M and WN are free we may choose bases A C M 
of M and B C N of N. As FR is commutative and non-zero we may invoke (3.93.(iii)) to see 


|A]| = rank(M) = rank(N) = |B 


That is there is some bijection a: A ++ BC N. As Aisa basis of M we may now expand this map 


linearly. That is we use (3.68.(ii)) to define an R-module homomophism 


@:M IN: 5 apr ¥/azo(z) = Yo ag-ryyy 


xEA LEA yeEB 


Likewise, as B is a basis as well, we can linearly expand aot: B<« + AC M,as well. Then it is 


immediately clear, that BY = yy and VS = Ly. That is ®: M — N is an isomorphism with inverse 


6-! = W. In particular we have ®: M &,, N as we had claimed. 


Proof of (3.96): 


(i) Of course the proof will be an application of the lemma of Zorn. So let us regard the collection of 


all R-lineary independent subsets L’ C M containing L, formally that is 
b= { L' C M|L’ is R-lineary independent, L C L'} 


It is clear that L € Land hence L ¥ 0 is non-empty. Also ZL is partially ordered under the inclusion 
C. Now consider some chain (L;) C L (where 7 € J) in £ and let 


Lo ee C M 
iel 


In order to establish L’ € £L we have to show that L’ is R-linearly independent again. Thus 
consider any x; € L’ and any ag € R (where k € 1...n) such that 


a1X1++:++antn = 0 


By construction of L’ for any i € 1...k there is some i(k) € I such that x, € Lyx). Since the L; 
form a chain we can assume (by renumbering the z;), that 


In particular x, € Lin) for any k €1...n. But as Lj(,) is linearly independent (it is contained in 


L) the above equality implies aj =--- = a, = 0. Hence L’ is linearly independent, as well, such 
that L’ € £. Hence every chain in £ has an upper bound so that we may invoke the lemma of Zorn, 


to find a maximal element of L. 


(ii) If « © L, then x € Lh(L) is clear, such that we may take a = 1. Also if there is some a 4 0 with 
ax = 0, then there is nothing to prove. So from now on we assume x ¢ L and ax =0 = a=0 
for any a € R. Then, as L is a maximal linear indepenedent set, L U {x} is no longer linear 


independent. That is there are some y1,...,Yn € DL and some a, }j,...,b, € R that are not 
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identically zero, such that 
ax+byyit-+:+bnyn = 0 


Thereby ax = 0 cannot be, as else { y1,..-,Yn} C L would be linearly dependent. And by 
assumption this already implies a 4 0. Now we see, that az = —(biy1 +--+: + bnyn) € Lh(L) holds 


true as well. 


By definition free(17) = 0 means that § C M is a maximal linearly independent set. This happens 
iff for any x € M the set {x} C M is linearly dependent already. The latter means that there is 
some 0 £a € R such that ax = 0. And this again is precisely the property of M being a torsion 


module. 


If L is a linearly independent set of V/, then clearly F’ := Lh(ZL) is generated by L (by construction) 
and L is linearly independent (by assumption). That is L is a basis of F' and F is free. If now 


R #0 is a non-zero commutative ring, then lemma (3.93.(iv)) yields 
|L| = rank(F’) < rank(M) 
lf 2 =0 then M = F and hence M is free with basis L itself. In particular LZ is a maximal linear 


independent subset of M/ and there is nothing to prove. Now suppose n > 1 the assumption that 


LU {2;} is linearly dependent means that there are some a; € R and a; € R such that 


Qj,X4 + ) Aww = 0 
uel 


Note that this sum is finite only, since only finitely many a;,, are non-zero. Thereby a; 4 0 as else 


L would have been linearly dependent already. For later use define 


n 
ac: [[« #- 0 
i=1 


Thereby a ¥ 0 since all the a; 4 o and R is assumed to be an integral domain. Also note that 
a/a; € Ris a well-defined element of 2. We will now prove that 1//F is a torsion module: To see 


this consider any y € M then, since M = F'+Lh{ x1,...,2, }, we may write y in the form 


y= f+ do diag 
A 


for some f € F and b; € R. Then we will show ay € F' using a staightforward computation 


n 
ay = af +> abjai 
— 


n 
a 
= af + ) b; —a;x; 
; ay 
— 
Se 
= af-S ob —S- aiue 
a 
i=1 "uel 
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(vii) 


(viii) 


n 

a 

= af = S> (> ron) U 
ueL \i=1 

As the u € L generate F we see that truly ay € F’. But from this we find, that L is a maximal 

linearly independent set. Consider any L’ C M with L C L’. If there was some y € L’ \ L then 

we have some a € R with a £0 and ay € F = Lh(L). Hence LU{ y } and therefore L’ are linearly 


dependent. And in particular we have the equalities 
free(M) = |L| = dim(F) 


If also follows that //F is a torsion module: Consider any y+ F € M/F then a(y+F) = ay+F = 
0+ F =0€ M/F. And this is all that has been claimed. 


We first prove that 1//F where F' = Lh(L) is a torsion module. Hence we consider any z = 
x+F € M/F. As L is maximal linear independent (iii) yields some a € R with a £ 0 such that 
ax € F. Hence 

Cg-= a Po =0 FF =-0-e MIs 


And if F& <n M is a free submodule of M with basis B, then B C M clearly is linearly 
independent. It remains to prove the maximality of B. Thus suppose B C X. If there is some 
x € X with x ¢ B, then (as M/F is a torsion module) we can choose some a € R with a £ 0 such 
that a(z + F) =0+ F. As above that is az € F =Lh(L). That is there are some bj,...,b, ER 
and y1,.--,Yn € B such that 

ax = byt t-:-+bnyn 


Thus byy, +--+ + brYn — ax = 0 is a linear relation with a 4 0 within the set X. That is X is not 


linearly independent and hence B C M is maximally linear independent. 


We will first prove that |Z| = |L’|. To do this we regard the mapa: L— L': 2+ a,x. By 
definition of L’ it is clear that a is surjective. Thus it remains to show the injectivity: suppose there 


were some x, y € L such that « # y and aya = ayy. Then 
Agt —Ayy = 0 


As {x,y} C Lis linear independent, this would imply a, = ay = 0 in contradiction to the choice 


of a, and ay. Hence a also is injective, that is we have established the bijecton a: L <— L’. 


It remains to prove the linear independence of L’. Suppose we are given some x(k) € L’ and 
b(k) € R (where k € 1...m) such that 


0 = b(l)a(1)r(1) +--+ + b(n)a(n)ax(n) 


Hereby we denoted a(k) := a.) € R. As {x(1),-.-,2(n)} C L is linear independent this 
implies b(k)a(k) = 0 for any k € 1...n. But as R is an integral domain and a(k) 4 0 this already 
is b(k) = 0 for any k E 1...n. That is L’ also is linearly independent. 


As L is a maximal linear independent set, we have seen in (ii) that for any z € K there is some 
a, € Rwith a, # 0 and a,x € Q := Lh(L). Let us now denote K’ := {a,x |a€ K} and 
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P := Lh(K’). By (iv) we know, that K’ is linearly independent again and hence P is a free 
submodule of M with basis Kk’. In fact, as Kk’ C Q we even have P C Q. Now by (3.93.(iii)) 
again we find 

|K| = |K’| = rank(P) < rank(Q) = |L| 


Reversing the roles of K and L in the above argument we also see that |L| < || and hence 
|] = |ZI. 


According to (i) we may pick up maximal linear independent sets K C Pand{y+P|yeEL} Cc 
M/P for some sufficient L C M. First of all it is clear, that A ML = 0, because if we had 
x€ KL thenaz € K C P and hence x + P = 0+ P such that {2+ P} would be linearly 
dependent in contrast to x € L. Hence we have |AK UL| = |K|+ |L]. It remains to prove that KUL 


is a maximal linear independent set in MM, as we then have 
free(M) = |KUL| = |K|+|L| = free(P) + free (“/p) 


For the linear independence of A UL suppose we have some x; € K (where i € 1...m) and y; € L 


(where 7 € 1...) such that 
Z I= A121 ++++ + OmImt diy ++-++ bnyn = 0 


for some a; and b; € R. As x; © K C P we then find thatO0+ P=z+ P= yy Ory) +P = 
ONY +P). But as y; € L we know that the y; + P are linearly independent and hence 
necessarily b} = --- = by, = 0. That is 0 = z = 0, ajx;, but as the x; are linearly independent 
as well, this implies aj = --- = a, = 0 once more. Hence there only are trivial linear relations in 
KUL, that is kK UL is linearly independent. 


It remains to prove the maximality of kK UL. Hence suppose we are given any z € M with z ¢ KUL. 
Asz+PeéeM/P and {y+P|y€L} is a maximal linear independent set (ii) implies that there 
is some c € R with c ¥ 0 such that cz + P € Lh(y+P | y € L). That is there are some y; € L 
and 6; € R (where j € 1...n again) such that cz + P = 91, dj(yj + P) = D0, bjyj + P. That is 
ae DY, bjy; € P. And as K C M isa maximal linear set as well (ii) once more implies that there 
is some d € R with d # 0 such that d(cz — 7, bjyj) € Lh(x). Altogether that is 


for some x; € K and a; € R (where i € 1...m again). Rearranging this we found dez— ()>, aja; + 
ae db;y;) = 0. Thereby dc £0, as c #0 and d #0 and R is an integral domain. That is we have 
found a non-trivial linear relation in AK U LU { z} which means that this set is linearly dependent. 


So at last K UL is maximal linear independent. 


Let L ={m;|ieI} C M bea maximal linearly independent set in M and define F' := Lh(L) 
again. Then F is a free R-module having the basis L. Now by (3.153.(i)) {1 @m;|ie I} C FEM 
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is an -basis of F @ M and hence 


dimg(E@M) = dimg(F) = |L| = free(M) 


Proof of (3.98): 
The proof of theorem (i) is elementary, but not the easiest one. We have tried to increase its readability by 


presenting each step separately. It also makes use of the well-ordering theorem - a classical result from 


set-theory. there also is a direct proof of the theorem presented in [Adkins, Weintraub, 3.6.2]. However 


this proof is rather lengthy and intricate, such that we prefer this version: 


(1) First of all, let { 7m, |7€J} be a basis of M/. We now choose a well-ordering < on J. Then for 


— 


any j € I we denote the following submodules of I: 


It is clear that 7 < 7 there by imples M; C M; due to the transitivity of <. In fact we also get 
M; = L; 6 Rm; but we do not require this fact. Instead let us denote further submodules of P: 


P; := MjnP 
K; — LgiP 


Again it is clear that 7 < 7 now implies P; C P; as this inherited from the M;. But in this case we 
only have kK; C P; € P and it may well be, that A; = P;. In the following we will analyze the 
difference (i.e. quotient) between L; and K;. To do this we finally need to denote the coefficient 
map 
Tp MES. 2 So aim > a; 
wel 
The restriction of 7; to P; will be denoted by y;. That is y; is to be the following R-module- 
homomophism 
i eee oe cee 2 S > aim > Qj 
wel 
Clearly the kernel of 7; is the linear hull of { 7m, | i # 7 }. And if this is intersected with M/; there 


only remains L;. In consequence the kernel of y; is nothing but K;: 
kn(y;) = kn(a3) AP; = kn(aj) 1M; P = L;NP = kK; 


And as im(p;) <m R is an R-submodule, it even is an ideal in R (since R is commutative). But 
as R even is a PID, there has to be some a; € R such that im(y;) = aj; R. In particular (if a; 4 0) 


we have the following isomorphy of R-modules 
R im(y;) : AH ajr 
(it is injective, since R is an integral domain and surjective by construction). But as kn(y;) = Kj 
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and im(p;) = a;R the first isomorphism theorem (3.73.(ii)) have the following isomorphy of 
a7 SajR : «+ Kj 7;(2) 


Note that clearly kK; = L; is equivalent to a; = 0. Also note that in case a; 4 0 the inverse of 
the isomorphism A ++ a;A is given by b++ b/a;. Thus combining these two isomorphies we find the 
following isomorphy of R-modules 
. P; 15 (2) 
j 
That is to say that for any x € P; we have established the equality 7;(a) = a;®j;(a+k,;). Or more 


intuively speaking ©; yields the j-th coefficient of 2 once we scratch the aj. 


For any j7 € J with a; A 0 let us now choose some p; € P; such that ©;(p; + K;) = 1. That 
is 1j(pj;) = a; - or intuitively speaking again: p; is an element of P; that hast a; as its j-th 


coefficient. For formalities sake let us denote: 
A = {Tel | ae 0} 


We now claim that { p; | i € H } is an R-linearly independent set. That is we have to consider 
finitely many incides i(1),7(2),...,2(m) € H with 


S > Dick) Pi(k) = 0 
k=l 


for some coefficients A;(,) € R. Scratching all the zero coefficients we may assume Aj(,) A 0 for 
any k € 1...n. By renumbering we may also assume i(1) < i(2) < --- < i(n), as < is a total 
order. But in consequence this yields the ascending chain of submodules of P, namely Pi) CG 
Py) ©... © Pym). That is if 7 := a(n) is the maximal index then we have pj.) € Pin) CG P; for 
any kel1...n. But then we get 


3 
3 


0 = j(0) = d_ rieyys (Pacey) = D_ Awe) ag5ick),g = AVOs 
= =r 


as ~j(Pi(e)) = Tj (Picky) = 4j5i(K),j- But since a; # 0 and R is an integral domain this means 
Aj = 0- a contradiction. Hence we must have scratched all coefficients Aj;,) which means there is 


no such sum. Altogether the linear independence of { p; | 7 € H } is established. 


It remains to prove that { p; |i € H } also generates P as an R-module (then it is a basis of P and 
we have rank(P) = |H| < |I| = rank(/)). To do this let us abbreviate 


Po := Lhre{p; |ie H} GP 
As {m;|i¢I} is an R-basis of M for any x € M there are uniquely determined coefficients 


A; © R such that 
iel 
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Thereby the set {2 € J | A; 40} has been finite. And as < is a total order this enables us to 


introduce the maximal index ju(a) enumerating a non-zero coefficient of x, that is: 
p(x) = max{ieT|A4O0} € I 


We have to show Py = P of course, so assume we had the contrary P \ Py 4 0. Then - as I even 


is well-ordered - there would be a minimal among these maximal indexes 
a := min{p(z)|ceP\Po} € I 


Recall that being minimal means that for any x € P \ Po we have that yu(a) < a implies u(x) = a. 
Now consider any x € Ka = La MP. Since x € La we have p(x) < a. And due to the minimality 
of a this implies x ¢ P \ Po. But as also x € P this only leaves x € Po such that we have argued, 
that 

Ka © P 


Now let us further pick up some element wu € P\ Po such that ju(w) = a and let us denote its basis 


decomposition by 
= OU 
k=1 


for some 44%) € R with v;¢,) A 0. Renumbering we may again assume, that 7(1) < i(2) <--- < 
i(n) =a. As u€ Mg and also u € P we have u € MyM P = Py. And therefore we may regard 
Va = Yalu) € dak. That is there is some b € R such that vg = agb. By construction of the 
isomorphism ®, this means 

®,(u+ Koa) = b 


AS Vo # 0 we also find ag 4 0 and hence bpg € Po by definition of Po. Then we may compute 
®o(u — bpa + Ka) = ®a(ut Ka) — b®a(pa + Ka) = b-—b-1=0 


This means u — bpg + Ka = 0+ Ka or in other words u — bp, € Ka C Po. This again means 
u+ Po = bpa + Po = 04+ Po such that u € Po - a contradiction. Hence P \ Po must have been 
empty which is Py = P. That is {p; | i € H } truly generates P as an R-module and hence is a 
basis of P. 


The proof of theorem (ii) is rather short in comparison: Let { m,; | i € I} be a generating set of MM where 


|I| = rank(/). We have the epimorphism 


pe: R®! >» M: (ai) 4+ S> aim; 
tel 


Let Po := p'(P) <m R®!. As R®! is a free module [it has the Euclidean basis] over the PID R 
we know by (i) that Po is free as well and more importantly: dim(Po) < dim(R®!) = |J| = rank(M). 


But as yu is surjective, we also have ju(Po) = (ye '(P)) = P such that the restriction of jz to Pp is an 


epimorphism onto P: 


pe: Po > P: (ai) 4 S° aim; 
tel 
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In particular by (3.90) we have rank(P) < rank(Po) = dim(Po) < rank(M). And if M is is finitely 
generated, then P is finitely generated as well, since rank(P) < rank(M/) < oo. 

Next we prove (iii): If AZ is free, then it already is torsion-free, according to (3.23.(ii)), since R is an 
integral domain (even a PID). Conversely if M is torsion-free, then by (3.23.(iv)) - as © also is finitely 
generated - it is embedded M 4% N <,, R” into the free R-module R”. But by (i) the submodule N is 
free again, such that M has to be free, as well, due to the isomorphy to N. 

Finally it remains to prove (iv): Generally - for any module, over any ring - we have the following 


short exact sequence of R-modules 
0 — tor(M) ee Typ Mts Me oth) 0 


Since M is finitely generated so is Q := M/tor(M). But as Q also is torsion-free, according to (3.23.(i)), 
(iii) tells us, that Q is free. But then (3.84) yields the desired isomorphy 


M &, M [eon(M) ® T0R(M) 
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Chapter 18 


Proofs - Commutative Algebra 


Proof of (2.32): 


e (a) => (b): we have the assumption of (ACC) and need to show, that there is some maximal 
element a* € A*. That is there has to be some a* € A such that (a* C a) (a* = @) for any 
ac A. Yet this statement is logically equivalent, to saying 


a*e A VaEeA: 7A(a* C a) Vv (a* =a) 


Suppose this was not the case - that is the negation of this statement was true. This is Va* € 
Asda eA such that (a* C a) A (a* £4). And clearly this means nothing but 


VareeA tae A: aca 


Thus we could start by picking up any one Q; € A as a*. And by the above property there would be 
some M2 € A such that 4; C dz. Continuing this way (using induction with a* := a, and dx44 := Q) 


we could construct an infinitely ascending chain if ideals Q; C Mg CC... C Mp C Aggy C... in 


contradiction to (ACC). Hence the assumption has to be false and this means, that (b) holds true. 


e (b) ==> (c): For any subset H C I with H 4 @ let us denote the ideal dy <j R and the set A 
of these ideals that found on a finite subset H C I to be: 


ay = Soa, 
icH 
A v= {09 | H’Ci1< 7b < aw} 


Clearly A 4 0 is nonempty, as a; € A for any i € J. Hence by assumption (b) A has a maximal 
element * and say Q* = Qe for some finite 2 C JI. Now consider any z € J, then a* C a* + Qj. 
But as a* + d; = Qy for the finite set H = QU {i} C I and a* is maximal, we get a* = a* + a; 


and in particular 4; C a*. As this is true for any 2 € I we have 


U c a = a 


ieQ,; 


But as dg is an ideal of R, the same is true for the ideal generated by the union of the a;. And by 
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definition this is nothing but 


dou S a = Soa 


tel tEQD 
(c) = > (d): Consider any ideal @ <j R and for any a € G we pick up the ideal Ra <i, R. Then 
S> Ra = a 
aed 


as any Ra C @ and conversely any a € @ is contained in Ra. Also a 4 9, as 0 € a. Now by 


assumption (c) there is a finite subset { a1,...,a, } C a such that 
k 
Soka = YR 
aed i=l 


and combining these equalities we have 0 = Ra; +---+ Rag. That is @ is finitely generated, which 


is claim (d) already. 


(d) == (a): consider an ascending chain Mp C 4; C ... C Oy C ... of ideals in R. Then we 


define the set 
p —_ (.) dz 


keIN 


As the a; have been a chain, we find that 6 <j R is an ideal due to (2.4.(i)). And hence by 
assumption (d) there are finitely many elements ai,...,a@n, € R generating 6 = (a1,...,Gn)i. So 
by construction of 6 for any i € 1... (as a; € 6) there is some s(i) € IN such that a; € O5(i). Now 
let s := max{ s(1),..., s(n) }. Then for anyi€ 1...n and any t > s we get aj € Aggy) C As C at. 
In particular 

b= tei, san ye CO, CO 


Of course this means b = q; for any t > s. And this is just another way of saying that the chain of 


the d, stabilized at level s. 


By now we have proved the equivalence of (a) to (d) in the definition of noetherian rings. And trivially 


we also have (d) ==> (e). These are the most important equivalencies, it merely is a neat fact that (e) 


also implies (d). Though we will not use it we wish to present a proof (note that this is substantially 


more complicated than the important implications above). 


e We will now prove (e) ==> (d) in several steps: We want to prove that any ideal of R is finitely 
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generated. Thus let us take the set of all those ideals of R not being finitely generated: 
Z := {a <i R| is not finitely generated } 


The idea of the proof will then be the following: suppose Z #4 @, then by an application of Zorn’s 
lemma, there is some maxmal element p € Z*. In a second step we will then prove that any p € Z* 
is prime. So by assumption (d) p is finitely generated. But because of p € Z it also is not finitely 
generated. This can only mean Z = 0) and hence any ideal of R is finitely generated. Thus it 


remains to prove: 
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0 Z#0 Z* #(): thus consider a chain (@;) (where 7 € J) in Z. Then we denote the union of 


6 = Ua 


By (2.4.(i)) 6 <, Ris an ideal of R again. Now suppose b ¢ Z, then would be finitely generated, say 
b = (b....,6n)i. By construction of b for any k € 1...n (as by € B) there is some i(k) € I such that 


this chain by 


be © Giz). And as the a; form a chain we may choose 7 € J such that Q; := max { Gi1), +++» Qi(n) }. 
Thereby 6 = (b1,...,bn)i GC a; C b. That is a; = (b1,...,bn); would be finitely generated in 
contradiction to a; € Z. Thus we have 6 € Z again and hence 0 is an upper bound of (a;). Now - 


as any chain has an upper bound, by the lemma of Zorn - there is some maximal element P € Z*. 


e pe Z* => Pp prime: First note thet p 4 R, as R = 1R is finitely generated. Now suppose p 
was not prime, then there would be some f, g € R such that f Zp, g GP but fg € p. Now let 
a:=p~p+fR, as f €P we find p C a. And as P is a maximal element of Z this means that @ is 
finitely generated, say @ = (a1,...,a,)j. As the a; €4 =p+fR there are some pj €Pandb; ER 
such that a; = p; + fb;. Therefore 


a= (Dis we sDpsd Je = mR+---+ppR+fR 


The inclusion ">" is clear, as p; € P C Gand f € a. Conversely consider x € d, that is there are 
some x; € R such that c = >>, xjiai = 0, eipit f 0, vidi C pI R+---+p~,R+fR. Next we note 
that 

p= fP:f)+pR+---+ pk 


where f(p: f) = (fR) YP: f) ={fb|bep: f} << BR. The inclusion "D" is easy: p; € P is 
true by definition. Thus consider any element x € f(p: f). That is e = fb for some b € p: 
f={bER| fbep}. In particular x = bf € P, too. For the converse inclusion we are given any 
q€YP C a. That is there are some x; € Rand y € R such that gq = %1pi +--- + repE + yf. AS ¢ 
and all the p; are contained in p this implies yf € p and thereby y © p: f. Thus yf € f(P: f) 
and hence gE piR+---+p,R+ f(p: f). Finally we prove 


Da. Zak 


Clearly we get) C P:aandb€P: a (because of ab € p). But b € P and hence P C P:a. But by 
the maximality of p in Z this means p: a g Z. Thus DP: a is finitely generated and hence a(p : a) 
is finitely generated, too. But as the sum of finitely generated ideals is finitely generated by (1.57) 
this means that p = a(p: a) +pi1R+---+ pz is finitely generated, too, in contradiction to p € Z. 


Thus the assumption of P not being prime is false. 


Proof of (2.37): 


(i) We will only prove the noetherian case - the arinian case is an analogous argument involving 
descending (instead of ascending) chains of ideals. Thus consider an ascending chain of ideals in 
R/a 


W CWC... C UR C... R/, 
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i) 


~~ 


By the correspondence theorem (1.64) the ideals U;z are of the form Uz = b;/a for sufficient ideals 
by := 0! (Uy) <j R. Now suppose b € by then b+Q€ Up C Ups = Dp41/0 and hence b € Dy44 


again. Thus we have found an ascending chain of ideals in R 


bg 2b tS aes, SOURS. ee OR 


As R is noetherian this chain has to be eventually constant, that is there is some s € IN such that 
for any 2 © IN we get bi; = bs. But this clearly implies U.4; = Us as well and hence R/a is 


noetherian again. 


If p: R -—» S is a surjective homomorphism, then by the first isomorphism theorem (1.81) we get 
R/kn(yv) =, S. But by assumption R is * and hence R/kn(y) is x, too, due to (i). And because 
of this isomorphy we find that S thereby is x, as well [this is clear by transferring a chain of ideals 
from S to R/kn(y) and returning to S}. 


First suppose that R @®S is x. Trivially we have the following surjective ring homomorphisms 
R@S >» R: (a,b) aand ROS — R: (a,b) + b. Thus both R and S are x due to 
(ii). Conversely suppose both R and S are noetherian. We will prove that this implies R @ S' to 
be noetherian again (the proof in the artinian case is completely analogous). Thus consider an 


ascending chain of ideals of ROS 


UW Cu Cc... CU Cc... SG ROS 


Clearly ROO and0GS <i ROS are ideals of RS, too. Thus we obtain ideals a, := U, (RO) 
and by :-=U,N(0@S) <i ROS be intersection. And for these we get 


WU, = Op +b, 


The inclusion " D" is clear, as dy, 6, C Uy. For the converse inclusion "C" we are given some 
(a,b) € Up. As Uz is an ideal we find (a,0) = (1,0)(a,6) and (0,6) = (0,1)(a,6) € Uy. And as 
also (a,0) € R@O and (0,6) €0 @S this yields (a,b) = (a,0) + (0,b) € a, +0,. But as ay is an 
ideal of R@ S contained in R @0 it in particular is an ideal of 4, <j R@O. But clearly R and 
R@®O0 are isomorphic under R = R@®O: a+ (a,0). Thus a; corresponds to the following ideal 
ap :={aeR| (a,0) € a, } <i R. And thus we have found an ascending chain of ideals in R 


OF 0S ae Oe ee oe Sle et 


Yet as R was assumed to be noetherian there is some p € IN such that for any z € IN we get 
O54; = 4. And returning to RO (via a, = { (a, 0) | a € OP }) we find that @,,; =, as well. With 
the same argument for the b, we find some gq € IN such that for any i € IN we get b,,; =6,. Now 


let s := max{ p,q} then it is clear that for any i € IN we get 
Us45 = Os+i + D4: = ds +b, = Us 


that is the chain of the U;, has been eventually constant. And this means nothin but R @ S' being 


noetherian again. 
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Proof of (2.39): 
This proof requires some working knowledge of polynomials as it is presented in sections 7.3 and 7.4. 
Yet as the techniques used in this proof are fairly easy to see we chose to place the proof here already. 


In case you encounter problems with the arguements herein refer to these sections first. 


(1) In a first step let us consider the case where S = R{t] is the polynomial ring over R. Thus consider 
an ideal U <j S, then we want to verify that U is finitely generated. The case U = 0 is clear, thus 


we assume U #0. Then for any & € IN we denote 


M i= {le(f)| feu, deg(f) =kK}U{O} 


where lc(f) := f[deg(f)] denotes the leading coefficient of f. We will first prove that a, <j R is 
an ideal of R: 0 € dy is clear by construction. Thus suppose a, b € Ay, say a = lce(f) and b = le(g). 
As both f and g are of degree k we get (f + g)[k] = f[k] + g[k] = le(f) +le(g) = a+b. Thus 
ifa+b=0 then a+b € dx is clear. And else, if a+b #0 then f +g is of degree k, too and 
lc(f +9) =(f +4g)[k] = a+b. And as f +g € U again we find a+ b € dy in both cases. Now 
let r € R be any element, if ra = 0 then ra € dy is trivial again. And else rf : k++ rf[k] is of 
degree k& again and satisfies le(rf) = (rf)[k] = r(f[k]) = rle(f) = ra. And as also rf € U we 
again found ra € dy in both cases. Altogether a; <j R is an ideal. Next we will also prove the 
containment G, C O41. That is we consider some a = lc(f) € a, again. As f € U we also have 
tf:kwH f[k—1] © u. Obviously deg(tf) = deg(f) +1 =k +1 and lce(tf) = f[k +1] = f[k] =a. 
Thus we have found a = lc(tf) € G,41. Altogether we have found the following ascending chain of 
ideals of R 


MA Cam C... C Om C... GR 


e As R is noetherian this chain has to be eventually constant, that is there is some s € IN such that 
for any 2 € IN we get 4,4; = 4,. And furthermore any dy, is finitely generated (as R is noetherian). 


As we may choose generators of Q, we do so 


Qe = (Ak,1,+++5 Ak n(k) di 


and pick up polynomials f, ; € U of degree deg(f,,;) = k such that lc(f;;) = ax;. Then we define 
the following ideal of S 
MW := (flea | KeE0...8,7€ Lica r(k) ie 


e For the first step it remains to prove that U = 1. Then U is finitely generated, as we have given 
a list of generators explictly. The inclusion  C WU is clear, as any fj, € U. For the converse 
inclusion we start with some f € U and need to show f € 1. This will be done by induction on the 
degree k := deg(f) of f. The case f = 0 is clear. If deg(f) = & = 0 then f € R is constant, that 
is f =le(f) € Go = (a0,1,---;@0,n(0) i G W. Thus for the induction step we suppose k > 1 and let 
a:=le(f) = fk]. If k <5 then a € Oy = (ag,1,---;@em(e) )i- That is there are some 6; € R such 
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that a = )7, ax;b;. Now let us define the polynomial 


9 := > bifeis € 
i=l 


Then it is clear that le(g) = >¢, bile(fi,z) = a = le(f) and hence deg(f — g) < k. Thus by the 
induction hypothesis we get d := f — g € WM again and hence f = d+g €M, too. It remains to 
check the case k > s. Yet this can be dealt with using a similar argument. As k > s we have 
aed, =. That is a= 5°, ay ib; for sufficient b; € R. This time 


n(s) 
gc:= Ste ie € W 
i=1 
Then le(g) = 0, bile( fi.) = a = le(f) again and as before this is deg(f — g) < k. By induction 
hypothesis again d := f —g € W and hence f = d+g € W. Thus we have finished the case 
S = AiG, 


(2) As a second case let us regard S = Riti,...,n] the polynomial ring in finitely many variables. 
Again we want to prove that S in noetherian, and this time we use induction on the number n of 
variables. The case n = 1 has just been treated in (1). Thus consider Rity,...,tn,tn4i]. Then we 


use the isomorphy 
Ailbiges taste ia: =~ ltigecsst sl baa 


> flat? 4 SO] SO flodet...23 | thas 
Qa 7=0 \an+i=i 

By induction hypothesis R[t1,..., tn] is noetherian already. And by (1) this implies R[ti,..., tn] [tn+1] 
to be noetherian, too. And using the above isomorphy we finally find that R[t1,...,tn,tn+41] ts 


noetherian. 


(3) We now easily derive the the general claim: let S be finitely generated over R. That is there 
are finitely many e€1,...,e€, € S such that S = Rle1,..., en]. Then we trivially have a surjective 
homomoprphism R[ti,...,tn] ~ S: f > f(ei,...,en) form the polynomial ring onto S. And by 
(2.37.(iii)) this implies that S is noetherian, too. 


Proof of (2.44): 

Let us denote the prime ring of R by P := (@),. This is the image of the uniquely determined ring- 
homomorphism from Z to R (induced by 1 +> 1). That is P = im(Z — R) and in particular P is 
noetherian by (2.37.(ii)). Let us now denote the set of finite, non-empty subsets of R by I 


I := {iC RliX0, #i< co} 


And for any i € I let us denote R; := P{i] the P-subalgebra of R generated by 7. Then by the 
Hilbert’s basis theorem R; is noetherian as well. Given any a € R we clearly have i := {a} € I 


and a € R,;. In particular the R; cover R. And given any two 2, 7 € I we have k :=iUg € I, too. 
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We now claim that R; UR; C R;: thus suppose i = {i1,...,in} and let a = f(i1,...,in) for some 
polynomial f € Plti,...,t,]. Then it is clear that a = g(i1,..-,in,J1,---,Jm) € PliUs] = Rex if we 
only let g(ti,.-..,tn, tn41,---stnem) = f(ti,.--,tn) € Pltt,..-,tnim]. Thus we have seen R; C Ry 
and R; C Rz can be proved in complete analogy. 


Proof of (2.42): 


(i) This has been proved in (2.32) as implication (a) ==> (b) already. The reader is asked to refer to 
page 833 for the proof. 


(iii) Just let P := {6 € Spec(R) |p Cb Cc q}. Then P £0 is non-empty, as p € P. But as we have 


seen (i) this already implies that there is some maximal element 4, € P*. 


(iv) For any ideal RAQ <j R let us denote V(a) := {Pp € Spec(R) | a C P} and n(a) := #V(Q), € 
INU {co}. That is n(@) is the number of minimal prime ideals lying over a. By (2.17.(iii)) we know 
1 < n(a). Now let 
Al 40S) A | na) =co} 


be the set of all ideals having infinitely many minimal primes lying over it. We want to show that 
A = (). Hence assume A 4 @, then - by (i), as R is noetherian - we may choose some maximal 
ideal U € A* in A. Clearly U cannot be prime: if it was then U would be contained in precisely one 
minimal prime - namely 4 itself, that is V(U), = {WU}. In particular we had n() = 1 < 00 which 
contradicts U € A. Now, as U is not prime, there are some a, b € R such that ab € U but a, b ZU. 


Then we define the respective ideals 
Q:=U+aR and b:= U+bdR 


As a ¢ Uwe have U C and hence a ¢ A due to the maximality of U. Likewise 6 ¢ A and this 


means that (a), n(b) < oo are finite. But we will now prove 
V(u).» C V(a),U V(b), 


To see this let p € V(U), be a minimal prime ideal over U. Ifa ep thena C p. Else suppose a Zp 
then ab € U C Pp implies b Ep, as P is prime. And thereby we get 6 C p. In any case lies over 
one of the ideals @ or b, say a C Pp (w.Lo.g.). If now q € V(Q) then in particular we get q € V(U). 
Thus if ¢ C p then the minimality of p over U implies ¢ = p. That is P is a minimal element of 
V(q) and hence the inclusion. As both V(q), and V(6), < oo are finite, V(U), < co would have 
to be finite, too. But this contradicts  € A again, so the assumption A 4 @) has to be abandoned. 
That is any ideal 4 of R only has finitely many prime ideals lying over it. 


(ii) Consider a set of prime ideals P 4 0) of the noetherian ring R. It has already been shown in (2.32) 
that P* 4 — contains maximal elements. We will now prove that P, 4 @ contains a minimal element, 
as well. Suppose this was untrue, then we start with any Pp = Py € P. As Py is not minimal in P, 
there is some P, such that Py D P,. Again p, is not minimal in P, such that we may choose some 
p. € P such that P; D P,. Continueing that way we find an infinite, strictly descending chain of 


prime ideals 
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This means that p is a prime ideal of infinite height height(p) = oo. But in a noetherian ring we 
have Krull’s Principal Ideal Theorem (??). And this states that height(p) < rank(~) < oo. Hereby 


the rank is finite, as any ideal p in a noetherian ring is finitely generated. 


Proof of (2.45): 

We start with the equivalencies for a | 6. Hereby (a) ==> (c) is clear: b€ aR ={ah|he€ R} yields 
b = ah for some h € R. (c) => (b): consider f € DR, that is f = bg for some g € R. But as b= ah 
this yields f = ahg € aR. (b) => (a): asbe€ bR C aR we have b € aR. 


We also have to check the equivalencies for a = b - recall that now R is an integral domain. (a) 


— 


(b): if aR = bR then in particular aR C bR and hence b | a. Likewise we get a | b. (b) ==> 


(c): Suppose b = aa and a= 8b. If b= 0 then a = 6b = 8-0 =0, as well. And hence we may choose 
a := 1. Thus we continue with b £0. Then b = aa = afb. And as R is an integral domain and b 4 0 
we may divide by b and thereby obtain 1 = a. That is a € R* and b= aa as claimed. (c) => (a): As 


b= aa we get bR C aR. And from a= a!b we get aR C DR. 


Proof of (2.48): 


(i) 


— 
as 
~ 


(iii) 


(iv) 


By definition of 1 we have 1-b = 6 and hence 1 | 8, likewise we have a- 0 = 0 and hence a | 0 


by (1.39). Now ah = ab for h := b and hence a | ab is trivial again. 


Next suppose b = 0, then b= 0-1 and hence 0 | b. Conversely suppose 0 | 8, that is there is some 
h € R such that 0 =0-h=b. Then we have just proved 0 = b, as well. If a € R* then 1 = aa! 
and hence a | 1. Conversely suppose a | 1, that is there is some h € R such that ah = 1. As R 
is commutative this also is ha = 1 and hence a € R*. Finally let a | b, that is ah = b for some 


h € R again. In particular this yields (ac)h = (ah)c = be and hence ac | be. 


Now suppose u € R is a non-zero divisor, by (i) we only have to show the implication "<=". Thus 
let (au)h = bu for some h € R, then (ah — b)u = (au)h — bu = 0. But as u is a non-zero divisor 


this can only happen if ah — b = 0 and this already is a | 0. 


First of alla | ais clear by a-1 =a. If nowa | band 6 | c (say ag = b and bh = c) then we get 
a | c from a(gh) = (ag)h = bh = cc. And that a | b and 6 | a implies a & b is true by definition 
(2.45). 


As we have seen in (2.45) a = b is equivalent, to aR = bR. And from this it is clear that * is 
reflexive, symmetric and transitive (i.e. an equivalence relation). Thus it only remains to observe 
that 

[a] = {bE R|axvb} = {aa|l|aeR*} = aR 


Proof of (2.55): 


(i) 
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The statement is clear by induction on the number & of elements involved: if k = 1 then p | a is 
just the assumption. Thus consider & + 1 elements and let a := a,...a, and b := ag4,. Then by 
assumption we have p | ab and (as p is prime) hence p | aor p | b. If p | b then we are done (with 
i =k+1). And if p | a then by induction hypothesis we find some 7 € 1...k such that p | qj. 
Altogether p | a; forsomei€1...k +1. 
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(ii) If p € Ris prime then p ¥ 0 by definition. And as also p ¢ R* we have pR # R, as well. Now 
ab € pR translates into p | ab and hence p | a or p | b. But this again is a € pR or b € pR. That 
is we have proved that pR is prime. Conversely suppose p 4 0 and that pR is a prime ideal. As 
pR # R we have p ¢ R*. And as we also assumed p # 0 this means p € R®. If we are now given 
a, b € Rwith p | ab, then ab € pR and hence a € pR or b € pR, as pR is prime. Thus we find 
p | aor p | b again, and altogether p is prime. 


(iii) "p irreducible = > ap irreducible": suppose ap = ab for some a, b € R. As a is a unit this yields 


~ 


p = (a ta)b and as p is irreducible hence a~‘a € R* or b € R*. But a~'a € R* already implies 


a € R* (with inverse a7! = a !(a~1a)~1). Conversely if ap is irreducible then p = a tap is 


irreducible, too by what we have just proved. 


1 


(iii) "p prime = > ap prime’: suppose ap | ab for some a, b € R. As ais a unit this yields p | (a a)b 


a 


and as p is prime we hence get p | a !a or p | b. From p | a~'a we get ap | a and p | b implies 
p | a 'p which also implies ap | b. Thus we have proved, that ap is prime too. Conversely if ap 


is prime then p = a” ‘ap is prime, too by what we have just proved. 


(iv) Now let R be an integral domain, p € R be prime and suppose p = ab for some a, b € R. In 
particular p | ab and hence p | aor p | b. Wo.g. let us assume p | 6, that is ph = b for some 
h € R. Then we get p = ab = aph and hence p(1 — ah) = 0. Now as p £ 0 this implies ah = 1, 
that is a € R* is a unit of R. Thereby we have verified, that p truly is irreducible. 


(v) Let f := ab, then it is clear that a | f and hence fR C aR. And as both a and b ¥ 0 are non-zero, 
so is f (as R is an integral domain). Now suppose we had a € fR, that is a= fg for some g € R. 
Then we compute a = fg = abg. And as a £ 0 this means 1 = bg. In particular b € R* is a unit, 
in contradiction to b € R®. Hence a € aR \ fR and this yields the claim fR C aR. 


(vi) If f © p then p = af for some a € R* and in particular this means f | p. Conversely suppose 


a 


f | p, that is there is some a € R such that p = af, in particular p | af. As p is prime we hence 
getp | aorp| f. If p | f then we already have f ~ p, as we also have f | p. So suppose we 
had p | a. This would mean a = bp for some b € R and hence p= af = bpf. As R is an integral 
domain, we conclude 1 = bf such that f € R*. But as f ¢ R* this is false. 


As d | a andd | b there are some elements a = a/d and 8 = b/d € R such that a = ad and 
b = Bd. Now consider some 6 € R such that 6 | a and 6 | G. That is a = ud and £ = vd for some 
wand v € R. Then a = ad = udd and b = Bd = vdd such that dd | a and dd | b. Now since 
d € gcd { a,b} is a greatest common divisor of a and 6, we get dd | d. However it is also clear that 
d | dd which implies d = dd. Now as R is an integral domain this yields 6 € R*. Butasd ec R 
only needed to satisfy 6 | a and 6 | 6 this means 1 € gcd { a, { }. 


(vii 


a 


(viii) Clearly we have R* C D, as k = 0 is allowed. And if c= ap,...p, and d = Bq...q € D it is 


~a 


clear that cd = (a8) (pi... pegi-.-q) € D again. Thus it remains to show the implication cd € D 
= > cé€ D (due to the symmetry of the statement it also follows that d € D). Thus consider any 
c,d € R such that cd = ap;... pz € D. We will prove the claim by induction on k - that is we will 
verify 

Vode R: cd=ap,...ppED = cED 
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for any k € IN. The case k = 0 is trivial, since cd = a € R* implies c € R* C D. Thus regard 
k>1. We let l:= {ie 1...k | p; | d}. (1) If there is some 7 € I then p; | 6. W.Lo.g. we may 
assume i = k. That is there is some h € R such that d = hpz. Then 


Qp,...Dey = cd = chp, 


As R is an integral domain and py # 0 we may divide by px to find ch = ap,...pr_-1 € D. By 
induction hypothesis that is c € D already. (2) If J = @ then for any i € 1...k we've got p; J d. 
But as pz is prime and px | cd this yields pz | c, say c= gpz. Then 


Qpi--.Pk = cd = gdpx 


We divide by p, again to find gd = ap,...pz_1 € D. And by induction hypothesis this means 
g € D. But pz € D is clear, as well and therefore c = gp; € D as claimed. 


(ix) First consider the case a = 1 = £8. Without loss of generality we may assume k& < / and we will 
use induction k to prove the statement. If k = 0 we have to prove | = 0. Thus assume | > 1 then 
l=qm..-.W~=q(q@--.-q). That is q, € R* is a unit. But q, has been prime and hence q; ¢ R* a 
contradiction. Thus we necessarily have & = | = 0. Now consider the induction step k > 1, then 
Pr | Pl---Pk=GU---q and as px is prime this means p; | gq; for some j € 1.../. Without loss of 
generality we may assume 7 = |. Hence we found q = yp,x for some y € R. But q has been prime 
and hence is irreducible by (iv). This means y € R* (as py, ¢ R*) and hence py, © gy. Further we 


have 


OiasPeiDe= Pie = CS Gi 1) De 


As py # 0 and R is an integral domain we may divide by pz and thereby get p1...pr_-1 = 
(yq1)q2---q-1- (As Yqu is prime again) the induction hypothesis now yields that k—1=1—1 and 
there is some o € Sx_; such that for any i € 1...4 — 1 we have p; © q,,;). But this also is k = 1 
and we may extend o to S; by letting a(k) :=k =I. (As q © yq1) we hence found p; © qo) for 
any i € 1...k. Thus we have completed the case a= 1= £. If now a and 6 € R* are arbitrary, 
then we let p| := api, pi := pi (for i 2...k) and qy := Bai, dj := qj (for 7 € 2...1). By (iii) p; 
and qj are prime again and by construciton it is clear that pi ~ p; and qj ~ qj foranyiel...k 
and j €1...1. As p,...p, =)... q; we may invoke the first case to find k =/ and the required 
permutation o € S,. But now for anyi € 1...k we get p; © pi & di)  q(i) and hence pj © qo(i) 


as claimed. 


— 
< 
oa 


We only prove the equivalence for the least common multiple (the like statement for the greatest 
common divisor can be proved in complete analogy). Clearly m € mR* = lcem(A) implies m € 
lcm(A). Thus let us assume m € lcm(A), then we need to prove lcem(A) = mR*. For" D" we are 
given any a € R*. As A | m it is clear that A | am, as well. And if A | n then m | n (by 
assumption) and hence also am | n (by (am)(a~th) = n for mh = n). Concersely for "C" consider 
n € lem(A). As A | m and n € lem(A) we get n | m. Analogously A | m and m € lcm(A) impliy 


m | n. Together that is mn and hence n = an for some a € R*. 


Proof of (2.54): 
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(i) 


(i 


(iii) 


If A= {a} then A | ais clear. Also A | nis a | n [for any n € R] such that A | 7n trivially 


implies a | n. Therefore a € lem(A). And a € gcd(A) can be seen in complete analogy. 


Let us denote B:= AU{1}, then B | nis equivalent to A | n [for any n € Rj, as 1 | nis always 
satisfied. In particular properties (1) of a least common multiple m € R of A and B are the same. 
Linekwise for property (2) B | n =» m | n. As we can substitute B | n by A | n property (2) 


agrees, as well. From this we find that m € lcm(B) is equivalent to m € lem(A). 


Likewise for B := AU {0} we find that c | B is equivalent to c | A [for any c € R], as c | 0 
is always satisfied. In complete analogy to the above we find that d € gcd(B) is equivalent to 
d € gcd(A). 


If A = {0} then we have already seen 0 € gcd(A) and 0 € lem(A) in (i). It remains to show the 
converse implications: If 0 € gcd(A) then in particular 0 | A. That is for any a € A we have 0 | a. 
But this means a = 0 such that necessarily A = {0 }. 


Now let R be an integral domain and A be finite. Suppose we had A # {0}, letting A’ := 
A\ {0} £90 (ii) tells us that lem(A) = lem(A’). As A is finite, so is A’ say A’ = {a1,..., a, }. By 
assumption we have 0 € lcm(A) = lcm(A’) and in particular this means A | n = > n= 0 for any 
n € R. Therefore for any n 4 0 we necessarily have A / n, that is there is some a € A such that 
a } n. Now take n := a1...a, as R is an integral domain and a; 4 0 we also have n 4 0. By 
assumption there is some a; € A’ such that a; / n = ay...az which is absurd. This contradicion 
yields A’ = @ and hence A = {0}. 


We only need to prove IN | k — > k=O for anyke Z. lfk =0 then k =0=7-0 for anyn Ee N 
and hence n | k. Conversely suppose IN | k, then we choose n := 2|k| € IN. As n | k there is 


some a € Z such that +2ak = an = k or equivalently k(1 + 2a) = 0. As 2 is not a unit of Z this 
only leaves k = 0. And form this equivalency it is clear, that lcm(Z) = {0}. 


Proof of (2.56): 


(i) 


Suppose (a | b) = oo that is for any k € IN there is some hy € R such that a*h;, = b. First suppose 
there was some k € IN such that hy = 0. Then b = a*-0 = 0, too and then a | 0 also implies a = 0, 
a contradiction. Thus hy, ¢ 0 for any k € IN. Now for any & € IN we find hegva*t! = b = hga*. 


k+ 


And as a # 0 and R is an integral domain hy4i4 ! — hz,a* also yields hyyia = hy. That is 


Rpii | hy and hence we have found the ascending chain of ideals 


Now suppose we had hy R = hy41R at any one stage k € IN. That is there is some a € R such 
that hpi, = ahz. Thereby we compute hy = ahz4, = aahy. And as hy 4 0 this implies aa = 1. 
That is a € R* a contradiction to a € R®*. And this only leaves (a | b) < oo. 


As p is prime we have p € R® and hence (p | a) < oo due to (i) (likewise for b and ab). That is we 
let k := (p| a), 1 := (p | 6) and n := (p | ab) € N. Then by assumption there are some a, BE R 
such that a = ap* and b = Bp!. In particular ab = aBp*t! such that p*t! | ab and hence k+1 <n, 
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(iii) 


(iv) 
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as n is maximal among the integers with p” | ab. Now suppose n > k+l, say p"h = ab = aBpkt!, 


As R is an integral domain we may divide by p**! and thereby obtain p’-“@*A = aB. And as 
n—(k+l) > 1 this yields p | aG. Now recall that p has been prime, then we may assume (w.Lo.g.) 
that p | a, say pg = a. Then a = ap* = gp*t! and hence p**! | a. But this is a contradiction to 
k being maximal and hence the assumption n > k +1 has to be dropped. Altogether we have found 
m= kL 


The second property is an immediate consequence of the first: If m = 0, then a” = 1 and p /'1, as 
a”) by the above. But by 


p is a non-unit. We now use induction on n, (p | a"t!) = (p | a) + (p 


induction hypothesis, this is (p | a) +n-(p|a) =(n+1)- (p|a). 


In a first step let us prove, that for any a € R® there is an irreducible p € R such that p | a. To 


do this we recursively define a sequence of elements, starting with ag := a. Now suppose we had 


already constructed ao,...,a, € R such that aaR C ajR C... C azR. Of course ax = 0 cannot 


be, as 0 #£ a= ao € agR. Then we iterate as follows: if az is not irreducible then there are f, 
g € R® such that a, = fg. Then by (2.55.(iv)) we get a,R = (fg)R C fR. Thus if we now let 


Gp41 := f then we have appended our chain of ideals to 
aR C aRc... Cc aR ec ap41R 


As R is noetherian we cannot construct a strictly ascending chain of infinite length. That is our 
construction has to terminate at some finite level s € IN. And this can only be if p := ag is 


irreducible. Thus we have a = ap € agR C a,R=pR and thereby p | a. 


If a € R* is a unit, then the claim is clear by choosing a := a and k := 0. Thus let us assume 
a € R®. Then by (Y) above there is some irreducible element p; € R such that p; | a, say pia, = a. 


Thus suppose we have already constructed the elements aj,...,a, € Rand pi,...,pp € R such 


that the p; are irreducible, a = agp,...py andaR C ajR C ... C axR. Suppose that a, ¢ R* 


is no unit, then we iterate as follows: Note that a, #4 0 as well (else a = 0) and hence az € R°. 


Thus by (Y) there is some irreducible element pxi, € R such that pry1 | Ge, SAY Gp = P41 4K41- 


We note that by (2.55.(iv)) this implies a,.R = (ppyia@e41)R C ap41R. So we have found az41 and 


Pr+1 ureducible such that ag41p1--.De41 = AkP1---PDk = a and 
aR C aR Cc... C a~R C agyik 


As R is noetherian we cannot construct a strictly ascending chain of infinite length. That is our 
construction has to terminate at some finite level s € IN. And this can only be if a, € R* is a unit. 


Thus we let a := a, and thereby get a = ap, ...ps as claimed. 


As Ris noetherian and p <j R is an ideal there are finitely many a; € R such that P = (aj,..., ax )i- 
Without loss of generality we may assume a; 4 0 (else we might just as well drop it). Then we use 


(iii) to find a decomposition of a; into irreducible elements p;; ¢ R 
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(vi 


a 


As a; € f and P is prime this means that for any 7 € 1...k there is some j(z) € 1...n(z) such that 
Pig €P (note that a; AP as else 1 = ay ta; € p). Now let p; := pj j(¢) € P. Then it is clear that 


di BR Sig ciag eye SS DS Aaya ee 


for anyz €...k. And thereby p = (a1,.--,a%)i © (pi,---, Pk )i aS well such that we truly find 
Pp = (pi,.--, DPR )i as Claimed. 


Let us prove the first statement a | b by induction over k. If k = 0 then a = 1 and hence a | 6 is 
clear. Let us now fix some some abbreviations: let n(i) := (qi | b) € IN due to (i). And by definition 
of (q; | 6) it is clear that qh’ | b, say b= big” for any i € 1...k. Hence in case k = 1 we are 


( 


done already, as a = q; 4) | b. Thus we may assume & > 2. Then the induction hypothesis reads 


as 
k-1 
—— Ile’ | b 
i=1 


Assume that gq, | h, as gx is prime (by construction of h) this would mean gq | gq; for some 
7€1...k—1. That is q = aig, for some a; € R. But as R is an integral domain and gq; is prime it 
also is irreducible by (2.55.(v)). This yields a; € R* and hence gq; © gy. But by assumption this is 
i =k in contradiction to i € 1...k —1. Thus we have seen gq, J h, or in other words (gq, | h) = 0. 
Now recall that h | }, that is there is some g € R such that b = gh. then we may easily compute 
(using (it)) 

nk) = (de 10) = (ae | gh) = (ae lg) + (ae 1h) = (ae | 9) 


That is qn) — gin! | g such that g = an f for some f € R. Multiplying this identity with h 
we finally find a | 6 from 
nuk 
b = gh = qh) fh = af 


It remains to verify the second claim in (vi). That is consider any prime element p € R such that 
p | b=af. As pis prime this means p | a or p | f. In the first case p | a (by construction of a) 
we find some 7 € 1...k such that p | q. That is ap = q for some a € R. Again we use that q; 
is prime and hence irreducible to deduce that a € R* and hence p & q. In the second case p | f 
we are done already, as f = b/a. Thus we have proved p | (b/a) or p © p; for some i € 1...k. 
Now suppose both statements would be true, that is p | f and (wlo.g.) p | gy. That is f = pr 


and q, = ap for some r € R and a € R*. Then we compute 


b=af = (hah) (at qr) = oe (Ahr) 


In particular qt | b. But this clearly is a contradiction to the maximality of n(k) = (qx | 0). 


Thus we have proved the truth of either p | (b/a) or p= q (and not both) as claimed. 


(v) Suppose we had a € pR for infinitely many p € P. In particular we may choose a countable subset 


(pi) GC P such that a € p;R for any 2 € IN. By (vi) we get 


k 
fie = [[e"” | ” 
1=0 
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From the construction it is clear that for f, := piPela we get az—ifk = az. And as py | a 


we have (p, | a) > 1 such that f, A 1. In fact fy € R® as py € R® and R is an integral 
domain. Next let us choose some g, € R such that a = aggy. Then for any k © IN we get 
GkGk = A = k41Gk41 = Arferigk+1. It is clear that a, # 0, as else a = 0- gy, = 0. Thus we 
may divide a, from agg, = Ge fe+igk+1 and thereby find gx = fr+igk+1. Now using (2.55.(iv)) with 
Gr11 ZO and frii € R® we find g,R C griiR. As this is true for any k € IN we have found an 
infinitely ascending chain 

gR C mR C gR C 


of ideals in R. But this is a contradiction to R being noetherian. Thus the assumption has to be 


false and that is: there are only finitely many p € P with a € pR. 


Proof of (2.57): 


In a first step we will prove the equivalence of (a), (b) and (c). Using these as a definition we will prove 


some more porperties of UFDs first, before we continue with the proof of the equivalencies of (d), (e) and 
(f) on page (898). 
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(a) = > (c): By (2.55.(v)) we already know that prime elements are irreducible (as F is an integral 
domain). From this (1) and the one part of (2) are trivial by assumption (a). We only have to prove 
the second part of (2): Vq € R: q irreducible => gq prime. By assumption (a) g admits a prime 
decomposition gq = ap,...prz. It is clear that k 4 0 as else g € R*. Now suppose k > 2 then 
we would write g as g = (aqi)(q2..-qz). And as q is irreducible this would mean ap; € R* or 
p2...Pe © R*. But as py is prime, so is ap; - by (2.55.(iii)) - and as R is an integral domain R® 
is closed under multiplication such that po...py, € R®. Hence none of this can be and this only 


leaves k = 1. That is g = ap; and hence q is prime. 


(c) = > (b): consider any 0 4a € R, property (1) in (b) and (c) are identical so we only need to 
verify (2) in (b). Thus let (a, p1,...,p%) and (6,q1,...,q@) be two irreducible decompositions of a. 
By assumption (2) in (c) all the p; and p; are prime already. Therefore ap, ...py =a = 6q...q 
implies k = 1 and pj = qos) (for some o € S_ and any 7 € 1...) by (2.55.(vii)). And by definition 
this already is (a, p1,...,pr) © (8,q,---51)- 


(b) ==> (a): By assumption (b) any 0 4a € R has an irreducible decomposition. Thus it suffices 
to show that any irreducible element p € R already is prime. Thus consider an irreducible p € R 
and arbitrary a, b € R. Then we need to show p | ab = > p | aor p | b. To do this we write 


down irreducible decompositions of a and b 


a= ap,...pr and b = Bppyi.--PRtI 


As p | ab there is some h € R with ab = ph. Again we use an irreducible decomposition of 


h=7M---Qm.- Finally let gn4i := p 
WN ++-Imdmt1 = ph = ab = aBpy..- Pry 
As all the p; and q; are irreducible assumption (2) now yields that n := m+1—=k +1 and that 
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there is some o € S,, such that for any i € 1... we get q © poy). Now let j := a(m + 1), that is 
P= m4 © pj. If 7 E1...k then px p; | aand hence p | a. Likewise if 7 €k+1...k+1 then 
p&p; | band hence p | b. Together this means that p is truly prime. 


Proof of (2.61): 
Until now we only have proved the equivalence of (a), (b) and (c) in the definition of an UFD. That is 


we understand by an UFD an integral domain satisfying (a) (equivalently (b) or (c)). And using this 


definition only we are able to prove the theorem given: 


(i) Let J := {iE 1...k | p&p} and n := #I. Then for any i € I there is some a; € R* such that 


(ii 


—a 


— 


Dp; = ap. Then it is immediately clear that 


a = Bbp” where B:=a][a and b:= ||; 


il ial 
In particular p” | a and this means n < (p | a). Conversely suppose p™ | a for some m > n, say 
ph =a = Bop”. Then p™ "B-th = b and hence p | b as pdimp™—”. By definition of b this 
would imply p | p; for some 7 ¢ I. Say pj = yp for some y € R. But as p; is irreducible (and 
p € R* this yields y € R* and hence p © p; in contradiction to 7 ¢ J. Thus we have proved the 


maximality of m and hence n = (p | a). 


Using (i) this boils down to an easy computation: pick up two prime decompositions a = ap, ... px 
and b= Bq...q. For 7 €1...1 we let pe; := qj. Then it is clear that ab = ap... pp4i and 
thereby 


(p|ab) = #{1€1...(k+])|pepi} 
#{Gel.:.k| pA pt tet 7 eluct|pe qt 
(p | a) + (p | 6) 


The reasoning for the power to multiple property is precisely the same, as in the case of a noetherian 


integral domain, please refer to (2.56.(ii)). 


Existence: consider any 0 4 a € R and pick up a prime decomposition a = 8q,...q, of a. As the 
qi is prime there is a uniquely determined p; € P such that q; ~ p;, say q; = a;p; for some a; € R*. 
Then 


a=ap,...p, where @:=Q ,...Q% 


For any p € P now let n(p) := #{iEl1...k |p; =p} € WN. Then it is clear that only finitely 


many n(p) are non-zero, as they sum up to 
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That is n € GpyIN And further it is clear that a has the representation 


k 


c= a[ [pi = a][ ve” 


i=1 peP 


Uniqueness: Consider any a ¥ 0 represented as a = aT], p””? as presented in the theorem. Then 


we fix any q € P, it is clear that 


a = ahg"® where h:= Ile 
PFq 


It is clear that (q |g”) =n, as q” | g” and q”*! | q would imply g | 1 and hence q € R*. Further 
it is easy to see that (q | ah) = 0. Because if g | ah then g | h (as a € R*) and hence there has 
to be some p # q such that q | p. That would be q © p due to the irreducibility of p in contradiction 


to p # q (as P was a representing system). Hence we may use (i) again to find 


(gla) = (q| ahg?™) = (| ah) + (q |g") = n(q) 


In particular the exponent n(q) in this representation of a is uniquely determined to be (q | a). And 
as q has been arbitrary this means that n is uniquely determined. And as R is an integral domain 


this finally yields that a is uniquely determined, as well. 


Suppose b = ah for some h € R. Then for any p € R prime we get (p | b) = (p| ah) = (p | a) + (p | 
h) > (p | a). Conversely suppose (p | a) < (p | b) for any p € R prime. Pick up a pepresenting 


system IP and use it to write a and b in the form 


a=a][p™™ and b = BI] vp 


peP peEP 


By assumption we have m(p) = (p | a) < (p| b) = n(p). That is k(p) := n(p) — m(p) > 0. Hence 
we explitly find some h € R such that 


b = ah where h := a 18 ][ ph”) 
peP 


Pick up a representing system P C R® of the prime elements of & modulo associateness. Then 


according to (v) we find 


a = a] 


peP 


B II pile) 


peP 


> 
| 


for some units a, 8 € R*. Hence ab = a8 II, plete) such that (iii) applied to d | ab yields the 
following upper bound 
VpePR : (p|d) < (pla) + (p| >) 


If there was some p € P with (p| a) £0 and (p| d) # O then p would be a common divisor of a 
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and d in contradiction to 1 € gcd { a,d }. Hence we have 
VpEeP : (p|d) #0 = > (pla)=0 


That is we get (p | d) < (p | 6) for any p € P with (p | d) 4 0. In case (p | d) = 0 however 
(p | d) < (p | 6) is satisfied trivially. So we altogether have (p | d) < (p | 6) for any p € P. And 


according to (iti) again, this truly implies d | 6. 


(vi 


~a 


Let us abbreviate d := II,p™” then we need to verify that d is a greatest common divisor of A. 
By definition of m(p) we have (p | d) = m(p) < (p | a) for any p € P and any a € A. And by (iii) 
that is d | a and for any a € A and hence d | A. Conversely consider any c € R with c | A. In 
particular we have c#0as0 ¢A# QJ. And hence c | a implies (p | c) < (p| a) for any p € P 
(and a € A) by (iti) again. This is (p | c) < m(p) = (p| d) for any p € P and hence c | d by (iii). 
The statement for the least common multiple can be proved in complete analogy. We only have to 


note that the assumption #A < oo guarantees n € @,IN again. 


(vii) Once more we choose a representing system P of the primes of R. And for any p € P let us 
abbreviate m(p) := min{(p | a), (p | 6)} and likewise n(p) := min{(p | a), (p | 6)}. Then it is a 
standard fact that m(p) + n(p) = (p | a) + (p | 6). By (ii) and (v) that is 


(p| ab) = (p|a)+(p|b) = m(p) +n(p) 
= (p|a)+(p|b) = (p| dm) 


And as this holds true for any p € P (iv) immediately yields the claim. 


(viii) We commence with the notation of (vi) and choose any e € gcd{a,b,c}. Then by (v) the order of 


p € P in c is given to be the following 


(ple) = min{ (p | a), (p | 6), (p |e) } 
min{ min{ (p | a), (p | 6) }, (Pp |e) } 
min{ (p | d),(p|¢)} = (pl e’) 


And the latter is the order of any greatest common divisor of e’ € gcd{c,d}. As this is true 
for any p € P we thereby find that e and e’ are associated. The claim for the greatest common 
divisors follows immediately. The analogous argumentation also rests the case for the least common 


multiples. 


Proof of (2.62): 
As R is an UFD, it is an integral domain, by definition. Thus choose any 0 4 x = b/a € Quot(R) that 


is integral over R, te. day,...,@n € R with 


1 


ee t+ayz” ~+---+a, = 0 


Then we need to show that a | 6 already. But as R is an UFD we may let d := gcd{a,b} and write 


a = ad and b = Gd. Then a and §£ are relatively prime and a | 6 can be put as a € R* (as then 
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b= (a~!@)a). By multiplying the above equation with a” we find (note x = 3/a) 


B +a (ae feet a a,;) = 0 


And hence a divides 8” - but as a and £ were relatively prime, so are a and 8”. But together this 


implies that a truly is a unit of R. 


Proof of (2.63): 


(ii) 


(iii) 
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We first prove the irreducibility of 2 € Z[/—3]. Thus let w := iV/3 and suppose 2 = (a+bw)(c+dw). 
Then by complex conjugation we find 2 = (a — bw)(c — dw). Multiplying these two equations we 
get 

4 = 2:2 = (a? +307)(e 43d") > 9(bd)? 


Thus if both b 4 0 and d ¥ 0 this formula ends up with the contradicion 4 > 9(bd)? > 9. Thus 
without loss of generality (interchanging a, c and b, d if necessary) we may assume d = 0. Then 
we have 

4 = (a? + 3b*)c? 


Of course c = 0 cannot be (else 4 = 0). If |c| = 1 then c+ dw = +1 which of course is a unit in 
Z|/—3]. Thus suppose |c| > 2 then c? > 4 such that necessarily a? + 3b? = 1. This of course can 
only be if a = 1 and b = 0 such that now a + bw is a unit of Z[,/—3]. Altogether 2 is irreducible. 


On the other hand 2 | 4 = (1+w)(1—w). Now suppose we had 2 | 1+w, say 2(a+bw) =1+w. 
Then 2a = 1 and hence 2 =€ Z* which is false. Likewise we see that 2 does not divide 1 — w and 


this means that 2 is not prime. 


We first prove that p = s?+t?—1 is irreducible in R[s, t]. To do this we fix the graded lexicographic 
order on R{s,t], that is R[s,t] is ordered by (total) degree and by s < t. Now consider any two 
polynomials f, g € R[s,t] such that fg = p. Then 


lt(f)lt(g) = Wt(fg) = lt(p) = It(-1+s57+#7) = 2? 


By prime decomposition of the leading coefficient in IR[s,t] we see that either /t(f) = 1, lt(f) =t 
or It(f) = t?. If lt(f) = 1 then f is a unit in R[s, t], likewise if It(f) = ¢? then It(g) = 1 and hence 
g is a unit in R{s, t]. thus we only have to exclude the case It(f) =t. But in this case lt(g) =t as 


well such that 


f = a+t+bs+ct 


g = utvs+ut 


for some coefficients a, 6, c, u, v and w € R. From this we may compute fg and compare its 


coefficients with those of p. Doing this an easy computation yields 
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(1) au = -1 constant term 
(2) av+bu = O s-term 
(3) aw+cu = 0 t-term 
(4) bu =; “4 s’-term 
(5) bw+tev = O st-term 
(6) cw = 4 t?-term 


In particular a 4 0 and hence we may regard (f/a)(ag) = fg =p instead. That is we may assume 
a = 1, then u = —1 by (1). And thus (2) turns into b = v and (3) becomes c = w. From this and 
(5) we get 2bc = 0. That is b= 0 or c= 0. But b = 0 would be a contradiction to (4) and c = 0 


would be a contradiction to (6). Thus le(f) = t cannot occur and this is the irreducibility of p. 


We now prove that R = R[s,t]/p is no UFD. To do this let us denote the set X := { (x,y) € R? | a? +y?=1}. 
And thereby we define the following multiplicatively closed subset of R 


U = {f+peR|V(z,y)ex : f(r,y) #0} 


By construction it is clear that U is truly well defined (if f —g = q € then for any (x,y) € X we 
get f(x,y) = g(a, y) + g(x,y) = g(x, y)) and multiplicatively closed (as R is an integral domain). 
Let us now denote the element r := s+) € R. Then we will prove that r/1 €¢ U~'R is irreducible 
but not prime. Thus U~!R is no UFD and hence R has not been an UFD by virtue of (2.124). 


Let us first prove that r/1 is not prime. To do this let us define the following elements a := 2(t+1)+) 
and b := —2(t—1)+) € R. Then ab = —4(t? —1) + p = 487+ p = 4r?. In particular r | ab 
and hence r/1 | (ab)/1 = (a/1)(b/1). Now assume r/1 | a/1 that is there are someh+peR 
and w+ € U such that a/1 = (r/1)(h+P/u+). As R[s,t] is an integral domain that is 
2(t + l)u+)p = sh+P or in other words 2(t + 1)u— sh =: q € p. Now regard (0,1) € X then 
0 = q(0,1) = 4u(0,1) 4 0, a contradiction. That is r/1 / a/1 and likewise we find r/1 / 6/1 by 
regarding (0,—1) € X. 


So it only remains to prove that r/1 is irreducible. Thus suppose there are some f, g € Rs, t] and 
u+p,uv+pe€U such that 
a ae f+Pgt+Pp _ fg+?P 


1 1 utput+p  uv+p 


That is swu ++) = fg +P) or in other words suv — fg =:q € P. As g € P = pRIs, t] and p vanishes 
on X identically, so does g. And this means that for any (x,y) € X we have the following identity 


ru(z,y)u(z,y) = f(x,y)g(z,y) 


In particular fg and suv and have the same roots. And as u, v do not vanish on X these are 
precisely the points (0,1) and (0,—1) € X. If f does not vanish on X then f +) © U and hence 
f+Pp/ut+pPp is a unit of U-'R. Likewise if g does not vanish on X then g + p/u +) is a unit of 
U~'R. Thus in order to prove the irreducibility of r/1 it suffices to check that at f or g does not 
vanish on X. 
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e Thus assume this was false, that is f and g vanish on at least one point, say f(0,1) = 0 and 


g(0, —1) = 0 (else interchange f and g). We now parametrisize X using the following curve 


Q: (0,27) > X sw Ca 


sin(w) 


First suppose neither f(0,—1) =0 nor g(0,1) = 0, that is f and g both have precisely one root on 
X. Then f cannot change signs on X (else [0,27] — R:wt> fOQ(w) would have to have at least 
two roots because of fQ(0) = fOQ(27) 4 0). And the same is true for g. Thus (x,y) + f(x, y)g(a, y) 
does not change sign on X. Likewise wv does not have a single root on X and hence its sign on 
X is constant. Hence (x,y) + xu(x, y)u(x, y) does change sign in contradiction to the equality of 


these two functions. Thus at least one of the two f or g even has to have two roots on X. 


We only regard the case f(0,1) = 0 and g(0,1) = 0 = g(0, —1). The other case (where f has both 
roots) is completely analogous. The basic ideas is the following: as both f and g vanish in (0, 1) 
this is a root of order 2 for fg. But xuv only has a root of order 1 in (0,1). Thus let us do same 
basic calculus - we have Q(7/2) = (0,1) and in this point we get (/(7/2) = (1,0). Thus in this 


case we find another contradiction to suv = fg by evaluating 


((ouuyenyn/ay = ((* are er) YG) 


suOju + suQkv 
a(0, 100; 1): 270 


(miyinm = (28) (1) 
((0,0) | (1,0)) = 0 


Proof of (2.68): 


(ii) First consider a > 0, then it is clear that g := b diva € Z exists, as the set {¢ © Z| aq < b} = 


(iii 


(iv 
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a 


— 


] — 00, b/a] NZ contains the maximal element g = a/b rounded down. And from the construction of 
r := 6 mod a it is clear that b = aqg+r. From the definition of gq it is also clear that 0 < r. Now 
assume r > a then a(q+1) = aq+a < aq+r = 6 and hence qg would not have been maximal 
- a contradiction. Thus we also have 0 < r < a and hence a(r) = r < a =a/(a). Thus we have 
established the division with remainder for a > 0. If conversely a < 0 then —a > 0 and hence we 
may let g := (—b) div (—a) and r := —((—b) div (—a)). Then we have just proved —b = q(—a) —r 
which yields b = ga +r and a(r) = a(—r) < a(—a) = a(a). 


Consider any g € E[t], 0 4 f € Eft] and let a :=Ic(f). Then f :=a!f € E[t] is normed. Further 
let Gg := a !g. Then by (2.64) there are g, r € E[t] such that 9 = gf +7. Multiplying with a we 
find g = qf + ar and deg(ar) = deg(r) < deg(f) (as a € E*). Thus we have established the 


division with remainder on E/t]. 


It is straightforward to check that Z[Vd] truly is a subring of C. Clearly 0 = 0+0Vd € Z[Vd] and 
1=14+0Vde ZV dI. Now consider x = a+bVd and y= f+gvd E ZV dj. Then it is clear that 


ety = (a+f)t+(b+g9)Vd € Zlvd 
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vy = (af t+dbg)+(ag+bf)Vd € Z[Vvd| 


Thus Z[Vd] is a subring of © and in particular an integral domain. Now assume a = y, then we 
wish to verify (a,b) = (f,g) (the converse implication is clear). Assume we had b ¥ g then we 


would be able to divide by b— g #0 and hence get 


Ye oe Q 
b—g 

a contradiction to the assumption Vd ¢ Q. Thus we have b = g and hence (substracting bVd = 

gvVd) also a = f. Thus x ++ @ is truly well defined and the bijectivity is clear. We also see 

0 = 0—0Vd = 0 and I = 1—0Vd = 1 immediately. It remains to prove that x +> Z also is additive 


and multiplicative, by computing 


T+9 = (a—bVd)+(f—gvd) = (a+ f)—(b+9)Vd) = FFY 


ty = (a—bvd)(f —gVd) = (af +dbg) —(ag+bf)Vd = ay 


But from this it is clear that v also is multiplicative. Just compute v(xy) = |xyxy| = |xryy| = 
|x| - |yy| = v(x)v(y). We finally note that for any 0 4 « € Z[Vd] we get v(x) # 0, since 
v(x) = ja? — db?| = 0 is equivalent to a? = db?. Thus if b = 0 then a = 0 and hence x = 0 as 
claimed. And if b 4 0 then we may divide by b to find (a/b)? = d. In other words Vd = a/b € Q, a 
contradiction to the assumption Vd ¢ Q. Thus the case b 4 0 cannot occur in the first place. 


Next we prove that the units of Z[Vd] are precisely the elements x such that v(a) = 1. If a € Z[Vd]* 
is a unit, then we have 1 = v(1) = v(xa~!) = v(x)v(x~") and hence v(x) € Z*. But as also 
v(x) > 0 this yields v(a) = 1. Thus consider any « = a+ bVd € Z[Vd] such that v(x) = 1. Then 


xe = a* — db? = +1 and hence x! = +7 is invertible. 


Now assume that d < —3 then we want to prove that 2 is an irreducible element of Z[Vd] that is 


not prime. We begin by proving that 2 is not prime: as either d or d— 1 is even we have 
2| d(d—1) = d@—d = (d+ Vd)(d—- Va) 


but we have 2 / d+ Vd, because if we assume 2(a + bVd) = d+ Vd then (comparing the Vd- 
coefficient) we had 2b = +1 € Z in contradiction to 2 ¢ Z*. However 2 is irreducible, assume 
2 = ry for some x, y € Z[Vd]. Then 4 = v(2) = v(ay) = v(x)v(y). Hence we have v(a) € {1, 2, 4}. 
If v(x) = 1 then a € Z[Vd]* is a unit. And if v(a) = 4 then v(y) = 1 and hence y € Z[Vd]* 
is a unit. It suffices to exclude the case v(x) = 2, that is assume v(x) = 2. As d < —3 we have 
2 = v(x) = a* —db?. Thus in the case b 4 0 we obtain 2 = a? — db? > 0+3-1=3 a contradiction. 
And in case b = 0 we get 2 = a? for some a € Z, in contradiction to the irreducibility of 2 in Z. 
Thus v(a) = 2 cannot occur and this means that 2 € Z[\/d] is irreducible. 


It remains to prove that (Z[Vd], v) even is an Euclidean domain for d € {—2, —1, 2,3}. We consider 
the elements 0 4 a =a-+bVd and y = f + gVd € Z[Vdl, then (as v(y) 4 0) we may define 


_ af —dbg 
> Gedy 
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ag — bf 
a? — db? 


That is p+ qVd := (1/(a? — db*))yz. And therefore we obtain the identity (p+ qVd)x = (1/(f? — 
dg?))yex = y. In other words we have found y/x to be p+ qVd € Q[Vd]. Now choose r, s € Z 
such that |p —r| and |q— s| < 1/2 (which is possible, as the intervals [r — 1/2, r+ 1/2] (for r € Z) 
cover Q) and define 


Ui = r+svd 


Vv = yur 
Then it is clear that u, v € Z|Vd] and y = ux + v. But further we find 


x((p—r) + (q—s)Vd) =2(2—u) =y-ue=0 


x 


Due to the multiplicativity of v (which even remains true for coefficients (here p — r and gq — s) in 
Q ) we find v(v) = v(x)|(p — r)? — d(q — s)?|. But as |d| <3 we can estimate 


I(p—r)’ —d(q—s)*| < (p—r)*+|d\(q—s)’ < (1/2)? +3(1/2)? = 1 


The case |(p —r)* — d(q—)?| = 1 can only occur if |p —r| = |p— s| = 1/2 and d= 3. But in this 
case we have |(p — r)? — d(q — s)?| = |1/4 — 3/4] = 1/2 < 1. Thus we have even proved the strict 
estimate 

vv) = (2) (pr)? —d(q—5)?| < (2) 


Altogether we have seen that Z[Vd] is an integral domain and that given 0 4 x, y € Z[Vd] we 
can find u, v € Z[Vd] such that y = ux + v and v(v) < v(x). But this is the condition to be an 


Euclidean domain. 


Proof of (2.69): 
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e Without loss of generality we assume v(a) < v(b) and let f; :=b and fo :=a. That is if f and g 


are determined using the initialisation of the algorithm, then we get f; = g and f2 = f. Suppose 
we have already computed f,..., f;, © Rand f, € 0, then in the next step the algorithm computes 
dk = qand fray := 7 € R such that 


fe-1 = eft frst 


and v(fr41) < v(fx). Thus by induction on k we find the following strictly decreasing sequence of 


natural numbers 


y(b) = v(fi) = v(fe) > v(fs) >... > Ve) > Vedi) > --- 


As v(b) is finite this chain cannot decrease indefinitely but has to terminate at some level n. That 


is f = fnai = 0. And therefore f,—1 = dng where g = fn. 
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e We will now prove that for any 1 < k < nwe have g | fy. For k =n we trivially have g | g = fn. 


And for & = »—1 we have fr-1 = dng by construction. Thus by induction we can assume k < n—1 
and g | fn, tog | fr. Then from fx_1 = ar fe + feqi it also is clear that g | f,—1 completing the 
induction. In particular we have g | fo =aandg | fi =). 


Now suppose we are given some d € Rwithd | a= fz andd | b= fi. Then we will prove that 
for any k € 1...n we get d | f, by induction on k. Thus assume k > 2 and d | fi tod | fp. 
Then from fri. = fr-1 + akfre we also get d | f,41 completing the induction. In particular we get 


d| fn =g. And hence g truly is the greatest common divisor of a and b. 


We will now prove the correctness of the refined Euclidean algorithm. The first part (the computation 
of g) is just a reformulation of the standard Euclidean algorithm. And as the second part is a finite 
computation, it is clear that the algorithm terminates. Next we will first prove that for any 2 < k € IN 
we have fr = re fo + sefi. For k = 2 this is trivial fo = 1- fo+0- fy = rafo + saf;. And for 
k > 3 we have computed q, € R such that f,_1 = ae fe + feri for some fi, € R. In particular 
fs = fi — efe = (-@)fot+1- fi = r3fo + s3f1. Now we will use induction on k. That is we 
assume fx. = Te-1f2 + Seif; and fy = rp fo+ sz fi. Then a computation immediately yields 


rroife+ Segift = (Te-1— Gerke) fe + (Sk—-1 — GkSk) fi 
(reife + Seif) — Ge (refo + sk fi) 
= fr-1—-—Mfe = freoi 


In particular for k = n we find g = fn = rnf2+ Snfi. Thus let us distinguish the two cases. If 


v(a) < v(b) we have fi = 0, fo =a,r =p and s = Sy. Thereby we get g = rn fot+snfi = rat sb. 
And conversely if v(a) > v(b) then f; = a, fo = b, r = Sp and s = Trp. Thereby we get 


9 ='nfot+Snfi = sb+ra. Thus in any case we have obtained r and s € R such that g = ra+ sb. 


Proof of (2.73): 


(i) 


(i 


We use induction on n to prove the statement. For n = 0 and any a € Ro = R* it is clear that 
a € Rj, as for any b € R we may choose r = 0 and thereby get a(ba~!) = b such that a | b—r. 
Thus for 2 +> n+ 1 we are given a € R,, and any b € R. That is we have a | b—r for some 
r € Ry-1. But by induction hypothesis we know Rn—1 C Rn and hence r € Ry. But this again 


means a € Rp+1 (as b has been arbitrary) which had to be proved. 


We use induction on n again. For n = 0 we are given any a € R such that v(a) < 0. If v(a) < 0 
then v(a) = —oo and hence a = 0. Otherwise v(a) = 0 and we use division with remainder to find 
some gq, r € R such that 1 = ga+r and v(r) < v(a) = 0. But this can only be if v(r) = —oo 
which is r = 0. Hence we have 1 = ga, that is a € R* = Ro is a unit of R. In the induction step 
nt+n+1 we are given some a € R with v(a) < n+1. Given b € R we use division with remainder 
to find g, r € R such that b = qa+r and v(r) < v(a) < n+1. Thus we have v(r) < n and by 
induction hypothesis this yields r € R, U{O}. That is a | b—7r for some r € R,, U {0}. And as b 
has been arbitrary this means a € R,+41, which had to be shown. 
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(iii) 


(iii) 


(iii) 


(iv 


— 


Clearly ju is well defined, as by assumption any 0 #4 a € R is contained in some R,. We need to 
prove that yu truly allows division with remainder: thus consider any 0 4 a and b € R, then we need 
to find g, r € R such that b = ga+r and u(r) < p(a). If u(a) = 0 then a € Ro = R* and hence 
we may choose q := ba! and r = 0. If (a) > 1 then we let n := (a) —1 € IN. As a € Rny1 and 
be Rwe have a | b—r for some r € R, U {0}. This again yields u(r) <n <n+1=yp/(a) and 


b=qa-+r for some q € R, just what we wanted. 


Next we want to prove ju(a) < p(ab). If ab = 0 then (as b 4 0 and R is an itegral domain) we 
have a = 0. Thereby pu(a) = —co = pu(ab). Thus assume ab ¥ 0, and let n := p(ab) € N. If 
n = 0 then ab © Ro = R* and hence a € R* = Ro (with a! = d(ab)~'). Thus we likewise 
have (a) = 0 = p(ab). If now n > 1 then for any c € R there is some r € Rp; U {0} such 
that ab | c—r. But as a | ab this yields a | c—r, too and hence a € R, again. Thereby 
(a) <n = p(ab). 


If a € R* then by (iii) above we have pu(b) < pu(ab) < p(a~tab) = p(b) and hence p(b) = pu(ab). 
Conversely suppose j4(b) = ju(ab). As b £ 0 we also have ab 4 0 (else p(ab) = —co ¥ px(b)). Thus 
we may use division with remainder to find some g, r € R such that b = q(ab) +r and p(r) < p(d). 
Rearranging this equation we find (1 — ga)b = r. Now suppose we had 1 — ga ¥ 0, then by (iii) 
above again we had ju(b) < pu((1 — ga)b) = u(r) < p(b), a contradiction. Thus we have ga = 1 and 


this means a € R* as claimed. 


lf R\ {0} =U,, Rn then (R, 1) is an Euclidean domain by (iii). Conversely suppose (R,v) is an 
Euclidean domain for some Euclidean function v. Now consider any 0 4a € R, and let n := v(a). 
Then we have already seen in (ii) that a € R, and hence we have R \ {0} = U,, Rn. 


As (R,v) is an Euclidean domain we have R \ {0} = U,, Rn by (iv). But by (iii) this implies that 
(R, 4) is an Euclidean domain, too. Thus consider any a € R, if a = 0 then p(a) = —co = (a) 
by convention. Else let n := v(a) € IN. Then a € Rp, by (ii) and hence u(a) < n = v(a) by 


construction of ju. 


Proof of (2.76): 


We will only prove parts (i), (ii) and (iii) here. Part (iv) requires the theory of Dedekind domains an will 


be postponed until then - see page (915). 


(i) 


(i 
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Clearly 0 <j Ris a prime ideal, as R is an integral domain (if ab € 0 then ab = 0 and hence a = 0 
or b=0 such that a € 0 or b € O again). And further any maximal ideal is prime, because of (2.23). 
Conversely consider any non-zero prime idealO £ p <i R. As Risa PID there is some pc R 
such that Pp = pR. By (2.55.(ii)) this means that p is prime and due to (2.55.(v)) this implies that p 
is irreducible (as R is an integral domain). Now consider any ideal @ such that Pp C a <j R. As 
Risa PID there is some a € R with d= aR again. Now p € pR C aR means that there is some 
b € R such that p = ab. But p has been irreducible, that is a € R* or b € R*. In the case a € R* 
we have 0 = aR = R. And in the case 6 € R* we have a © b and hence O=aR=pR=). Asa 


has been arbitrary this means that P already is maximal. 


As R is a PID every ideal 4 of R is generated by one element @ = aR. In particular any ideal 
a is generated by finitely many elements. Thus F is notherian by property (c) in (2.32). We will 
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(iii) 


now prove property (d) of UFDs. As R is noetherian property (1) in (2.57.(d)) is trivially satisfied 
by (ACC) of noetherian rings. Hence it suffices to check property (2) of (2.57.(d)). But as R is an 


integral domain any prime element p € RF already is irreducible, due to (2.55.(ii)). This leaves 
p€ Rirreducible = >» peR prime 


Thus suppose p | ab for some p, a and b € R, say pg = ab. As Risa PID andaR+pR <i R 
is an ideal we find some d € R such that dR = aR+ pR. That is there are r, s € R such that 
d=ar-+ ps. Andasa€aR+pR = dR there is some f € R with a = df. Likewise we find some 
g € Rwith p = dg. But as p is irreducible we have g € R* ord € R*. If g € R* then we get p | a 
from 


nfo = G pi =F =a 


And if d € R* we get p | b by the equalities below. Thus we have found p | a or p | b which 


means that p is prime 


p(d-'qr+d-'bs) = d-\(pqr+pbs) = d~'(abr + pbs) 
= bd‘(ar+ps) = bd-'d = 6 


lf d = 0 then a = OR is a principal ideal (generated by 0 € R). And if a ¥ 0 there is some 
0Ab€D. Therefore we may choose a as given in the claim of (iii). Now consider any b € @ and 
choose gq, r € R such that b = qa +r and v(r) < v(a). Then r =b—gqa €Q (asa, bea). Buta 
has minimal value v(a) among all those b € a with b 40. Therefore r € @ and v(r) < v(a) implies 
r = 0. Thus b = qa € aR, and as b has been arbitrary this means @ C aR. And as a € R we 
have aR C a. Together we find that @ = aR is a principal ideal. And as @ has been arbitrary this 
means that FR is a PID. 


Proof of (2.78): 


(i) 


As R is an UFD by (2.76.(ii)) the length (a) € IN of O04 a € R is well defined, due to (2.57.(b)). 
Therefore 6 : R — N is a well-defined function and it is clear that it satisfies properties (1) and (2). 
Thus consider any 0 £ a, b € R, as Ris a PID we may choose some r € R such that rR = aR+bR. 
It is clear that r £0, as0O A ae rkR. Now suppose b ¢ aR, Then it is clear that r € aR+06R 
and it remains to prove d(r) < d(a). Asa € aR+bR=rR there is some s € R such that a = rs. 
Suppose s € R*, then a =r and hence aR=rR. But b€aR+bR=rR= aR is a contradiction 
to b aR. Thus s ¢ R* which means f(s) > 1. Hence we have 6(s) > 2 and as o(r) > O (recall 
r #0) this finally is 


d(r) < 2d(r) < d(r)d(s) = d(rs) = d(a) 


As a # 0 there is some 0 4 b € a. And hence we may choose a € @ as given in the claim of (ii). 
We now want to verify d = aR, as a € Q the inclusion aR C @ is clear. Conversely choose any 
04b€a(0€ aRis clear). If we had b ¢ aR, then by property (3) there would be some r € aR+bR 
such that d(r) < 6(a). But as a, b € @ we have aR+bR C a and hence r € a. As a has been 
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(iii) 


chosen to have minimal value 6(a) this only leaves r = 0 and hence0O AacaR+bR=rR=0,a 


contradiction. Thus we have 6 € aR and hence a C af as well. 


By construction of 6 it is clear that 6 : R — IN and that 6 satisfies (2). It remains to verify (3), thus 
consider any 0 £a, b € R then we choose gq, r € R such that b= ga+r and v(r) < (a). Ifr =0 
then b= qa € aR. And if r £0 we have r = —qa+b € aR+bR and d(r) = v(r)+1<v(a)+1= 
(a). 


Proof of (2.79): 


(i) 


(i 


(iii) 


(iv) 


First suppose mR = (), aR, in particular mR C aR for any a € R. But this is a | m for any 
a € A and hence A | m. Now consider any n € R such that A | n, that is a | nm and hence 
n € aR for any a € A. Therfore n € (\,aR = mR and hence m | n. Thus we have proved 
m € lem(A). Conversely suppose m € lcm(A), then A | m and hence m € (), aR again. In 
particular we have mR C [()\,aR. Now consider any n € (), aR, then A | n again and hence 
m | n by assumption on m. Thus we have n € mR and as n has been arbitrary this is the converse 
inclusion (|, aR C mR. 


Let dR = )°, aR then for any a € A we have aR C dR and hence d | a. Thus we found d | A, 
as a has been arbitrary. Now consider some c € R such that c | A. That is for any a € A we get 
c | aand hence aR C cR. But from this we get dR = >, aR C cR which also is c | d. Together 
we have proved d € gcd(A) again. 


Now assume that R is a PID, then we will also prove the converse implication. By assumption 
on R there is some g € R such that gR = }°, aR and by (ii) this means g € gcd(A). Now from 
(2.55.(viii)) and d, g € gcd(A) we get d= g and hence dR=gR=)_, aR. 


For n = 1 the statement is trivial for b; := 0b, thus let us assume n > 2. Then we denote 
a := @1...@y and a; := a/a; € R. Now consider d € gcd{@1,...,@,} and suppose we had d ¢ R*. 
Then (as R is an UFD) there would be a prime element p € R dividing p | d. Thus we had 
p | d | @ and hence (as p is prime) there would be some i € 2...n such that p | a;. Likewise 
for i we have p | d | a; and hence p | a; for some j 4%. But a; and a; are relatively prime by 
assupmtion, a contradiction. Thus we have d € R*, that is 1 € gcd{a@,...,@,}. And by (iii) this 
means that there are some hy,...,hyn € R such that 1 = hya,; +--+ + hypay. Now let 5; := bh;, 


then the claim is immediate from 


". b; bhi; beaks b 
eee ae 


i=1 i=1 


Proof of (2.80): 
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(a) = > (b): consider a, b € R, by assumption there are r, s € R such that d= ra+sb € gcd(a, b). 
By construction we have d € aR + bR and hence dR C aR-+bR. On the other hand we have 
d € gcd(a,b) and hence d | a and d | 6b. But that is aR C dR and bR C dR such that 
aR+bR C dR as well. Together that is dR = aR + OR. 


18 Proofs - Commutative Algebra 


e (b) = = (c): @ being finitely generated means that there are some aj,...,@, € R such that 
a=a,R+---+a,R. We will now use induction on n to prove that a is principal. In the case 
n = 0 we have 4 = 0 = OR and in the case n = 1 trivially @ = a,R is principal. Thus we may 
assume n > 2. Then by induction hypothesis U:= ajR+---+an-1R <j R is principal, that is 
there is some u € R such that U=uR. Nowd=a,R+---+a,R=U+a,R=uR+a,R. Thus 
by assumption (b) there is some d € R such that a = dR is principal. 


e (c) ==> (a): consider any a, b€ Rand let @:=aR+ dR. By construction a is finitely generated 
and hence there is some d € R such that d= dR. Now d€ aR+D5R means that there are some r, 
s € R such that d=ra+ sb. And by (2.79.(ii)) dR = aR + bR yields that ra + sb =d € gcd(a, b) 


as well. 


Proof of (2.81): 


e@ (a) = > (b) and (c): if Ris a PID then R is a noetherian UFD due to (2.76.(ii)). And it is clear 
that R also is a Bezout domain (e.g. by property (c) in (2.80)). 


e (c) => (a): consider any ideal @ <j R, as R is noetherian 0 is finitely generated, due to property 
(c) of noetherian rings (2.32). And due to poroperty (c) of Bezout domains (2.80) this means that a 


is principal. As a Bezout domain also is an integral domain this means that R is a PID. 


e (b) => (a): consider any ideala <j R. If d = 0 then a = OR trivially is principal. Thus we 
assume 0 4 0 and choose any 0 4a € R with 


f(a) = min{@(b)|0AbeEa} 


where (a) is the number of prime factors of a, that is 0(a) = k, where a = pi... px for some prime 
elements p; € R. As a € Gwe have aR C @. Conversely consider any 0 4b € 4. As R is a Bezout 
domain the ideal aR + dR is principal aR+bR = dR for some d € R, due to property (b) in (2.80). 
As a,b € (we have d€ aR+bR C Q and clearly d 4 0 (as a £ 0). Thus by construction of a 
we have f(a) < &(d). But on the other hand we have a € aR + bR = dR and hence d | a which 
implies ¢(d) < (a) by (2.61.(iii)). But from d | a and ¢(a) = ¢(d) we get a = d by choosing prime 
decompositions of a and d as in (2.61.(iv)). Therefore we have b € aR+bR = dR = aR. This 
proves b € aR and hence a C aR, as b has been arbitrary (b = 0 is clear). Altogether we have 
a = aR is principal and hence R is a PID, as @ has been arbitrary. 


Proof of (2.84): 


e (a) => (b): consider a+ € zp(R/Q), that is a € zDR(R/Q), then by assumption we have a € V/A. 
That is a® € a for some k € IN and hence (a+ a)* = a* +4 =0+44 such that a +0 is a nilpotent 
of R/a. 


e (b) => (c): the nil-radical of R/a is trivially included in the set of zero-divisors of R/d due to 
(1.45.(ii)), which implies equality. 
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(c) == (a): consider a € zDp(R/Q), that is a+ € zp(R/a). Then by assumption a+ is a 
nilpotent of R/a, that is a* +a = (a+a)* =0+4 for some k € IN. But this again means a* € a 
and hence a € V/A. 


(c) == (d): consider a, b € R such that ab € a but b Za. That is (a+a)(b+a) =ab+a=0+a 
and as b+a@ 40+ this means that a+ € zD(R/Q) is a zero-divisor of R/d. By assumption this 
means that a + is a nilpotent of R/a and hence a* +a = (a +a)* =0 +4 for some k € IN. But 
this again is a* € a and hence a € V4. 


(d) = > (b): consider a+a € zDR/Q that is there is some 0+ 4 6+ 4 € R/Q such that 
ab+a = (a+a)(b+a) =0+4. But this means ab € a and as also b ¢ Q we find a € Va by 
assumption. That is a* € a for some k € IN and hence (a +.4)* = a* +4 =0+4 such that a +4 is 
a nilpotent of R/4. 


The equivalency (d) <=> (e) is finally true by elementary logical operations (note that we may 


commute the quantifiers Va and Vb) 


(d) Va,bER : >((ab ea) A (b¢a)) Vv (ae Va) 
Va,beR : (ab¢ayv (bEa)V (aE Va) 
VbaeER: (ba¢a)yVv(a€a)v (bE Va) 
Va,beR: (ab¢ayv (bE Va)V (a€a) 
Va,bER : a((abea) A (b¢ Va)) v (aa) 


(e) 


Tot1td 


Proof of (2.86): 


We will only prove statements (i) to (vii) here. Statement (viii) is concerned with localizations and requires 


the correspondence theorem of ideals in localizations. Its proof is hence postponed until we have shown 


this theorem. Hence it can be found on page (900). 


(i) 


(ii) 
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If p <j Ris prime and we assume ab € P for some a, bE R, thena ¢ Por bE Pp. Thus if also b ¢ p 
then necessarily a € p C \/p. Thus p is primary, by property (d) in (2.84). 


Let p := V4, then p is an ideal of R, due to (2.21.(ii)). Now assume 1 € ), then there would be 
some k € IN such that 1 = 1* € a. That is 1 € G and hence a = R in contradiction to @ being 
a primary ideal. Now assume ab € P for some a, b € R. That is there is some k& € IN such that 
(ab)* = akb* € a. If we have b* € 4 =) then b € p, as P is a radical ideal. Thus assume b* ¢ V/A. 
Then by property (e) we get a® € a and hence a € p. Thus p is a prime ideal. 


It remains to prove that p = /@ is the uniquely determined minimal prime ideal containing a. Thus 
assume @ C q <j R is any prime ideal containing a. Then we have p= V@ C \/J =4q. Thus if 
q C Pp, then p = q, such that p is a minimal prime ideal containing a. And if p, is minimal then 


p C Pp, again and hence p, = p, due to minimality. Thus p also is uniquely determined. 
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(iii) Let m := /@ and assume that M is maximal. Now consider any a, b € R such that ab € a but b Za. 


(vii 


ae 


a 


Then we have to prove a € M (in order to satisfy property (d) of primary ideals). Thus suppose 
a ¢ M, then (because of the maximality of M) we had R= M+ aR. That is there would be some 
h € R such that 1 — ah € m. And by definition of m this is (1 — ah)* € a for some k € IN. Now 


define 7 
ian 2 (jo any eR 


Then using the binomial rule we find 1 — af = (1 —ah)* € a by a straightforward computation. 
That is af +@ = 1+ and hence 0+ 0 = (f +a)(0+4) = (f +.4)(ab+a) = (fa+a)(b+a) = 
(1+4a)(b+a) = 6+4. That is 6 € Gin contradiction to the assumption. Thus we have a € M, which 


we had to prove. 


From the assumption we get M = /m= vm C Va C Vm =M due to (2.21.(vi)) (and as any 


maximal ideal is prime and hence radical). Thus we have Va = M and hence @ is a primary ideal 
by (iii). 


Denote 0 := 4, 9--- Mx, then we first note that according to (2.24.(v)) 


Now consider any a, b € R such that b ¢ a. That is there is some i € 1...& such that b ¢ ;. But 
as ab € @ C Q; and Q; is primary we find a € /a; = p = V4. That is Q satisfies property (d) in 
(2.84). 


Recall that: u={be R| bu Ea}. (1) Hence if ue a and be R, then bu € @, too, since @ is an 
ideal. But this already means b € @: u. (3) In this case we have u Zp = Va. If b Ea: u then 
bu € @ and since @ is primary together these imply b € G. Hence we have 0: u C a. Conversely, 
if b € a, then bu € Q is trivial, as @ is an ideal and hence we have b € @: u, such that 0 C A: u, 
as well. (2) We now have u ¢ a. Consider any b € V1: u, that is there is some k € IN such that 
bku € a. As u ZG and @is primary, we find b* € Va and hence b € V4 =P, as VG is a radical 
ideal. That is we have proved V@: u C fp, but as a C (1: u the converse inclusion is clear from 
p= Va C Va: u. Thus we have Va: u =p. Now consider any a, b € R such that ab € a: u but 
b¢Q:u. This means abu € a but bu Za. As @ is primary we again find ae VA=Pp = Va: u and 


hence @: u is primary, as well. 


First observe that the radical of @ is truly given to be p~, as we compute 


va 


{aeR | 5 


| 
co 
Mm 
Z 
=) 
cod 
Mm 
i=) 
| 
5 | 
a 
= 
=>) 
~~ 
Yr 


{aeR| 3kEN : oak = (a") ep} 
{aeR | dy(a)€ b=q} Spo (G) =p 


Thus consider a, b € R sucht that ab € a but b ¢ 4, that is y(a)y(b) = v(ab) € b but y(b) ZB. As 


b is primary this yields y(a) € Vb = q and hence a € y~!(q) = Va. That is is primary again. 
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Proof of (2.87): 


(i) Let us denote p := pR, then P is a prime ideal, as p is a prime element. Also we have p” = p"R=4 


(ii 


(iii 
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i) 


a 


— 


and hence Va = \/p” = \/P =P. That isd is associated to p. We will now prove, that @ is primary, 
by using induction on n. For n = 1 we have a = pR = }, that is a is prime and hence primary 
by (2.86.(i)). Now consider any n > 2, and a, b € R such that ab € a but b g Va = P. That is 
there is some h € R such that ab = p"b but p / b. As p is prime, p | hp” = ab and p J b we 
have p | a, that is there is some a € R such that a = ap. As R is an integral domain we get 
ab = (ab)/p = (p"h)/p = p"'h. Now from ab € p"-!R and b ¢ \/p"-!R = Pp the induction 
hypothesis yields a € p”-!R and therefore a = ap € p”R =4Q, that is @ is primary. 


If @ = 0 then @ is prime (as R is an integral domain) and hence primary (by (2.86.(i))). And if 
a = p”R for some prime element p € R and 1 <n € Ny, then @ is primary, as we have seen in (i). 
Conversely consider any primary ideal a <j R. As R is a PID it is generated by a single element 
a=aR. Clearly a ¢ R* (as else d = R would not be primary). If a = 0 then a = 0 and hence there 
is nothing to prove. Thus assume a ¥ 0, recall that R is an UFD by (2.76) and assume there would 
be two non-associate prime elements p, g € R such that p | a and q | a. Then we let m := (a | p) 
and n := (a | q) (clearly 1 < m,n € WN by (2.61.(iv))) and thereby get pq’ | a. That is there is 
some b € R such that p™q"b =a and p Jb and q jb. It is clear that p™ ¢ V/@ as else there would 
be some k € IN such that q | a | p'™*. On the other hand we have q"b Z @, as else p | a | q”b. 
This contradicts @ being a primary ideal and hence there is only one prime element p € R (up to 


associatedness) dividing a. Thus a = ap” for some a € R* and this finally means 0 = aR = p”R. 


First of all m = (s,t); is a maximal ideal, as R/m is a field (in fact we find R/M =, FE: f+mMrH 
f(0,0)). Further we have a = (s,t?),; C (s,t); =m. It is even true that ¢ Za and hence a Cc m 
(suppose t = fs+gt? for some f, g € R. Then letting t = 0 we would find 0 = fs and hence f = 0. 
But this yields 1 = gt a contradiction to t ¢ R*). Next we have mM = (s?, st,t?); C (s,t?); =a. 
And in analogy to the above we find s ¢ m?, altogether this means 


moeaoacm 


As M is maximal (2.86.(iv)) yields that a is primary and associated to M. Now suppose there would 
be some k € IN and p € Spec(R) such that a = p*. Then from m? C a=p* C m we would get 
m = vm? = p= Jp Cc Ym =m. That is p =M and hence m2 c a=m* cm. If k <1 then 
we have m* D ma contradiction. And if k > 2 then m2 D> m* a contradiction, too. Thus there is 
no prime ideal p <, Rand k € N witha=p*. 


First of all it is clear that U = (u2 — st), C (t,u)j. And as (t,u); is a prime ideal of E[s,t, u] 


we find that p = (t,u),/U is a prime ideal of R, due to the corresopndence theorem (1.64). Now 


regard 
a = (b,c)? = (b*,bc,c*), = (b*, bc, ba), = (bR)(a,b,c); 


Then it is clear that Va = \/p? =) and ab = c? € Q. However a (a bit cumbersome) computation 
yields b Za and a ¢g Pp = V4. This means that @ is not primary. 
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Proof of (2.89): 


(i) 


(i 


(iii) 


Suppose p = a/b for some ideals a, 6 <; Rwitha~APpandpAZb. Asp=anbd C a this 
means  C 4, that is there is some a € Q with a ¢ . Likewise there is some b € b with b ¢ p. Yet 
ab € aMb = Y, and as P is prime this yields a € P or b € P, a contradiction. Thus there are no 


such @, 6 and this means that ~ is irreducible. 


Consider a, b € R such that ab € p but b ¢g p. We will prove a € ,/P which is property (d) of 
primary ideals. Thus let 6 := p + DR. Then we regard the following ascending chain of ideals 


pC Pia C Pia? Cotas SS p:ak Cc p:a*t! Con sis: 


As R is noetherian this chain has to stabilize. That is there is some s € IN such that for all 7 € IN 
we get Pp: a° =p: at. Now let d:=p+a%R. Then we will prove 


p = anb 


The inclusion "C" is clear, as  C Qand p C B by construction. Thus consider any h €anb. As 
h €b=p+bdR there are some q € Pp and g € R such that h =q+bg. Therefore ah =aq+abg EP 
as we have ab € p. And ash €4=)+a*R as well, there are some p € P and f € FR such that 
h=pt+a’f. Hence ah = ap+a’*'f such that aSt! f = ah — ap. Now recall that ah € , then 
a®*1 f = ah — ap €) and this means f € p: at! =p: a. Therefore we have af € and this 
finally means h = p+a‘f € Pp. Thus we have established p =a™b. However as b ¢ ) we have 
p c b. And hence the irreducibility of p yields p= a =p -+a°R. In particular a® € p and that is 
a € ,/p which had to be shown. 


Let us denote the set of all proper ideals that do not satisfy the claim (i.e. that are no finite 


intersection of irreducible ideals) by 
A= {0-s); BOF RK, Oj j25), Re (1) and (2)} 


We have to prove A = 9, thus assume A 4 @, as R is a noetherian ring this would mean that A 
contains a maximal element a* € A*. As a* © A we in particular have that a* is not irreducible 
(else Q* would be its own irreducible decomposition). And as also a* ¢ R this means that there are 
ideals a, 6 <; R such that a* =anb and a* Cc danda* c BD. By maximality of a* this means 4, 
b ¢ A and hence there are irreducible decompositions (p,,...,),,) of @ and (q,,...,4,) of b. Hence 


k I 
a =anb = (Nee (14; 
i=1 j=l 


This means that a* admits (P,,...,P,,49),---»4,) as an irreducible decomposition and hence a* ¢ A, 
a contradiction. Thus we have A = 9, that is every proper ideal of R admits an irreducible 


decomposition. 
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Proof of (2.93): 
By assumption (2) we have dy = 4 for N :=1...n. And hence we may choose a subset / of minimal 
cardinality with this property. So step (1) of the proposition is legitimate. Now it is clear that + is an 


equivalency relation on M, as it belongs to the function 
p : M-— Spec(R) : iv Va; 


Hence A = M/ # is a well defined partition of M (the equivalency classes a € A are just the fibers of 
p). And for any a = [i] € A we may define p, := Vj. That is for any a € A the set {0; |i € a} isa 
finite collection of primary ideals associated to p,. Hence by (2.86.(v)) Gq is a primary ideal associated 


to p,, as well. In particular (q) (where a € A) satisfies property (1) of primary decompositions. Further 


Mo = Na= Na =a 


acA acA ica iEeM 


we have 


as the a partition M and construction of M7. Thus also property (2) of primary decompositions is satisfied. 
And property (4) is clear from the construction of A precisely by this relation. It remains to verify property 
(3). That is fix any @ = [j] € A and assume @ =), 44a. As j € 8 we in particular find 


a= ()o-c fl ae ff) t. =a 


i€M j#i€l B#ACA 


But this would mean a = Nie a; in contradiction to the minimality of 17. Altogether we have proved 


properties (1) to (4), that is (Gq) (where a € A) is a minimal primary decomposition of a. 
Proof of (2.94): 
(i) By definition #ass(Q1,...,0%) = #{P,,---,P,} < &. And if we suppose p; = p; then by minimality 


of (Q1,...,0,) we have i = j (this is property (4)). Hence we even find #{),,...,),} = k as 
claimed. 


(ii) As d=), 4; and using (2.21.(vi)) and (2.24.(v)) we can easily compute 
k 


= (\varu 


i=1 


If uw € a; then we have Q; : u= R according to (2.21.(iv)). And if uw ¢ a; then Q; : u is primary again 
with /a; : u = V4; =P, by virtue of (2.86.(vi)). Thus we have obtained 
* ({ Rifue a; 

Dp; if wu a a; 


i=1 


Thus we may ignore any 2 € 1...k with u € Qj, as they do not contribute to the intersection. What 


remains is precisely the claim 


Va:u = () 2; 


ud; 


(iv) If p € ass(@) then by definition of ass(@) there is some wu € R such that p = Va: u. Thus by (ii) 
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we have the identity 
i = () P; 
ug; 
And hence by (2.13.(ii)) there is some i € 1...k satisfying (u ¢ 4; and) p; C p. And as P C P, is 
clear this is p =p, € ass(Q1,...,@,). Conversely choose any j € 1...k. As (Q1,...,@%) is minimal 
we have a © Nix a; and hence there is some u; € Q; for anyz A 7 but u; ¢ Uj. Thus for this uj 
by (ii) we get 
() P = — = Va:u; € ass(d) 


uj EQ; 


(iii) Without loss of generality we consider p, € ass(Qy,...,Q%)«. That is for any 7 € 2...k we have 
p, Z P,. And this again means that there is some a € Pp, with a ¢ p,. Now let U := R\ pj, in 
particular a € U. Then because of a € f; = \/G; there is some n € WN such that a” € Q;. And 
as a” € U, too, we get 1/1 = (a”)/(a") € U~'a;. Hence we get U~'a; = U~!R and this again 
means 

Reo (OO) 0 R= 02 U 


for any i € 2...k. This now can be used to prove 0: U = Q, by virtue of the following computation 
(see (2.119) - for convenience we even gave an elementary proof of (@Nb): U = (a:U)N (6: U) 
there) 


k k 

a:U = (ou SU = (GeO = Ors =: Oy 
i=l i=l 

Hereby a; : U = Q, holds true because Q, is primary and U = R\ p,. To be precise consider 

a € Q; : U, that is there is some w € U such that au € 4;. But by definition of U we have 

uP, = Vi, and as Q; is primary this yields a € d). Thus we have Q; : U C 4, and the converse 


inclusion is trivial. 


(v) If p € ass(@), then by virtue of (iv) we have p = p, for some i € 1...k. And as p, is minimal (iii) 
implies 0: (R\ Pp) = 4; © iso(Q1,...,A,). Conversely consider any Q; € iso(@),...,d,). Then by 
definition p; € ass(Q1,...,4,)x and by (iti) this means a; =a: (R\p). And by (iv) we also have 
p, € ass(@), and thereby 4; € iso(q). 


Proof of (2.96): 


(1) By (2.89.(iii)) there are some irreducible ideals p,,...,), <j Rsuch thatad = p,---Np,. And by 
(2.89.(ii)) these irreducible ideals already are primary. Thus (p,,...,;) is a primary decomposition 


of a. And by (2.93) we find that a then already has a minimal primary decomposition. 


(2) Now assume that (01,...,0,) and (61,...,6;) are minimal primary decompositions of a. Then by 
(2.94.(iii)) we get the identity 


ass(Q1,...,4%) = ass(@) = ass(b,,...,b7) 
(Note that by definition ass(@) and iso(@) only depend on @, not on the decomposition). And by 
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(2.94.(i)) this in particular implies & = /. The third identity we finally get from (2.94.(iv)) 


iso(Qi,...,4%) = iso(a) = iso(bj,...,b;) 


Let us denote the minimal prime ideals over @ by Q;, that is we let {01,...,,} := {p © Spec(R) | 
a C p}, (note that there are only finitely many 4;, due to (2.42.(iii))). Then by (2.24.(i)) we have 


k 
a = va = [\{peSpec(R)]acp}. = [) a 


And as the d; are prime they in particular are primary according to (2.89.(i)). That is (@1,...,Qx) 
is a primary decomposition of a. And as \/a; =a; #4; = \/G; (for i ¥ j) it even satisfies property 
(4) of minimal primary decompositions. Now assume that for some index 7 € 1...k we had the 
equality 

(ja =a C a, 


Then by (2.13.(ii)) there would be some i 4 j such that @ C 4; € aj. And by minimality of 4; 
this would mean Q; = 4;, a contradiction. Thus (Q),...,@%) also satisfies property (3), that is it is 
a minimal primary decomposition of a. In fact this even is ass(Q1,...,@,) = iso(di,...,Q,), that 
is every associated ideal is an isolated component. Now assume that (6;,...,67) is any minimal 


primary decomposition of a, then by (2) we have | = k and 


{Q1,...,0,} = ass(Q1,...,Qx) 
=> 1150 (Cis er24'Cjs) 
= iso(b,,...,b,) 


That is for any i € 1...k we have a; € iso(b,,...,6,) = {01,...,@, } and this again means that for 


any i€1...k there is some o(i) € 1... k such that b; = Q5(i). Clearly o is injective, because if we 


assume o(i) = o(j) then b; = 44/7) = Gg(;) = 6; in contradiction to the minimality of (01,...,b;). 


But as k is finite this already means that o is bijective, that is o € S;. Altogether (b,,...,6,) is 


just a rearranged version of (Q1,..., x). 


Proof of (2.98): 


(i) Let (Qi,...,);,) be a minimal primary decomposition of a (which exists, due to (2.96)) and p,; := Gi. 
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Then we have seen in (2.94.(iv)) that ass(@) = {p,,...,);,}. Thus from (],4; =@ C qwe get a; C q 
for some 7 € 1...k, according to (2.13.(ii)). Therefore p, = /@; C \ = 4 and fp, € ass(a). Now 
let p; C q for some p; € ass(@). Then we may choose some minimal p; € ass(@). with p; C p; (as 
ass(@) is finite). And hence we get a; C p; C p; Sq, that is a; C q. Finally consider a; C q 
then da C a; C q is clear. 


We stick to the notation used for (i) that is (Q1,...,Q,) is a minimal primary decomposition and 
p, := Va. "C" if a C gq then by (i) there exists some @; € iso(@) such that a; C q. Then 
aca Cp, = Va C WJ =4. By minimality of q this yields q = p, € ass(),. "D" conversely, if 
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p, € ass, then @ C a; C P,. Thus if we consider any prime ideal p <j R such thata Cp C Pf, 
then by (i) there is some Pp; € ass(@) such that p; C p C P;. By minimality of p; in ass(q) this 


means Pp; =p; and hence p = p;. Hence ); is a minimal prime ideal containing 4. 


(iii) This follows immediately from (ii) and (2.24.(i)): by the propositions cited, we have a = ()\{q € 
Spec(R) | a C g} =f )ass(a),. And it is clear that ()ass(@) C (]ass(@),, as ass(@), C ass(q). 
But on the other hand, if { € ass(@) there some t, € ass(@), such that t. C t (as ass(@) is finite). 
Thus we also have ()ass(@),. C ()ass(q). 


Proof of (2.100): 
We will first prove the ¢ truly is a homomorphism of rings. By definition we have ¢(0) = Op and 
¢(1) = Lp. If now k € IN then ¢(—k) = k(—1r) = —(k1l ez) = —¢(k) by general distributivity. Hence we 
have ¢(—k) = —¢(k) for any k € Z (because if k < 0 then —k € WN and hence —¢(k) = —¢(— — k) = 
— — ¢(—k) = ¢(—k)). This will be used to prove the additivity of ¢. First of all it is clear that for 7, 
j € IN we get 

CG+j) = (@+35)lr = (lr) + (G1r) = 64) +¢(9) 


And likewise ¢((—i)-+(—J)) = ¢(-(é+3)) = —C(i+9) = -(C@+C(4)) = —Cli) +—CU) = C(-) +). 
Now assume 7 > j then by general associativity it is clear that ¢(¢ + (—j)) = ¢(@-j) = (@-Jj)lr = 
(1p) — Gk) = (8) — (7) = 6) + C(—3). And if <j then ¢(é + (-9)) = C(--d) = -C- 8) = 
~¢(j) + ¢(—) = ¢(=7) + —C(—8) = ¢() + ¢(—Z). Thus in any case we have C(i-+(—J)) = (i) +6(—3) 
and likewise we see ¢((—7) + j) = ¢(—i) + ¢(j). Thus we have finally arrived at ¢(i + 7) = C(t) + C(y) 
for any i, 7 € Z. For the multiplicativity things are considerably simpler: let 2, 7 € IN again, then 
by the general rule of distributivity we get ¢(i7) = (ij)lr = (ilr)(jlr) = C(i)¢(y). And as also 
¢(—k) = —¢(k) this clearly yields ¢(27) = C(z)¢(7) for any 7, 7 € Z. Thus ¢ is a homomorphism 
of rings. And if y : Z — R is any homomorphism, then y(1) = 1r. By induction on k € IN we 
see y(k) = y(1+---4+1) = pI) +--+ 90) = Iet-:-:-+1r = Fle = Ck). And of course 
p(—k) = —y(k) = —¢(k) = ¢(—k) such that y = ¢. This also is the uniqueness of ¢. 

Thus im(¢) is a subring of R by virtue of (1.74.(v)). Let us denote the intersection of all subrings of 


R by P - note that this is a subring again, due to (1.50). From the construction of P it is clear, that 
P C im(¢) <, R. But as 1p € P we have and hence ¢(k) = klrz € P fOr any k € IN. Likewise —1p € P 
and hence ¢(—k) = k(—1p) € P. This is the converse inclusion im(¢) C P and hence im(¢) = P. 

Now kn(¢) <i Z is an ideal in Z due to (1.74.(v)) again. But as (Z, a) is an Euclidean domain Z is 
a PID due to (2.76.(iii)). Hence there is some n € Z such that kn(¢) = nZ. Thereby n is determined up 


to associatedness. And as Z* = {1,—1} this is n is uniquely determined up to sign +n. Thus by fixing 


n > 0 it is uniquely determined. Now 


kn(¢) 


{ke Z|C(k) =0r} 
{+tk|keN, Ck) =O, t 
{+k|keW, klp =0r} 


Thus if m = 0 then kn(¢) = 0 and hence klz = Op implies k € kn(¢) = 0 which is & = 0. And ifn 4 0 
then kn(¢) 4 0. And hence we have seen in (2.76.(iii)) that a(n) = |n| = n is minimal in kn(¢). And due 
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to the explict realisation of the kernel above this is n = minfl<keN|klrp=O}. 


Proof of (2.102): 


(i) As R is an integral domain, so are its subrings P <, R. In particular im(¢) <, R is an integral 


domain. But by definition and (1.81.(ii)) we’ve got the isomorphy (where n := CHAR(R)) 


Bh, = "fh ea(¢) Sr im(G) = PRR(R) <, RB 


Hence Z/nZ is an integral domain, too and by (2.11) this implies that nZ = Z or nZ is a prime 
ideal in Z. If we had nZ = Z, then n = 1, which would mean 1p = Op in contradiction to R ¥ 0. 
This only leaves, that nZ is a prime ideal. But this again means that n = 0 or that n is prime 
because of (2.55.(ii)). 


(iit) Suppose n := CHAR(R) = 0 and kp = Op, then k € kn(¢) = nZ = 0 which is k = 0. Conversely 
suppose n € nZ = kn(C), that is nz = ¢(n) = Or and by assumption this implies n = 0. We now 
prove the second equivalency. That is we assume n = 0 and want to show ¢: Z =, prr(R). But 


as in (i) we find the following isomorphies 


Be Bog = 7 nic) Se tml) = Pant) 


where k +> k+0Z = k+kn(¢) + ¢(k) - which precisely is ¢ again. Conversely suppose 
®:Z =, prr(R) for some isomorphism ®. lf we had n 4 0, then Z,, = Z/nZ would be finite. But 


Nw 


as we have the isomorphy Z =, prR(R) =, Zp, once more this cannot be (as we thereby find the 


contradiction co = #Z = #Z, =n < ov). 


(iii) If m := CHAR(R) ¥ O, then we have already proved the minimality of n, that ism = min{l1<keN|kre=0r} 
in (2.100). Conversely suppoese n is this minimum and denote c := CHAR(R). As cr = Or and n 
is minimal with this property we have n < c. On the other hand we have ¢(n) = nz = Op and 
hence n € kn(¢) = cZ. That is c | n and hence c < n, altogether n = c = cHaR(R). And n 4 0 is 
trivial (as n is contained in a subset of {k | 1 < k € IN}). The second equivalency results from the 


following isomorphy again (refer to (1.81.(ii)) 


/ Zl 7, = Alc) ~, im(¢) = prR(R) 


where k + nZ = k +kn(¢) ++ C(k). Thus if cHaRR = n 4 0 we are done already. Conversely 
suppose there was some isomorphism ® such that ® : Z, “=, PRR(Z). Then we had (where 


c := CHAR(L) again) 


Y ae AY eile) ~ im(C) = prr(R) & Zn 


In particular we find c = #Z,. = #Z, = n (as n # 0 and hence c ¥ 0). That is we have found 


nm = c = CHAR(R) and n £0 has been assumed. 


(iv) If nm := CHAR(R) = 0, then by (ii) we have ¢: Z &, prr(R). And as pre(R) is the quotient 
field of PRR(R) this implies Q =, prF(R) under the isomorphy a/b +> C(a)¢(b)~!. Likewise if 
n := CHAR(R) 4 0 then by (iii) we have Z, &, pPRR(R). As R is a field it is a non-zero integral 
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(v 
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domain. Thus by (i) 7 is prime. Hence nZ is a non-zero prime ideal and hence maximal (due 
to (2.76.(i))), such that Z, is a field. As prF(R) is the quotient field of (the field) prRR(J) this 
implies Z,, =, PRR(R) = prF(J). Conversely if Q =, PRF(R), then cHAR(R) = 0 as else Z, =; 
PRF(R) =, Q (where n = cHAR(R) 4 0) by what we have just proved. And if ®: Z, =, PRF(R) 
for some isomorphism ®, then we have ng = nlz = n&(14+nZ) = O(n+nZ) = 0(0+nZ) = Op. 
Thus if c := CHAR(R), then n € kn(¢) = cZ and hence c | n. On the other hand we have 
Or = cr =clr = cO(14+nZ) = O(c +nZ). From the injectivity of 6 we get c+nZ=0+4+nZ 


and hence n | c. As both n and ¢ are positive this only leaves n = c. 


First suppose we had c := CHAR(R) = 0, then ¢: Z @ R would be injective (as kn(¢) = cZ = 0), 
which contradicts R being finite. Thus we have c # 0, now let P := prr(R), then by (iii) we have 
P &, Z, and hence #P = #Z, =c. But - being a subring - P <g Ris a subgroup (under the 
addition + on R). Thus by the theorem of Lagrange (1.7) we have c= #P | #R. 


Proof of (2.103): 


(i) 


(ii 


as 


(iii) 


Consider a unit a € R* of R and suppose ab = 0, then b = a~!0 = 0 and hence a is no zero-divisor 


of R. Conversely suppose that a ¢ zD(R) is a non-zero-divisor of R. Then the mapping 
RoR: beeab 


is injective (as ab = ac implies a(b—c) = 0 and as a ¢ zD(R) this yields b—c = 0 such that b = c). 
But as R is finite any injective map on R also is surjective (and vice versa). Hence there is some 
b € R such that ab = 1. But this means that a € R* is a unit of R. 


For any finite group G we may define the exponent of G to be the least common multiple of the 
orders of its elements 
exp(G) := lem{ord(x) | «eG} 


By the Theorem of Lagrange we have ord(x) | #G for any x € G such that the least common 
multiple exp(G) of the orders is a divisor of #G, as well. By (??) there is some element g € G 
such that ord(g) = exp(G). Thus if we have #G = exp(G) then G is cyclic as it then is generated 
by the element g € G with ord(g) = exp(G) = #G. 


Let now G be a finite subgroup of F* and let us denote n := #G and m := exp(G). Then we need 
to show m =n. As m | n we already have m < 7 so it only remains to show n < m. Now choose 
any x €G C F", then by construction 2” = 1 and hence z is a root of the polynomial ¢” — 1. 
Thus we have found n different roots of t”’— 1 (namely the elements of G). But the number of roots 
of t’” — 1 is bounded by 


n < deg(t?”-1) = m 


lf f = pa then we easily have (f + p”S)(p"~! + p"S) = p"a+ p?S = 0+ p"S. And as S is 
an integral domain we have p” / p”~+ or in other words p""! + p"S #£0+p"S. And hence 
f +p"S is a zero-divisor of S/p".S. Conversely suppose (f + p”S)(g+p"S) =0+p"S for some 
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gtp"S £0+p"S. This means p” / g and hence we obtain a well-defined 1 € 1...n—1 by letting 
L s=.glok = max{ k € IN | pi | g} 


If we now write g = p'b then by assumption we have p” | fg = fp'b and hence p | p”! | fb. As 
p is prime we get p | f or p | b. But as / has been chosen maximally p | 6 is absurd, which only 


leaves p | f. 


As R # 0 (because of p?S C pS # S) we have already seen the inclusions NiIL(R) C zp(R) C 
R\ R* in (1.45.(ii)). And by (ii) we already know zo(R) = (p+ p"S)R. And if pa + p"S € zp(R) 
then 

(pat+p"S)” = pa" +p"S = 04+p"S 
which also proves zD(R) C NiL(R). Thus it only remains to prove the inclusion R\R* C (p+p"S)R. 
Thus consider x = f + pS ¢ R*, in particular we have f ¢ S* (as else x~! = f-! + p"S). Thus 


f has a true (i.e. r > 1) prime factorization 
é 
f = aq where gq := lla 
i=1 


with a € S* and q; € S prime. Now suppose that p is not associated to any of the q; (formally that 
is a(p © qi) for any i € 1...r) then we had gcd(p”, qg) = 1. The lemma of Bezout (2.79.(iii)) then 
implies 

p’S+qS = gcd(p",g)S = S$ 


Therefore there are a and b € S such that ap” + bg = 1 or in other words bg = 1 — ap”. Now let 
g:= ap" + a7!0, then it is clear that 


i aq(ap” + ab) = (aaqg—a)p"4+1 


And hence (f + p"S)(g + pS) = 1+ p"S which implies x~! = g + p"S and in particular x € R*, 
a contradiction. Hence there has to be some i € 1...7r such that p % q;. And therefore we find 


p=4q; | f such that p | f, or in other words again f € (p+ p"S)R. Thus we got 
NIL(R) = zo(R) = R\ R* = (pt+p"S)R 


Now consider any prime ideal p <j R, then it is clear that NIL(R) C p C R\ R*. But by the 
equality NIL(R) = R\ R* this means Pp = NIL(R). Therefore NiL(A) is the one and only prime ideal 
of R. But Nit(R) already is maximal - if NiL(R) C a <j R, then there is some a € 4M R* and 


hence @ = R. Thus we have also proved the second equality 


Spec(R) = Smax(R) = { ni(R) } 


We will prove the claim in several steps: (1) given any commutative ring R and any ideal a <j; R 
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let us first denote the following set 
Xn(R,a) s= {Pe Spec(R)|aC Pp, #R/P <n} 


Then it is clear thata C 6 =» X,,(R,b) C X,,(R,4) (because if we are given p € X,(R,)), then 
a Cb C pand hence a C 9, such that p € X,,(R,@)). Further X,(R,ab) C X,(R,a)U X,(R,)) 
(because if we are given p € X,(R,ab) then ab C p and as P is prime this implies @ C Pp or 
b C p such that p € X,(R,a) or p € X;,(R,b)). Now suppose a C b <j R, then we will prove 


#X,(R,6) = #Xn(P/q,°/q) 


This is clear once we prove that p ++ p/@ is a bijection from X,,(R,b) to X,(R/a,6/a). But by 
the correspondence theorem (1.64) (and the remarks following it) P <j R/@ is prime if and only if 
) = p/a for some p <i R prime, with a C p. And due to the correspondence theorem we also have 
b C pif and only if 6/a C p/a. Finally we've got the third isomorphism theorem (1.81.(iv)) which 
provides the isomorphy R/p =, (R/a)/(p/a). In particular we have #R/p = #(R/a)/(p/a). Thus 
p +> p/d is well-defined and surjective. But the injectivity is clear (by the correspondence theorem) 


and hence it is bijective. In a second step (2) let us now denote the set 
Ai:= {4S R| #Xn(R,a) = 00} 


Suppose A # §) was non-empty, then (as R is noetherian) there would be a maximal element 
a* € A*. We now claim that this maximal element a* is prime. It is clear, that a* 4 R, as R/R=0 
has not a single prime ideal, in particular #X,,(R, R) = 0. Thus suppose there would be some a, 
b € R such that ab € a* but a, b Z a*. Then we let a := a* + aR and b := a* + DR and thereby get 
a* c a,b and ab C a*. Thus by the inclusions in (1) we would find 


X,(B,0*) C X,(R,ab) C X,(R,a)UX,(R,b) 


But as a* is maximal in A we have 4, 6 ¢ A. That is both X,,(R,@) and X,(R,}) are finite. Thus 
by the above inclusion X,,(i,4*) is finite, too, in contradiction to a* € A - thus a* is prime. For 
the third step (3) let Q := R/a*, then by (2) Q is an integral domain. And ifO AU <i Qisa 
non-zero ideal, then by the correspondence therorem there is some ideal 6 <i R with a* Cc B such 
that U =b/a*. But as a* has been maximal the equality in (1) yields 


#Xn(Q,U) = Xn Gr °/ an) = #X7,(R,b) < oO 


(4) the same reasoning yields #X,(Q,0) = #Xn(R,a*) = co, such that Q is infinite (if it was 
finite, that so was its spectrum and hence the subset X,,(Q,0) was finite as well). Thus we may 


choose pairwise distinct elements f1,..., fr4i © Q and let 


f = ][G-f) € @ 
ixj 
as f; — fj; #0 for any i 4 j and Q is an integral domain we have f 4 0 as well. Now consider 
any prime ideal q <j Q, if we have f ¢ q then (as q is an ideal) for anyi #7 € 1...n+1 we have 
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fi -— f; 9. Thus for anyi A 7 €1...n+1 we have fj +9 4 fj +4. That is Q/q contains (at 
least) n + 1 distinct elements and hence g ¢ X,(Q,0). Thus for any gq € X,(Q,0) we necessarily 
have f € g and hence 


But as f # 0 we have fQ 4 0 such that (3) yields #X,(Q, fQ) < co. By the equalities above 
this means oo = #X,(R,a*) = #X,(Q,0) = Xn(Q, fQ) < oo a contradiction. This means that 
our assumption A # @ has to be false. In other words A = @ and in particular 0 ¢ A. That is 


#X,(R,0) < co which is a trivial reformulation of the claim. 


Proof of (2.106): 

The implications (a) == (b) and (a) ==> (c) are trivial. Thus it only remains to check the converse 
implications. The proof of (c) == (a) is elementary and has been given in (2.103.(i)). Yet (b) == (a) 
requires knowledge of group actions (which will be presented in book 2, or any other standard text on 
algebra) and cyclotomic fields (which also will be presented in book 2, or any standard text on Galois 
theory). Never the less we want to give a proof of (b) == (a) and the reader is asked to refer to the 


sources given for the statements not contained in this text: 


Let us regard the multiplicative group F* = F'\ {0} (this truly is a group, as F’ is a skew-field) of F. 
And let us denote the center of the ring F’ by 


C x= {ace F|VrteF:axr=2a} 


It is obvious that C_ <, F is a commutative subring of F’ and hence it even is a field. Thus (F,+) is 
a C-vectorspace under its own multiplication. And as F is finite it clearly has to be finite-dimensional 


n:= dimc F' < oo. If we denote gq := #C' then this implies 
#F* = #F-1 = #C%-1 = q"-1 


For any x € E* let us now denote the conjugacy class, the centralizer and the centralizer appended by 


0, using the notations 


con(z) := { yey" | y € E*} 
cEN(z) = {ye E"|zy=yx} 
C(t) := {ye E|zy=yr} 


It is well-known from group theory that the conjugacy classes con(x) form a partition of F* and that 
con(a) = {a} for any a € C. Thus let us denote by X C F'\ Ca representing system of the conjugacy 
classes, that is X <—> {con(x)|a2¢€F\C} under x +> con(x). As the conjugacy classes form a 


partition of F* we find the equality 


ies ee S> #con(a) + S— #con(a) 


0AaEC rex 


872 18 Proofs - Commutative Algebra 


#C™ + S° #-con(x) 


rex 


(g-1) + > #eon(e) 


rex 


It is clear that (C(x), +) is a subgroup of the additive group (f+). But it even is a C-subspace of F, 
we denote its (finite) dimension by n(x) := dimc C(x), then we get 


#cen(x) = #C(x)-1 = #C°—-1 = grh™-1 


We now apply the orbit formula #F* = #con(x) - #cEN(x). Yet as #con(x) is an iteger we find the 
divisibility #cEN(x) | #F*. Using division with remainder we obtain 


ae ee gr) a qi) a gee) ta a seh go Te) 


As this division leaves no remainder we necessarily find n = r(x)n(zx), i.e. n(x) divides n. On the other 


hand the orbit formula yields 
Gel 


#con(x) = ga —1 


Substituting this into our partition formula for the cardinality of F* we find 


This is the point where the cyclotomic polynomials ®,, € Zt] come into play. Let m € IN and wy, := 
exp(27i/m) € C, further denote k | m := > k € 1...m and gcd(k,m) = +1. Then the m-th 


cyclotomic polynomial is defined to be 


O.5  2= [[ ¢-+%) 


kLm 


In book 2 it will be shown that ®,,, € Z[t] has integer coefficients in fact and (if we denote d | m :==> 


|| & = {™-1 
d|m 


We now assume F' # C (ie. F is not commutative) and regard any x € X. It is clear that we find 
®,(q) | g’—1. But as x ¢ C we get #con(x) #1 and hence n 4 n(x) on the other hand we have seen 


dé1...mandd | m) satisfies 


n(x) | n and hence 


[[ % = ~(?-1 


™ —1)o, = | J] ea} o 
d| n(x) d\n 


Thus we get ®,(q) | (¢”—1)/(q" — 1), too and substituting this and ®,,(q) | q”—1 into the equation 


of the partition we obtain 
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In particular we get ®,(q) < q— 1. But this clearly cannot be - as q > 2 (at least 0 and 1 € C) we 


see by the triange inequality that |g — 1] < |q— w*| for any k € 1...n —1. Hence we arrived at a 
contradiction (to C 4 F) 


q-1 > |®(@| = [[la-okl > []le-1l = @-1 


Proof of (2.108): 


(i) R* and nzp(R) are multiplicatively closed, due to (1.45). And if conversely uv € R*, then there is 


(iii 


(vii 


(viii 


(ix 
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some a € R such that 1 = a(uv) = u(av). Hence we also have u € R*. Likewise, if uv € NzD(R) 


and a € R then au = 0 implies auv = 0 and hence a = 0 such that wu € NzD(R). 


1=1-1€ UV is clear and if u, uw’ € U and v, v’ € V, then for any wv and u’v’ € UV we get 
(uv) (u'v’) = (uu’)(vv’) € UV again. 


Immediate: if a and 6b € a then (1+ a)(1+6) =1+(a+b+ab)€1+4+4. 


Clearly 1 € y(U), as 1 € U and y(1) = 1. And if p, q € y(U) then there are u, vu € U such 
that p = y(u) and g = y(v). Hence pg = y(u)y(v) = y(uv) € y(U) since uv € U. Likewise 
1 € py l(V) is clear, as p(1) = 1 € V. And if u, v € py l(V) then y(u), y(v) € V. thereby 
we get uv € y 1(V) from y(uv) = v(u)y(v) € V. So let us finally suppose V is saturated and 
uv € y !(V). Then y(uv) = y(u)y(v) € V implies y(u) € V and hence u € y!(V), as well. 


As U £0) there is some 1 € U €U and hence 1 € UU. And if now uv € UU then there are some 
U, V €U such that u € U and v € V. As U is a chain we may assume U C V and hence wu € V. 
This yields uv € V and hence wv € UU. 


Since 1 € U for any U € U we also have 1 € (\U. And if u, v € (UY, then u, v € U for any 
U €U. Thereby wv € U, as U is multiplicatively closed and hence uv € (\U. Likewise if any 
U €U is saturated, then wv € (\U implies wv € U and hence u € U for any U € U. And the latter 


translates into u € (\U again. 


Clearly 1 =u? € U and if u’ and w € U then also u’u? = u’*) € U. That is U is a multiplicatively 
closed set with u € U. And if conversely V C R is any multiplicatively closed set with u € V, 
then by induction on k we also find u* € V and hence U C V. Together this proves, that U is the 


smallest multiplicatively closed set containing uw. 


Let us define U to be the set given, then we need to show that U is the intersection of all 
saturated multiplicatively closed subsets V C R containing U. "C": Thus consider any saturated 
multiplicatively closed V C RwithU C V. Ifnowa€ U then there are b € Rand u, v € U such 
that uab = uv € U C V. In particular a(ub) = uab € V and as V is saturated this implies a € V. 
Hence U C V is contained in any such V."D": Ifa €U that lal = la and hence a € U. Hence 
we have U C U so it remains to prove that U is saturated multiplicatively closed. Thus consider 
a and a’ € U, that is uab = wv and w’a’b! = u'v’ for sufficient b, b' € Rand u, v, wu’, v’ € U. Then 
(uu’)aa’ (bb!) = (uu’)(vv') and hence aa’ € U, as uu’, vu’ € U. Conversely suppose aa’ € U, that 


is u(aa’)b = uv for sufficient b € R, u, v € U. Then ua(a’b) = u(aa’)b = uv and hence a € U. 
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Proof of (2.109): 
We first prove (b) == (a): consider any prime ideal p <j R, then 1 © R\ Pp, as 1 € P would imply 
~ = R which is disallowed. And as is both, prime and an ideal we get the following equivalence for 
allu, vE R 

wep = weEeporvep 


Hence if we go to complements (i.e. if we negate this equivelency) then we find that R\ p is a saturated 


multiplicative set, since 
weEeR\p — wEeR\PorveR\P 


And from this we find that R\ UP is a saturated multiplicative set, as it is the intersection of such sets 


R\p for p € P, formally 
R\UP = R\UP = ()R\P 
peP peP 
Next we prove (a) ==> (a): fixa € R\U then alsoaR C R\U: consider b € R, then ab € U - because 
of the saturation of U - would imply a € U, in contradiction to a ¢ U. And as U is multiplicatively closed 
we max choose an ideal p(a) maximal among the ideals 6 with aR C 6 C R\U. And this p(a) is prime 
(for all this refer to (2.17.(iv))). Thus we get 


R\U ¢ Jak © Up) c R\U 


agU agU 


—= U = R\U{Pa)|a¢U} 


Proof of (2.110): 


e We will first prove that ~ is an equivalence relation: the reflexivity is due to 1 € U, as ula = ula 
implies (u,a) ~ (u,a). For the symmetry suppose (u,a) ~ (v,b), ie. there is some w € U such 
that vwa = uwb. As = is symmetric we get wwb = vwa and this is (v,b) ~ (u,a) again. To 
finally prove the transitivity we regard (u,a) ~ (v,b) and (v,b) ~ (w,c). That is there are p, 
q € U such that pva = pub and qwb = quc. Since p, q and v € U we also have pqu € U. Now 
compute (pqu)wa = qw(pva) = qw(pub) = pu(qwb) = pu(quc) = (pqv)uc, this yields that truly 


(u,a) ~ (w,c) are equivalent, too. 


e Next we need to check that the operations + and - are well-defined. Suppose a/u = a’/u’ and 
b/v = b'/v' that is there are p and q € U such that pu’a = pua’ and qu’b = qub’. Then we let 
w := pq € U and compute 


u'v'w(av + bu) = vv'q(pu'a) + uu'p(qu’b) 
= vv q(pua’) + uu'p(quo’) 

= uvuo(a'r’ +0’) 

(qu’b) 


) 
= (pua’)(qub’) 


Jv / 
uvwab = (pwa 
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= uvwa'd! 


That is (a/u) + (b/v) = (av + bu)/uv = (av! +. W'u')/u'v! = (a’/u’) + (0'/v') and (a/u)(b/v) = 
ab/uv = a’! /u'v' = (a’/u')(b'/v’) respectively. And this is just the well-definedness of sum and 


product. 


Next it would be due to verify that U-!R thereby becomes a commutative ring. That is we have 
to check that + and - are associative, commutative and satisfy the distributivity law. Further 
that for any a/u € U-!R we have a/u + 0/1 = a/u and a/u + (—a)/u = 0/1 and finally that 
a/u:1/1 =a/u. But this can all be done in straightforward computations, that we wish to omit 


here. 


It is obvious that thereby « becomes a homomorphism of rings, «(0) = 0/1 is the zero-element and 
K(1) = 1/1 is the unit element. Further «(a+ 6) = (a+ 6)/1 = (al 4+ 61)/1-1=a/14+b/l= 
K(a) + K(b) and K(ab) = ab/1 = ab/1- 1 = (a/1)(6/1) = K(a)K (0). 


Next we wish to prove that « is injective, if and only if U C Nzp(R). To do this we take a look at 


the kernel of « 


kn(«) 


{ae R|a/1=0/1} 
= {aE R|ducU:au=0} 


By (1.78.(i)) «& is injective iff kn(«) = {0}. That is iff for any u € U we get au=0 => a=0. 
And this is just a reformulation of U C nzp(R). 


So it remains to prove that « is bijective if and only ifU C R*. First suppose U C R* C nzp(R) 


by (1.45). Then as we have just seen x is injective. Now consider any a/u € U~!R, then 


-1 = 
Be ee = — = « (au?) € im(k) 
U 


Hence we found that & also is surjective. Conversely suppose that & is bijective. In particular « 
is injective and hence U C nzp(R). But « also is surjective, that is for any u € U there is some 
b € R such that 1/u = «K(b) = 6/1. That is there is some w € U such that w = uwb. Equivalently 
w(ub — 1) = 0, but as w € NzD(R) this implies wb = 1 and hence u € R*. As u has been arbitrary 
we found U C R*. 


Proof of (3.115): 


e We will first prove that ~ is an equivalence relation: the reflexivity is due to 1 € U, as ulz = ulx 
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implies (u,2) ~ (u,x). For the symmetry suppose (u,x) ~ (v,y), te. there is some w € U such 
that vwz = uwy. As = is symmetric we get uwy = vwa and this is (v,y) ~ (u,x) again. To 
finally prove the transitivity we regard (u,xz) ~ (v,y) and (v,y) ~ (w,z). That is there are p, 
q € U such that pux = puy and qwy = quz. Since p, gq and v € U we also have pqu € U. Now 
compute (pqv)wx = qu(pux) = qu(puy) = pu(qwy) = pu(quvz) = (pquv)uz, this yields that truly 
(u, x) ~ (w, z) are equivalent, too. 
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e Next we need to check that the addition is well-defined. Suppose x/u = a’/u' and y/v = y'/v' 
that is there are p and q € U such that pu’x = puz’ and qu'y = quy’. Then we let w := pq € U 


and compute 


u'v'w(vet+uy) = vu'q(pu'x) + uu'p(qu'y) 
= vv'g(pus') + uu'p(quy') 
= uvw(v'r’ +u'y’) 
That is (a/u) + (y/v) = (va + uy)/uww = (vo'a! + uly’) /u'v! = (a'/u’) + (y’/v’) which is the 


well-definedness of the addition. For the R-scalar multiplication we need to show that a(r/u) = 


ax/u = az'/u' = a(2'/u’). But by taking w = p this is easy to see 

pu(ax) = a(pu'x) = a(pua') = pu(az') 
which is the equivalence (u, ax) ~ (u’, az’). Likewise for the U~!R-scalar multiplication we need 
to show that (a/u)(y/v) = ay/uv = ay! /uv’ = (a/u)(y’/v’). But taking w = q this time, we prove 
the equivalence (uv, ay) ~ (uv’, ay’) by computing 


q(uv')(ay) = au(qu'y) = au(quvy’) = q(uv)(ay’) 


e Next we have to prove that U-'M truly becomes an U~'R-module. We start by proving the 
properties of a commutative group: associativity, commutativity and the existence of the neutral 


element 0/1 and the inverse element —2/u of x/u 


uy z vi+uy z 
(=+2)+- = —— +-— 
Uv Ww wu w 
UWL + UWY + UVZ 
= Uvw 
— & | wy Tr ve 
ou vw 
x z 
— = + (24 =) 
U vw 
awe — Veruy Uy Tver 
vo WU 7 VU 
Ma 
— uu 
xz —_ lv+ud0_ £ 
i u-l ou 
Oe ie: Ula Ue). (=e) 
7 UU — U 
. 0 0 
a) ce | 


Next we have to check the compatibility conditions of the scalar multiplication with the addition 


on U-!M. Again this can be done in straightforward computations 


oie =) _— awytvz — a(wyt+vz) 
u\v wh ou vw uvw 

uway + uvaz — ay 4 az 

. wvuw uv uw 
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a 6\z | vatubz — vaz+ubz 
($+2)2 a wow. uUvw 
Vaz ubz az bz 
a Gn” aa ~ uw vw 
_ az. bz 
~ uw uw 


ZT 
e/a 
elo 

No 
Sle 

II 
aN 
aS) 
elo 

Na 
E]rx 

| 
S| & 
ex 


12x lx x 


lu ~~ lw uU 


e Ask: RU '!R: a+. a/1 is a homomophism of rings and U-!M is an U-'R-module it also 


becomes an R-module under the following scalar multiplication 


av ax ax 


uU lu U 


e Next we would like to show that « : M —> U~!M : 2++ 2/1 is an R-module homomophism. But 
this is obvious for any z, y € M and any a € R we get: K(ax) = ax/1 = a(x/1) = ak(x) and 
K(x ty) = (w+ y)/1 = a + ly)/(- 1) = 2/1 +y/1 = w(@) + Ky). 


e Let us now prove that # is injective if and only if U C nzp(M): note that x is injective, iff 
kn(«) = 0 that is if z/1 = 0/1 implies that x = 0. But by definition z/1 = 0/1 means wa 
w0 = 0 for some w € U. That is & is injective if and only if U and the set R\ NzD(M) = 
{aé€ R|idx€M such that c £0 and ax = 0} are disjoint. In other words that is U C nzp(M). 


e Let us finally assume that U C R*. Then (as M F 0) it is clear that U C Nnzp(M) such that 
k already is injective. It remains to prove the surjectivity. Hence consider any y/u € U-'M. 
Then we chose w = 1 and x = u~'y from which we find wua = uwu-ly = y = wy such that 


k(x) = 2/1 =y/u. Together we derived the bijectivity of x. 


Proof of (3.116): 

By definition we have x/u = 0/1 iff there is some w € U such that lwax = uw0 = 0. That is if and only if 
wa = 0. Next - due to the commutativity of R - we have u(va) = (uv)x = (vu)z, so choosing w = 1 we 
see that vz/vu = x/u. And the third equality calls for induction: for n = 1 there is nothing to prove, for 
n = 2 this is precisely the definiton of the addition in U-'M: a1 /ui + x2/u2 = (ugai + uix2)/(uiug). 


So for the induction step use the notation of u = u,...u, and u; = u/u; as introduced in the remark 


L1 Rye inte Ue +++: +Untn | En41 
free + = + 
U1 Un Unt+1 U Unt+1 
U1 Un4 121 PP UnUn410n + UEy+1 
UWUn+1 
So by letting v := uu... UnUny1 = UUn41 and 0; := v/u; € U we see that the 0; appear as the 
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coefficients of the x; again, e.g. we have 0) = UyUn41 and U,41 = u. Hence we have just proved the 


induction step, that is xy /uy + o/u2 +--+ + Un44/Ungi = (0101 + Bo%Q + +++ + Gp41Fn41)/v. 


Proof of (3.118): 


(i) Let us first check the homomorphism property of «: Clearly & commutes with the addition so we 
only have to check that is also commutes with the scalar multiplication. By definition « : (a/u)ax 
((a/u)x)/1, but ((a/u)x)/1 = ((a/1)x)/u as by construction of the scalar multiplication on Mr we 
have u(a/u)x = (u/1)(a/u)a = (ua/u)x = (a/1)x. Now ((a/u)x)/1 = ((a/1)x)/u = (ax/u) = 
(a/u)(x/1) completes the S-linearity. 

The surjectivity of « is a special case of this: Given any x/u € U~'Mp we get (using a = 1) 
K((1/u)x) = ((1/1)x)/u = a/u. And then we also find the injectivity of «, as z/1 = 0/1 means 
wa =0€ M for some w € U and therefore 0 = (1/w)(wz) = (1/1)a =a. 


(iit) The R-linearity of A,, is clear and as A,,(x) = ux = 0 implies 0 = (1/u)(ux) = (u/u)e = (1/1)a = 
x we see that X,, also in injective. And as \,((1/u)x) = u(1/u)a = (u/u)e = (1/1)x = 2 it is 
surjective, as well. 


(iii) If ep : M — N is S-linear then it also is R-linear, as in general we find y(ax) = y((a/1)x) = 
(a/1)p(x) = ay(x). For the converse implication we will need U/1 C nzp(N). Let us compute 


1a) ce) 


= o(G2) = vax) = ap(2) = F(2) 


| 
< 
aS) 
| 
8 
VY 
II 
6 
— 
fond 
ele 
8 
VY 
| 
aS) 


That is we have (u/1)y = 0 for y = y((a/u)x) — (a/u)y(a) € N. But as u/1 € NzD(N) this means 
y = 0 and hence y((a/u)x) = (a/u)y(x), which is the S-linearity of y. 


Proof of (3.119): 


(ii) It is quite easy to see that U—'w is well-defined: if z/u = y/v then there is some w € U 
such that wuz = wuy such that wuy(x) = p(w) = p(wuy) = wuy(y) which again implies 


y(x)/u = v(y)/v. Also it is easy to see, that U-ty is a homomophism of R-modules again 


= ae + + 
ug (+2) = 0 p(S*8) _ lar +y) 
U U U 
ap(x) + ey) _ ty 


T 
U U U 


woro(3) 10-4(2 


So it remains to verify the identities of the kernel and image of U~y. First of all, for any u € U and 
any x € M we have U!y(x/u) = y(x)/u € U-l(im(y)). And conversely if y/u € U~!(im(y)) 
then there are some v € U and x € M such that y/v = y(a)/u. That is y/v = U-ly(a#/u) € 
im(U~+y). Altogether we have 


im (U—y) = Utim(y) 
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(iii) 
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Also a/u € U~'kn(y) this means that there are some v € U and k € kn(w) such that x/u = k/v. 
Therefore U-ty(x/u) = U-ty(k/v) = v(k)/v = 0/v = 0/1 = 0 such that z/u € kn(U—'y) 
again. And conversely for any u € U and any xz € M we have a/u € kn(U~+y) if and only if 


0/1 = U-ty(a/u) = y(ax)/u, which is 0 = wy(x) = y(wx) again, for some w € U. That is 
k := wx € kn(y), so letting v := wu we get x/u = wr/wu = k/v € U~'kn(y). Altogether we 
also have 

kn (U~*9) = U~'kn(y) 


We have already seen that U~'P is an R-module. And as P C M we may regard the following 
map 
UP eM eo 
uu 


Note that this truly is a map, as the equivalency class of (wu, 2) has changed from a subset of U x P 
to a subset of U x M. However it is obvious, that this map is both well-defined and injective as 
(u, x) ~ (v,y) is the same in U x P and U x M. Hence U~!P can be identified by its image under 
this embedding 


Up »%, {=|zePueu} 


So in the following we will regard U-'P’ C U~!M as a subset of U-'M. Then we may take to 


the following map 


P 
ee oh Pye = 
U 


u 
First of all - using (ii) - @ is a well-defined U~! R-module homomorphism, as it just is the localization 


of the canonical homomophism x ++ x + P 
o = Ut (rs Mp :ory+a+P) 


Also the surjectivity of @ is trivial, as 7 € M and u € U can be chosen arbitrarily. And as x +> «+P 


trivially has the kernel P we can also evaluate the kernel of @ by using (ii) again: 
kn(g) = U-tkn(2 424+ P) = U'P 


Altogether, using the first isomorphism theorem (3.73.(ii)), @ induces the isomorphism of R-modules, 
that we claimed to exist 

UM ip SP ee 
u U 


Let us first check the well-definedness of the map given: if (x;/u;) = (y:/v;) then (for any i € I) 
there is some w; € U such that wjyjx; = wiuiy;. Let us now define w := [],<qg wi and W; := 


w/w; € U as well. That is w;w; = w. Then multiplying this equation with w,;0;i; we get 

WUT, = UVWWYT, = URW WiMY = WUYi 
Composing these equalities for all i € I we found wv(ujx;) = wu(viy;) which yields (u;2;)/u = 
(v;y;)/v again. Also it is clear, that (@;2;) is contained in the direct sum of the /; because u;x7; 4 0 


disallows wa; = 0 for some w € U which is 2;/u; 40/1 such that 7 € Q. And the set 2 has been 
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finite by the assumption that (x;/u;) comes from the direct sum of the U-! Mj. 


To prove the properties of an U~'R-module homomophism we let n := #9. Then for any a/v € 


U~!R we may compute 


a (=) = (=) ah (a0! ax;) 7 vu" la(Gjx;) Mr, 


VU \ Ui 


vu vu v wu 


BEY gf Ue oo vit + Uy) (GB; (vjx; + Usyi)) 
Ui Ui UjVi UU 


Now we use Uju; = 0 and vv; = v again to continue with the computation W0;(via; + Usyi) = 


vu;x; + uv;y;, which ultimately leads to 


(=) +(4) Ss (vujri t+ urviyi) — (Wixi) | (Vivi) 


UU U U 


Next we prove the injectivity of the homomorphism: suppose we have (%#;2;)/u = (viy;)/v that is 


wu(Ujzx;) = wu(vjy:) for some w € U. That is for any i € J we have 
WUUjL, = WUDzY; 


Let us now define w; := u;0;w € U, then the above equation turns into wj;uj,x; = wiu;y; which is 
xi/ui = yi/vi. And as i € I has been arbitrary this is (a;/ui) = (yi/vi) again. It remains to prove 
the surjectivity of the homomophism: thus consider any (y;)/v where y; € M;. Then we let x; :-= y 
and Q:={iel|y; £0}. lft eO we take u; :=v € U, else u; := 1 € U. Again we let n := #2 


which is finite) then w= vu” and @; = uv"! for any i € 2. Then we get 
Y g 


(=) _, iti) _ (u"-*a3) (wi) _ (wa) 


Ui 


U yn ) Vv 


Proof of (3.121): 


e We first have to check the well-definedness of k, that is given an U-!R-submodule Z of U-!M we 
need to verify that P := k(Z) truly is an R-submodule of M, thereby P = {2 € M|a/1e€ Z}. 
To do this one might argue, that « is an R-module homomophism an P = «~!(Z) is just the 
preimage of Z or one might turn to a straightforward computation: First of all we have 0 € P, since 
0/1 =0€ Z. Also if x and y € P, that is x/1 and y/1 € Y then (x + y)/1 =2/1+y/1 € Z and 
(ax)/1 = (a/1)(x/1) € Z such that x +-y and az € P again. 


e Next we check the well-definedness of k, that is given an R-sumbodule P of MM we need to verify 
that Z := k(P) truly is an U~'R-submodule of U-!M,thereby Z = {a/u|xe Puce U}. It is 
clear that 0 = 0/1 € Z since 0 € P and considering x/u and y/v € Z and any a/w € U-!R we 
also get z/u+y/v = (vx + uy)/uv € Z since vx + uy € P and (a/w)(x/u) = ax/uw € Z since 
ax € P and uw € U again. 


e So let us now check kk = I, that is for any U-!R-submodule Z of U-!M we get kk(Z) = Z. To 
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do this let P := k(Z), then by definition of k and k we get the following equality 
= £ x 
kk(Z) = {=|ueU andce P} = {=|weU and 2/te Zz} 


First consider 2/u € kk(Z), as we have seen this means x/1 € Z. But as Z is an U-! R-module, 
we hence get 2/u = (1/u)(x/1) € Z. Therefore we find the inclusion kk(Z) C Z. Conversely if 
x/u€ Z, then /1 = (u/1)(x/u) € Z as well, such that we also get 2/u € kk(Z). 


Consider any R-submodule P <m M then by definition of the maps k and k we get the following 


equality of sets 


kk(P) {ce M|a/1€k(P) } 
{rE M|ipe PAucU:2/1=p/u} 
{ve M|Ape Piu,weU: wur = wp} 


{xe M|dvEeU:vceP} 


Thereby the last equality can be seen in the following way: if wua = wp then let v := wu, then 
ve = wux = wp © P. Conversely if vx € P then let p = vx and take u = v and w = 1 then 


wuz = vx = p= wp. In particular we get P C kk(P), as we may always take v = 1. 


Also suppose that kk(P) = P and consider some x € M and u € U, with ux € P. Then x € kk(P) 
and hence x € P. Conversely suppose, we have uz € P = > x € P for anyx € M anduec U. 
If now x € kk(P) then vax € P for some v € U. And by assumption this implies 2 € P. That is 
kk(P) C P and as the converse inclusion is generally true this is kk(P) = P. 


If Pand Q <m M are any two R-submodules of M, then P C Q clearly implies k(P) C k(Q), as 
stated in the claim. And in order to show k(PNQ) = k(P)Nk(Q) we need to verify the following 


equality 
z weU _ je uEeUu “ y veEU 
w)zEPNQ ulaeP v|}yEeEQ 


The inclusion "C" is trivial, just let 2 = z and u = w respectively y = z and v = w. Conversely 


suppose we are given some x/u = y/v such that « € P and y € Q. That is z := avx = auy for 
some a € U. Yet as P and Q are R-submodules, this implies z € PMQ. And letting w := auv 
we hence get z/w € k(P1Q). Now compute z/w = ava/auv = x/u and z/w = auy/auv = y/v, 
from this we see z/u = y/v = z/w € k(PNQ). 


From the definition of & it is also clear, that k preserves inclusions, as stated in the claim. Also if 
Z; (where i € I) is a family of U-!R-submodules of U~!M, then it is clear that 


(9%) = freM 


wel 
= {zeM|Vier:7eZ,} 
= N{seml|lez} = k(Z;) 
wel tel 
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e At last we have to verify, that for any subset X C M the submodule of U-!M generated by k(X) 
and the image k(P) of the submodule P of MW generated by X are equal. To do this we first take 


a closer look at the sets involved - by definition we have 
1 n 

{adem 
i=l 


n 
Ui UG 
wap et 


If x = (1/w) So, aia; = SO, (ai/w)(xi/1) then it is clear that x is contained in the submodule 
generated by k(X). Conversely suppose we are given some x = )°,(b;/v;)(xi/u;), then we define 


k(Lha(X)) 


wevine Rae x} 


Lhy-rp(k(X)) 


he Rmmetinex| 


U t= U1L+..-Un and v := Up -+ +++ + Un also Uj; = u/u; € ;U and U; := v/v; € U. If we now take to 


w := uv and a; := u;0;b; € R, then we can easily compute 


n 


ee AjX; " U;0;b;2; bia; 
w » OS De W 7 > UU = > UjUE . Lhy-1e(*(X)) 
— — — 


i=1 


Proof of (2.113): 
Two of the three implications are clear, thus we are only concerned with: if for any maximal ideal M <, R 
we have a/1 = b/1 € Rm then already a=b € R. But since a/1 = b/1 is equivalent to (a — b)/1 =0/1 
it suffices 

a 0 

Vm: -=-€Rmn => a=0 

ae | 

By definition a/1 = 0/1 means that there is some u ¢ M such that ua = 0. And the latter can again be 


formulated as wu € ann(a). Thus we have 
Ym: ann(a) Gm 


Hence there is no maximal ideal M containing ann(a). But as the annihilator ann(a) is an ideal this is 
only possible if ann(a) = R andchence a=1-a=0. 

In the second claim it is clear that for any prime ideal p <j Rwe get R C Ry C F := quor(R). 
Hence it is clear that R C Ap Ry. And as Smax(R) C€ Spec(R) it also is clear that Ap Ry © (\m Rm 
such that we only have to verify (\m Rm C R. Thus consider any a/b € F with a/b € (\m Rm. That is 
for any maximal ideal m <j R there are some a(Mm) € R and b(m) gM such that a/b = a(m)/b(m). Now 
define the ideal 

b := (b(m)|meSmax(R)), < R 


Suppose we had b ¥ R, then there would be some maximal ideal mM such that m C m. But clearly 
b(m) € b although b(m) ¢ Mm, a contradiction. That is 6 = R and hence 1 € Bb. That is there is a finite 
subset MM C Smax(R) and there are r(m) € R (where mM € M) such that 1 = )o r(m)b(m). Now recall 
that a/b = a(m)/b(m), then we find a/b € R by virtue of 


: = 1-2 = (remo) § = So r(ma(m) ¢ R 
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Proof of (2.114): 

In the first part we will prove the existence of the induced homomorphism @. And of course we start with 
the well-definedness of @ as a mapping. Thus let us regard a/u = b/v € U-'R. That is there is some 
w €U such that vwa = uwb. And thereby we get y(a)y(u)~! = y(b)p(v) “| from 


glv)p(w)y(a) = p(vwa) = v(uwb) = p(u)p(w)y(d) 


Next we have to check that © truly is a homomorphism of rings. To do this consider any a/u and 
b/v € U-!R and compute 


= (ole) (oo) = #(2)-7(2) 
(S42) = (FEY) = (emo) + ool) ou toy 


= g(a)y(u)*+ (bev) * = B (“) +e @ 


u 
So we have proved the existence of the homomorphism @%. It remains to verify that this is the unique 


homomorphism such that Gx = y. That is we consider some homomorphism w : U-'R > S such that for 


any a € R we get w(a/1) = y(a). Then for anyuecU C Rwe get 


+(2)= (0) = 96)" =o" 


And thereby we find for any a/u € U~!R that w(a/u) = W(a/1-1/u) = Y(a/1)v(1/u) = v(a)y(u)~! = 
@. That is w = @, that is G is unique. 


Proof of (3.126): 

As a: R - S is a ring-homomophism, it is clear that N can be turned into an R-module, keeping the 
addition of N and taking to the scalar multiplication ay := a(a)y. And as a(U) C S* the universal 
property (2.114) of the localization of rings yields a ring homomophism @: U-!R - S by letting 


aoU RSS 4 a(u)~ta(a) 


In complete analogy we can turn N into an U-!R-module, as well. This time we have to use the scalar 


1 


multiplication (a/u)y := a(a/u)y = a(u)~a(a)y (and keep the additon of N again). 


Next we prove, that @ truly is a well-defined homomophism of U-!R modules. Thus consider x/u = 
y/v € U-'M, that is there is some w € U such that wux = wuy. In particular (since y is R-linear) we 


get 


a(wja(uje(@) = a(wu)y(®) = wuy(a) = p(wua) 


T 
Ss 
e 
i= 
= 
I 
8 
fond 
BST 
= 
T 
g 
e 
= 
= 
= 
T 
= 
= 
ia 
= 
s 
— 
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And as a(w) € S* is invertible, this implies a(u) p(x) = a(v)y(y). Again this is @(a/u) = a(u)!y(x) = 
a(v)y(y) = B(y/v). Hence @ is well-defined and we have to check the homomophism properties: 


consider a/u € U-'R and x/u, y/v € U-'M again, then we simply compute 


g(=+2) = o(=*) = a(uv)hy(ve + uy) 


where the latter equality holds true, as vy(x) = a(v)y(x) and uy(y) = a(u)y(y) by definition of the 


scalar multiplication on N. Likewise 


It remains to verify the uniqueness of this homomophism. Hence suppose 7 : U-'M + N is any 
homomophism of R-modules, such that y = Wr. That is v(x) = w(x/1) for any x € M. Then for any 
u € U we also get v(x) = ¥(a/1) = (ua/u) = uy(a/u) = a(u)y(a/u). Now, as a(u) € S* again we 
hence get w(x/u) = a(u)~ty(x) = O(a/u). 


Proof of (2.116): 


e By definition «~!(u) is the set of all a € R such that a/1 = K(a) € U, and this has already been 
the first claim. And «~1(q) is an ideal of R by virtue of (1.74.(vii)). 


(1/u)(a/1) € U~ta. "C" Conversely consider any x € (K(@));. Le. there are a; € @ and aj = 
b;/v; € U-'R such that 


e"D" Ifa ea then a/1 = K(a) € K(@) C U-'a. And for any u € U we hence also get a/u = 


Yean(a) = eee 


i=1 
We now let v := v1...Un € U and vj := v/v; € U then a straightforward computation shows 


x = a/v for some a := >, ajbiv; € A 


BR 


{= 


Proof of (2.118): 


e First of alla: U is an ideal-0€a4:U since 0 =1-0€a. Now consider a, b€ a4: U. That is 
there are some u, v € V such that wa and vb € a. This yields uv(a + b) = v(ua) + u(vb) € a and 
hencea+be€a:U. Likewise for any r € R we get u(ra) = r(ua) € d and hence rac a: U. 


e Next it is clear that d C a: U, because if a € @ then a = 1-a € Q (due to 1 € U) and hence 
aea:U. 
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e We finally wish to prove (U-'a) 1 R =a: U. Consider any b € a: U, that is vb € a for some 


v € U. Then b/1 = vb/v € U~'a and hence b € (U~!a) OR. Conversely let b € (U~'a) 1 R, by 
definition this means b/1 € U~‘a. That is there is some a € 4, u € U such that b/1 = a/u. That 
is there is some v € U such that uwvb = va € a. And as uv € U this means bE a: U. 


Proof of (2.119): 
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U-t(anb) = (Uta) N (U~'B): if e € U-! (amb) then by definition there are some a € aM) and 
u €U such that x = a/u. But as a € and a €B this already means x € U-'a and x € U~'D. If 
conversely x = a/u € U-'@ and x = b/v € U~'D then a/u = b/v means that there is some w € U 
such that vwa = uwb € AND. Hence x = (vwa)/(uvw) = (uwb)/(uvw) € U-!(a nb). 


U-t(a +b) = (U~'a) + (U~'b): if e € U-1(a +B) then there are some a €4,b€b6 anducU 
such that x = (a+ b)/u = (a/u) + (b/u) € (U-ta) + (U~'B). And if we are conversely given any 
a/u € U~'a and b/v € U~'8 then a/u +6/v = (au + bv)/(uv) € U-!(a +B). 


—l(ab) = (U~ta) (U~'b): if 2 © U-1(ab) then there are some f € ab and u € U such that 
xz = f/u. Again f is of the form f = 3°, a;b; for some a; € 4 and b; € b. Altogether we get 


~ ab; ~ ay b; -1 
ar = Dsa5°" U~'a) (U~') 
w= tI 
Conversely consider a;/uj; € U-'a and b;/vi € U-16. As always we let u := uy,...U, and 
U; = u/u; € U again, likewise v := v,...U, and 0; := v/v; € U. Then a;/u; = (a;u;)/u, 
b;/v; = (bv) /v and 
=. a; b;  ajti; b;B; ” 
-t = a 450i aid; U-'(ab 
a > ae oe jA,Via e ( ) 


U-!V/a = VJU—a: if xe U-!Va then x = b/v for some b € Va and v € U. That is there is some 
k €N such that b* € a. And therefore a* = b*/v* € U-'a. Hence z is contained in the radical of 
U-1a. Conversely consider any « = b/v such that there is some k € IN with x* = b*/v* € U-1a. 
Then there is some a € @ and wu € U such that b*/v* = a/u. That is wwb* = v'wa € a for 
some w € U. Hence (uwh)* = (uw)*-!(uwb*) € a, that is wwb € Va. And this agian yields 
x =b/v = (uwb)/(uvww) € U7! V4. 


Next we prove (@:U):U =a: U. Clearly, as 1 © U we havea: U C (a: U):U (as for any 
aéa:U we haea=a-1€ (a:U):U). Conversely if a € (@: U) : U then there is some u € U 
such that au € @: U. Again this means that there is some v € U such that a(uv) = (au)u € 4. 
But as uv € U this again yields aca: U. 


For (@Nb) : U = (a: U) (6: U) we use a straightforward reasoning again: If a € (ab): U 
then there is some u € U such that au € aM. And this again means a€a:U andaedb: U. 
Conversely consider a € (@:U)M (0: U). That is there are v, w € U such that av € 0 and aw € Bb. 
Now let u:= vw € U then au = (av)w = (aw)v € AMD such that a € (AND): U 
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e We turn our attention to /a: U = Va: U. lfa:U =R then we get Va:U =V/R=R. And as 
aC Va we also have R=Q:U C Va:U C R. And hence we get /a:U = R= V0: U. Thus 
assume Q:UFR. lfxe Va: U then by definition there is some k € IN such that a* €a:U. And 
this means x*u € a for some u € U. Clearly we have k > 1 as else u € G such thata: U = R. 
And thereby we get (xu)* = (x*u)u*-! € a, too. But this means xu € Va and hence x € Va: U. 
Conversely if x € Va: U then there is some wu € U such that zu € Va. Thus there is some k € IN 
such that a”u* = (au) € a. But as u* € U this yields x* €a:U and hence x € Va: U. 


e UNM AR=K 1(UNW) = KU) NK) = (UN RYAN (WAR) =anb. 


e (U+M)OR = (a+b): U: ifc € (A+5) : U then there are some a € 0,0 € b andu € U 
such that uc = a+b. That is (uc)/1 = (a+ 6)/1 = (a/1) + (b/1) € U+W. And thereby also 
c/1 = (1/u)((uc)/1) € U+. But this finally is c € (U+)NR. Conversely let c € (U+M)NR, that is 
c/1 € U+W. Thereby we find a/u € Wand b/v € W such that c/1 = a/u+b/v = (va+ub)/uv. Hence 
there is some w € U such that uvwe = vwatuwb € A+b (as a/u € implies a/1 = (u/1)(a/u) EU 
and hence a € @, likewise b € Bb). And as uvw € U this isc € (9 +b): U. 


e (UM) OR = (ab) : U: if c € (ab) : U then there are some a; € 4, b; € 6 and u € U such that 
uc = )>, ajb; € AB. Thereby (uc)/1 = 30, (a;/1)(b;/1) € WM and hence c/1 = (1/u)((uc)/1) € UW 
which means c € (UM) R. And if conversely c € (UM) R then there are a;/u; € Wand b;/v; € 
such that 


i ges = ye Sra 
1 oy Ui Vi — ww 

where as usual w := U1... Un, U I= U1... Un and U; = u/U;, Bj = v/v; € U. From this equality we 

again get wwe = >>, ajb;ti;0; € ab for some w € U (as a;/u; € WU implies a;/1 = (u;/1)(ai/u;) € U 

and hence a; € 4G, likewise b; € 6). And as wow € U this is c € (ab): U. 


e JUNR = Va: ifb € VUNR then b/1 € Vii, that is there is some k € IN such that (b/1)* = b*/1 € u. 
Again this is b®& € UN R=@ and hence b € V4. Conversely if b € V4 then b* € a for some k € NN. 
Hence (b/1)* = b*/1 € U which yields b/1 € VU and thereby bE VU R. 


Proof of (2.121): 
Nearly all of the statements are purely definitional. The two exceptions to this are the equalities claimed 
for U-'Spec(R) and U~'Smax(R): Consider any prime ideal p < R with pNU = 0. If now ua € then 
u€Ppora€fP, as P is prime. But u € Pp is absurd, due to PU = 9. This only leaves a € P and hence 
p ¢ U'lIdeal(R). Conversely let p <i, R be a prime ideal with p=): U. If nowu-1=ueEpnu then 
1€p:U =P in contradiction to p 4 R. Hence we get p7U =. Now recall that any maximal ideal is 
prime. Then repeating the arguments above we also find m=m:U <— >» mnU = 0 for any maximal 
idealm <j R. 


Proof of (2.122): 


e First of all it is clear that the mapping U1 UM R= K 1(U) maps ideals to ideals, as it is just 
the pull back along the homomorphism «. Now suppose that ua € UM R - this is ua/1 € U and 
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hence a/1 = (1/u)(wa/1) € U. But this again implies a € UN R and hence UN R € U“'Ideal(R). 
Conversely for any ideala <j; R the set U~'a is an ideal of U-!R by (2.116). Thus both of the 


mappings are well-defined. 
Next we remark that for any @ € U~'Ideal(R) and U <j; U~'R we obtain 
(UanR = 4a:U =a 


U+UnR) = {a/uja/leuueU} = u 


Thereby the first equality follows from (2.118) and the definition of U~tIdeal(R). And for the 
second equality consider a/u where a/1 € U. Then we find that a/u = (1/u)(a/1) € U as well. 
And if conversely a/u € U then we likewise get a/1 = (u/1)(a/u) € UW again. Altogether these 


equalities yield that the maps given are mutually inverse. 


Ifa C B and we consider any a/u € U~'a then a € a C DB and hence a/u € U~'D. And if 
conversely UC ™M anda © UN R then a/1 € U C W such that ac WN R. That is both of the 


mappings are order preserving. 


Next we want to prove that this correspondence preserves radical ideals. Thus if a ¢ U~'Ideal(R) 
is a radical ideal then we have @ = V@ and thereby U~'a is a radical ideal due to (2.119) (see 
below). Likewise we see that if U € Ideal(U-' R) is a radical ideal, then UO R is radical, too: 


VU4G = 0 (6/0) = 00 
VUNR = VUNR = Unk 


Thus it only remains to verify that prime (resp. maximal) ideals are truly correspond to prime 
(resp. maximal) ideals. For prime ideals this is an easy, straightforward computation: ab/uv € U~'p 
implies ab € p thus a € P or b € P which again is a/u € Up or b/v € Up. Conversely ab ENR 
implies ab/1 € f and hence a/1 € OR or b/1 EL R. And for maximal ideals this is clear, as the 


mappings given obviously preserve inclusions. 


Proof of (2.126): 


(i) We will first prove the injectivity of the map given: thus suppose f/u and g/v are mapped to the 


888 


same point in (U~!R)[t]. Comparing the coefficients for these polynomials we find that f[a]/u = 
gla|/v € U“!R for any a € N. That is there is some w(a) € U such that vw(a) fla] = uw(a)g[al. 
Without loss of generality assume deg f < degg and let w := w(0)w(1)...w(degg) € U. Then 
clearly also vwf[a] = uwgla] for any a € 0...degg and hence even for any a € IN. This now 


yields 
vuwf(t) = S¢ vwf[alt® = S> uwglalt = uug(t) 
a=0 a=0 


And hence we have just seen that f/u = g/v as elements of U~!(R[#]). For the surjectivety we 
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are given a polynomial f in (U~'R)[¢] 
- >is Fal 
<= ula) 


Let now u := u(O)u(1)...u(deg(f)) € U and aa) := u/u(a) € R, then it is clear that we get 
f/u f for the polynomial 


J ala) flalt 
a=0 


(iit) We regard the homomorphism R[t] +> Ry: f > f(1/u). It is clear that this is surjective, since 


at* ++ a/u® reaches all the elements of R,,. We will now show that the kernel is given to be 


kn(fo f(l/u)) = (ut 1)RI 


The inclusion ">" is clear, as ut —1+> u/u—1/1 =0/1. Thus suppose f +> 0/1, then we need 
to show that ut —1 | f in Rit]. Let f/1 := K(f) € (U-'R)[E] then it is clear that 1/u is a root 
(f/1)(1/u) = f(1/u) = 0/1 of f/1 and hence t—1/u | f/1 in (U~'R){t]. Since u/1 is a unit in 
R,, multiplication with u/1 changes nothing and hence (ut —1)/1 | f/1 € (U~!R)[t]. Thus 

f 


TUR 


wt RYE 


But it is clear that the ideal f/1(U~!R)|t] corresponds to f R[t] formally (f/1(U~!R)[t]) A Rit] = 
f Rit]. And likewise the other ideal (ut — 1)/1f/1(U~'R)|t] corresponds to (ut — 1)R{t]. As the 


correspondence respects inclusions we have finally found 
fRit] C (ut—1)Rit] 


This means f € (ut — 1)R[t] and hence we have also proved "C". Thus f +» f(1/w) induces the 


isomorphism given its inverse is obviously given by a/u* + at* + (ut — 1)R[t]. 


First of all U~' Ris an integral domain by (2.124) and hence the quotient field guot(U~'R) is well- 
defined again. We will now prove the well-definedness and injectivity of the map a/b +> (a/1)/(b/1). 


(iii 


a 


As R is an integral domain (and 0 ¢ U) we get (for any a, b, c and d€ R) 


afl ef pare G0. Gd. DS 1G - 66 


b/l d/l a Tal 
<= JducU : uad=ubv 


<= ad=bdc 


a “=¢ 
b od 


The homomorphism property of a/b ++ (a/1)/(b/1) is clear by definition of the addition and multi- 
plication in localizations. Thus it only remains to check the surjectivity: consider any (a/u)/(b/v) € 
guot(U~'R), then we claim av/bu +> (a/u)/(b/v). To see this we have to show (av/1)/(bu/1) = 
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(iv) 


(vi) 
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(a/u)/(b/v) and this follows from: 


a bu abu ab abu bav 


ul U 1 Vv v 1 


We first check the well-definedness and injectivity of the map given. This can be done simulta- 


neously by th following computation (recall that R was assumed to be an integral domain and a, 


b#0) 
h j k i 
x/a a y/a vane b co b c 
(b/a™)? — (b/a”)* a” } ah a” } a 
xb* 7 yb! 
—-  Gknth ~ Ginti 
= cats pk _ yarr thy 
= gitkphts (xai™ 39k _ yar? *hp') —0 
ES _ggittitithyhtith — yghnth+itkphtits 
= (ab)Jt Fara *Vi oh = (ab)? +*yq+Dk py 
galrthiph yalrtDkpi 
—= 


(ab)h+ a (ab)i+k 


Hence we have a well-defined injective mapping and it is straightforward to check that it even is 
a homomorphism of rings. Thus it only remains to check the surjectivity. That is we are given any 
a/(ab)* € Rap, then we obtain a preimage by 


a/alr+)k agg ittDkp(nt)k £ 


(b/ar)k (aby (ab 


Let us regard the map b/v +> (b+ 4)/(u+ a). We first check its well-definedness: suppose 
a/u = b/v € U“!R, that is there is some w € U such that vwa = uwb. Of course this yields 
(v+a)(w+a)(a+a) = (u+a)(w+a)(b+a). But as w € U we also have w +a € U/d and hence 
(a+a)/(u+a) = (b+4a)/(v+a). And it is immediately clear that this map even is a homomorphism 
of rings. Next we will prove its surjectivity, that is we are given any (b+@)/(v+a) € (U/a)~!(R/Q). 
As v+a€ U/@ there is some u € U such that v +4 =u+da. But from this we find b/ue U-'R 
and b/u+> (b+ a)/(uw+a) = (b+ 4)/(v +a). Thus it remains to prove 


in (25 28) Sig = i | acaueu} 


The inclusion " >" is clear, given a/u where a € @ we immediately find that (a + a)/(u+a) = 
(0O-u+a)/(1-u+a) = (0+a)/(1 +4) = 0. Conversely consider some b/v € U~!R such 
that (b+ a)/(v +a) = 0 = (0+ a)/(1 +4). That is there is some « +a € U/Q such that 
zb+a = (4+ a)(b+a) = 0+4. And this means xb € G. Further - since x +a € U/a 
- there is some w € U such that x +0 = w+aQ. That is a := w—a € Q. Now compute 
bw = bw — br + br = ba + ba € A. Hence we found b/v = (bw)/(vw) € U~'a. Thus according to 


the isomorphism theorem b/v +> (b+ 4)/(v +4) induces the isomorphy as given in the claim. 


Let us denote U := R\p, as a C p we get UN a= 9 and dy = U~'a is just the definition. Hence 
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the claim is already included in (v). 


(vii) We first show that this mapping is well defined, i.e. u/1 ¢ p for u ¢ p. But this is clear, since 
) = pO R. Thus we concern ourselves with the surjectivety: given (r/a*)/(u/a!) € (Ra)p we see 
that 

ra! ra! /1 ak. vai fi r/a* 

uae uak/1 ~~ 1/ak*!  uak/1 ~~ u/al 
And for the injectivety we have to consider (r/1)/(u/1) = (s/1)/(v/1). Hence there is some 
w/a™ ¢P such that vwr/a™” = uws/a™ € Ry. Thus there is some n € WN such that at vwr = 
a™*"uws € R. But w/a™ ¢ P means that w ¢ P and as also a ¢ P we get that z:=a"™*"w ¢ P. 


But as urz = usz this means that r/u = s/v € Ry. 


Proof of (2.124): 


e R integral domain = U~!R integral domain 
Suppose (ab) /(uv) = (a/u)(b/v) = 0/1 € U-!R. By definition of the localization this means that 
there is some w € U such that wab = 0. But w £ 0 (as 0 ¢ U) and R is an itegral domain, thus we 
get ab = 0. And this again yields a = 0 or b = 0. Of course this yields a/u = 0/1 or b/v = 0/1, 


that is U'R is an itegral domain. 


e R noetherian/artinian == U~!R noetherian/artinian 
Suppose that R is noetherian and consider an ascending chain of ideals Uy C Ug C Ug C ... 
in U-'R. Let us denote the corresponding ideals of R by Q, := UR. Then the a; form an 
ascending chain a; C d2 C a3 C ... of idelas of R, too. And as R is noetherian this means that 


there is some s € WN such that the chain stabilizes 


M% C MW C a GC... © As = Asti = Asyg =... 


Yet the ideals correspond to one and another, that is U, = U-'a,. So if we transfer this stabilized 
chain back to U-!R we find that 


Ui C We C Ug C ... © Us = Usd = Usgo = ... 


the corresponding chain stabilized, too. And as the chain has been arbitrary this means, that U-'R 
is noetherian, as well. The fact that R artinian implies U-'R artinian can be proved in complete 


analogy. 


e RPID = U™!RPID 
Consider any ideal U <j; U~!R, by the correspondence theorem (2.122) U corresponds to the ideal 
a:=UNR SX, Rof R. But as Ris a PID there is some a € RA such that d = aR. And the following 
computation yields that Ul = (a/1)U~!R is a principal ideal, too 


ab 
u 


u = U- (aR) = { | beRuet| = 7UOR 


e RUFD = U~!RUFD 
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lf0 € U then U-'R =0 and hence U~!R is a UFD. Thus suppose 0 ¢ U. By definition any UFD 
Ris an integral domain, and hence U-!Ris an integral domain, too. Thus it suffices to check that 
any a/u € U-!R admits a decomposition into prime factors. To see this we will first prove the 


following assertion 


péeRprime => ; € (UR) or ; € (U-'R) prime 
Thus let p € R be prime and assume p/1 | (a/u)(b/v) = (ab)/(uv). That is there is some 
h/w € U-!R such that ph/w = ab/uv. And as R is an integral domain this implies wvph = wab. 
In particular p | wab and as p is prime this means p | w or p | a or p | 6. First suppose 
p | w, te. there is some y € R such that yp = w. Then (p/1)(y/w) = w/w = 1 and hence 
p/1 € (U-'R)* is a unit. Otherwise, if p | a - say ap = a - then (p/1)(a/u) = a/u. That is 
p/1 | a/u. Analogously we find p | 6 = > p/1 | b/v. Thus either p/1 is a unit or prime, as 
claimed. Now we may easily verify that U-!R is an UFD: consider any 04 a/u € U"!R. As Ris 
an UFD we find a decomposition of a 4 0 into prime elements a = ap... pz (where a € R* and 
pi € R prime). Now let J:= {i € I | pi/1 € (U-'R)* } be the set of indexes ¢ for which p;/1 is a 


unit. Then 
Qi ap Pr [ @ Pi Pi 
ue ed (S113) 113 


i€I i¢I 


That is we have found a decomposition of a/u into (a unit and) prime factors. And as a/u has been 


an arbitrary non-zero element, this proves that U-!R truly is an UFD. 


R normal = U~'R normal 
We have already seen that U~!R is an integral domain, since R is an integral domain. To prove 


that UR is integrally closed in its quotient field we will make use of the isomorphy (2.126.(iii)) 


1 
rofl 


® : quot(R) % quot(U~'R) : Fi 
Ss Ss 


Recall that R is embedded canonically into quoT() by a+ a/1. Hence quot(R) is considered to 
be an R-algebra under the scalar multiplication a(r/s) := (a/1)- (r/s) = ar/s. Analogously, for 
any a/w € U-!R and any r/u, s/v € UR we have 


ar/u a/w r/u ar /uw 


ws/v 1/1 s/v— s/v 


Thus if we consider any a € R and any r/s € Quot(R), then the isomorphism ¢ satisfies ®(ax) = 


(a/1)®(a), which can be seen in a straightforward computation 


Maa) RT): ae on 
crt = fo(2) = Soe) 


Now consider any x/y € quot(U~'R), that is integral over U-!R. That is there are some n € IN 
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and po,.--,Pn—1 € U-'R such that 


n n-l k 
=) ie 
J -EnGl = 
G) tha; 
Then we need to show that x/y € U-'R. To do this let us pick up some r/s € Quot(R) such that 


x/y = ®(r/s). Further note that p, ¢ U-'R, that is pp = ax/uz for some ay € Rand uz € U and 
let u:= ug..-Un—1 € U. Then multiplication with u”/1 € UR yields 


(G9(D) +E (Ge (D)' = 0 


Now recall that (u/1)®(r/s) = ®(u(r/s)) = ®(ur/s). Further note that due to k < n we have 


up | u | u"-*. Therefore we may define by := apu”-*/uz € R. Inserting this in the above 
equation yields 
ur\n @ by . pur \k 
o(y Eazy =o 
8 1 8 
k=0 


Again we use (b;/1)®(ur/s) = ®(bg(ur/s)) and use the homomophism properties of ® to place ® 
in front, obtaining an equation of the form ®(...) = 0. But as ® has been an isomorphism it can 


be eliminated from this equation ultimatly yielding 
pre eS ur\k 
oa b (=) = 0 
(1) + Sa (% 


Thus we have found that ur/s € Qquot() is integral over R. Hence by assumption on R we have 
ur/s © R, that is there is some a € R such that ur/s = a/1. And this is ur = as such that 
r/s=a/u€U~'!R. Thus we have finally found 


soe) 0() =the ireus 


e R Dedekind domain => U~!R Dedekind domain 
If R is a Dedekind domain, then R is noetherian, integrally closed and Spec(R) = { 0 }USmax(R). 
As we have seen this implies, that U-'R is noetherian and integrally closed, too. Thus consider 
a non-zero prime idealO AM <i; U-!R. Thenm:=MNR <j; Ris a non-zero prime ideal of R, 
too (if we had mM = 0 then ® = U-!m = 0, a contradiction). Thus m is maximal and hence 0) = MR 
is maximal, too. That is Spec(U-!R) = {0}USmax(U~'R). Altogether U~'R is a Dedekind 


domain, too. 


Proof of (3.125): 


e Let us first verify (i): consider any x/u € U-'M, as M is generated by {m; |i € I} there is a 


finite subset 2 C I and some a; € R such that x = 5°, ajmj;. And these can easily be used to 
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write x/u in the following form 
x ay, MN; mM ; 
pe eg ea 


In particular if M/Z is a finitely generated R module, then J can be chosen to be finite itself and 


hence U-!M is a finitely generated U-! R-module again. 


Next we will prove porperty (ii): that is we need to show that the subset {m;/1 | i € I} is linearly 
independent again. To do this suppose we had a finite subset 2 C J and some a;/u; € U-'R 
such that 


O | poe _ Vieo aittimi 
= = 


ul U 


where as usual we let w := [], ws (where the product runs over 7 € 9) and Uj; := u/u; € U. That is 


there is some w € U such that 
0 = w ) Aj;ujzM; = ) WU; AM; 
tEQ. i€EQ 


However, as { 7m, |i € I} is R-linearly independent this implies wuj;a; = 0 for any 2 € 2. And 
as wu; € U we obtain a;/u; = 0/1 in U-!R from this equality. Altogether we have proved that 
{m;/1|i€ I} truly is U~!R-linearly independent. 


Combining (i) and (ii) we gain (iii): if {m; | 7€ I} is an R-basis of M, then {m;/1|7¢€ J} is an 
U-!R basis of U~!M. In particular if M is free (it admits a basis) then U-!M is free as well (it 


also admits a basis). In fact this even shows the equality of the dimension 


dim(U~'M) = dim(M) 


Let us now prove that U~!M is noetherian again, supposed M is noetherian. le. we regard an 


ascending chain of submodules of U-!M 


Ay Se gee SAS Aig, 


Let us denote Py := k(Z,) <m M then - as k respects the inclusion relation - this gives rise to 


an ascending chain of submodules of 


Po cCOPin GS -an85S Pr CG Prat © 


Refer to (3.121) for the definition and properties of the map k. But by assumption M/ is noetherian 
and hence this chain has to stabilize, that is there is some s € IN such that for any i € IN we 
get Psi; = Ps. Then we get k(Ps4;) = k(Ps) as well. But as k is the left-iverse kk = Il of k 
this already implies 7.4; = k(Ps4i) = k(Ps) = Zs which means that the chain of the Z, had to 
stabilize. Altogether this is the noetherian property of U-!M again. 


From the above arguments it is clear that U1 M is artinian again, supposed M is artinian. All we 


have to do is reverse the order of inclusions, i.e. take to a descending chain instead of an ascending 
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chain of submodules of U~! M. 


e Suppose P is a projective R-module, then we would like to verify that U~!P is a projective U~!R- 
module. That is we are given another two U~'R-modules M and N, a surjective U-'R-module 
homomophism 9 : N —» M and an arbitrary U-'R-module homomophism y : U-'P > M. 
The projective property demands the existence (but not the uniqueness) of another U-!R-module 
homomophism 7 : U-!P —> N, such that y = o7. But as P is projective by assumption we may 
expand this diagram, and use the projective property of P: 


N 
Pre 
a an 
dL. 
P——» UP —,—» M 


That is we pick up the R-module homomophism z : P — N such that yx = on. Then we take 
7:U'P>N:2/u (1/u)x(z), that is Fis U-!a appended, by y/u +> (1/u)y. Hence it is 
clear that 7 is a well-defined U-! R-module homomophism again, due to (3.119.(ii)). We now need 


to verify y = om. But this can be done in a simple computation, using the U~'R-linearity of @ and 


fg 

(Ena) = Zon(e) = Zynla) = 4y(2) = 

e Suppose J is an injective R-module, then we would like to verify that U~!T is an injective U~'R- 

module. One of the equivalent properties of being injective is the following: given a submodule 
Q <m I of IJ there already in another submodule P <, J such that J = P+Q and PNQ=0 
(that is Q is a direct summand of J). Thus consider any U~!R-submodule Q <m U~1TZ. According 
to (3.121) Z corresponds to a submodule Q <, I of I by virtue of Z = U~!Q. And due to the 
injectivity this gives rise to P <m I as described above. Now let Y := U-!P <m U~1!I then 
it is clear, that Y + Z C U~!I. Conversely consider any x/u € U~'T, that is u € U and a2 € I. 
As I = P+Q there are some p € P and q € Q such that x = p+q. But from this we get 
x/u=(p+q)/u=p/u+q/ue Y+Z. It remains to verify YM Z = 0 but this follows from (3.121) 
again 

YnZ = U-'Pnu—'@ = u-\(PnQ) 7-9 = 6 


Proof of (3.129): 

Clearly (a) ==> (b) and (b) => (c) are trivial. Hence we only need to consider (c) => (a). Thus 
suppose we had (c) but M #4 0. That is we could choose some xz € M with x £ 0. Then we take to the 
annihilator d := ann(z) := {ae R| ax =0} of x. As x £0 we have a ¥ R and hence (2.4.(ii)) tells us 
that @ is contained @ C mM inside a maximal ideal M <; R. By assumption we have Mm = 0 in particular 
x/1 = 0/1 in Mm. This means there is some w € U = R\M such that wx = 0. But by definition of a 


this is w € a C M. This of course is a contradiction and hence we have M = 0. 
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Proof of (3.130): 

In a first step we will prove that x = 0 is equivalent to 2/1 = 0/1 in Mm for any maximal ideal m <j; R. 
Let us denote L := Rx the submodule of M generated by x. Then x = 0 is equivalent to L = 0. And 
due to (3.129) this again is equivalent to Lm = 0 for any mM € Smax(R). As L is generated by x we 
know that Lm is generated by x/1 - that is Lm = Rm(a/1) according to (3.125.(ii)). Hence Lm = 0 is 
equivalent to x/1 = 0/1 and altogether we have 


c=0 <— VmeSmax(R) : 7=q 


Now consider the submodule P <, M. Then zx € P is equivalent to 7+ P = 0+P in the quotient module 
M/P. And by the above this is equivalent to (x + P)/1 = (0+ P)/1 in (M/P)m (for any m € Smax(R)). 
We now use the isomorphy of the quotients as proved in (3.119.(i)). That is (M/P)m ~ Mm/Pm under 
the isomorphism (2 + P)/u+> «/u+ Pm. Applying this isomorphism we have found another equivalent 
reformulation: for any M € Smax(R) we have x/1 + Pm = 0/1 + Pn in Mm/Pm. And this again is 
x/1 © Pm for any mM € Smax(R), as has been claimed. 


Proof of (3.131): 
The implications (a) == (b) are either trivial or have been shown in (3.119.(ii)). Also the implication (b) 


== (c), as every maximal ideal of R already is prime. It remains to verify (c) == (a) in the respective 
cases: Injective: let P := kn(w), then for any maximal ideal m <, R we have Py = kn(ym) according to 
(3.121.(ii)). And as any ym is injective this makes Py = 0. Now suppose we have some x € P then by 
(3.130) this is equivalent to z/1 € Py = 0 for any maximal ideal m, such that always x/1 = 0/1. But 


this again means x = 0, so we have proved x € kn(y) = > x = 0 which is the injectivity of yp. 


Surjective: let Q := im(y), then for any maximal ideal m <i R we have Qm = im(ym) according 
to (3.121.(ii)). And as any ym is surjective this makes Qm = Nm. Now pick up any y € N, then 
x/1 € Nm = Qm for any mM € Smax(R). And by (3.130) this implies y € Q = im(y). As y has been 


arbitrary this is the surjectivity of y. 


Bijective: if all the ym are bijective, they are both injective and surjective. Hence by the above y itself 
is injective and surjective, hence bijective, again. Zero: let Q := im(w) again, then (as any ym = 0) this 


time we get Qm = 0 for any maximal ideal M € R. By (3.130) once more, this yields @ = 0 and hence 


y = 0, as well. 


Proof of (3.127): 
We first need to check that h is well-defined, that is consider any two homomophisms y, w : M — N and 


u, v € U such that y/u = w/v. That is there is some w € U such that wy = wuy. If we are now given 
any «/q € U-'M, then multiplying this equation with q and inserting x we get wqvy(x) = wqur)(z). 
And this again is h(y~/u)(2/q) = y(x)/qu = w(x)/qu = h(w/v)(x/q). And as «/q has been arbitrary 
this is h(p/u) = h(w/v). The next step is verifying the properties of an R-module homomophism: that 
is we consider y/u and w/v again. Then y/u+ w/v = (vy + uy) /uv, which is mapped to 


n(2 *) (=) _ volar) +up(z) _ gle) , ¥(@) 


1 a + 
U UV qd quu qu qu 


That is the image of the sum of the homomorphisms h(~/u+y/v) is the sum of the images h(y/u)+h(w/v). 
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Also it is straightforward to prove the U~'R-linearity of h: as (a/u)(q/v) = aw/uv we get 


(2) (2) — w@) _ ab) 
UU q quv u qu 
To prove item (i) we assume that M = Lhr{mj,...,mn} for some m; € M. Now suppose we had 


h(y/u) = 0 for some py: M + N andu€ U. Le. for any z/qg € U-!M we have y(x)/qu = 0/1 and 


hence there is some w € U such that wy(x) = 0. In particular we may choose some w; € U such that 


wip(m:) = 0. Now let w := wy...wp and @; := w/w; € U. As the m; generate M any x € M can be 


written as © = ajym, +---+anmM, for some a; € R such that the R-linearity of ~ yields 
n n 
wo(r) = w>~ay(m) = SY atijwip(m) = 0 
i=l i=1 


That is wy(x) = 0 and as x € M has been arbitrary, this is wp = 0. This again means y/u = 0/1 is 


the zero-homomophism, shuch that the kernel of h is 0, which is the injectivity of h. 


Let us now prove item (ii): If JZ admits a finite free presentation, then it is finitely generated already 
(see below). In particular we already know, that h is injective and it remains to prove the surjectivity of 


h. Recall that the finite free presentation is an exact chain of the form 


Re SA SM Sw 


Reasoning: let e; (where i € 1...m) be the Euclidean basis of R’. As w is surjective the m; := w(e;) 
(where i € 1...m) build up a generating set of MM and hence rank(M) < m is finitely generated. In 
particular, according to (3.125.(i)), U-'M is generated by the m;/1 (where i € 1...m). Let us now pick 
up the Euclidean basis f; € R” (where j € 1...) of R” as well and denote A; := a(f;) © R™. That 
is Aj = (A1j,-.-, Am) for some A;; € R. That is, if a = (a1,...,an) € R” then we have 


n m n 


a(a) i S © aja fj) = S/ a; Aj, j€5 = Ss" S 5 Ai ja; ej 
j=l 


j=l 1 i=1 j=l 


Me: 


a 
ll 


As im(@) = kn(w) we have (for any 6 € R™) the equivalency w(b) = 0 if and only if b = a(a) for some 
a € R”. Writing b = (b,...,bm) € R™ again we see w(b) = 5°, biw(ex) = D5, bsm; such that this 


equivalency turns into 


m n 
S| bmi = 0 = Face R VIEl...n: bi = > Aa gay 
j=l 


i=1 


In particular w(A;) = 57; Aijm; = 0 since Aj = a(f;) for any 7 € 1...n. Then, in the localization 
U-!M of M, we get the equality 


0 der Aigms _ eee 


1 1 : 1 1 
1 


After all these preparations suppose we are given some U~!R-module homomophism w : U-'M —> 
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U-!N. Let us denote n;/u; := (m;/1) for some n; € N and u; € U. Let us also denote wu := uy,-°--- Um, 
and wu; := u/u; € U as usual. Note that 7 is determined by its action on the m,;/1, as these elements 


generate U-'M. Then due to the linearity of w the above equation turns into the following equation of 


Sie 
0 Aig Mi Aig Mi _ Dope Ai gir 
f= o(5 ae Sag a 


i=l i=1 


By definition of the localization that is (for any 7 € 1...) there is some w; € U such that w; >>, Aj, juini = 
0. Again we denote w := w +--+ Wy and w; := w/w; € U. This enables us to define or candidate 
for the R-module homomophism y : M — N by linear expansion of y(m;) := wujn,;. If this is well- 
defined then it automatically yields an R-linear map. To prove the well-definedness we have to regard 
>, aim; = >; aim; and need to show that this implies 5°, ajwtin; = >>; awtiin;. By going to differ- 


ences b; = a’, — a; it hence suffices to check 


m m 
S > dim, =-~0o0 => S > bjwiiins = 0 
i=l i=1 


But due to im(a) = kn(w) we have seen above that > 7; bm; = 0 is equivalent to 6; = >), Ai,jaj for some 


a; © Rand anyi€1...m. Hence the latter sum turns into 
m m n n m 
) b,wujn; = ) ) Aj jajwusn; = ) AjWijW; ) Aj juin; = 0 
i=l i=1 j=l j=l i=1 


by choice of the w; (see above). That is y is truly well-defined. And all we have left to do is check that 
h(y/uw) =. But as the m;/1 generate U-!M it suffices to prove this for all the m;/1. And this can 


be done in a last simple computation 


U-1y(m;/1) a g(m;) — wuing 1; o(@) 
uw uw uw Uj 


Proof of (2.125): 

We have already proved (a) ==> (b) in (2.124) and (b) ==> (c) is trivial. Thus it only remains to verify 
(c) ==> (a): we denote F' := quot(R) the quotient field of R and regard R and any localization Rm as 
a subring of R (also refer to (2.113) for this). Now regard any x € F integral over R, that is f(x) =0 
for some normed polynomial f € R[t]. If we interpret f € Rm|t], then f(a) = 0 again and hence zx is 
integral over Rm (where M <j R is any maximal ideal of R). By assumption Rm is normal and hence 


x € Rm again. And as M has been arbitrary the local global principle (2.113) yields: 


x € [) Rn = R 
mMesmaxR 


Proof of (2.57): (continued) 


e (c) = > (d): property (2) of (c) and (d) are identical so we only need to verify (1) in (d). If all 


a; = 0 are zero then there is nothing to prove (s := 0). And if at least one a, 4 0 is non-zero, 
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then so are all a,+,; for 2 € IN. Omitting the ag to a;_1 we may assume a; # 0 for any 2 € IN. By 
assumption we have a;R C aj;41R for any i € IN. And this translates into aj41 | a;. By (2.61.(iii)) 


this yields a descending chain of natural numbers for any prime element p € R 
(p|ao) 2 (p|ai) 2... = (pla) 2... 20 


Of course this means that the sequence (p | a;) has to become startionary. That is there is some 
s(p) € IN such that for all 7 € IN we get (p | asp) +i) = (Pp | Gs(p)). We now choose a representing 
system P of the prime elements of R modulo associateness. Then there only are finitely many 
p € P such that (p | a9) 4 0. And for those p € P with (p | ao) = 0 we may clearly take s(p) = 0. 
Thereby we may define 

s := max{s(p)|peEP} € N 


Then it is clear that for any p € P and any i € IN we get (p | as4i) = (p | as). And by (2.61.(iv)) 
this is nothing but as4; % as which again translates into as4;R =asR. And this is just what had 


to be proved. 


(d) => (c): property (2) of (c) and (d) are identical so we only need to verify (1) in (c). But the 
proof of this would be a literal repetition of (2.56.(iii)). There we have proved the existence of an 
irreducible decomposition using the ascending chain condition of noetherian rings. But in fact this 
property has only been used for principal ideals and hence is covered by the assumption (1) in (d). 


Hence the same proof can be applied here, too. 


(a) = > (e): As p 4 0 is non-zero, there is some 0 A a € Rwith ac p. Clearly a ¢ R* as else 
p = R. We now use a prime decomposition of a, that is ap1...py =a € Pp. Thereby k > 1 as else 
a € R*. And as P is prime we either get a € P or p; € P for some 2 € 1...k. But again a € Pp 
would yield ~p = R which cannot be. Thus p := p; € Pp where p is prime by construction. 


(e) = > (f): We assume R ¥ 0 (else the stetements herin do not make sense!). It is clear that 
0 ¢ D (as R is an integral domain a € R* and pj # 0). Therefore D C R\ {0} such that we 


obtain the canonical homomorphism 
D~'R- quot(R) : 


Due to 0 ¢ D we also see that D-'R # 0 is not the zero-ring. Therefore D~'R contains a 
maximal ideal u <j, D~'R - by (2.4.(iv)) - such that p :-= UN R € D~'Smax(R) is maximal too - by 
(2.122) - in particular prime. Suppose p ¢ 0 then by assumption (e) there is some prime element 
p&p. And thereby p € PND in contradiction to p € D~'!Smax(R). Thus p = 0 and therefore 
u = D~'p = 0, too. But 0 € D7!R being maximal yields that D~'R is a field. In particular 
the canonical homomorphism is injective (as it is non-zero). Now choose any a/b € quot(R) then 
a, b € Rand hence a/1, b/1 € D“!R. Yet b 4 0 and hence (1/b)>' = 1/b € D"!R, as D"!R 
is a field. Therefore a/b € D~'R such that the canonical homomorphism also is surjective. By 


construction this even is an equality of sets. 


(f) => (a): Consider any 0 4a € R. Then 1/a € quot(R) = D“!R, that is there are b € R and 
d € D such that 1/a = b/d. And as R is an integral domain this is ab = d € D. Yet D is saturated 
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by (2.55.(vi)) and therefore a € D. But this just means that a admits a prime decomposition. 


Proof of (2.86): 
We have already proved statements (i) to (vii) on page (860), so it only remains to prove statement (viii). 
We have already seen in (vii) that the map 61> 6M R=x«~1(b) is well-defined (as « '(q) =QN R=)Y 
again). Thus we next check the well-definedness of a++ U~a. First of all we have VU-4 =U ya = 
U-!p = q due to (2.119). Now consider a/u and b/v € U~'R such that (ab)/(uv) = (a/u)(b/v) € Uta 
but b/v € U-'R. Then ab € (U-'a)M R=: U, that is there is some w € U such that abw € 4. 
But bw ¢ @, as else b/v = (bw)/(vw) € U~'a. As a is primary this implies a € V@ = ) and hence 
ajue U'p=q= VU-'q. This means that Ua is primary again and hence a ++ U~'a is well- 
defined. 


Proof of (2.18): 


(i) As the union ranges over all prime ideals p with p C zp(R) it is clear that the union is contained 
in zD(R) again. That is the incluison " 5" is trivial. For the converse inclusion let us denote 
U :=nzbdR, then U is multiplicatively closed. Let now a € zpD(R) be a zero-divisor. That is we may 
choose some 0 4 b € R such that ab = 0. This implies aR C zp(R) (because given any x € R 
we get (ax)b = x(ab) = x0 = 0) or in other words aRNU = @. Thus by (2.4.(iii)) we may choose 
an ideal ) maximal among the ideals satisfying aR C 6 C R\ U =zp(R) and this is prime. In 


particular a € p such that a is also contained in the union of prime ideals contained in zp(R). 


(ii) Let P be a minimal prime ideal of R, then by the correspondence theorem (2.122) the spectrum of 


the localized ring Ry corresponds to 
Spec(Rp) <—> {q € Spec(R)|q CP} <> {P} 


Hence Ry has precisely one prime ideal, namely the ideal P = (R\pP)~'p corresponding to p. And 
by (2.21.(v)) this yields 


NIL(Ry) = ( )Spec( Rp) =.) 


Now consider any a € ), then a/1 € f and hence there is some k € IN such that a*/1 = (a/1)* = 
0/1. That is there is some u € R\ Pp such that ua® = 0. But k 4 0 as else u = 0 € p. Hence we 
may choose 1 < k minimally such that ua” = 0. Then we let b := ua*~! and thereby get b 4 0 (as 
k has been minimal) and ab = 0. That is a € zD(R) and hence p C zpR (as a has been arbitrary). 


Proof of (2.127): 
(b) == (a): of course R = 0 cannot occur, as else R* = R and hence R \ R* = 0 was no ideal of R. 
Thus R 4 0 and hence R contains a maximal ideal, by (2.4.(iv)). And if m <j; R is any maximal ideal of 
R then we have 1 4 R and hence m C R\ R* ¥ R. By maximality of M we get M = R \ R* which also 
is the uniqueness of the maximal ideal. (a) => (b): let M be the one and only maximal ideal of R. As 
m 4 R we again get m C R\ R*. Conversely, if a € R\ R* then aR 4 R. Hence there is a maximal 
ideal containing aR, by (2.4.(ii)). But the only maximal ideal is M such that a € aR C mM. And as a has 
been arbitrary this proves R\ R* C mand hence m= R\ R*. In particular R \ R* is an ideal of R. 
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Proof of (2.128): 
(a) => (b): consider any a 4 R, then by (2.4.(ii)) @ is contained in some maximal ideal, and the only 
maximal ideal available is M, such that @ C m. (b) => (a): first of all M is a maximal ideal, as (due to 
(b))m Ca <i RimpliesmM=aora=R. And iff! <j Ris any maximal ideal of R, then we haven A R 
and hence (due to (b)) 1 C m. But by maximality of N and mM ¥ R we now conclude N = mM. Altogether 
we have Smax() = {m} as claimed. (a) == (c): has already been proved in (2.127) - in the form 
R\ R* =m. (c) => (d) is trivial, so it only remains to prove the implication (d) ==> (b): consider any 
ideal a # R again, then we have a C R\ R* and due to (d) this yieldsa C R\ R* C m. 


Proof of (2.130): 


By the correspondence theorem (2.122) it is clear that My is in fact a maximal ideal of Ry. Now suppose 


My = (R\p)~'n <j Ry is any maximal ideal of Ry. In particular My is a prime ideal and hence (by the 
correspondence theorem again) 1 (R\ p) = 0. In other words that is 1 C p and hence Ny C My. But 
by the maximality of My this is Ny = My. Thus My is the one and only maximal ideal of Ry - that is Ry 
is a local ring. 

Now regard Rp —» Quot(R)/p:a/ur> (a+ p)/(u+P). This is well-defined and surjective, since 
u+p #0+p if and only if u ¢ p. And since R/P is an integral domain we have (a + P)/(u+)) = 
(0+ p)/(1 + ) if and only if a+ p = 0+) which is equivalent to a € p again. Thus the kernel of this 


epimorphism is just My and hence it induces the isomorphism given. 


Proof of (2.135): 


(U) As R 4 0 we have 1 ¥ O and hence by property (1) we find v(1) € IN. Thus by (2) we get 
v(1) =v(1-1) =v(1) + v(1) € Z. And together this implies 1(1) = 0. Now consider any a € R* 
then by (2) again 0 = v(1) = v(aa~) = v(a) + v(a~') > v(a) > 0 hence v(a) = 0. 


(I) If we are given a, b € R with ab = 0 then by (1) and (2) we have oo = v(ab) = v(a) = v(b). Thus 
v(a) and v(b) may not both be finte and by (1) this means a = 0 or b=0. 


- 


First of all 0 € [v] as by (1) we have v(0) = co > 1 and 1 ¢ [v] as v(1) = 0 < 1 by (U). If now a, 
be [v] and ce R then we compute 


via+b) > min{v(a),v(b) } 
viac) = v(a)+v(c) > v(a) > 1 


IV 
— 


And hence a+ 6 and ac € |v] again. Hence [v] truly is an ideal of R and [v] 4 Ras 1 ¢ [r}. 
Now suppose ab € [v] for some a, b € R, that is v(ab) = v(a) + v(b) > 1. Then it cannot be that 


v(a) =0 = (bd) and hence a € [v] or b € [v], which means |v] is prime. 


(iii) It is clear that 1 | a for any a € R and hence 0 € {k € N | p* | a}. Therefore [a], € INU {00 } is 
well-defined. 


e As any p* | 0 it is clear that v(0) = 00. Conversely suppose that v(a) = 00 for some a € R. Then 
for any k € IN we may choose some ax € R such that a = p*ay. Then p**+ta,4, = a = p*a, and 
as R is an integral domain this implies pay;, = ax, in particular az41 | az. Going to ideals this 


yields an ascending chain 
agS C ays C aoe C ans C 
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As FR is noetherian there is some s € IN such that a,R = a,141R, te. there is some a € R* such 


1 


that ds41 = Ads = apas41. If ds41 A 0 this would mean p = a (as R is an integral domain) 


s+ 


which is absurd, since p is prime. Thus we have as; = 0 and hence a= p Pisa = 0. 


If g = 0 then v(fg) = co = v(f) + v(g), thus we only need to consider 0 4 f,g € R. Now write 
f = p*a and g = p'b where k = [f], and | = [g],, then by maximality we have p Ja and p /b and 
hence p Jab, since p is prime. Hence v(fg) = v(p*t'!ab) =k +1 =v(f) + v(Q). 


If g =0 then v(f +g) =v(f) = min{ v(f), v(g) }, thus we only need to consider 0 4 f,g € R. As 
above let us write f = p*a and g = p'b where k = [f], and J = [g],. Without loss of generality 
we may assume k < | then f +g = p*(a + p!—*b) and hence v(f +g) = v(p*(a + p!-*b)) = 
k+v(a+p'*b) > k = min{v(f),v(g) }. Thus by now v is a valuation on R and it is normed, 
since v(p) = 1. 


Continuing with the previous item now prove the fifth property: i.e. we even have k < l. If we now 
had p | a+p'—*b, then there would be some h € S' such that a = ph—p'—*b. But this would imply 
p | awhich is absurd, by maximality of k. Hence v(f +g) =k = min{ v(f),v(g) }. 


vy ++ |v] is well-defined: 
As v is normed, we have [v] 4 0. Hence |v] is a non-zero-prime ideal, and as R is a PID this even 


implies maximality. 


M ++ vp is well-defined: 
If we have pR = M = dR then there is some a € R* with ap = q and as (ap)* | a => p* | a 


we then also get ¥g = Vap = Up. 


MH vy > [vp] = M: 
It is clear that [v,] = pR and as also M = pR by construction [vp] = mM. 


yr [v] Oy =v: 

By construction we have [v] = pR, thus if a € R with p /a then a ¢ pR = [v] and hence v(a) = 0. 
And as v is normed, there is some g € S such that v(q) = 1. Hence qg € [v] = pR, which means 
p|q. Therefore 1 < v(p) (as p € pR = [v]) and v(p) < v(q) = 1 (as p | g) imply v(p) = 1. If now 
f € Ris given aribtarily then we write f = p*a where p a, then v(f) = kv(p)+v(a) =k = v,(f). 


And hence v = Vp. 


Proof of (2.138): 


(i) 


(ii) 
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The properties (1), (2) and (3) of valued rings and discrete valuation rings are identical. Hence it 
suffices to check that R is non-zero. But by (N) there is some m € R with v(m) = 1 4 oo and by 
(1) this is m #0. In particular R A 0. 


We have already seen in (2.135.(i)) that [v] is a prime ideal of R. Thus by (2.128) it suffices to 
check R\ [|v] C R*. Thus consider any a € R\ |v], that is v(a) = 0 = v(1) and hence v(1) < v(a) 
and v(a) < v(1). By (4) this implies 1 | @ and a | 1 which again is a & 1 or in other words 
ae kh", 
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(iii) 


By (i) and (2.135.(i)) we know that R is an integral domain. Thus consider a, b € R with a £ 0, 
then we need to find some g, r € R such that b = ga+r and (r = 0 or e(r) < e(a)). To do this we 
distinguish three cases: if b = 0, then we may choose g := 0 and r :=0. If b #0 and v(b) < v(a), 
then we may let g := 0 and r := b. Thus if b 40 and v(a) < V(b), then by (4) we get a | 6. That 


is there is some g € R such that b = qa. Hence we are done by letting r := 0. 


By induction on k € W it is clear that v(m") = kv(m) =k. Thus for v(a) = k = v(m*) we obtain 


k 


a | m® and m* | a. That is a © m* are associates and hence there is some a € R* such that 


a =amF. And the uniqueness of a is clear, as R is an integral domain. 


Let a <i R be any ideal of R, combining (iii) and (2.76.(iii)) we know that R is a PID. That is there 
is some a € R such that d= aR. In case a = 0 we have a = 0, else using (iv) we may write a as 


a =amF for some a € R*. Thus we have 6 = aR = am*R = m* BR as claimed. 


As v(0) = co > 0 and v(1) = 0 > 0 we have 0, 1 € R. Also we have v(—1) = v((—1)(—1)) = 
2v(—1) such that v(—1) = 0 and hence —1 € R, too. If now a, b € R then by (3) we geta+beER 
and by (2) also ab € R. Altogether R is a subring of Ff’. We will now prove that v is a discrete 
valuation on R again. Properties (1), (2), (3) and (N) are inherited trivially. And for (4) we are 
given a, b € Rwith v(a) < v(b). In case b = 0 we have a-0 = 0 = band hence a | 6 trivially. Thus 
assume b 4 0, then we have 0 < (a) < v(b) < oo and hence a £ 0, as well. Therefore we may let 
x := ba"! € F. Then by (2) we get v(b) = v(xa) = v(x) + (a), such that v(x) = v(b) — (a) > 0. 
This again means x € Rand hence a | b. It only remains to verify, that F’ truly is the quotient field 
of R. Thereby the inclusion ">" is trivial. Hence consider any x € F, if v(x) > 0 thenz =2-17! 
and we are done. Else we have v(x~') = —v(x) > 0 and hence x~! € R. Thus we likewise obtain 
an) ed Cris 


Proof of (2.140): 


(a) ==> (c): If (R,v) is a discrete valuation ring, then R already is a local ring (with maximal ideal 
[v]) and an Euclidean ring, due to (2.138). But the latter implies that R is a PID, by (2.76.(iii)). 
And of course R cannot be a field, as there is some m € R with v(m) = 1 (and hence we have 
both m #0 and m ¢ R* as else v(m) = 0). 


(c) => (d): As R is a PID it is a UFD according to (2.76.(ii)). Now consider two prime elements 
p,q € R, that is the ideals pR and qR are non-zero prime ideals. Hence - as R is a PID - pR and 
qR already are maximal by (2.76.(i)). But as R also is local this means pR = qR. 


(d) => (b): Choose any 0 47 € R \ R* which is possible, as RF is not a field. As Ris an UFD 
we may choose some prime factor m of n and let M := mR. Now consider anyO ae R,as R 
is an UFD a admits a primary decomposition a = ap;...pz. But by assumption any prime factor 
p; ts associated to m, that is a admits the representation a = wm for some w € R* andk EN. 
If we had a ¢ R* then we necessarily have k > 1 and hence a € mR = M. Thus we have proved 
R\ R* Cm. And as m ¢ R* we have mM F R such that RF is a local ring with maximal ideal m, 
according to (2.128). And this again yields R\m = R* as claimed. Now suppose 0 4a € (), m*R, 


as we have seen we may write a = wm? for some w € R* and k € IN. But by assumption on a we 


903 


904 


also have a = bm**1 for some b € R. Dividing by m* (R is an integral domain) we get w = bm 


and hence m € R* - a contradiction. Thus we also got (},,m*R = 0. 


(b) = > (a): Letv : R + NU {oo} : a sup{k € N | m* | a}, then we will prove that 
v is a discrete valuation on R: (1) if @ = 0 then for any k € IN we clearly have m* | a and 
hence v(0) = oo. Conversely if v(a) = 00, then we have m* | a for any k € IN and hence 
a €()\,m*R = 0. (2) and (3) are easy by definition of v - refer to the proof of (2.135.(ii)) for 
this. (4) Consider a and b € R with v(a) < v(b). If b= 0 then a | 6 is clear, otherwise we write 
a= am’! and b = Bm for i = v(a) and j = v(b). By maximality of i we get m J a and hence 
a € R\mR = R*. Thus we may define h := a~!8m/~ and thereby obtain ha = b such that a | b. 
(N) suppose m? | m, then there was some h € R such that hm? = m and hence hm = 1, which 
is m € R*. But in this case we had R* = R\ mR =O - a contradiction. Thus we have v(m) < 1 


which clearly is v(m) = 1. 


(c) = > (f): Any PID is a noetherian UFD and by (2.62) an UFD is a normal ring. And the 
maximal ideal M is non-zero, as we would else find R* = R\m = R\ {0}, which would mean that 
R was a field. Thus let ) <j A be any prime ideal of R, if P 4 0 is non-zero, then P already is 
maximal, due to (2.76.(i)). But in this case we necessarily have ) = M, as R was assumed to be 


local. 


(f) = > (e): First of all mM is a finitely generated R-module, as RF is a noetherian ring. Thus if 
we had m = m? = mm then (as jac(R) = M) Nakayama’s lemma (3.43) would imply m = 0 - a 
contradiction. Thus we have m2 Cc Mm, that is there is some m € M with m a m2. In what follows 
we will prove M = mR. (1) First note that m 4 0 (as else m € m7’), thus by assumption and 
(2.24.(i)) we get 

VmR = [{){peSpec(R)|mR Cp} = m 


In particular m C V/mR and hence there is some k € IN such that m* C mR, by (2.24.(vii)). And 
of course we may choose k minimal with this property (that is m*-! ¢ mR). Clearly k = 0 cannot 
occur (as m € M and hence m is not a unit of R). And if k = 1 we are done, as in this case we 
get M C mR C M. Thus in the following we will assume k > 2 and derive a contradiction. (2) by 
minimality of k there is some a € m*—! with a g mR. Let am := {ab| bem}, asa ec m*! we 
have am C m&-!m = m* C mR. Now let x := a/m € E, where E := quot(R) is the quotient 
field of R. Then clearly x ¢ R (that is m / a) as else a € mR in contradiction to the choice of 
a. (3) Now it is easy to see that zim := {xb | b € mM} is a subset em C Roof R: for anybem 
we have xb = ab/m € (1/m)mR = R. And in fact xM even is an ideal zm <, Rof R (Oc am 
is clear, and obviously zM is closed under +, — and multiplication with elements of R). Now by 
construction we even get <M # R (as else there would be some b € M such that xb = 1. But this 
would imply m = ab € am C m* C m? (as we assumed k > 2) in contradiction to the choice of 
m). Thus xM is a proper ideal of R and as R is a local ring with maximal ideal mM this implies 
xm C m. (4) Let us now choose generators of M, say M= b;R+---+b,R. As cM C M there are 
coefficients a;,; € R (where j € 1...n) such that for anyicl...n 


vb; = 0410) $8 tale 
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Let us now define b := (b1,...,0n) and the nxn matrix A := (a;,;) over R. Then the above equations 
can be reformulated as Ab = zb, that is b € kn(all — A). Thereby (xl — A) is an x n matrix over 
the field E and as it has a kernel we have det(x1l— A) = 0 © E. Thus if f := det(til— A) € R[f] is 
the characteristic polynomial of A then we have f(x) = det(all — A) = 0. But as R was assumed 
to be normal and as f is a normed polynomial over R, this implies 2 = a/m € R or in other words 
a € mR, a contradiction. This contradiction can only be solved in case & = 1 and then we have 


already seen M = mR. 


(e) = > (c): First of all R is not a field, as M is a proper non-trivial ideal of R (that is 0 Am F R). 
It remains to verify, that R is a PID, where M = mR was assumed to be a principal ideal. To do 
this we first let § := (],m* <i; R, as R is noetherian 4 is a finitely generated R-module. And 
further we have M% = 4 ("C" is clear and conversely if a € § then for any k € IN there is some 
hy € R such that a = hym*. Therefore a/m = hp.,m* for any k € IN and hence a/m € 8 which is 
a € M4 again). As mM = Jac(R) the lemma of Nakayama (3.43) implies that § = 0. We now define 


the following map 
vy: GRoONU{co}: a> sup{ ke Na C m* } 


Obviously v is well defined, asa C R= m° for anya <, R. And ifa ¥ R, then a is contained 
in some maximal ideal, which is @ C M and hence v(a) > 1. Now suppose v(@) = ov, this means 
a C (},m* = 0 and hence a = 0. Of course both 0 and R are principal ideals. Thus consider 
any ideala <; RwithO Aa R. As we have just seen, this yields 1 < & := v(a) € IN. And as 
a ¢ m**! we may choose some a € a with a g m*+!. Asa C m* we in particular have a € m’, 
that is a = am* for some a € R. If we had a € mM then a € m**? would yield a contradiction. 
Hence a € R\ M= R* is a unit. Therefore we found m* = m§R=am*'R=aR Ca C mW and 
hence @ = m*R is a principal ideal. Altogether R is a PID. 


Proof of (2.143): 


(i) By definition of a local ring it suffices to check R\ R* <i R. As R#0 we have 0 € R\ R*. Now 


~a 


consider any a, b€ R\ R* andr € R. Then ra € R\ R*, as else a~! = r(ar)~! and in particular 
—a € R\ R*. It remains to show that a+b € R\ R*. Without loss of generality we may assume 
a | b (else we may interchange a and 6). That is b = ab for some h € R and hence a+b = a(1+h). 
Thus we havea+be€ R\ R*, as elsea t=(1+h)(a+b) 1. 


By assumption R is an integral domain. Thus regard any finitely generated ideal @ <j R. That is 
there are aj,...,a,% € R (where we may choose & minimally) such that d= aj R+---+a,R. We 
need to show that d is a principal ideal, that is k = 1. Thus assume k 4 1, then 4 4 aR (as k is 
minimal) and hence there is some b € @ such that 6 ¢ a, R. Now write b = a,b; +---+ a,b, and let 
d := agb2+---+azbz. If we had a; | dthend € aR and hence b = a,b, +d € a,R, a contradiction. 
Thus we have d | a; as R is a valuation ring. But this means a, € dR C agR+---+a,R and 
hence d=ajR+---+a,R = agR+---+a,R in contradiction to the minimality of k. This only 


leaves k = 1 which had to be shown. 
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(ii) (c) ==> (b) is true by (2.138.(iii)) and (b) == (a) is clear. Thus it remains to verify (a) == (c): 
as R is a valuation ring, it is a Bezout domain, by (i). Thus if R also is noetherian it clearly is a 
PID. But R also is local by (i) and a local PID is a field or a DVR by (2.140). 


Proof of (2.146): 
It is clear that f+9, fg and fg are R-submodules again. If now rf C Rand sg C R then we can also 
check property (2) of fraction ideals 


(rs)(f+9) = s(rf)+r(sg) C R 
r(fng) < rf ee: 
(rs)(fg) = (rf)(sg) C R 


Further f : g is an R-submodule of F since: if 2, y€f:g andaé R then (ax+y)g C af +f =f. Thus 
it remains to prove that f : g <j R truly is a fraction ideal. To do this let rf C Rand sq C R. ASg40 
we may choose some 0 ¥ g € 4, then clearly sg € 9M R and sg 4 0, as R is an integral domain. But 
now (rsg)(f: 4) C Ras for any x €f: 4 we get(rsg)z =r(axsg) Erf C R. 


Proof of (2.148): 

(b) = (a) is trivial, by choosing g := R: f. Thus consider (a) == (b): that is we assume 
fg = R for some g <; R. Then by construction we have g C {2 € F| af C R} =R:f. Hence 
R=fq C f(R:f) C R (the latter inclusion has been shown in the remark above) which is R =f (R: f). 
It remains to verify the uniqueness of the inverse g - but this is simply due to the associativity of the 
multiplication. We start with fg = R =f(R: f). Multiplying (from the left) with g yields g = Rg = 
(f9)9=(Gfg=9(fo) =aF(R:f))=GN(R:f = (fo) (Rif =R(R:A HRs. 
Proof of (2.149): 

(a) — > (b): by assumption (a) we've got 1 © R =(g. Hence there are some a; € @ and x; € g such 
that 1 = aj%1 +...Gn%p, € 1G. And as the x; are contained in x; € g = a-!'=R:Qwe have z7,0€R 


as claimed. (b) ==> (a): conversely suppose we are given such a; and x; then by definition a; € a and 
xj € R:. And as ajxz1 +...dn%n = 1 we also we have R C a(R: a) C Rand hence R= A(R: Q). 
Thus we next concern ourselves with the implication (b) ==> (c): suppose we have chosen some a; € a 


and x; € F' as noted under (b), then we define two R-module homomorphisms 
w: R™ >a: (r,.--,Trn) OP ari t...@nTn 


ow : a> R" : ae (azj,...,a%n) 


Note that the latter is well-defined, since z;4 C R by assumption. But if now a € @ is chosen arbitarily 
then we get 
wy (a) = aayay+-+++ ant, = a 


as a1 + +++ + n%y = 1. This is wy’ = 1 ona. Now regard the following (obviously exact) chain of 


R-modules 


Yq +0 


0 —> kn(p) => R” 


As we have just seen, this chain splits, as wy’ = Il and hence @ is a direct summand of the free R-module 
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R” (which in particular means that @ is projective) by virtue of 
R™ &, a@kn() : rH (Y(r),r—Y'H(r)) 


Conversely suppose (c), that is J = a@ P, then we need to prove (b). To do this we define the R-module 
homomorphisms 9: M -» Q: (a,p)' + aandv:a 4 M:a+>(a,0). Then clearly os = ll. As M is free 


by assumption it has an R-basis {m,; |i ¢ J}. And hence any a € @ has a representation in the form 
a = oa) = @ (= com = S/ aio(m:) 
iel tel 


Note that only finitely many of the a; are non-zero, as these are the coefficients of the basis representation 


of (a). This representation allows us to define another R-module homomorphism 
7%: A7R: ana 


Now consider any two non-zero elements 0 ¥ a, b € d then we see that ba; (a) = 7;(ba) = 7;(ab) = am;(b). 


And hence we may define an element xz; € F' independently of the choice of 0 A a € a by letting 


Note that only finitely many a; were non-zero and hence only finitely many x; are non-zero. The one 
property is easy to see: if 0 Aa € a is any element then we get zja = m;(a) € R and hence x4 C R. 


The other property requires only slightly more effort: just compute 


a= S| mi(a)o(ma) = S| aajo(mi) = «(Sonat 


ier wel ie. 


Recall that only finitely many x; were non-zero and for these let us denote h; := o@(m,;). As a was 


non-zero we may divide by a to see that 1 = )°, xh; which was all that remained to prove. 


Proof of (2.150): 


e (a) = > (b): asa £0 is non-zero a £ 0 is non-zero and hence we may choose Q := (1/a)R. Then 
we clearly get 0g = (aR)(1/aR) = R. 


e (b) => (a): as @ is invertible, it is a projective R-module. But F is a local ring and hence any 
projective R-module already is free. Now @ being free implies that @ is a principal ideal (if the 
basis contained more than one element - say b; and bg - then bb; + (—b1)be = 0 would be a 


non-trivial linear combination). 


Proof of (2.152): 

We will now prove the equivalencies in the definition of Dedekind domains. Among other useful statements 
we will thereby proof (2.154.(i)) already. Note that the order of proofs is somewhat unusual: (d) <=> 
(e) followed by (e) = > (a) (b) (c) (b) = > (d). 
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e (d) ==> (e): consider any prime ideal q <i R and let U := R\q, that is Ry = U-!R. Then Ryisa 


local ring by (2.130). And as R was assumed to be normal, so is Rg, by (2.124). And by (2.122) the 
spectrum of Rg corresponds to {Pp € Spec(R) |p C q}. Yet if p #0, then p already is maximal by 
assumption and hence p = q. Thus we have {P € Spec(R) |p C q} = {0,q}. Thereby Spec(Rq) 
has precisely the prime ideals 0 (corresponding to 0 in A) and its maximal ideal (corresponding to 
q) in R. Altogether it satisfies condition (f) of DVRs. 


(e) = > (d): by assumption RF is a noetherian integral domain. Thus it remains to prove, that it 
is normal and satisfies Spec(R) = Smax(R) 1 {0}. By assumption any localization Ry is a DVR, 
hence a PID, hence an UFD and hence normal by (2.62). And as R is an integral domain this 
implies that R itself is normal, too by (2.125). Thus consider any prime idealO AP <j R. It 
remains to prove that p is maximal. Thus we choose any maximal ideal ideal M with p C m. By 
assumption Rm is a DVR, and hence has precisely the prime ideals 0 and Mp (2.140). But as 
OAP C M by (2.122) the localization Py, is a non-zero prime ideal of Rm and hence Py = Mn. 


Invoking the correspondence again we find p = M and hence P truly is maximal. 


RDVR => (a): let M be the maximal ideal of R and m a uniformizing parameter, that is M = mR. 
(1) If now 0 Af <; Ris a non-zero fraction ideal, thenad:=fMR <; Ris an ideal of R. And by 
definition there is some 0 4 r € R such that rf C R. Recall that by (2.138.(iv)) ina DVRreE R 
is uniquely represented, as r = om* with 9 € R* and k = v(r) € N. Among those r € R with 
rf © Rwe now choose one with minimal k = v(r). (2) We first note that a 4 0, just choose some 
0A-a €f, then rz € Gand as r, x £0 we also have raz 4 0. Thus by (2.138.(v)) @ is of the form 
a= m"R for some n € IN. (3) Now 
f = m™*R 


"C" if a € f then by (2) we have rz € @ = m"R, say rx = m"p. Therefore x = m"p/r = 
o'pm"-* € m™-*R."D" lf k = 0, then r = 0 € R* is a unit and hence f = rf C R. Thus we 
get f =a = m"R = m"-*R. Now suppose k > 1, as k has been chosen minimally, there is some 
xz =a/b €f such that m*—!z ¢ R. That is b { m*-1a and hence v(b) > v(m*-!a) =k —14+ v(a) 
by the properties of discrete valuations. However rz € R and hence b | m*a. This yields 
v(b) < v(am*) = k + v(a) altogether v(b) = k + v(a). Thus if we represent a = am! with a € R* 
and i = v(a) then b = Bm! with B € R* and j = v(b) =k +4. Therefore x = a/b = a8-!m-* 
such that rz = aoB-! € R*. On the other hand rx € @ = mR and hence a = R, that is n = 0. 
Thus m—* = Ba7tax € f such that m”-*R = m-FR C f. This settles the proof of the equality 
(3). But now we have seen, that f = m"~"R is a principal ideal, in particular it is invertible, with 


; -1 = 
inverse fs = m*-"R. 


(e) — > (a): if Ris a field, then f = R is the one and only non-zero fraction ideal of R. And 
f = R trivially is invertible, with inverse fo = R. Thus in the following we assume that R is not 
a field, then we choose any non-zero prime idealO Ap <i Rin Rand let U := R\p. That is 
U'R= Ry and by assumption Ry is a DVR. Thus consider a non-zero fraction ideal 0 #f < R, 
thenOAU-'f < Ry is a fraction ideal of Ry. But as we have just seen this implies, that U'Ris 
invertible (regarding Ry). But by the remarks in section 2.12 this already yields that f is invertible 
(regarding R). 


e (a) = > (b) is trivial, so we will now prove (b) == (c): by assumption (b) any non-zero ideal is 
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invertible and hence finitely generated (by the remarks in section 2.12). And as 0 trivially is finitely 
generated R is a noetherian ring. Now consider any non-trivial ideal a <j; R, that is a ¢ {0, R} 
and let Gp := a. As d # R we may choose some prime ideal p, € Spec(R) containing a C p,, by 
(2.4.(ii)). Now let 


Q, := ao(p,)~! = Qo(R : p,) C Qo(R : Ao) = R 


Here the inclusion R:p, C R: do holds because of Mo C P, and do(R: do) = R is true because 


lg is invertible by assumption (a). Hence a; <j, Ris an ideal of R and by construction 


a = a = P,Q 


We will now construct an ascending chaind = C a; C ... C a)... of ideals of R. Suppose 
we have already constructed 4, <j R and the prime ideals p,,...,p, € Spec(R) such that 
a=p,...p,dx. lf da, = R then we are done as we have already decomposed a = P,..., in this 
case. Thus assume 4, # R. Then we may choose any prime ideal ~;,,, containing a, C Pp, 1 
again. As for the case k = 1 above, we let 0,41 := OnPeri) and find that 4,4; <j Ris an ideal 


of R. Then by construction we get 


T= Pye PeAe = Py---PePpgy Akt1 


As R is noetherian this chain stabilizes at some point 4, = 4,41 and by construction this means 
Ori = An =P, 414n41. AS Gn41 is a finitely generated R-module the lemma of Dedekind implies 
that there is some p € ,,,, such that (1—p)@,41 = 0. But as R is an integral domain and a,,41 4 0 
this means that p = 1, which is absurd, since Prot # Ris prime. Thus the construction fails at 
this stage, which can only be if @, = R. And as we have mentioned already this is@=),...),. 
(b) = > (2.154.(i)): the existence of the factorisation of non-trivial ideals into prime non-zero 
ideals has been shown in (b) == (c) already. Hence it only remains to show that the factorisation 
is unique up to permutations. Thus assume p,...P,, = 4,---4,, where 0 #P; andq,; <i R are 
non-zero prime ideals. Whithout loss of generality we assume m < n and use induction on n. The 
case m = 1 = n is trivial so we are only concerned with the induction step: by renumbering we 


may assume that q, is minimal among {4,,...,4,, }. And as 


and q, is prime (2.13.(ii)) implies that there is some 7 € 1...m such that p; C q,. Now conversely 
as f; is prime and q, ...q,, © Pp; there is some j € 1...nsuch thatq; C p; © q,. By minimality of 
q, this means q,; = q, and hence P; = q,. By renumbering we may assume 7 = 1. Then multiplying 


by py cae qi! yields P....P,, =4.-.--4,, So we are done by the induction hypothesis. 


(c) = > any invertible prime ideal is maximal. Thus consider some invertible prime ideal p <j R, 
in particular p A 0. We will show that for any u € R\ P we get P+ uR = R. Suppose we had 
p+uR # R then by (b) we could decompose P+ uR =}),...),, for some prime ideals p, <j R. 
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Now take to the quotient ring R/p, then by (1.64) 


0 # (utp) Aly = PEUA/y = Pip... Pm/y 


But (u+))(R/p), being a principal ideal, is invertible. In particular any of its factors p,/p is 


invertible with inverse given to be 


)” = (a5 Ye) IT*/p 


Now we open up a second line of argumentation: we decompose the ideal p+ u?R =q,...4,, and 


take to the quotient ring again 


FW ppA/ pS BIOs = Mga MH), 


As ((u+ p)R/p)? = (u? + p)R/p we have found two decompositions of (u? + p)R/p into prime 


ideals - to be precise we found 


(Pi/p) --- (Pa/p) = S/y --. M/y 


R/ also satisfies the assumption (c) because of the correspondence theorem and as any ),/P is 
invertible the decomposition is unique up to permutations - note that these truly are the only 


assumptions that were used in the proof of (iii). Hence (by the uniqueness) we get 2m = n and 
(D1 /P,P1/P.---sPin/Ps Pm /P) <> (4,/P,---,4,,/p). But by the correspondence theorem (1.64) 


again we can return to the original ring R getting (P,,P1---.Pin>Pm) << (1,---.9,,). Therefore 
PWR = q1---Gp 
PiPi + PnP 
= (ptuR)? 
= ptuptwR 


Hencep C p+u?R=p?+u(p+uR) C p?+uR. Thus any p € p has a representation as p = a+ub 
where a € Pp? and be R. Thus ub = p—a EP such that b € p. This is p=a+ ub € p? 4+ up and 
as p has been arbitrary Pp C p? + up = p(P+ uR). Multiplying with p—! this is R C p+uR and 
hence finally p+ uk = R. 


(c) = > (b): we will first show that non-zero prime ideals 0 A p <i R are invertible. To do 


this choose some 0 # a € P and decompose aR = p,...P,,. As aR is invertible - with inverse 


(aR)! = (1/a)R - any 9, is invertible, as its inverse is just 
(»,) = a IL, 
ifj 


As Dis prime and p,...p,, =aR C Pp there issomei € 1...nsuchthatp; C p. But P, is invertible 


and hence maximal (see above) such that P, = p. Thus p is invertible. If now 04a <j RF is any 
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non-zero ideal then we decompose 4 = , ...,, and as any }, is now known to be irreducible we 
have a7} = pi: ...~7 1 invertible. 


(b) <= (c) and (b) = > Spec(R) = Smax(R) U{0}. We have just established the equivalence 
(b) <> (c). And we have seen above that (because of (c)) any invertible prime ideal is maximal. 


But because of (b) any non-zero prime ideal already is invertible and hence maximal. 


(b) == (d): we have already seen - in (b) => (c) - that R is noetherian and that Spec(R) = 
Smax(R) U {0}. Thus it only remains to show that R is normal. If R is a field already then there 
is nothing to prove, else let F := quot(R) and regard x = a/b € F. If x is integral over R then 
R{z] is an R-module of finite rank k +1 := rankR[a]. Let now r := b* - as any element of R[z] 
is of the form apx* +---+ aya + ao (for some a; € R) we clearly have rR[z] C R (in particular 
Rix] <; R is a fraction ideal of R). And hence for any n € IN we have s,, := rx” € R. For any 
prime ideal p <j R let us now denote by vp(@) the multiplicity of p in the primary decomposition 
of d, te. we let 


My(Py--- Py) = F#{IE1...m|p=p,} € N 


Then clearly ~ turns the multiplication of ideals into an addition of multiplicities and hence 
ra” = s,b” turns into 


vy(rR)+ny(aR) = (sr) + nvy(bR) 
Hence for any n € IN and any prime ideal p <j, R we get the estimate 
vy(rR) + n(vp(aR)—w(bR)) > w(snR) > 0 


By choosing n > vp(rR) this implies that for any prime ideal p we have 1p(bR) < vp(aR). Writing 
down decompositions of aR and bR we hence find that aR C bR. But this is 6 | a or in other 


words x € R which had to be shown. 


Proof of (2.156): 
The proof of the equivalencies in the definition (2.155) and the properties (2.156) of valuations of ideals 


in Dedekind domains is interwoven tightly. Thus we do not attempt to give seperate proofs, but verify 


the properties and equivalencies simultaneously. 


ebja == aC Bb: ifa=be, then C ais clear. Conversely suppose we had a C B. If 


a 


additionally 6 = 0 then a = 0, too and hence we may already take ¢ := R. Thus suppose b 4 0 
and letc:—b ‘a <; R. Thence C 6 ‘6 = Rand henceC=COR <j, R. But on the other hand 
bc =6b ‘a =ais clear, such that 6 | a. 


In case Mm ¢ M we may pick up Mo := M and &(0) := 0 reducing this to to the case m € M. And 
if m € M then by renumbering we may assume that M = M,. Thus regard a := mre me, 


then a C m* is clear and hence (a) > k(1), by definition of ym. Thus assume vy > k(1), this 
means a C m*@)+! and by what we have just shown there is some ¢ <i R such that a= m*(+1¢, 
Therefore 


k(2) 


mk = mF Og = me Cc m 
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(iii 
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i) 


~a 


— 


— 


But as M is prime this means that there is some 7 € 2...n such that mee) Cm. Clearly k(i) 40 
as else R C Mand hence mM; C mM by the same argument. But M; has been maximal and hence 
m,; = M =m, in contradiction to the M; being pairwise distinct. 

Decompose 0 = me) % mk) and hb = mi) is mi”) as in the formulation of (iii). Also as in the 
proof of (i) we may also assume that M = Mm, (by picking up Mo := Mm, &(0) := 0 and I(0) := 0 if 
necessary and renumbering). Then it is clear that ab = meO+HO ae ane, And using (i) the 
claim follows readily: vm(@b) = k(1) +1(1) = vm(@) + um (0). 

a|b => Vm: mn(b) < vm(a). Clearly if a = bc then by (ii) we get mm(@) = rm(b) + rm(b) > 
un(0). Conversely decompose @ = me) 5 mk and hb = mi) i mi”) once more. By (i) that is 
k(i) = vm, (@) and 1(i) = 4m,(6). Thus by assumption we have I(i) < k(i) and may hence define 


C= mr) 2 MEM <j, R. Then by construction we immediately get bc = a. 


First let m(m) := min{ vm(@), vm(6) } for any m € Smax(R). Note that for M = Mm; we in particular 
get m(M) = m(z) and if M is not contained in the mM; then m(m) = 0. And therefore we get 


tO oe ee 
m 


Now consider any ideal ¢ <i R, then by the equivalencies we have already proved for a | 0 it is 


evident that we obtain the following chain of equivalent statements 


Vm: vm(C) < vm(a +5) 

a+b ce 

acc and bcc 

Vm: vm(C) < vm(@) and vm(¢) < vm (0) 
vm: um(C) < m(m) 


Tot) 


Thus for a fixed m € Smax(R) we may regard ¢ := Mm. And by (i) this satisfies mn (C) = j, that is 
we may take m(C) to be any 7 € IN of our liking. And therefore the above equivalency immediately 
yields mn(a +6) = m(m) and hence the equality for a + 6 claimed. 


Consider any two non-zero ideals a, 6 of R, then by (iii) @ and b are coprime (i.e. a+6 = R) if and 
only if for any M € Smax(R) we get 4n(@) = 0 or 4 (6) = 0. In particular for any m A mM € Smax(R) 
and any k, | € IN we see that m* and nl! are coprime. Thus the claim follows immediately from the 


original Chinese remainder theorem (1.96). 


If a = aR is a principal ideal, then we may take 6 := R, thena+6 = Randab=a=aR 
are satisfied trivially. Thus suppose @ is no principal ideal (in particular @ ¢ 0), then we may 
decompose @ = me i mk” as usual. Now for any i € 1...n pick up some 0; € R such that 
by € me but b; ¢ no (thereby me \ mer # ) is non-empty, as we else had R = mM, by 
multiplication with m, *)., Hence by (iv) there is some b € R that is mapped to (b; € ne} 
under the isomorphism of the Chinese remainder theorem. That is for any z € 1... we have 
b+ meer} = b+ me, In particular we find b € mee) and b¢ meer} again. This is to say 
that vm,(b) = k; for any i € 1...n. That is if we decompose bR then there are some n < N € N, 
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m; € Smax(R) and 1 < k(i) € IN (where i En +1... N) such that 


bR = [me = [pm 


Note that n < N, if we had n = N then bR = Q already would be a principal ideal, which had 
been dealt with already. Thus if we let b := ment) - me), then it is evident, that ab = bR is 
principal. But also by construction a and B satisfy vm(@) = 0 or mn(0) = 0 for any m € Smax(R). 


And as we have already argued in (iv) this is a+b = R. 


Proof of (2.154): 
Note that (i) and (ii) have already been shown while proving the equivalencies in the definition of 


Dedekind domains on page 907. Thus it only remains to verify (iii) to (vi), which we will do now: 


(vi) Let us denote the mapping (of course we still have to check the well-definedness) given by ®, that 
is b(a +m*) := a/1+m*Rp. Now consider any a, b € R and u, v gM, then in a first step, we 
will prove 


b 
om Rm + + m* Rin <= av—biem 
u v 


If av — bu € m* then (as uv ¢ M) it is clear, that (a/u) — (b/v) = (av — bu)/uv € mM’ Rm. And 
thereby also a/u+M*Rm +b/v+m"Rm. Conversely let us assume (av —bu)/uv = (a/u) —(b/v) € 
m*Rm. That is there are some m € m* and w ¢ M such that (av — bu)/uv = m/w and hence 
w(av — bu) = muv € m*. Therefore w(av — bu)R C m* such that by (2.155) and (2.156) 


k = vm(m*) < vm(w(av—bu)) = um(w)+um(av — bu) 


Yet w ¢ M and hence mm(w) = 0. Therefore we get ym(av — bu) = k and this translates into 
av — bu € mM as claimed. And this immediately yields the equivalencies: a +m* = b+ m* iff 
a—bem’ iff O(a+m*) = 6(b+m*). And this has been the well-definedness and injectivity of 
®. Thus it remains to prove the surjectivity of &: we are given any a/u+Mm*Rp and need to find 
some b € R such that a/u+Mm* Rm = 6/1 +M*Rm. Yet u gM and M is a maximal ideal, that is 
R/ is a field and hence there is some v ¢ M such that v+m=(u+m)~1. That is 1—uv em 


and in particular (1 — wv)* € m*. But by the binomial rule we may compute 


k 
(wy = Caytaw- 98 = Carye (7) (yen 


i=0 
k k 
i(k i a(®\. 4403 
= a) (F) (ww = Bee (Se a) 
That is we get (1—uv)* = 1+ug for some adequately chosen g € R. Then we define b := —agq, now 


an easy computation yields a— bu = a(1+uq) = a(1—uv)* € m*. Thus by the above equivalency 
we find (b+ m*) = a/u+m* Ry. 


such that R/@ = 0 such that we have nothing to prove. Thus assume & > 1, then by (vi) R/a 


(iii) (1) Let us first assume, that a = m* is a power of a maximal ideal m <; R. If k =0, thena=R 
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is isomorphic to Rm/ARm. But as R is a Dedekind domain Rm is a DVR (by (2.152.(e))) and in 
particular a PID (by (2.140.(c))). Therefore the quotient Rm/@Rm is a principal ring (see section 
2.7). Thus the isomorphy shows, that /@ is a principal ring. (2) Now consider anyO 4a <j R. 
We have already dealt with the case @ = R in (1).(& = 0). Thus suppose @ # R and decompose 
a= me) mk) (with n(i) > 1). Then by the Chinese remainder theorem in (2.156) 


Rly Fk) @---@ B/ grin) 


Now every Rm is a principal ring due to case (1). But the direct sum of principal rings is a 
principal again, due to the some remark in section 2.7. Thus the isomorphy shows, that R/d is a 


principal ring. 


(iv) Consider anya <, RandOAa€ R, then by (iti) R/aR is a principal ring and hence a/aR is a 
principal ideal - say a/aR = (b+ aR)(R/aR) for some b € R. As b+ aR € G/aR it is clear that 
b € 4G, in particular aR+bR C a. Now consider any c € a, then c+aR € Q/aR = (b+aR)(R/aR). 
That is there is some v € R such that c+ aR = (b+ aR)(v+ aR) = bv+aR. Hence c— bv € aR 
which means that c— bv = au for some u € R. And as c = au+ bu € 0 has been arbitrary this also 
isd C aR+bdR 


(v) Let us denote the set of all prime ideals that are not principal by P - formally P := {p € Spec(R) | Ape R:p = 
(1) clearly n := #P < oo, as P C Spec(R) \ {0} = Smax(R) and the maximal spectrum of R is 
finite by assumption. If we have n = 0 then any prime ideal is principal. Thus ifa@ <i, R is any 
ideal decompose 0 = P, ...P, where p, <j R is prime (using (c)). Then p,; = pF is principal and 
hence d = af is principal, too by letting a := p;...pz. Thus it suffices to assume n > 1 and to 
derive a contradiction. (2) Let us denote 6 :=p,...p,, anda:=p,b=p7p,...p,. Thena <b, as 
else R= bb’ =ab Pp, - a contradiction (recall that 6 4 0, as R is an integral domain and 
hence we may apply (b)). (3) Next we claim that there is some wu € , such that u ¢ p?, u ¢ P, for 


anyi € 2...nand p, =4+uR. In fact a 4 0, as R is an integral domain and hence R/AQ is a 
principal ring by (ii). And as p,/@ is an ideal of R/d, there is some u € R such that 


D, a = (uta) #/, os ney 


By the correspondence theorem we find Pp} = @+uR asa C f,. Thus suppose u € $3, then 
p=a+uR C pz C p, and hence p, = pt. Dividing by p, we would find R = p,, a contradiction. 
And if we suppose u € ~, then likewise Pp} =A+uR C P,. But as p, already is maximal this 
would imply p, = P, a contradiction (to i 4 1). (4) now we prove that uR = p,q, ...4,,, for some 
prime ideals q,; ¢ P. First of all wR admits a decomposition uR = qq ...,,, according to (b). Then 
Jo-+-Im = uR © P, and hence Jy C€ P, for some 7 € 0...m, as P, is prime. Without loss of 
generality we may assume j7 = 0. Then gy C€ fj, and this means gy = Pj, as qq is maximal (it 


is non-zero, prime). Thus we have established the decomposition uR = p,q, ...4,,,, now assume 


q; € P for some 7 € 1...m. If we had g; = p; for some t € 2...m then ue uR C Py, in 
contradiction to (3). And if we had q; = p, then ue uR © p? in contradiction to (3) again. (5) 
Thus the 4; ¢ P are principal ideals, say q; = qjR. Then we let g := q1...qm and thereby find 


uR =), 9,---T, =P, (GR). Thus uR C qR, say u = qu for some v € R. Then dividing by gR 
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we find p, = (u/q)R = vR such that p, € P - a contradiciton at last. 


Proof of (2.76): 

It remains to prove statement (iv) of (2.76), as parts (i), (ii) and (iii) have already been proved on page 
856. So by assumption every prime ideal p of R is generated by one element Pp = pR. In particular any 
prime ideal p is generated by finitely many elements. Thus R is notherian by property (d) in (2.32). 
Further 0 £ Pp = pR implies p to be prime by (2.55.(ii)) (and as R is an integral domain this also means 
that p is irreducible due to (2.55.(v))). In particular any nonzero prime ideal 0 4 p <j R contains a prime 
element p € P (namely p with p = pR). And thus R is an UFD according to property (e) in (2.57). And by 
(2.62) this implies that R even is a normal domain. Now regard a non-zero prime idealO AP=pR IR 
again and suppose p C a <j R for some ideal a of R. Ifa ¥¢ RF then a is contained in some maximal ideal 


acm <j R of R. And as any maximal ideal M is prime, by assumption there is some m € R such that 


m= mR. Now pR=p C aC M=mR implies m | p. That is there is some g € R such that gm = p. 
But as p is irreducible, this implies g € R* (as m € R* would imply M = R). That is p } m and hence 
~ = mM such that Pp = 4, as well. This mean that p already is a maximal ideal of R. Altogether we have 
proved, that R is a normal, noetherian domain in which any non-zero prime ideal is maximal. But this 
means that R is a Dedekind domain according to (c) in (2.152). Now consider any ideal @ <j R. Then 
due to (b) (2.152) there are prime ideals p,,...,p,, <i Rsuch thatd = p,...p,. By assumption there 
are pj € R such that p, = p,R and hence a= (pK)... (pnR) = (p1.-. Pn) is a principal ideal, too. As 


a has been arbitrary, this finally means that R is a PID. 


Proof of (2.131): 

"<"as Ris noetherian we may find finitely many m1,...,m € Msuch that M = Rmj+---+Rmy. We now 
choose k minimal with this property, that is k = rank(m). Then it is clear that {m;+M?|ie1...k} 
is a generating set of m/m? (given any n +m? € mM/m? we may choose aj,...,a, € R such that 
n=aym,+...apnz and thereby n+ M? = a;(m, +M?) + --- + ax(m~z +M?)). And thereby we have 


dima (™/ m2 ) < #{m,+m liel...k} < k = rankr(m) 


">" choose any E-basis {m; +m? |i €1...k} of m/m?, then we let @:= Rm, +---+Rm,. Then by 


construction we have Mm = 4+? (it is clear that M2 C Mm and as any m; € M we also have a C Mm, 


together a+m? C m. Conversely if we are given any n € M then we may choose a; +M € E such that 
n+m? = Y>,(a; +M)(m; +m) = (0, a;m;) +m. Hence we have n — >>; a;m; € M? which means 
nm €a+m?). Now remark that jac(R) = M, as R is a local ring. Further we have m? = mm and m is 
a finitely generated R-module, as R is noetherian. Thus by the lemma of Nakayama (3.43.(ii)) we find 
m = and in particular rankp(m) < k = dimg(m/m?). 


Proof of (3.136): 
As in the definition of the tensor product let us denote X := My x--- x M,,. Let us first define the map 


@ from R®* to N, by virtue of 
@: So ages Y> aey(z) 
rExX rEX 


From this definition it is clear, that ~ is a homomorphism of R-modules (as it has been defined, by linear 


expansion of e,; + y(a)). Also recall the definition of T to be the sub-module generated by the elements 
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s(7,2,a) and a(i,x,y;). As y is R-multilinear we get 


OSG a) ) SH" Apes a5 2p) — Os Otarriseaq) 
= 0 
PA BU) = By Pssst Cleese Gis On) 
—(21,-.-, i + Yi,---,Ln) 
= 0 


where we denoted x = (21,...,2n,). As T is generated by these elements, we get y(t) = 0 for any t € T 
and that is TC kn(w). Hence @ induces a map @ of the form 


@X 
ome i /r>Nn : S > dete + T 4 S > ax'p(x) 
rEX rex 


As this is the tensor product M1 @...® My, = Rory? (and 71 ®...®@%n = ez +T) this is the existence 
of the homomorphism @. It remains to prove its uniqueness: That is we consider some R-linear map 
y:M,®...®M, > N such that y = yt. That is for any x; € M; (where 7 € 1...) we get 


P(@1,+-+,2n) = P(a1 ®...@ an) 


but as M,®...@M,, is generated by the elements of the form 71 ®@...®2,, and w and @ have to coincide 
on these elements this already implies w = @. 

So we have proved the well-definedness of y ++ @. Next we want to prove, that this map truly is a 
homomorphism of R-modules. That is we consider any two multi-linear maps y and w from Mj x---x My, 
to N. If now a € R is any scalar then from Gr = ay we get GP(xz71 ®...@ Xn) = (ay)(X11,..., Ln) = 
ay(X1,..-,Ln) = aP(r1 ®...@ Xp) and hence GP = aG as these elements generate M, x --- x Mp. 
Likewise »+ W = (py + )r implies (p+ #) (21 @...@ an) = (9+ H)(x1,...,2n) = V(a1,...,2n) + 
wW(21,---,%n) = (21 @...@ In) + V(x1 ®...@ Lp) such that p+ = G+ again. So we have also 
proved the homomophism property and it only remains to show the bijectivety: The injectivety is clear 
again, as 6 = w implies y = Gr = Wr =v. And given any homomorphism a: Mj x «+» x My, > N let 
us define py: X > N by 9(21,...,2n) := a(L1 @...@ Xp). Then it is clear, that y = a7 by construction 
and hence y is R-multi-linear. But from this we also get a = @ which in turn is the surjectivety of 
YHo®. 

Proof of (3.138): 


(i) Let us abbreviate M := M) @...@® Mn and Mz := M1) @...@® Mon). It is clear that for any 


permutation a € S,, the following map is (bijective and) R-multilinear 


be QB Mi > BD M0) : Cee 2 , Ln) eA (Zo(1); a pxtay) 
i=1 i=1 


Hence the composition 7\, (where 7 is the standard map, that turns tuples into tensors) which 
takes (71,...,@n) tO Xo(1) @...@Xo(n) is R-multilinear again. According to the universal property 
of tensor products (3.136) it therefore induces an R-linear map 7, := TAs : M + M,, by linear 


expansion of 21 @...@ In +4 Xp) @... @ Lon). It is clear that 7, admits an inverse - namely 
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T™,-1 and hence is is the R-module isomorphism that has been claimed 


Tt :_ MS Ms 


In this prove let us abbreviate M := M,®...®M, and N(j) := Mig1)@..-Migjr(j)) forj €1-.-s. 
Then we need to show the isomorphy of M =, N(1) @...@ N(s). We will prove this statement 
by induction on s, the case s = 1 having been proved in (i). In the case s = 2 we are given two 
sets I’ := I(1) and I” := I(2) such that J = IU I" and I'N I” = 0. Likewise let M’ := N(1) and 
M" := N(2). By renaming let us assume J’ = {1,...,r—1} and J” = {r,...,n} (note that the 
order of the indexes does not matter, according to (i)). Then we will show the following isomorphy 


of R-modules 
M % MQM" : 21@...@2n 6 (£18... Lp_1) @ (Lp @...@ In) 


To do this note that the map y: M, x--- x M, > M’ @ M” given, by y(a1,...,2n) := (41 ® 
...@ Lp_1) ® (Lp ®... @ Lp) is R-multi-linear. We will prove this for the first argument only, as 


the other arguments are completely analogous: 


(O08 5294 a4 ty) Sr ary) Oty Ons. Oty 
= Oj O49 On. 2) 
=> IG 09s eh) 
p(t1 +2),20,.--,2n) = (@1+2[)@228...@2n 


= £10822Q...@ In +2, B12 ®...OLp 


5< (o(@1; 09,05 En) + O(@ 4s La; +, En) 


Therefore the universal property (3.136) yields an R-linear map ® := @: M — M’@ M” which is 
defined by linear expansion of 71 ®...@%p > (41 @...@@r_1) @ (4p ®...@ Xp) So it only remains 
to show the bijectivity of this map. In order to do so, let us construct the inverse map, starting with 
w:M’ x M” — M defined by linear expansion of 


We (PO e, OGpe15 Tr O11 © Bp) O21 On WE, 


which is clearly well-defined, as the tensor product identifies more elements, than the direct sum 
does. And it also is R-multi-linear, as it has been defined by linear expansion. Thus we again find 
an R-linear map UV := 7: M’@M" — M by linear expansion of (11@...@2p-1)@(a@p®...@an) 
L1@...@Apy. It is obvious that W is the inverse of ® which makes ® and isomorphism. For arbitrary 
s > 2 let us denote I’ := [(1) and I” := I(2) U---UI(s). For ease of notation we again assume 
that I’ = {1,...,r—1} such that I” = {r,...,n} as well. In the case s = 2 we have just shown 


the isomorphy 
M % MQM" : 21®...@2n 4 (£18... Lp_1) ® (Lp @...@ In) 


(note that this map and all the maps to follow are uniquely determined by their action on the pure 


tensor products and act by linear expansion on linear combinations of these). And by induction 
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(iii) 
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hypothesis we can rely on the isomorphy 


n s 
&) M, > &) N(j) 
=f j=2 
LpQ@...@ln Bio o ©i(3,e)) 


So combining these two we have arrived at the following isomorphy 


M + N(I)®|@&NG) 
g=2 
8 PT 
Cy Ota TS EPO 54 OG) O ( 5-2 (e271 i(38)) ) 


But for any R-modules N(1), N(2) to N(s) the case s = 2 has also proved the following isomorphy 
of R-modules 


n 


&®NG) > NO)® | &NG) 
j=l j=2 
N1@Q...ONs Ny @(n2®...@nNs) 


So attaching the inverso of this isomorphism to the isomorphism we have constructed so far, we 


have finally arrived at the isomorhism, that has been given in the claim 
M > ®&N() 
j=l 
T1®...QBI@n @F_1( a) Li(j,k)) 
Let us denote A := A; x---x A, and P := A, ®...® Ay (as an R-module). Let us also abbreviate 
L=(X1,...,%n) and y = (y1,.--, Yn) € A. Then, for a fixed y, we now regard the map 
fly: A> P: (a1,...,2n) > (a1y1) @... @ (anyn) 


Note that the multiplication x;y; is that of the semi-algebra A;. It is easy to see that this map is 


R-multi-linear - we will verify this for the first component A; only (as the others are completely 


analogous): 
My(A%1,%2,..-,%n) = (ax1y1) ® (ayo) @... @ (LnYn) 
= a(x1y1) ® (Loy2) @... @ (Inyn) 
= Ofiyl Bi; 00;< cay 8 A) 
Py (21 + Dib os, veey En) = ((t1+ x )y1) @ (xay2) @... @ (LnYn) 


= (x1y1) ® (foy2) @... @ (Inyn) 
+(ri 41) ® (x2y2) ® ... ® (anYn) 


= My (x1, £2, cies ey) + iy 2h, Ba, tee 2) 
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Therefore jz, induces an R-linear map Ay := fy : P > P again, by virtue of the universal property 
(3.136), by linear expansion of the the operation 71 ®@72®...@&p, + (%1y1) @ (ay2) ®...@(LnyYn). 
If we are now given some b; € R and y(j) = (yj1,---,¥jn) € A (where j € 1...) then the linear 
combination of R-linear maps b1A,(1) +... beAye) is given to be the following: 


Ye Li1B...OXin 55s uth (a 145.1) ®...8@ (2enuae) 


t=1 7=1 


So this is precisely the expression we have used to define the multiplication on P. And as the 6; 
and y(j) have been arbitrary this means the expression is truly well-defined. And the properties 
of an R-algebra (like associativity, distributivity and compatibility with the scalar multiplication) 


are immediately clear by regarding this explicit definition. 


Proof of (3.139): 
Existence: Clearly the map a: A; x --- x A, > B defined by a(a1,...,%n) := ay(@1) +++: An(2n) is 
R-multilinear. Hence by the universal property (3.136) of tensor products it gives rise to a well defined, 


R-module homomophism @ which is defined by linear expansion of 
@: A, ®...@An OB: 11 @...8 4p, 04(21)-+-++ + An (Ln) 


It remains to prove that @ truly is multiplicative. But of course it suffices to verify this for pure tensors, 


as these generate A; ®...® Ap already. So compute 


«((&) (@) - =) 


i=1 


T T 
aN 
fo: tS 

f 8 

a) S 
ST 
=P 

g 2 
ee 

= 
eet 


Thereby we used the fact that all the a;(x;) and aj(y;) are mutually commutative, as the images of the 
a; is contained in the center of B, by asumption. It remains to verify the Uniqueness: by assumption @ 


had to satisfy a(%;) = a;(x;). But it is clear that [[; 7; = @;2; so again we may compute 


«(@«) = (IIs) = [ee = Toto 
i=l i=1 il i 


That is: the restrictions we imposed on @ uniquely determine the action of @ on the pure tensors 


L1 ®...@ Xp. But as these generate A; ®...@ A, and @ is R-linear, this determines @ for all tensor 


elements. 


Proof of (3.140): 
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(i) 


(ii 


a 


(iii) 
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Since M is an R-module and R is a commutative ring the map Rx M > M : (a,x) + az is 
bilinear. So by the universal property of tensor products (3.136) we get a well-defined R-linear 
map R ® M — M by linear expansion of a® x+> az. This clearly is surjective, as 1 @ x+> & for 
any z € M and if ax = by, thena®z =a(1®z) =1@ar = 1 @ by = (1 ®y) = b@y which also 
is the injectivety of this map. 


According to (3.40.(vi)) 1Z/@M is an (#/a)-module under the scalar multiplication (b+@)(2+aM) := 
bz + QM. Hence the map of the scalar multiplication is well-defined and R-bilinear 


girs RigxmM—>M loys : (644,27) br +aM 


Hence (3.136) tells us that there is an R-linear map ® := @ again, which is given by linear 
expansion of 
® : R/,aM— MY at : (64+ 0) 82H br +0M 


This map clearly is surjective, as for any z € M we get (1+ a) ®2++2+aWM. And to prove the 


injectivety we will show kn(®) = 0. So consider some element that is mapped to 0 under ®: 


m 


S- fe(be +) @ xp > S> febece + 0M = 0+aM 
k=1 k=1 


which is nothing but 5°, fb, € AM. That is there are some a; € Gand u; € M (wherei € 1...n) 
such that >>, frbexp = D2; asu;. And using this we can compute 


m 


So fede +0) @2, = YO(14+4) ® (febxrn) 
k=1 k=1 
= (1+4)® (= finn] 
k=l 
= (1+4)® (> wn) 
i=1 


n 


= S00 +4) @ (aii) 
i=1 
= Sa +0) @u = 0 


i=1 


the latter, since a; +@ = 0+ annihilating every single summand. Thus we have kn(®) = 0 which 


is the injectivity of ®, such that we truly have our isomorphism. 
By construction of the tensor product an element ¢ € (R/Q) @ (R/b) is of the form t = >, ai(ri + 
a) @ (s; +5). But it is clear that 


ai(r; +0) @(s;+6) = (14+4a)@ (= AZT; S; +) 
= 


i=1 


Hence we have proved, that any element ¢ can be written in the form (1 +4) @ (r +5) for some 
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r € R. Now consider the following map 


Hla "fo Maag (emer anseed 


This is well defined, since @ and 6b C a+ 5 and bilinear, since R is commutative. By the universal 


property of the tensor product we find a well-defined, R-linear map by expansion of 


Rly @ Bly + Bly 45 : (r+) @(s+b)H rs4+ (a+b) 


Clearly this map is surjective, as for any s € R we find (1+ 4) @(s+b) +5 s+(a+b). But it also is 
injective: To prove this we will show that is has zero-kernel. That is we regard any r, s € R such 
that rs + (+6) =0. But this means rs € 4+) or in other words rs = a + b for some a € @ and 
b&b. This now enables us compute (r+) @(s +b) = (14.4) @(rs +b) = (140) @(a+b+b) = 
(1+) @ (a+b) =(a+a)@(14+5) =(0+4)@(1+6) =0. 


(iv) The strategy of this proof is very similar to the one in (ii). We take the scalar multiplication of the 
U-!R-module U~!M again 


y:U'RxM—>UM : (2.2) ee 
U 


which is R-bilinear, since it is a scalar multiplication. So this induces an R-linear ® := G again, 


which is given by linear expansion of 


®:U'R@EM5U"!M : Gra 
U U 


As before the surjectivity is clear, since (1/u) ®@ ++ x/u for any x € M and ué€ U. And to prove 
the injectivety we will show kn(®) = 0. So consider some element that is mapped to 0 © U-'M 
under ©, then all that remains to prove that this element is 0 €¢ U-!'R® M alreadu;: 


te by = apbpLE, 0 

) dk — @&LE > ) =F 
U U 

k=1 e hou * 


Let us denote u := uy -+--++Um and Uy, := u/uz € U then the latter means there is some v € U 


such that v )>,, anbpURx, = 0. And using this we can compute 


au b = GKbittKY 
Sian Stony = So mb 
ka jaa 
1 m 
= (San 
k=1 
= —®Q0=0 
WU 


(v) Let us denote the map given in the claim, by ® : (yj) > 5), mj; ®@ y. This is well-defined, since 
y; = 0 for all but finitely many 7 € J such that in truth the sum is finitely only. Also it is R- 


linear, which is obvious from the construction. We will now prove its bijectivity by constructing its 
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inverse map A = ®~1. To do this let us denote the coordinate function of m; by w;: MR: 
>2, aim > aj. This construction is possible, since { 7m; | i € I} ia basis and hence the coefficient 
a; of x = 97, aym; is uniquely determined. Also 1; is R-linear and we get j;(mj) = 6;,; for any 7, 


j € LT and «= )5, wi(x)m; for any x € M. Therefore the map 
A: MxNON® : (gy) (Hi(a)¥) sey 


is R-bilinear (which is obvious from the construction) and therefore induces an R-linear map A := 


by linear expansion of 
A: M@NOGN* : c@QyH (Hi(2)¥) sey 


Using this map we will now prove that truly A = ®~! is the inverse of ®, such that ® truly is an 


isomorphism. It suffices to check this on the generating set of pure tensors x ® y, however: 


OA(zx ® y) 


D(uiy) 
= Som ® (ui(x)y) 
EL 
= S > (ui(a)ms) @ pi(x)y 


tel 


= (Zt) @mi(r)y = r@y 


tel 


AS(y;) = Al Yom @y; 
jel 
= YS" A(mm; ® yj) 
jel 
jel 


= yo Gas = (yi) 


jel 


(vi) Since {n; | 7 € J} is an R-basis of N we clearly have the isomorphy R® JN : (bj) > 3 Bins. 
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Also there is a natural isomorphy given by R°U*/) + (R®)®/ : (a;,;) + ((ai);)i- Inserting the 


first in the latter we arrive at the following isomorphy of R-modules 


ROUX) SS Ne®! ; (4:3) b> SS aagity 
jed iel 


But according to (iv) we also have the isomorphy N®! + M @ N given by (yi) 4 D2, ® yi. If 
we append this isomorphism to the one above we finally arrive at the following isomorphy 
@ : ROUX) MON : (aa3) > Som @ S544, 
iel jed 
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(vii 


a 


Using the linearity of the tensor product in the second argument we finally find that this isomorphism 


truly maps onto an R-linear combination of the m; ® n; 


®(a;,;) = SoS aig mi ® 5 = S° Aig MB Nj 


iel jet (i,j)ELx J 


So this map transfers the standard Euclidean basis { €(,j) |tzel je sg of R®U*) onto the pure 
tensors {m;® yj; |7€ 1,7 € J}. And as it is an isomorphism this truly proves, that this set is an 
R-basis of M@ N. 


This proof follows the same general ideas as the proof of (iv): Let M := 6;M; and N := ©, N; be 
the direct sums of the R-modules M; and NV; respectively. We consider the M; C M and N; C N 
to be submodules of these, canonically. For any fixed 2 € J and j € J we then regard the canonical 
morphism 

uj: MExN;O MON : (tiy)Or®y; 


As the tensor product x; ® y; is bilinear, so is ;,; such that it induces an R-linear map 9;,; = Tj, 


by linear expansion of 
vij : MON; OMEN : Oy By; 


We now build up the sum of all these R-module homomophisms, that is we compose G(i,;) i,j : 
@i,j(Mi@Nj) + (M@N)®U%) with the map 5: (M@N)PPD 4 MON : (fig) Oa Dy fas: 
Thereby & is well-defined as we have f;,; ~ 0 for only finitely many (i,7) € I x J. And it is R- 


linear by construction. Altogether we obtain an R-linear map ® := © G(j) yi,j which is thereby 


1,9) 
defined by linear expansion of 


6: @D (MeN)IMEN: (Mey) > Suey 
(i,j )ELXx J iel jeJ 


We will now prove that ® is bijective, by constructing its inverse map. To do this note that any 
x € M has a unique decomposition into « = 5°), a; such that xz; € M; for all i € I. Likewise 
y € N can be decomposed into y = ee y; with y; € N;.Therefore the following map (the canonocal 


projection) is well-defined 
Tij3 i MxNGOM,ON;: (yO U@y 

This map clearly is R-bilinear and hence induces an R-linear map by linear expansion of 
Wij: M@ENAM,ON; : Ty By; 


Let us join these R-module homomophisms into the direct sum of the M; @N; defining the following 


R-linear map by linear expansion of 


U:MeN> @ (M@Nj): c@yH (4 @yi) 
(4,9) ELx J 
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That is W is precisely the map of which we claim that it is an isomorphism. But we will now prove 
that ® already is the inverse of this map UV = ®~! such that ® truly is an isomorphism. It suffices 


to check this on the generating set of pure tensors x © y, however: 


OVU(x@y) = G(x; @y;) 
= SoS i 8 y; 
i€I jeJ 
= SS" a ® oy 
ie] jeJ 
Sui @y 


tel 


— (o) Qy = xc@y 


tel 


VO(2i2y)) = VL SS ney 
i€l jel 


= W(...see above...) 


= W(r@y) = (4% @y;) 


(viii) For ease of notation let us denote C' := A x C and let us denote the map that is claimed to be an 
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isomorphism by ®. Note that this is truly well defined, as for all but finitely many (a, 8) € C' we 
have fla, 3] =0 and hence the sum is finite only, in truth 
®: Ri[¢|C] -— R[s| ALOR] Bl 
>> fla Al 2?) ~ S” fla,A] soe? 


(a,B)EC (a,B)EC 


It also is clear, that ® is R-linear, by definition of the addition and scalar multiplication in the 
polynomial ring R[x | C]. We will now prove that it even is an R-algebra-homomorphism: it is 


clear that ®(1) = 1 and we also get 
B (ap(P) p79) = B(alo+7,8+9)) — gaty48+6 


(s°t?) (st) a B(x(-9)) ® (27) 


Due to the R-linearity this expands to ®(fg) = ®(f)®(g) for any two polynomials f, g € R[x | C]. 
So it only remains to show that ® truly is an R-alebra isomorphism, so we will prove its bijectivity 


by constructiong its inverse map W again. Let us start with 
R[s|A]x R[t| Bl - Rix| Cl 


Di flals*, 7 otal?) > ST flalals) 2? 


acA BEB (a,B)EC 


This map clearly is R-bilinear and hence induces an R-linear map by virtue of the universal 
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property (3.136) given by linear expansion of 


R[s|A)@R[t|B] — Rix | C] 


(Sse) 9 Sglelt®) 4 S© flalgléle” 


acA BEB (a,B)EC 


As always it remains to show ® = U~! on the generating sets (even an R-basis) a‘) and s* @t? 


respectively. So let us compute 
VO(r'%)) = (st@t?) = xP) 


BU (s° @t”) — B(a(~9)) = s*@trP 


Proof of (3.143): 
The claims (i) and (ii) are obvious from the explicit definiton of the tensor product y] ®...@ Yn, as: 


(@ *) (® | (= oe on) 

i=l i=l k=1 

(@ «) (= m piles) 8. eu(@éns)) 
i=l k=1 


Ss Ar V191(21,4) @--- VrVn(@Ln,k) 


k=1 


= cal Wii) (= Abt ~@...@ 8m) 
g=1 


So in case all y; are bijective we find inverse maps yp, : M; — DL, such that Yip; = Il; and v5 yi = Il,. 
And due to (i) and (ii) this readily implies 


(® “) (® “| = &(yi"¢i) = &) 1 = 14@...@hn 
i=1 i=l i=1 


i=1 


n n n n 
(® *) (@ “') = &(yiv;") = &) 1; = Ime...@M, 
i=l i=l i=l i=1 
Such that y,! ®...@y,,' is the inverse map of y] ® ... @ ~p and in particular this is the bijectivity of 
1 ©... @ Yp again. Also if all the y; are surjective then for any y; € M; there is some x; € DL; such 
that y;(2;) = y;. That is we find that 7] ®...@ a, is mapped to y; ®...@ yn under yi @...@ Yn. But 
as the pure tensors yj ©... ® Yn generate MM, ®...® M,, and the y; have been arbitrary that already 
is the surjectivity of ~1 ® ...® Yn again. That is we have proved the first two statements of (iii) as well. 
The injectivity part of (iii) (where R is a field) is a direct consequence of (iv) however, as in case of a 
vectorspace M; all submodules are complemented. That is since R is a field property (b) of (iv) is granted 
automatically, so (a) of (iv) already states the injectivity of ~1 ® ...® yn. It remains to prove (iv): 
Due to assumption (2) we have M; = im(y;) @ P; that is any z; € M; can be written in a unique 
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way as 2; = y; + pj with y; € im(y;) and p; € P;. And hence we can define R-module homomophism 
™ : M; > im(g;), by letting 7;(z;) := y; for this y;. But as y; is injective due to assumption (1) and 
yi € im(y;) there is a uniquely determined x; € L; such that yi(x) = y;. That is may even define 
Wi: M; > L; by letting vi(z:) := x; for this x;. By construction it is clear, that w:y;(a:) = di(yi) = 2: 


and therefore we get 


(» (@ “| = al Vii) = Qu - = In,0..@Ln 
i=l i=l i=l 


again which implies the injectivity of y; ®...@ yp. Let us now abbreviate L := @,;L;, M := @;M; and 
p:= 8p: LO MM, := 8: M — L. Then we have seen wy = Ip and we pick up P := kn(w). 
We will first prove that IZ = im(y) + P, that is we are given some z € M and need to find y € im(y) 
and p € P such that z = y+ p. This can be done by taking y := yy(z) € im(y) and p := z — y. It only 


remains to show p € P = kn(w). But this is easy, since 


v(p) = v(z — y) = Vz) — Vly) = ¥(z) — ded(z) = ¥(z) -— Mn(z) = 


And in order to prove im(y) M P = 0 we consider some y € im(y) M P that is w(y) = 0 and y = y(z) 
for some x € L. And thereby 0 = w(y) = wy(x) = x such that y = y(0) = 0. Altogether we have 
M = im(y) @ P, as claimed. 


Proof of (3.145): 


(ii) Let us abbreviate the S-modules P := U~'M and Q := U~!U. Recall the construction of the 
tensor product P ®g Q to be the residue module 


@(PxQ) 
Pigg. |, 


If we denote the canonical basis of S®?*®) by { f(p,q) |p € P,q € Q} then the submodule Ts 
is the submodule generated by elements of the form f(p,q) + f(p',¢) — f(p + p,q) and f(p,q) + 


f(p.q') — f(p',q +’) but also by sf(p,q) — f(sp,q) and sf(p,q) — f(p,sq) where p, p’ € P, 4, 
qd €QandseS. 


If we regard P and @ as R-modules Pr and Qp respectively, then we have Pp = P and Qe = Q 
as sets. Therefore the tensor product Pr ®p Qp is the residue module 


@(PxQ) 
Pr@rQr = ® |, 


We denote the canonical basis of R°’*®2) by {e(p,q) |p € P,q € Q} an Tp is the submodule 
generated by the analogous elements, as above - just replace f by e and s by a € R. Therefore 


we may define 
8B: ROPXQ) _, go(PxQ) Sacer a) H+ So an f (Des de) 


By definition £ is injective and «-linear [that is G(ax) = K(a)G(x)]. However 6 need not be 
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surjective, but it comes close: If we define u := uy...Um € U and Uy := u/uz € U then we find 


f(Pk dk) = yo Fe: ae) 


m 
= 1a(Sa wacom 


k=1 


Mes 
oars 


> 
ll 
mn 
> 
ll 
mn 


As the scalar multiplication on Pr [that is P regarded as an R-module] is defined by ap = (a/1)p 
we find the following identity 
a a 
B(ae(p, 4) — e(ap,4)) = 7f@.a)—f (Fp, a) € Ts 
as we may take s = a/1 € S. Likewise G(ae(p, q) — e(p,aq)) € Ts is plain to see. Altogether we 
find 6(Tr) C Ts from the identities 


B(e(p,a) + e(p',q)-e(pt+p'.9)) = fpa+f'.ag—-—f(p+r,9) 
B(e(p, q) + e(p, 7’) - at+¢/)) = fa+fo.d)-f.qt+7) 
B(ae(p,q) — e(ap,q)) = lp, q-f (Fp. a) 
B(ae(p,q) — e(p,aq)) = =f lp, q-f (». =4) 


Let us denote 1/U := {1/u|uweU} C S then eee: we find that sf(p,q) — f(sp,q) is 
contained in (1/U)6(Tp). To do this let s = a/u € S and p’ := sp € P, then (u/1)p' = (a/1)p 
such that 


sf(p,q) — f(sp,@) 
= <f(p,4) ~ fe.) 
(Ff0.9) - 5/09) 
(Fr, a7 (Fp, a) Ey (“p',4) = f(v',4)) 
(3(ae(p, q) — e(ap,q)) — B(ue(p", q) — e(up’,q))) 


SlrRPeles|e 


Likewise sf(p,q)—f (p,q) € (1/U)8(TpR) and altogether this implies the inclusion Ty C (1/U)3(TpR). 
But as we also have 6(TR) C Ts and Ts is an S-submodule we find 


1 1 1 
Pee 77 (Fr) S ais CTs = Ts = 77h (Fr) 


As a final preparation we need the following map ®, (for any fixed s € S) that is defined using the 
basis e(p,q) again 


m 
Dy s ROPE) ROPXE) Deel H+ So ax e(spr, ae) 


By definition it is clear that ®, is R-linear and for any wu € U we have P11 /u)Pu = 1 such that ©®,, is 
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an automorphism. But for any s € S we also have ®,(Tr) C Tr. This is due to s(p+p') = sp+sp’ 


and sap = asp (as S is commutative). Therefore we get 


},(e(p,q) + e(p',g) — e(p + v', 4) 
= e(sp,q) + e(sp’,q) — e(sp + sp’, @) 

,(e(p, q) + e(p, 7) — e(p,g+@)) 
= e(sp,q) + e(sp,q') — e(sp,a+q) 


and 


&,(ae(p,q) — e(ap,q)) = ae(sp,q) — e(asp, ) 
®, (ae(p, q) a e(p, aq)) = ae(sp, q) = e(sp, aq) 


which are all contained in Tp again. As Tr is generated by these elements and ®, is R-linear 
this truly means ®,(Tp) C Tr. Let us now regard 8 := 0, that is B is the «-linear map that is 
defined by B(x) = (x) + Ts and hence is of the form 


— P 


Note that in particular 8(e(p, q)) = f(p,q) + Ts = p@s¢q. Clearly B is surjective, as 3 came close 


to being surjective, such that 


k = es 
So — me @sm% = Bl >. tage (En. ws) 
Uk = U 


k=1 


Also 3(Tr) = 08(Lr) © o(Ls) = 0 such that Tr C kn(G). Conversely if 2 € kn(8) then 
B(x)+Ts = B(x) = 0 which means 8(x) € Ts = (1/U)6(LR). That is B(ux) = uB(x) € B(TR) for 
some u € U. Hence ux € B~!(8(TR)) and as @ is injective this means ux € Tp. Pick up a basis 
representation of x, that is 7 = 7, a, e(px,d), then 


m 


O0+Tr = ue+Tr = S\ an ue( Pe, Ge) + TR 
k=1 


m 
= Ss ag e(UpR, dk) + Tr = O,(x)+TrR 
k=1 


That is ®,(7) € Tr and hence x = 04 /,)®u(@) € TR as ®(1/,) is an automorphism with 


®(1/u)(Tr) C Tr. That is « € Tr as well, such that kn(@) GC TR C kn(@). Then the first 


isomorphism theorem finally yields the following isomorphy 
_ R&PxQ) Soe(PxQ) = 
Pr®rQr = To. Ty = P®sQ 


Note that by construction as the isomorphy induced by ( the element p @p q = e(p,q) + Tr is 
mapped to 3(e(p,q)) = f(p,q) + Ts = p @s gq. And as this map is «-linear and bijective it truly 
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(ii 


i) 


a 


is an isomorphism onto P ®g Q regared as an R-module. 


Remark: If you did not like the lengthy, fundamental proof of (ii) above, note that in case of M = R 
there is a more structural proof of this isomorphy. We start by S @gU-'N %U™'N using the 
R-bilinear map S$ x U-!N + U“!N that maps (a/u, y/v) + (ay)/(uv). By the universal property 


of the tensor product this map gives rise to a homomorphism of R-modules induced by 


S@pUN > UN : Xt @p% 
U U 


Clearly this homomorphism is surjective and it remains to show its injectivity: For this we use 
that the general element of S @g U~'N can be written in the form (where u := [],, ug and 
v:=[[, vr € U and with w, := u/ug and Up, := u/ug, € U we have y := do, anbeunveyr € N) 


m m n n 
ak Uk AKU UkUk 
Uk Uk Gea U U 


a 1 AEULURY 1 y 
_ i ( @p WEA) Qp 
= u v u v 


Thereby 1/u @p y/v is mapped to y/uv and this equals 0/1 €¢ U-'N if and only if wy = 0 for 


some w € U. But from this we get 


ly 1 1 
U U U U 


That is the kernel of this map is 0 and hence it is bijective, as well. The claim of (ii) in the case of 
M = R now follows from (3.140.(i)) 


S@RrUIN SS UIN S S@gU IN 


And thereby both (a/w)®pr(y/v) and (a/u)®@s(y/v) are mapped to the same element (a/w)(y/v) = 
(ay)/(uv) € U-!N, hence the isomorphism is induced by (a/u) @pR (b/v) > (a/u) @g (y/v), as 


claimed. 


By (3.140.(iv)) we have the isomorphism S @ M U~!M induced by (a/u) @ 2 +> ax/u. That 
is the preimage of x/u €¢ U-'M is (1/u) @x € S$ @ M. If we also apply this to U-!N, then by 
(3.143.(iii)) we get the isomorphism 


U'Me@U'N % (S®M)@(S@N) 
® + OxL)@O|—By 
UW U U U 


Due to the associativity and commutativity of the tensor product (3.138) we may rearrange this into 


the following form 


U'MU'N % (S@S8)@(M@N) 


aa aes (40+) (coy) 
uv 


U U 
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Applying (ii) to 1 = N = R we have the isomorphy S @g SS under a/u® b/v + ab/uv such 
that by (3.144) we can continue with 


U'Me@U'N + S@(M@N) 
# ed 
U U 


1 
> Cae) 


And by (3.140.(iv)) again we have the isomorpy of S @ (M @ N) and U-!(M @ N) induced by 
a/u®(x#@y) a(x ® y)/u. Thus 


U-'M@U'N % U"(M@N) 
uc _Y r®@y 


® > 
Uv uv 


Proof of (3.146): 

The computational rules for the kronecker product of matrices could easily be proved by transferring 
them from the respective properties of R-module-homomophisms (3.143). However we prefer to give 
direct, computational proofs of these equations as to be independent of the general theory of tensor- 
products. Let us start with 1, € mat,(R) and 1, € mat,(R). Then clearly the kronecker product 
In © Ln € Matmn(R) and we can copute its coefficients by (where i, 7 €1...m and kl €1...n) 


[Im @ Dnle.nyG = Mig Wnlar = 94596 = 9664),G) = Mmm) e.n,640 


’ 


So altogether we have In ® In = Imn. Now consider the (m x n)-matrices A = (aj) and C = (Gj) 
as well as (p x q)-matrices B = (b;,) and D = (dy1). If now a, b € R are scalars, then we find (since R 


is commutative) 


[A®OB+D)laggy = (Aliz- (0B + Dla 
= aij (bbe t+ des) = daizbea + ai,jde 
= JA®Blig gy +48 Dag Ga 


(@A+C)@Blan gy = @A+Cl 5 [Blas 
(aa;5 +¢4j)ber = aaigber + c47b%,1 


@[A® Big gy +16 2 Blawg 


Such that we get A® (6B + D) = b(A® B)+ A®@D and (aA+C)®B=a(A®B)+COB. And for 
the transpose matrices A* € matnm(R) and B* € mat,,,(R) we find that 


[A* & Bil 5.0),(i,k) = [A] 4 : [Br lik 
aijbkt = [A® Bla nya 
(A @ BY} 5 0,4) 


such that A* @ B* = (A ® B)*. Now consider an (€ x m)-matrix A = (a;,;) and a (m x n)-matrix 
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C = (cj). Then the product AC is the (¢ x n)-matrix given by [AC]i x = )/; ij¢j,n- Likewise for a 
(p x q)-matrix B = (bp) and an (q x r)-matrix D = (dg) the product BD is the (p x r)-matrix with the 
coefficients [BD] pn = D0 4 bf,gdg,n. Now compute 


mq 


(A®B\CODi jan = dS A®BlapgglC® Pg ar 


(G,g)=1 
mq 


Sc Gighp ser ada 
(G,g)=1 


m qd 
= SG bj don 


j=l g=1 


m qd 

=r 1S GGere ||. Ohadan 
j=l g=1 

= [AC];,-[BD];;, 


= [(AC) ® (BD)lap can) 


That is we have shown (A ® B)(C ® D) = (AC) ® (BD). In particular we get (A ® 1,)(1, ® B) = 
(Al,) ® (1,B) = A® B. And if we return to the standard sizes A = (a;;) € Matm »(R) and B = 
(bi.1) € Matyq(R) again, then a likewise computetion yields the equality tr(A @ B) = tr(A) - tr(B) 


tr(A@B) = [A @ Blin) (6) 


I 
as 
Me: 
s 
So Tey 
Me 
= 
co 
“n—_” 


I 
Comal 
5 
ane 
wa Be 
> 
3 
— 
& 
wa 


Proof of (3.148): 


(i) Let us first prove the case n = 2, that is we are given two £-modules M and N and some elements 
xe€M andyEN. lf x = 0, then it is clear that 


r@Q@y = Owv®y = (0-0m)@y 
0-(074 ®y) = Ow @(0-y) = 04 @0n = O 


and likewise y = 0 implies z © y = 0. If remains to prove the inverse implication, that is we have 
x®y = 0 and need to show x = 0 or y = 0. To do this pick up bases {m;|i¢J} of M and 
{nj |j € J} of N. Then we find a basis representation x = )), aim; and y = )), bjn; where the 
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(iii) 
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sums are finite only. Then we see that 


0=2r8y = (Som @ S © bin, = SS 5 aiby mi ® 0; 


il jeJ i€I jeJ 


But in (3.140.(v)) we have seen, that the m; ® nj, form a basis of M @ N. Therefore for any 7 € I 
and any 7 € J the coefficient ajb; = 0 has to vanish. If x # 0 then there is some r € I such 
that a; = 0 and therefore a,b; = 0 implies b; = 0 for all 7 € J. That is we have y = 0 (or 
x = 0) as claimed. In case of general n > 3 we use induction, taking to M := Mj, x := x and 
N := Mz®...@M, resp. to y := 2 ®@...®2y. Then the tensor product's associativity (3.138.(ii)) 
M®...®M,3S3MON:418...@%,H 4 y turns the assumption 7, ®...® &, = 0 into 
x ®y = 0 which is equivalent to x} = x = 0 or y = 0. And by induction hypothesis y = 0 is 


equivalent to one of the x2 to x, being zero, as well. 


As in (i) above, let us first prove the case n = 2, that is we are given two E-modules M and N 
and some elements u, v € M and x, y € N such that u® x =v @y 4 0. We now pick up bases 
{m;|i¢ I} of M and {n,; | 7 € J} of N again denote the basis representation of these elements, 
by u = di,uimi, v = d),vim; and x = 7, xjnj, y = D1, yjnj respectively. Then (as before) 
u®@x=v@®y is nothing but ig UjzLT;]M,@nj = sare viyj Mm; @n,; which in turn is ux; = viy; for 
alli ¢ I and j € J. We can even multiply this equation with some w; € E to find wyujx; = wivjy;. 
Summing up all these equations over 7 yields ((w;) | (ui))a; = ((wi) | (vi))y; and as this is true 
for all 7 € J we get ((wi) | (ui))a = ((wi) | (vi))y. By assumption we also have v @ y 4 0 which by 
(i) implies v 4 0 (and y 4 0). Therefore we have (v;) 4 0 such that there is some (w;) € E/! such 
that ((w;) | (vi)) #0. Letting b := ((w;) | (ui))/((wi) | (vi)) for this (w;) we hence get y = ba. In 


complete analogy we can find some a € E such that v = au. Now compute 
US@v = v@y = (au) ®@ (bz) = ab(u®@z) 


which is (ab — 1)(u® v) = 0. Using (i) and the assumption u @ x 4 0 this also implies ab = 1. 
As in (i) we use induction for the general case n > 3 using the same notation as above u := 21, 
LiI=X2Q...O%y, vi= yy and y := y2@Yn. Then the assumption 71 ®...@%p, = yy @...@Yy turns 
into u@x# =v @y from which we get v = aju and y = age for some a; and ag € FR with ayag = 1. 
Letting z := agx = (agr%2) © 3 ®...Xy_, we get y = z which by induction hypothesis yields some 
b; € R such that yo = bozo = bgagxrg and y, = bz; = ba; for i © 3...n with bo...b, = 1. 
Multiplying all the coefficients we find a1(b2a2)b3... bn = (a1a2)(b2...bn) = 1, as claimed. 


Let X; = {a | k © K (i) } for some index set (7) £0. And for any i € 1...n let us regard the 


canonical homomophism 


oi: RKO _, M; : (ax) ys Opie 
keK (i) 


Let us also abbreviate X := X; ®...® X, and the tensor products of M := M; ®...® M, and 
of these homomophisms by @ := ©; ®...®@ On. Then X; generates M; iff @; is surjective. But in 


this case we see that @ is surjective again, due to (3.143.(iv)) which means that X generates M. 
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(iv 


~~ 


— 


— 


Likewise X; is linear independent iff 0; is injective. And in this case z is injective again, since E 
is a field and we have (3.143.(iv)) again. But this is nothing but the linear independence of X. 
Finally X; is a basis of M; iff 0; is bijective. And in this case (3.143.(iv)) again implies, that @ is 
bijective, such that X is a basis of MW. 


Pick up a basis {nj | 7 € J} of N and for each y, and y;,, € N pick up basis representations 
Yi = D2; aj,nnj and yy, = >), a’, ,.nj respectively. Then we compute 


SS eee = YOM = a YO = = Pe 
jEJ k=1 jEJ k=1 


But as the x, and n; are lineary independent we know by (iii) that the tensors x, ® nj; are linear 
independent in M @ N. And hence we get a; 4 = as for any 7 € J and k € 1...m. But that is 
Uk = Yi k for any k € 1...m again, as had been claimed. 


Take a look at the embeddings 1; : U; ~ M;: 2; +> xj, as these are injective and FE is a field we 


find that 41 © ... ® by is injective again, according to (3.143.(iii)). In particular we get the explicit 
representation of Uj ®...@U,, as a subset of M4, ®...@M, 


n m n 
sp Se ee He Bima e | C&M 
i=1 i=1 


k=1 
The equality for the intersection of subspaces will use inducion on n and will be require the use 


of (vii). Hence it is proved after that. 


The implication " <= 
subset of Md, ®...® M,, that has been given in (iv). And in the direction " => 


‘is clear by the explicit representation of the product U; ®...®Un asa 
"we will only 
prove x1, € My, for ease of notation. The other cases (i € 2...n) can be shown in complete 
analogy. So let us denote M := M,; and N := My ®...® My, as well as x, := 21, € M and 
Yk = L2,~,@-..@ Xp ~ € N. Note that according to (iii) { y1,..., Ym } is linear independent again. 
And we also have the natural isomorphy M, ®...®@ M, >M@N: 21 4@...@ Un 4 LE ® Yp. 
Let us finally abbreviate U :=U, <, M and V :=U2@...@U, <, V and regard the canonical 
homomophism 


0: M+ M/y : aatU 


Then o@N : M@N is defined by x@y + (a+U)@y. Using this homomophism on t = 5°, apx~ @yk 


we get 


(C@N)E) = (@@N) (Sunen] 


m m 


= So ax( (tp +U) @ yp = S "(ante +U) ® ye 
k=1 k=1 


But by assumption we also have t € U; ®...@®Un =U ®V such that there are some b, € E 
ur € U and vu, € V (where r € 1...s) such that t = >°,. bu, ® v,. Using 0 ® N on t again, this 
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time we find 


(o@N)(t) = (@®N) (doin on] 
r=1 


So br (ur + U) ®QUp = So br (ur + U) & Ur 


r=1 r=1 
= 5°b,(0+U)@v, = 0 = S\(0+U)@% 
r=1 k=1 


As the yz are linear independent (vi) now tells us, that for any index k € 1...m we get agz,+U = 
0+ U which is azz, € U. But as ay # 0 and E is a field this yields 71, = 7, € U = Uj as 


claimed. 


(vii) For the implication "== " let us suppose { 71,...,2%m } was not linear independent, then we have 
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to prove that m is not minimal Without loss of generality (and for ease of notation) let us assume 


that 
m 
ti S > bere 
k=2 


for some b;, € EL. Then we could rearrange ¢ is such a way as to reduce the number of pure tensors 


required to build up ¢ 


m m 
t = So ak tk @ YR = m1 Oy t+ > apr, ® Ye 
k=1 k=2 


m m 
= a (some) By t> apr ® yr 


k=2 k=2 


m m 
= Soap ® (arden) + S5 te @ (anyr) 
k=2 k=2 


m 
= 3 Tp ® (arbey + anye) 
k=2 


Thus we have discounted the minimality of m by showing u(t) < m—1< m. Hence the assumption 
of the linear independance of {71,...,2%m } must be false. The case that { yi,...,Ym } is not 
linearly independent can be shown in complete analogy. And if a, = 0 then x; ® y, can be omitted 
for trivial reasons. For the converse implication " <— " we are given a representation of ¢ with 
by £ 0 and linearly independent { w1,...,us} C M and {v,...,vs} CN 


s 
t= So bp Up @ Up 
r=1 


Let us denote U := Lh{wy,...,us} <, M and V := Lh{v,,...,vs} <y N and consider an 


arbitrary representation of ¢ in terms of 


m 
t= So an 2k @ Yk 
k=1 
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Then we have to show that s < m such that ju(t) = s. Without loss of generality we can also assume 
ap # 0, as this would only increase the number m of pure tensors used. Then the wu, are linearly 


independent we may append them to a basis { ui,...,us} C {ui |i el} of M. And likewise let 


{v1,.-.,Us} C {vj | 7 © J} be a basis of N. Then we express the x; as linear combinations of 
this basis likewise 
t= SS anti and ye = So yi kvi 
iel jeJ 


Inserting these representations we obtain the following expression of t¢ 


m m 
i > AkvXk SQ Yk = Ss ye $3 cnr) Ui & Vj 
k=1 


ieI jeJ \k=1 


Note that according to (iii) {u;®@y;|iel,j7 € J} is a basis of M ®& N. So comparing this 
representation of t with the one we started with t = }°,. b,u, @ vu, we see that forl =j =rel...s 


we get 
m 
y AkXr kYrjk = b 
k=1 


And in case i £7 (or 2 = 7 ¢ 1...5 which is of no interest to us however) we likewise see, that 


m 
y AnXi RY k = O 
REI 


Recall that b, #0 so we may divide the above equation by 6, (also note that thereby 7 =r). So if 
we denote px j := ands Y5.k then for any 2, 7 € 1...s we altogether find the equality 


m m m 

cae =I 
) Li,kPk,j = y LikAkO; Yk = 4; y ORLY), = 91,7 
k=1 hei R21 


Thus if we take to the (m x s)-matrix P := (pz;) and to the (s x m)-matrix X := (x;,,) over E the 
above equations turn into nothing but the matrix equation X P = Ils. In particular if we regard P 
as a linear map P:: R®° — R’ it is injective. And due to dimension reasons this implies s < m, 


so s is minimal indeed. 


(continued) We will now prove the equality for the intersection of subspaces, that has been post- 


poned so far. The containment "C" is easy to see, just let us abbreviate U; := Nj; U;,; and 
consider some t € U; ®...@ Un. That is t = So, agur, ©... © Une for some uj, € Uj. But as 
U; © U;; for all 7 € J(é) this is uj, € Ui for any i € 1...n, 7 € J(i) and k € 1...m such 
that t € Uj 5(1) @... @ Un jn) for any j € J(1) x --- x J(m) again. Hence ¢ is contained in the 
intersection of these spaces, as claimed. For the converse inclusion ">" we will use induction on 
n. First consider the case n = 2, that is we are given two E-vectorspaces M and N and families 


of subspaces U; <, M and V; <, N where iJ and j € J respectively. Then we have to prove 


(1) Uey ¢ (Ne) ° (1 Vi 


(t,j)ELX JI iel jet 
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Thus consider some t € Nes) U;@V; that is for any i € J and any j € J there are some a,(i, 7) € E, 
ur(i,j) € Uj and uv, € V; (where r € 1... s(i,7) such that 


s(i,j) 
ee S- Ar(i, J) Ur(%, J) ® Ur(t, J) 
k=1 
According to (vii) we may take the a,(7,7) #0 and the u,(7,7) € M respectively the v,(i,7) € N 
to be E-linearly independent. Now fix any p € J and q € J and recall that we still have t ¢ U; @V; 


then 
8(p,q) 


t = S° a-(p,q) ur(p,q) @ ur(p,q) € Ui@V; 
k=1 


Then (v) implies that u,(p,q) € U; and v,(p,q) € Vj for any i € I and any j € J respectively. 
That is they are contained in the intersection u,(p,q) € U := ();U; and u-(p,q) € V = 1; Vj 
respectively. But this again implies t © U ® V as claimed. For the induction step n > 3 let us 
denote M := M, and N := M2 ®...® My, again. Likewise J := J(1) and J := J(2) x--- x J(n) 
and U; := Uy, for i € I and finally Vj := Ug 52) @ --. @ Un jn) for 7 = (J(2),.--,9(n)) © J 
respectively. Then by induction hypothesis we have 


But in the case n = 2 we have just shown that also (); ;U; @ Vj © ((); Ui) @ (1), Vj). Thus we 
may compute 


(UV; 
tJ 


() 
oa 
an) 

i 
Lo 
nnN.—_” 
0) 
a) 
ES 


1) Yi 


i=2 \jetT(a) 


l| a) 
ao 
a 
=) Se 
J &® 
- &: 


Proof of (3.153): 


(i) If M is free with basis { m; | i € I} then according to (3.140.(iv)) we obtain the following isomorphy 
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of R-modules 
®@: SYS Mg : (8:) 4 S > 85 @ mi 
ie. 
But ® clearly not only is R-linear, but even S-linear, as ®(a(s;)) = ®(as;) = So, (asi) @m = 
do, a(5; ® mM) = a>, 5; @ mM; = a®(s;). Also B(s;) is nothing but an S-linear combination of the 
lg @m 
&((si)) = >> si (1s @mi) 


ie. 
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(ii) 


(iii) 


That is ® is precisely the canonical homomorphism S®/ onto the linear combinations of the 
{ls @m;|ieI} C M. And its bijectivity proves that this set truly is an S-basis of Ms. 


We have just seen in (i) that {lg ®©m;|i€1...m} truly is an R-basis of Mg and likewise for 
Ng. The identity of the matrix representation of y boils down to a vey short, straightforward 


computation: 


m 
ys(ls ®@mj) = 1s @y(mj) = 1ls® (Soe 


i=1 
m m 
= Slajlsam = S\(aijls) (1s @ mi) 
i=1 i=1 


As S is a free R-algebra with S 4 0 we have seen in (3.51.(ii)) that the canonical map 1: R @ 
S:a++ alg is injective and that there is some submodule S’ <,, S such that S = (S15) @ 9". 
That is im(I) @ S’ = S' such that by (3.143.(iv)) we find that up :-= 18M: R®M Go S@Mis 
injective again. Thereby vg is defined by linear expansion of 1g(a ®@ x) = (alg) ® x. But due to 
the isomorphy A: R® M4 M :a®2+> az we can shift 1g to MW, where we get 


wA-': MOMs: aH 1g@2 


If the reader is not entirely convinced by this just fix some xz, y € M and compute: lg ®@x@ = ls @y 
is nothing but vg(1 ® x) = ug(1 ® y). But as vg is injective, this means 1 @ 7 = 1® y. Now the 
isomorphy A yields x = A(1 ® x) = A(1 @ y) = y which had to be shown. 


Clearly B x M4 — Mg: (b,t) + Ot is a bilinear map, such that by the universal property of the 


tensor-product we find a well-defined homomorphism of A modules, by 
®: (Ma) = B®Ma— Mp : b@tr bt 


On the other hand we clearly get another bilinear map by taking to B x M > (Ma)zp: (b,2) 
b® (14 @ a). And by the universal property of the tensor-product again, this yields another 


well-defined homomorphism of A modules, by 
U: Mp=BeM> (Ma) , : b@r+b®(14@2) 


And it is easy to see that these maps are mutual inverse of on and another. It suffices to check 
this on the generating set of pure tensors: ®V(b @ x) = 6(b@ (14 ®2)) = (lab) @x =b@ux and 
conversely V®(b® (a®@ z)) = V(b(a® x)) = V(ab@ x) =ab® (14 @zx) =b@ (a Bz). Note that 
we thereby used the definition of the scalar multiplication in (1Z4)g which is b(a® x) = ab@u. 
Hence ® is an isomorphism of A-modules, but as it is B-linear as well, we even have an isomorphy 


of B-modules. 


Let us first prove the well-definedness of y(S). To do this regard the map S x M — sy(z). 
The R-linearity in the first argument is obvious: (r+ 5,27) + (r+ s)y(x) = rp(x) + sp(z) 
and (as,r) + (as)y(x) = (algs)yp(x) = (algs)(sy(x)) = a(sy(x)). Before we proceed with 
the R-linearity in the second argument recall, that for any a € R and s € S we get (als)s = 


937 
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a(lgs) = a(slg) = s(alg) since S is an R-algebra. That is alg commutes with any s € S. 
Using this we can compute (s,z7+y) > sy(ax+y) = s(y(z) + v(y)) = sp(x) + sy(y) and 
(s,ax) + sp(axr) = s(alg)y(x) = (als)sy(x) = a(sp(x)). Hence by the universal property of 


tensor products (3.136) we find an R-linear map, defined by linear expansion of 
ys) : SOMAN: s@zr+ s9(2) 


Let us now prove that y +> ig) and ~ +> (@ + Y(1s@2)) truly are mutually inverse maps (this also 
proves the uniqueness part of the claim). The one direction is trivial, as yg) has been constructed 
using ys(1s ® x) = v(x). And if we start with w : Mg — N let us define v(x) := Y(1g ® 2). 
Clearly y: M — N is R-linear and we get 


yis)(s@z) = sygy(ls@zx) = sp(ls @2z) 
= v(s(1s @x)) =¥(s @z) 


In particular y ++ (gs) is bijective, but this map also is R-linear, as we may easily compute 
(p+ ¢')(s)(s®2) = s(pt+y')() = s(p(x) + (x) = sp(x) + sy'(x) = ¥(s)(8 @ X) + Y(g)(8 @ 2) 
and for a € R also (ay) (s)(s @ x) = s(ap(x)) = a(sy(x)) = ayrs)(s @ x). And if S is commutative 

) = (sr)g(x) = (rs)p(2) = 


then for r, s € S we may also compute (ry);s)(s @ x) = s(ry(z) 
r(sp(x)) = rypsy)(s @ x). So in this case yg) even is S-linear. 


As in particular A is an R-module and B is an S-module we have already seen in (iv), that 
ys): A— B is a well-defined, S-linear map. It remains to verify the multiplicativity of yg). But 


due to the S-linearity it suffices to do this on the generating set of pure tensors: 


gis ((r®2)\(s@y)) = Ks) wees @ (x a 
( 


And if A and B both contain an unit element and vy is a homomorphism of R-algebras [that is 
y(14) = 1g] we find that y5)(1s @ 1a) = lsy(1a) = 1slp = 1p. As 1g @ 14 is the unit element 
of Ag this also proves that yg) is a homomorphism of S-algebras. 


Let us abbreviate the R-module M := M(1) ®r...®R M(n) and the N-module N := M(1)s @g 
..®gM(n)g. Then we need to show the isomorphy Ms > N. To do this we stert with the following 


R-multilinear map 


n 


[[“%@ +N = Gi...) > (1s 8 21) @... 8 (1g @ tn) 


i=1 


Due to the multilinearity and the universal property of tensor products this map induces an R-linear 


map 7, which is of the form 
n: MON : 21@...@2,4 (1g © 21) @...@ (1g ® tp) 
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That is we have to show that 75) : Ms — N truly is an isomorphism of S-modules. And to 
do this we will construct the inverse map: first of all take a look at the product map S” > S: 


(51,.--,5n) +> [], si. This map clearly is S-multilinear and hence induces an S-linear map 


pe SOS 2 $1@ sm |] si 
i=l 
We will now compose the tensor mapping 7 : M(1)5 x---x M(n)s > M(1)s@r...®rM(n)¢g and 
the isomorphy of the associativity of the tensor product (3.138.(ii)) M(1)s@r...®rM(n)g SS" SR 
M with p@®M:S" @pM > S&prM to finally find the following map 


M(1)s x---x M(n)s 9 S@rM 


n 


($1 @ X1,.--,8n @ Ln) (L:) @ (21 @ -.. Oy) 


i=l 
Looking at the explicit definition of this map it is clear that it is S-multilinear and thereby induces 


an S-linear map 7: N — Msg, by S-linear expansion of 


n 


wT : (81 @ 21) @...® (Sn ® In) (IT) ome...0% 


i=1 


From the explicit construction of this map it is clear, that 7 is the inverse of 79) : 15 @ (#1 @...@ 


In) +> (1g @ #1) @...@ (1g @ @p). Hence 7g) is bijective, that is an isomorphism of S-modules. 


Proof of (3.154): 


(iii) Let {u; |i ¢ I} C U be an E-basis of kn(y) and {v; | 7 € J} C V be an E-basis of im(y). For 
any 7 € J we pick up some x; € U such that y(a;) = vj. Hence {uj |iel}U{ajejeT} is 
an E-basis of U due to the first isomorphism theorem 


UNenty) sim(p) : x +kn(y) + (2) 


To see this consider some x € U, then v(x) = 97, bjvj = D7, dj p(%j) = p(DL, O;2;) for some 
uniquely determined 6; € E. But this implies p(u — 7, 6;2;) = 0 such that u— >); bj; € kn(y). 
Therefore there are uniquely determined a; € E such that u — oF bj; = 5, aiu;. Altogether we 
have found a unique linear combination of any x € U, which means that { u; |i eI }U{a;,ejeJ} 
is an E-basis of U. And according to (3.153.(i)) we find that {1g @ui|ie I}U{lg @ajeje J} 
is an S-basis of Ug. But it is clear, that 


ys(ls@ui) = ls @y(u;) = 0 
ys(lg@2j) = lg @y(rs) = 1g @v; 


In particular im(ys) = ps(Us) = Lhs{ 1s @ v; | j € J}. And as the set {lg @vj;|jeT}isa 
basis, it is a S-linear independent set that generates im(yg), hence a S-basis. 
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(iit) We continue with the reasoning of (iii) above: Since {1s ® u; |i € I} is part of an S-basis of Us, 
as well, it has to be S-linearly independent. Now consider any ug € kn(ys) C Ug. Then we can 


write wg in the following form 


us = Sl ails @ ui + > — 8; 1s @ 2; 
ie] jed 
for some (uniquely determined) a; and b; € S. By applying yg to this equation we find 0 = 
ys(Us) = dijey jls @ vj. And as the 1s ® vj are S-linearly independent, this means b; = 0 for 
any j € J. That is us = )0,<; ajls ® uj; and as ug has been chosen arbitarily, this means: 


kn(ys) = Lhg{ 1g © uy | LE I} 


That is the set {1g ® u; | 7 € I} is an S-linearly independent set, that generates kn(yg), hence a 


basis. 


(i) Since yg is injective if and only if kn(ys) = 0, which according to (ii) is equivalent to kn(y) = 0, 


which in turn is equivalent to y being injective, we have proved the equivalence of injectivity. 


And as yg is surjective if and only if im(ys) = Vs, which according to (iti) is equivalent to 
im(~) = V, which in turn is equivalent to y being surjective, we have proved the equivalence of 


surjectivity, as well. 


(iv) By definition the rank of a linear map is the dimension of the image of the map. Now in (iii) we 
have seen, that im(y) and im(yg) both have bases of the common cardinality |J|. In particular, 


they share the same dimension |./]. 


Proof of (3.152): 

The first three isomorphies have been proved in (3.140) already. Also note that the proof of the remaining 
two isomorphies requires the use of (3.153) which has been proved right before these assertions here. 
Polynomials: Clearly {t* | a € A} is an R-basis of R[t | A] such that by (3.153.(i)) {1s @t*|ae A} 
is an S-basis of Rit | A]g. But {t*|ae€ A} also is an S-basis of S[t | A], so we may define the 


following isomorphy of S-modules, by S-linear expansion from the basis 
@: S{t| A] > S[t| Aly : t**H 1s @t® 


It remains to prove that ® already is an isomorphism of S-algebras, so we have to verify its multiplicativity. 


Due to the S-linearity it suffices to check this for baisis elements. So compute 
B(t°t?) = Bt?) = 1g @ t°*8 = 1g @ (t%4") = (1g @ #7) - (1g @ #°) 


Matrices: Let us abbreviate M := mat, »(R) and N := matm,»(S). Then the R-module M has the 
Euclidean basis { £;,;(R)|ie€1...m,j €1...n} of elementary matrices FE; ;(R). That is the (é,7)-th 
entry of E;,;(R) is 1p all others are zero. Likewise N has the basis { F;,;(S) |i¢1...m,je1...n} 
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only that the (7, 7)-th entry of £;;(.S) is 1g. Now regard the canonical map 
be VEIN: Cag Gea he) 


Beware that v need not be injective. Nevertheless, according to (3.153.(v)), we obtain a well-defined map 


L(g), which is defined by linear expansion of 
us) : Ms > N : s@ Ars si(A) 


And from this we clearly see that 1(5)(1s @ Fi,;(R)) = Fij(S). But by (3.153.(i)) Ms has the S-basis 
{1s @ E,j(R)|ie1...m,j €1...n}. So tg) matches the S-bases of Mg and N and hence is bijective 


and S-linear. But according to (3.153.(vi)) 1) even is a homomophism of S-algebras. In short: sg) ts 


the isomorphism we sought. 


Proof of (3.155): 

Let us abbreviate Hr := mhomr(M,N) and Hg := mhoms(Mszg, Ns). Clearly S x Hr > Hg : (8, ~) 
sys is R-bilinear and hence induces the R-module-homomorphism 4 : S®Hr —- Hg by linear expansion 
of wu: s®@pr> syg. This map obviously not only is R-linear, but S-linear, as well. So it remains to 


verify the properties of this map given in the claim: 


(i) If S is free with basis { s;|7€ J} then according to (3.140.(iv)) we find the an isomorphy of R- 
modules ®jy : M®! 4 Mg. And likewise we find ®y : N®! 4 Ng and also 


Ory : Ay! + (Hr) « : (yi) > S° 81 Yi 
wel 
On the other hand composing the isomorphy Hg + mhompr(M, Ns) that has been estabilshed in 
(3.153.(v)) wr (2 + W(1s @2)) with the isomorphy ®y : N@! % Ng we end up with the following 


isomorphy of R-modules 
Hs 7 mhomp(M,N®) : pr (rH Oy Y(1s @ 2) 


Now regard the map & : He <> mhomr(M, N®) which is defined by (y;) 4 (2 4 (y;(x))). 


This map obviously is injective such that we end up with the following diagram 


M,N)), + mhoms(Ms, Ns) 
t 
mhomr(M, Ns) 


t 


mhomry(M,N)® —+ mhome(M, N®) 


(mhomp 


SP ee SS 


It remains to prove that this diagram is truly commutative, then the injectivity of « is transfered 
to r. So let us start with some family (y;) € mhomy(M,N)®!. Under « this is transferred to 
++ (y;i(x)) And @y : N®! + Ng drops it on 


(+ Dew) € mhomr(M, Ng) 


tel 
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On the other hand (y;) is transferred upward to y = )°, s; ® yj; under ®y. From there ju transfers 
it to ~ = )0, 8i(yi)g. Note that 


vs@z) = >> si(yi)s(1s @ 2) 


1EL 
= SS si(lg ® yi(z)) = S° 8; ® pi(z) 
al tel 


Now y is transported down to mhomr(M, Ng) where it is turned into x +> ~(1s@x) = D>; s;@y; (2). 
Thus the upper way delivers (y;) to exactly the same element of mhomr(M, Ns) as the lower way. 


That is the diagram truly is commutative. 


(ii) We continue with (i) but now have that J is finite. In this case the injective map & even is bijective, 


according to (3.37) such that ju is bijective, as well. 


(iii 


~~ 


Let {m,;|j €1...n} be an R-basis of M, being an R-basis means that the map ®y : R” > M: 
(aj) + }2; ajmj; is an isomorphism of R-modules. Likewise if {nj |7€1...m} is an R-basis of 
N, then ®y : R™ > N : (bj) + YC, dyn; is an isomorphism as well. We now use the isomorphy of 
the R-module of module-homomorphisms with the R-module of (n x m)-matrices over R, which is 
given to be 

X 2 Matym(R) + mhome(M,N) : Av (a Oy AGz;) 


Then xg = S@xX: (Matn m(R))s > (mhomr(M, N))¢ is an isomorphism of R-modules, according 
to (3.143.(iii)). But as (by definition) ys : s@ A+ s @ x(A) it is clear, that this map also is 
S-linear. But from example (3.152) we know that (matnm(R))s is isomorphic (as an S-module) 
to matnm(S) under the isomorphism s @ A ++ sA. And using the same reasoning as for the 
homomorphisms M — N we find that mat, (5) + mhomg(Ms, Ns) where we use the induced 
bases {lg ®@m;|jeEl...n} and {lg @nj|ie1...m} again. Putting all these together we 


have finally arrived at the isomorphy 
(mhoma(M, N)) 5 + mhoms(Ms, Ms) 


Let us regard how this isomorphy works: if we start with some s € S and some homomorphism 
yp: M —- N then ee maps s @ y to s@ A where A is the matrix of » that is y(A) = y. This is 
then taken to the matrix sA which represents the homomophism sys : Mg + Ng by (3.153.(ii)). 
So altogether we have verified that truly s ® p++ syg as has been claimed. 


Proof of (3.149): 


(i) If M and N are finitely generated, say M = Lh{a;|ie1...m}and N=Lh{y; |j E1...n}, 
then any x € M and any y € N can be written in the form x = >, aja; and y = Ss, bjYj 


respectively. But this means, that the tensor x ® y can be written as 


m n 
rQy = SS. aid ti @ y; 


i=1 j=l 
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That is any pure tensor ~®y can be generated by the mv (finitely many) elements { 7; ® yj |7€1...m, jE 1.. 
And as any t € M @ WM is a sum of pure tensors, this means that any ¢ can be generated over these 


mn elements. In particular M @ N is finitely generated. 


(i) Let x abbreviate one of the words noetherian or artinian. As M is finitely generated there is a 
surjective homomorphism yw: R” —» M: Pick up a generating set {x;|i€1...m} of M then 
ju can be given explicitly to be pu(a1,...,@m) = >); aiv;. But according to (3.143.(iii)) we thereby 
find that u® N: R™ ®N - M®@N is another surjective homomophism of R-modules. 


On the other hand proposition (3.140.(v)) tells us that there is an isomorphy R™ @N =, N™. 
Thereby N’” is a * module, since N is * and hence is its power, due to (3.105.(iv)) This of course 
means, that R™” @ N is a * module again. 


But since M @ N = im(u @ N) is the image of the * module R™” @ N under the surjective 
homomprphism pp @ N theorem (3.105.(v)) finally tells us, that WZ @ N is x. as well. 


(ii) If M and N are finitely generated, then so is M ® N, according to (i). And if M and N are free, 
then so is IM ® N according to (3.140.(vi)). Now if MZ and N are noetherian, then in particular MZ 
is finitely generated. Hence M @ N is noetherian, according to (i) again. If MZ and N are artinian, 
then M ® N is a module of finite length, as we have seen in (3.114) and in particular WM @ N is 


an artinian module again, due to (3.113.(vi)). 


(iii) If both MZ and WN are of finite length, then let us regard a composition series of M/, that is 
0= Mo C MC M2. Cc ... C My, = M where p = &(M) and any M;,/Myz_1 is a simple 
R-module. That is there are some m; € M such that M; = Mj;_1 + Rm, and in particular M is 


finitely generated by the elements {771,..., 7p }. 


Thus we find a surjective map w: RP —- M : (a1,...,dp) + 95, aim;. Tensoring this with N 
we maintain the surjectivity of the homomorphism wp ® N : R? ® N - M@N. And thereby 
N? =, R? ® N are isomorphic by (3.140.(v)) again. 


According to the Jordan-Hélder theorem (check the remark following it) NV? has finite length @(N?) = 
0(N®?P) = p- &(N) = &(M)- (N). And as 1 @ N is surjective and R? @ N has finite length, so 
does M @ N. To be precise we find the claim 


&(M@N) < &RP@N) = &(N?) = &(M)-£(N) 


(iv) Pick up any R-module N and denote the R-module of R-linear maps from M — N by A := 
£L(M,N). Then by assumption and (3.87) we find the following exact chain of R-modules 


03 L(W, HH) © £(V, H) © £(U, HB) 


Recall that H = £(M, N) is another module of homomophisms and hence we have the isomorphy 
L(W@M,N)SL(W,H): y+ ¥ where 7/(w)(m) = B(w@m) according to (the remark following) 
(3.136). That is we have arrived at the following diagram of R-module homomorphisms [where we 
abbreviated Wy, := W ® M and wy := w ® ly and so on for notational reasons. The vertical 
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homomorphisms are the isomorphies 0 ++ 7/ and 3 ++ (’ respectively] 
Oe Awe). 2. atepny “So act 
t t t 
0 3 L£(Wu,N) @% c(¥yu,N) 2% clUy,N) 
Next we will prove that this diagram commutes: Let us start with y € L(W@ M,N). On the bottom 
line we get for any v € V and any m € N that (W ® M)*(7)(v® m) = yo(w~¥ @ M)(v@m) = 


+(U(v) @m). But this is precisely the same, as (*(7'))(v)(m) = ((9/d)(v))(m) = 9/(b(w))(m) = 
7(w(v) ®m). In complete analogy we see the commutativity of the second (left) square, if we start 
with some 6 € L(V @ M,N). 


Due to the commutativity of the diagram the bottom line inherits the exactness form the top line, 
according to (3.86). But as the module N can be chosen arbitrarily the lemma of Yoneda (3.88.(ii)) 


tells us that the following sequence truly is an exact chain of R-modules, as claimed 


@M @M 
~ vee 


US®M'—> VeM WeM-—0 


The inclusion im(y; @ N1) +im(M, @ 71) C kn(y2 ® 2) is easy to see: due to the composition 


properties of the tensor product of maps we have 


(yo ® H2)(V1 8 M1) = gayi ® yi = 0@y1 = 0 


such that im(y1 ® Ni) C kn(ye ® a2). Likewise we find im(M, ®@ ¥1) C kn(ye ® we) and hence 


the sum is contained in the kernel, as well. 


For the converse inclusion kn(y2 ® ¢#2) C im(y; ® Ni) + im(M; @ y1) we note in advance that 


according to (iv) for any k € 0...2 the following chain of R-modules is exact 
Mo &® Nz 18 Ne M, ® Nz Pays My ® Nz > 0 


and in particular kn(y2 ® Nz) = im(y~; @ Nz). Likewise it is clear, that for any i € 0...2 we also 
have kn(M; ® w2) = im(M; @ v1). We will use these equalities several times. 


Now consider any t € kn(y2@y2) C M1@Nj, then we need to prove t € im(y1 @ Ni) +im(M @7). 


But first of all we may compute 
0 = (42.8 Y2)(t) = (y2 @ N2)(M1 ® a) (4) 


and hence we find (Mj @ w2)(t) € kn(y2 @ No) = im(y; @ No). That is there is some q € Mp @ No 
such that 
(y1 @ Na)(q) = (Mi @ y2)(t) 


Also, as @2 is surjective, so is Mp @W2 : Mp @ Ni, Mp ® No and hence there is some p € Mp ® Ny 
such that g = (Mo @ ¥2)(p). Now (1 @ ¥2)(p) = (1 @ N2)(Mo ® v2)(p) = (Y1 ® Na)(q) = 
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(ii) 


(M, ® wWe)(t) or equivalently 


0 = (M ® p2)(t) — (1 @ Y2)(p) 
= (M ® t2)(t) — (M1 @ Y2)(y1 @ N1)(p) 
= (M, @ d2)(t- (v1 8 Ni)(P)) 


This implies t — (yi ® Ni) (p) € kn(Mq @ wW2) = im(M, @ 1). That is there is some p’ € My; @ No 
such that t— (y1 @ Ni)(p) = (Mi @11)(p’). So altogether we found 


t = (y1 ® M1)(p) + (M1 @ ¥1)(p') € im(y1 @ Ny) + im(M, @ Y1) 


Now assume that both / an N have a finite free presentation, that is there are exect chains of 


R-modules of the following form 
RP ~, R™ “, M +0 
RS RP SN SS 0 


Since both yz and v are surjective, so is js ® v and hence we find the following exact chain of 
R-modules 
R™@R "8! MeN > 0 


Note that R™ @ R” is isomorphic to R’”” and hence we already have a candidate for the end of 
our finite free presentation of MZ @ N. Also by (v) we explicitly know the kernel of 4. @ v to be 


kn(u@v) = im(y®@ R”) + im(R™ @ w) 


In particular we see, that the kernel is finitely generated again: Let e; to e, be a basis of R? and 
fi to fy be a basis of RY. Then we see that the kernel of 4 @ v is precisely given to be the linear 
hull of 


kn(w@v) = Lh{y(e)® feliel...pkel...q} 
+Lh{e; @v(fe)|jE1...p,2E1...q} 


Hence we let N :=p-n+m-qand take «: RN + R™ ® R” to be the R-linear map that gives a 


linear expansion of these generators 
Pq 
K(ai,e, bj) = Y> > ain (er) oer @ ¥(fe) 
i=1 k=1 j=l f=1 


then by construction the image of « is precisely the kernel of 2 ® v. And thereby we have found a 
finite free presentation of M @N 


RN -*, pre Rt 8Y us 0 
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Proof of (3.147): 


If the m; and nj satisfy these properties, it is easy to compute, that their tensor product truly vanishes 


m m 
Som; @ nj S° (x: oe) Ong = Sy ae @nj 
i=1 


jeJ jeJ jeJ i=1 
m 
= y 8 So ain =) SS e010 
jE i=1 


Conversely we assume the tensor to be zero and want to show that all these x; € M and a; € R exist 
and satisfy the properties required of them. Since {n,; | j€ J} generates N the map v : R®Y > N 


defined by v(b) = )/; bjn; is surjective. Hence we get a short exact chain of R-modules 
0 > kn(v) => R®Y 44 N 30 


And according to (3.149.(iv)) we thereby get another exact chain of R-modules by tensoring with MZ 


M gi Oy 


M @kn(v) “2 M@ R® Me@N-70 


Let {e; | 7 € J} be the standard Euclidean basis of R®’ then v(e;) = nj and hence we find (M @ 
V)(d7;™; @ ej) = 7;m; @ nj = 0 by assumption, such that >); mj @ e; € kn(M @ v) = im(M®@ C). 
That is there is some 5), 7; ® kj € M ®kn(v) such that 


S- 21 ® ki = (M® C) )(Saen -_ Sm; @ ej 
i=1 jet 


Now write k; € kn(v) C R® as kj = >; %i,je; [which is possible, as the e; form a basis of R®), then 


clearly 
ki) = So aigv(e;) = So aigny 


jeJ jed 


for any 2 € 1...m and this already is the first property. For the second property we compute 


m 
Sm; @ e; = Soke dine re, 


jEed i=1 jEed 
m 
= bs - ® ej 
jeJ \i=l 


Recall that by (3.140.(v)) we have the isomorphy M®” + M @ R®Y given by (m;) ++ )), mj; @ ej. That 
is the above sums are identical images under this isomorphism and hence their preimages are equal as 


well. This is the second property - for any 7 € J we get 


m 
) Ajj Vi 
71 
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Proof of (3.133): 


(i) 


(i 


(iii) 


By definition the support of M is empty iff we have My = 0 for any p € Spec(R). So this is 
property (b) in (3.129). So the claim is just a reformulation of (a) <=> (b) in said proposition. 


Let P := 0, then for any p € Spec(R) we clearly have Py = 0, as well. So by (3.130) we have the 
equivalency of 

pac es Vie SmaR) = 
for any x © M. As Smax(R) C Spec(R) we get the same equivalency with the prime instead od 
the maximal spectrum. But if p ¢ Spec(R) is prime, but p ¢ Supp(/), then Py C My = 0 such 


that z/1 = 0/1 anyhow. That is these ? do not contribute to the truth of the statement and hence 
xc=0 <= > Vpe Supp(R) : 7 =7 


But this is the (well-definedness) and injectivity of the endomorphism given in the claim. And the 


homomorphism property is trivial. 


Consider some p ¢ V(Q), that is there is some a € G@ such that a ¢g p. Thatisaec U:= R\P is 
contained in the multiplicatively closed set of the localization. Thus for any (b+4)/u € (R/Q)p we 
have 
b+a ab+a 0+4 0+4 
u U u 1 
That is for any « = (b+ 4)/u € (R/Q)y there is a € U such that az = 0 and hence (R/Q)y = 0. 


This means p ¢ Supp(R/@), as well. 


Conversely, if p € V(a) then a C Pp and thereby Qy := U~'a C My := U~'p. Note that My is the 
maximal ideal of Ry. But by (2.126.(vi)) we also have an isomorphy of the form 


(Fa), % My #8 


In particular (R/@)y #0 which means p € Supp(R/d). Together this is the equality of the subsets 
V(a) = Supp(R/a) of the spectrum of R. 


We start with the general statement: Given a short exact chain 0 > L + M — N — 0 of R- 


modules, where y : L — M and w: M — N are the respective homomorphisms, any prime ideal 
p <j; R gives rise to another short exact chain of R-modles, according to (3.120) 


0+ ly > Mp ~ Ny > 0 
If p ¢ Supp(M) then My = 0. As Ly <> My is injective this implies Ly = 0 and as My — Ny 
is surjective this implies Ny = 0 such that p ¢ Supp(L) and p ¢ Supp(V). If we abbreviate 
S := Spec(R) that is the inclusion 


S\Supp(M) © (S \ Supp(L)) 1 (S \ Supp(V)) 


But the converse inclusion is true as well: If both Ly = 0 and Ny = 0 then 0 @& My — 0. And 
as My = kn(y~p) = im(yp) = 0 we also have My = 0 such that p ¢ Supp(/). Now by going to 
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(viii) 
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complements we find the claim from the equation 


S\ Supp(M) = (S\ Supp(L)) 1 (S \ Supp(NV)) = S \ (Supp(L) U Supp(V)) 


Now return to the case L = P <, M and N = M/P. It suffices to present the following short 
exact chain of R-modules: Let p:=t:PG M:a-avandw:=o0:M > M/P:r24P, 
then Supp(/) is the union of Supp(P) and Supp(M//P), as these give rise to the chain 


00> Pw~> M » M/p - 0 


Let us abbreviate S := Spec(R) and P := }°, P; and consider some prime ideal p <i R such that 
Py = 0. That is for any x € P there is some u € U := R\P such that ua = 0. As any P; C P 
this means that (P;)p = 0, too and thereby 
S\Supp(P) © 5 \Supp(Fi) 

By going to complements this is Supp(P;) GC Supp(P) for any z € J. Conversely suppose (P;)y = 0 
for any 2 € J and pick up some x € P. That is there is a finite subset 2 C J and some x; € P; 
(where 7 € Q) such that 2 = >, x; (where the sum runs over 7 € 92). As (Pi)y = 0 there is some 
u; € U such that ujxz; = 0. Now let wu := [] u; (where the product runs over i € Q), as U is 
multiplicatively closed we have wu € U and ux = 90, uz; = )>,0 = 0 is clear. Therefore we also 


have the inclusion 


S\|JSupp(P;) = ()S\Supp(Pi) © S\ Supp(P) 
i€l iel 
By going to complements again, we also find LU); Supp(P;) C Supp(P), such that we have estab- 
lished the desired identity. 


In a first step let us prove the claim for finitely generated modules M and N over a local ring S 
with maximal ideal m. Let E := S/m be the quotient field of S and Mg := E ®g M and likewise 
Ne := E ®g N. We know by (3.152) that Mz is isomorphic to Mg + M/mM. And thereby the 
lemma of Nakayama (3.43.(ii)) [note that m = jac(S)] implies the equivalency of 


Mr = 0 M=mM <= M=0 


As Mg is an E-module and E is a field, Mz is free, likewise Nz. Also by (3.153.(v)) we have an 


isomorphy of &-modules of the form 
(Ms N), + Mr @®g Ne 


In particular these modules share the same dimension. But as Mpg and Nz are free (3.140.(vi)) 


implies the equality of the dimension 
dim ((M@s5N),) = dim(Mp®zNz) = dim (Mp) - dim (Nr) 
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That is (M @ 5 N)g¢ = 0 is equivalent to Mg = 0 or Nz = 0. But we have already argued, that 


these statements are equivalent to 


M®sg N 0 M 0 or N=0O0 


Let us now consider finitely generated modules M and N over an arbitrary commutative ring R. 


Then we would like to show the equality of the support 
Supp(M @N) = Supp(M) nN Supp(V) 


So consider any prime ideal p <i Rand let S := Ry then S is a local ring with maximal ideal pS. 
And ~ ¢ Supp(M ®R N) iff (M @pR N)y = 0. But by (3.145) we have the isomorphies 


(M ®p N) My @r Np =m (My @s Ny) p 


poe 


Hence M@RN = Ois equivalent to My®g Ny = 0. But as S is a local ring, we have already argued 
that this again is equivalent to My = 0 or Ny = 0. But this is p ¢ Supp(Z) or p ¢ Supp(J). 
Negating this we find the desired equivalency 


p © Supp(M @rN) = Pf ©€ Supp(M) and Pp € Supp(N) 


(vi) For any i € I we have R/a;4 Rm; : a+; 4 am, according to (3.22.(ii)). Thereby Supp(Rm;) = 
Supp(R/a;) = V(a;) due to (iii). If now M = Lh{m,; |i € I} then M = 9°, Rm; so by (iv) we get 


Supp(M) = |JSupp(Rm:) = LJ V(ai) 
iel iel 
If M is finitely generated, say J = 1...n then @ := ann(M) = {),Q; and as J is finite (2.15) 


implies 


Supp(M) = Uva) =V (s 7 = V(a) 


i=l 
Now suppose that a <j R is an ideal of R, then by (3.140.(ii)) we have the isomorphy (R/Q)@M =p 
M/aM. |n particular we may invoke (viii), (iii) and (2.15) to find its support 


suno(™/aus) = sofa) 


= Supp (a) M Supp() 
= WV(a)V(ann(M)) 
= WV(a+ann(M)) 


(vii) As M is finitely generated, we find that the intersection of all ) € Supp(/) is the radical of the 
annihilator of M, by (vi) and (2.24.(i)) 
( )Supp() = ()V(ann()) = /ann(M) 
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Therefore a € {| Supp(JZ) is equivalent to a” € ann(/) for some n € IN. And this again means 
a" M = 0. 

Now consider a finitely generated ideal @ <j R. As the grand intersection reverses the order under 
inclusion we find that V(ann(M)) = Supp(Z) C V(@) is equivalent, to 


Va = (\V@) © (}V(ann(M)) = vann(M) 


As (is finitely generated a C Va C ,/ann(M) implies a” C ann(M) for some n € N, according 
to (2.24.(vii)). And a" = 0 is just a reformulation of this. Conversely suppose a” C ann(M) for 
some n € NN. If n = 0 then ann(M) = R and hence M = 0. This would imply Supp(/) = @ and 
in particular Supp(/Z) = 0 C V(a). Thus consider n > 1 then by (2.24.(vi)) we get Va C Va" C 
/ann(M) and therefore Supp(M) C V(a). 


(viii) It remains to prove the second part of the claim in (viii). By (i) we know that 1Z@N = Ois equivalent 
to Supp(M@N) = 9. But as Supp(17@N) = Supp(M)NSupp(J) and the fact, that / and N are 
finitely generated, by assumption, we have Supp(/7) = V(ann(M)) and Supp(.V) = V(ann(JN)) 


according to (vi). That is 
Supp(M @ N) = Supp(M)N Supp(V) = V(ann(M))N V(ann(V)) 


Yet by (2.31) this is Supp(M @ N) = V(ann(M) +ann(N)). As any proper ideal is contained in a 
maximal ideal and this is prime, we have Supp(M @ N) = 0 if and only if ann(M) + ann(N) = R. 


Proof of (5.4): 
By definition M(q) = {© M| ine WN: q’x =0}. And by construction any element of M is of the 
form 2 = (ai; + p(j)") R) for some a;,; € R. Thus g"a = 0 is equivalent to g”a;,; € p(j)") R for any 


jg €1...s and anyie€1...1(j). This in turn is equivalent, to 


g’e =0 =< VjEl...8 ViEl...1(j) = pf) | qa; 
As R is an UFD the divisibility p(j)"7) | q”a;,; can be rewritten, as (p | p(j)")) < (p | q”aiz) for 
any prime element p € R, according to (2.61.(iii)). But the only prime occuring in p(j)") is p(j) so 


this condition boils down, to 
g@=0i «SS V7 Else VTE 1g): & Wg) Sd) |g Gas) 


We now distinguish two cases: If g = p(k) then n(i,k) < (q(k) | q”ai,;) can easily be accomplished by 
taking n := max{ n(i,k) |ie1...I(k)}. If q = p(f) is untrue, then (p(j) | gq”) = n- (p(y) | g) = 0 such 
that by (2.61(ii)) we get n(i,7) < (wp) | a” aig) = (w(9) | a") + (oF) | ai,3) = (PG) | aij). But this 
already is aj; € p(j)") R such that these aij + p(j)"9) have to be zero in the first place. This proved 
two things: (1) If ¢ © p(k) then M(q) consists precisely of those x that can be written with a;,; = 0 for 
any j #k and (2) if g © p(J) is untrue for all the 7 € 1...s, then M(q) only consists of x = 0. Both of 


these consequences have been formulated in the claim. 


Proof of (5.3): 
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(i) If  € L(p) then there is some n € IN such that p"x = 0. In particular, as R is commutative, we 
find that (ap)"x = a"(p"x) = a” 0 = 0 such that x € L(ap), as well. Hence L(p) C L(ap). 


(iit) Clearly 0 € L(p) since pO = 0. Consider x, y € L(p) that is px = 0 and p"y = 0 for some 
m neéN. Ifa € R then p™(ax) = a(p™x) = a0 = 0 such that az € L(p) again. Now let 
u := max{ m,n} then we also get « + y € L(p) from 


Pe) So Np ap pe gy Sp ep OS 0 


(iii 


~ 


First suppose that p annihilates M: As any x € L also is in x € M = M(p) there is some n € IN 
such that p”x = 0. In particular we have x € L(p) again, such that p annihilates L, as well. Now 
consider x + L € M/L, as x € M = M(p) we again find p"x = 0 for some n € N. But thereby 
p’(a+L)=p"x+L=0+L=0€ M/L. And that is x + L € (M/L)(p) again. 


Conversely suppose p annihilates both L and M/Z and consider any x € M. Then there is some 
u © WN such that p“(a+ L) =0+L but this is nothing but p“«x € L. Again, as p annihilates L, this 
means there is some v € NN, such that p’(p"x) = 0. Now let n := u+u, then px = p*(p"x) = 0 
such that « € M(p). And as this is true for any « € M we have shown, that p annihilates 1, too. 


(iv 


— 


Consider any x € Li +---+L,, that is x is of the form x = x1 + ---+ 2, for some x; € Lj. 
As p annihilates all the L;, there are some n(i) € IN such that p"a; = 0. Now let n := 


max{ n(1),...,n(r) } then we easily compute 


r 


pa = Soph npr, _ So pr 7) 0 =A) 
i=1 } 


In particular we have « € (Li; +---+L,)(p) and as x has been arbitrary this means, that p 
annihilates Ly +---+ DL, again. 


(v) If a € M(p) then there is some n € WN such that p"x = 0. In particular 0 = y(p"x) = p" v(x) 
such that (a) € N(p). And if 2 € y +(N(p)) that is (x) € N(p) there is some n € IN such that 
0 = p"vp(x) = (pz). If now ¢ is injective, then this implies p”x = 0 such that 7 € M(p). 


Proof of (5.6): 


(i) Consider any « € R with « 4 0. Then ann(x) = {ae R| ax =0}. But as x £ 0 and Ris an 
integral domain az = 0 implies a = 0. Hence we get ann(z) = 0. That is any annihilator ideal of 
Ris 0. 

Conversely: As M # 0 there there is some x € M C Rwith x # 0. And as we have seen, we 
get ann(x) = 0 for this x, such that 0 € Anns(J/). And as R is an integral domain 0 = ann(z) is 
prime, such that 0 € Sann(M). 


(iit) As ToR(M) = 0 we have ann(x) = R for e = 0 and ann(x) = 0 for x £ 0. By definition ann(0) = R 
never is a prime ideal and ann(z) = 0 is a prime ideal if and only if R is an integral domain. 
If M = 0, then R is the only annihilator ideal of MM and hence Sann(M) = 0. If WM # 0, then 


0 € Sann(M) if and only if R is an integral domain. Hence the two cases. 
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(iii) Let us first note, that ann(J/) is a maximal ideal of R, as we have proved in (3.24.(i)) already. Also 


(iv 


— 


— 


by the definition of ann(J/) it is clear, that 


ann(M) = () ann(z) 
zeM 
In particular, if ¢ € M with « # 0 then ann(x) 4 R [as 1 ¢ ann(x)] but we also get ann(M) C 
ann(z) # R, so by maximality of ann(/) we get ann(x) = ann(M). As x £0 has been arbitrary 
this proves Sann(/) C Anns(M) C {ann(M) }. But also, as M 4 0, there is some x € M with 
x #0. For this x we have just seen ann(z) = ann(/). And as ann(J/) is maximal, it also is prime. 
Therefore we have ann(J/) € Sann(), too. 


Let us consider any proper ideal a # R of R first: In this case ann(l+a) ={ae R|a+a=0+a} 
such that ann(1+4a) ={aeR|aea}=a. And as @ is proper we have 1 + a £ 0 such that we 
conclude a € Annsr(R/Q). 


Now we turn to prime ideals p of R only. Then conversely, if 6 € Annse(R/p), say 6 = ann(b +p) 
for some b € R with b+ p #0+). This of course is b ¢ Pp. Evaluation the annihilator we find 
6 =ann(b+p) ={ae R| ab+p=0+ P}. But ab+p =0+P is equivalent to ab € Pp and as P is 
prime and b ¢ 9 this again is equivalent to a € p. Altogether this meansb={aeR|aep}=)p 
such that p also is the only element of Annsr(i/P). 


Of course (R/@)y = 0 means (b+4)/v = (0+4)/1 for any b € Rand any v ¢ P. And by construction 
of the localization, this is u(b+ 4a) =0+4 for some u ¢ P. This again is ub € G, altogether 


(7/a), = a> VbER Jugp:ubea 


Let us first regard the case @ C p and take b= 1. Then ued C P and u ¢ P is a contradiction. 
Therefore (/@)y 4 0 and hence p € Suppp(R/a). Conversely, if a C Pp is false, there is some 
u € (such that u ¢ p. Then for any b € R we have ub € a (as Gis an ideal) and hence (R/Q)y = 0. 
This again is p ¢ Suppp(R/Q). 


Proof of (5.7): 


(i) By definition ann(x) = {a € R| ax =0}. Now, as z is injective we have a(x) = v(ax) = 0 if and 
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only if az = 0. That is the following sets are identical 
ann(u(z)) = {aE R| a(x) =0} = {ae R| ax=0} = ann(z) 


Therefore, if @ € Annsp(M), then @ = ann(a) for some x 4 0. But as u(x) ¥ O again, as 
u is injective, this means @ = ann(x) = ann(e(x)) € Annsry(N). Thus we have the inclusion 
Annsrp(M) C Annsr(N). In particular this reasoning is true if @ is a prime ideal of R, such that 
the inclusion Sannr(M) C Sannr(JN) is true, as well. 


Consider any Pp € Suppp(M), that is My 4 0. Then z induces another monomorphism ty : My 
Ny according to (3.119.(ii)). In particular Ny cannot be zero (this would deny vy to be injective) 
such that p € Suppp(NV) again. 
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(ii) If d = ann(x) for some x € M then we regard the homomorphism of R-modules R > Rx: a+ az. 


By construction this is surjective and @ is its kernel. Hence we have the isomorphism 
R/, + Ra : b+0+> bx 


If conversely ® : R/P Ra is an isomorphism of R-modules, then by (i) the set of annihilators of 
R/p and Rz are identical. But by (v) we hence find 


Annsry(Rx) = Annsp (2/y) = {p} 


If we have « = 0, then Ra = 0 so the isomorphy Rr =, R/P would mean p = R, which contradicts 
R being prime. This means x # 0 and hence ann(x) € Annsp(Ra) = {Pp} such that ann(x) = p. 


Abbreviate Supp(/) := {p € Spec(R) | daze M:ann(x) C Pp}. In the first step we will prove 
that Supp(Z) C V(ann(M)): As {2} C M itis clear that ann(M) C ann(x) and by assumption 
any ~ € Supp(M) satisfies ann(7) C ann(a) C p for some « € M. Therefore (by choosing this 
x € M) ann(M) C YP which is p € V(ann(M). 


(iii 


a 


In the next step we will prove V(ann(M)) C {© Spec(R) | My 40}. So what does My = 0 
mean? By definition this is z/v = 0/1 for any x € M and any v ¢P. And this again is: For any 
x € M there is some u ¢ P such that uz = 0. So if we start with some p € V(ann(M)), then we 
have ann(M/) C p. In particular u ¢ p implies u ¢ ann(M). And by definition of ann(M) this is 
ux #0 for some x € M - just what we needed, for My # 0). 


In the last step we will prove {Pp € Spec(R) | My #0} C Supp(M). That is we start with some 
prime ideal p such that My 4 0 and need to prove that there is some x € M such that ann(x) C P. 
That is we have to show that u € ann(z) - which is ua = 0 - implies u € Pp. As we have argued 
above My = 0 means Vx € M du ¢P such that ux = 0. The negation thereof is xe MVug¢p 
we get ux #0. Yetu¢g Pp = > ux #0 is equivalent to ux = 0 = > u€ Pp. Thus there is some 


x € M such that u € ann(x) implies u € Pp which is just what we needed: ann(x) C Pp. 


(iv) By definition ann(z) = {a€ R| ax =0} and if we rewrite the quantifier Jz ¢ M:2A#0asa 


— 


union over all « € M with x 4 0 the identity of these sets is readily apparent 


zo(M) = LJ {ae R|ax=0} = LU ann(x) = J Anns() 
x40 x40 


(v) Let @ = ann(a) for some x 4 0 and consider a, b € R such that ab € G and b ¢ a. Then we need 
to prove a € @. By assumption we have abx = 0 and bx ¥ 0, that is a € ann(bx) € Anns(M). But 
clearly @ = ann(x) C ann(ba), as R is commutative. By maximality of a this implies @ = ann(bz) 


and hence a € 4, which had to be proved. 


Proof of (5.8): 
(i) If p = ann(x) € Sann(P), then as 0 A x € P C M we already find p = ann(x) € Sann(M). 
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Thereby we already have the inclusion 
Sann(P) C Sann(M) 


Now consider any x € M and distinguish two cases: If Rx MP = 0 (as ax € Rz is generally true) 
then ax € P is equivalent to ax € Rx 7 P =0 and hence to ax = 0. Therefore 


ann(xz + P) {ae R|a(a+P)=0EM/P} 
{ae R|lareP} 


{ae R| ax =0} = ann(z) 


In particular ann(a) = ann(~ + P) € Sann(M/P). In the complementary case Rx M P # 0 there 
is some y = ba € P such that y 4 0. In particular b ¢ ann(x) = p. Then (3.24.(ii)) tells us that 
Anns(Ry) = {p} and in particular ann(y) = p = ann(x). That is ann(x) = ann(y) € Sann(P). 
Together we have found 


Sann(M) C Sann(P)U Sann (“//p) 


lf0 — L + M > N — Ois an exact chain of R-modules, let us denote the respective homo- 
morphisms by py: L <> M andy: M - N. Then Lim(y) = kn(w) due to exactness, such 
that 

Sann(L) = Sann(kn(w)) CG Sann(M) 


as P := kn(w) <m M is a submodule of M and we have (i) above. Also the first isomorphism 
theorem implies M/kn(q) + im(w) = N such that (i) above also implies 


Sann(M) C Sann(kn(q)) U Sann (14) ene) = Sann(L) U Sann(N) 


As any P; <m M is a submodule, we have Sann(P;) C Sann(M) by (vi). Therefore L); Sann(P;) 
is contained in Sann(/). Conversely consider any ~ = ann(x) € Sann(M). As € M =U, P; 
there is some 7 € I such that x € P; and thereby p = ann(x) € Sann(P;). That is Sann(/) also 
is contained in LU); Sann(P;). 


If #7 = 1 then there is nothing to prove. If #7 = 2, say J = {1,2} we abbreviate M := M, ® Mo. 
As M, C M (canonically under x; +> (21,0) we have Sann(M;) C Sann(M) according to 
(iv). Likewise Sann(M2) C Sann(M). And clearly M/M,; Mo : (@1,272) + Mi > 22 is an 


isomorphism and hence we may apply (iv) to find 


Sann(M@) C  Sann(M;,) U Sann (“/ in) 
= Sann(Mj) U Sann(M2) 


But as we also have Sann(M1) USann(M2) C Sann() we have the equality of these sets. Thus 
we have proved the claim for #J = 2. Now suppose J is a finite set, then we may use induction 
on n:= #I. The cases n = 1 and n = 2 have already been dealt with. For the induction step we 
consider J =1...(n+1) and let M :=Q@® My where Q := M, @---@® My. Then we may use 
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(iii) 


(vi) 


(vii) 


the case n = 2 on M and the induction hypothesis on Q to find 


Sann(M) = Sann(Q) U Sann(M,,+1) 

n n+l 

8) Sann(M;) U Sann(Mnii) = U Sann(M;) 
i=1 i=l 


For an infinite index set J we finally let Q:= {AC I|A+40, #4 < co}. Then for some non- 
empty finite subset A € ( of J we let 


M := BD Mi 


Ma 


I 
QD 
5 
lA 

5 


By construction any x € M is contained in some « € My, for some A € 2. That is M =U, Ma 
where the union runs over A € (2. Now by (ii) the annihilator spectrum if the union of the annihilator 


spectra of 1/4 and as A is finite these are given to be 


Sann(M) = a Sann(M,) = U J Sann(Mi) = J Sann(M) 


AEQ AEQIEA iel 


By assumption the following map is injective: If (2 + P;) = 0 = (0+ P;) then we have x € P, for 
anyie TI. But as « € U; Pj =0 is x =0 we find the injectivity, of 


Ms @™/p, : ar (c+ FP) 
ie. 
That is we can consider M as a submodule of the direct sum of the M//P; and by (i) and (iv) this 


implies our claim 


Sann(M) © Sann (@"/x,) = USann (“/p,) 


iel tel 


As ) © Spec(A) already is a prime ideal, we have Pp € Sann(J/) if and only if p € Anns(J/). But 


as ~) # R is proper this is equivalent to the existence of 2 according to (3.22.(ii)). 


If MZ = 0 then there is no x € M with « 4 0. Therefore Sann(M) = @ by construction. Conversely 
if Mf # 0 then there is some x € M with x 4 0. That is 1 ¢ ann(z) and thereby ann(x) ¥ R. 
In particular A := Anns(M) 4 0. As R is noetherian and A is non-empty we get A* 4 0 as 
well. And as the maximal elements of A are prime ideals by (3.24.(iti)) we have @ # A* C 
Spec(R) M Anns(M) = Sann(M). 


First of all, we regard the case M/ = 0: Here Sann(M) = @ and hence the grand union of Sann(/) 
is empty, too. But also zp(/) = 0, as there is no x £ 0 to begin with. That is in case M = 0 we 


have the equality and may assume M ¥ 0 from now on: 


If p € Sass(M) is an associated prime of M, then p = ann() for some x #0. That is anya € Pp 
satisfies az = 0 and as x £0 this means a € zD(M). Hence p C zp(M) which is "C" above. 
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For the converse inclusion we start with some a € zD(M), that is there is some x 4 0 such that 
ax = 0. In particular Ra 4 0 such that by (vi) there is some Pp € Sann(Ra) C Sann(M). Say P is 
p = ann(ba) for some ba £ 0. Then a(bx) = b(ax) = b-0 = 0 such that a € p € Sann(M). That is 


a is contained in the grand union of Sann(/). 


(viii) Let Z:={Z <m M|Sann(Z) C S} be the set of submodules of M whose annihilator spectrum 
is contained in S. From (vi) we know Sann(0) = 0 C S' such that 0 € Z which tells us that Z is 
non-empty. And if (Z;) C Z is a chain then Z := LU; Z; is a submodule by (3.13). Also we have 


Sann(Z) = J Sann(Z;) om 
tel 


according to (ii). This means Z € Z again and thereby any chain in Z has an upper bound such 
that we may apply the lemma of Zorn (0.27) to find a maximal element P € Z*. As P € Z we have 
Sann(P) C S. Let us now argue, that 


Sann(“/p)ns = 


Consider any ~ € Sann(M/P) then we have a monomorphism of the form v: R/p — M/P by (v). 
Let Q/P :=im(v) be the image of this, that is Q <m M with P C Q. Thenz: R/p > Q/P is an 
isomorphism. In particular Sann(Q/P) = Sann(R/p) = { P} and by (i) we hence get 


Sann(Q) C Sann(P)USann (2/p) = Sann(P)U{p} 


If we had p € S as well, then this would mean Sann(Q) C S. But as P is maximal with this 
property and P C Q this would yield P = Q which contradicts Q/P =n R/p #0. Thus S and 
Sann(M/P) are disjoint. But from this we will find 


Sann(P) = S 


We already have Sann(P) C S, so let us suppose there was some p € S \ Sann(P). Aspe S C 
Sann(M) C Sann(P)U Sann(M/P) but p ¢ Sann(P) we necessarily have p € Sann(M/P). But 
this cannot be, as S and Sann(M/P) are disjoint, which only leaves Sann(P) = S. And thereby 


Sann(M)\ S = Sann(M) \ Sann(P) C sann (4/p) 


Proof of (5.12): 


(i) Recall the canonical map «: R- U~'R: ato a/1. By definition U-tann(z) is the ideal of U-'R 
generated by «(ann(z)) 


U-tann(x) = { ; | a € ann(z) \ Vi 
= ({*|aeR,ar=0}), 
Likewise ann(x/1) <; U~'R is the set of all a/u € U-!R such that ax/u = a/ux/1 =0/1. The 
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latter is equivalent to: wax = wu0 = 0 for some w € U. That is 


ann (=) = {= eU"R|3weU : war =0} 


We will now prove that (under the assumption ) = ann() is a prime ideal, with Pp 1 U = @) these 
sets are equal: For U~tann(x) C ann(a/1) we consider some a € R with ax = 0. Then clearly 


a/1 € ann(z/1), as we have wax = 0 for w = 1 € U. And as ann(a/1) is an ideal, it therefore 


contains U~tann(z). 


Conversely we take a look some a/u such that wax = 0 for some w € U. That means wa € ann(z) = 
p. As w € U we have w ¢ P and as P is a prime ideal, this implies a € p = ann(z). That is ax = 0 
and hence a/1 € U~!ann(zx). But as this is an ideal, we also have a/u = (1/u)-(a/1) € U~tann(z). 


(ii) We have already seen in (2.122) that p + U~'pis a bijective map from S := {Pp € Spec(R) |pnU =O} 
to Spec(U-'R). So if p = ann(x) € Sann(M) with p NU = 9, then by (i) we see that 
U~tp = ann(x/1) € Sann(U-!M). Hence the map is well-defined and its injectivity is inher- 


ited from the bijectivity on the spectrum. 


(iii) By assumption p = (a1,...,an); <j Ris finitely generated and U~!p = ann(a/u) is the annihilator 
of some element x/u € U~!M. As in (i) this ideal can be explicitly written, as 
£ b ae te 
ann (=) = ooo R\|ijaweU: wht =0 


U 


For any k € 1...n we have ax € P and therefore a,/1 € U~'p = ann(a/u) which means 
(a/1) (x/u) = 0/1 and this is weayx = 0 for some we € U. Now let w := w1...Wn € U 
then clearly ax,(wx) = wagx = 0 for any k € 1...n. This means ag € ann(wa) and as the ax 


generate P we even get the inclusion 
p C  ann(wz) 


Conversely, if b € ann(wa) then whr = bwa = 0 which means b/1 € ann(x/u) = U~'p. But 
this implies b € U-'pM R = Pp such that we also have ann(wx) C p. But together this is 
p = ann(wa) € Sann(M) as claimed. 


(ii) Now consider any ¢ € Sann(U-!M) C Spec(U~'R). As the map is bijective on the spectrum, 
there is some P € Spec(R) such that pNU = 0 and q = U~'p. If R is noetherian, then p is finitely 
generated and hence we may apply (iii) to get p € Sann(M). That is p++ U~'p = q and hence 


this map also is surjective. 


(iv 


— 


By (5.8.(vii)) there is a submodule Q <, M that satisfies Sann(Q) = Sann(M)\S and Sann(Q)N 
Sann(M/Q) = 0. By definition of S this means, that for any P € Sann(M) we have 


peSann(Q) — = p¢gS —> pNnUF 


And as by (5.8.(i)) any ~ € Sann(M) is contained in either Sann(Q) or in Sann(//Q) this means 
Sann(M/Q) = S. Now let us also denote k: M > U-'M:2++ 2/1 and P :=kn(k). Then we 
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regard the following commutative diagram 


M —- M/Q 
1 1 
U-IM = U-*(M/Q) 
where k and K: M/Q > U-!(M/Q) : © +Q + (x + Q)/1 are the canonical homomorphisms 
downwards and 9: M > M/Q:2+5 2+ Q is the canonical projection. By definition U~'o : 
U-!M + U~!(M/Q) is defined by U~'o(x/u) := (x + Q)/u. This diagram commutes, as 


z+Q 
1 


Ko(r) = = (U~‘e)K(x) 


We first claim, that U~'o is injective: That is we need to show that kn(U~'o) = 0. Hereby 
(3.119.(ii)) tells us kn(U~'@) = U~'kn(e) = U~'Q. And as R is noetherian we know by (ii) that 
Sann(U~'Q) is bijective to {p € Sann(Q) | pNU=0} = 0. But by construction of S and Q 
the latter set is void and hence Sann(U~!Q) = @ is empty, as well. But by (5.8.(vi)) this means 
kn(U-!o) =U~!Q =0, such that U~'9 is injective. 


Next we claim, that % is injective, as well: To do this let A/Q := kn(&) <m M/Q, then 
Sann(k/Q) C Sann(M/Q) = S. Now consider any ~ € Sann(//Q), that is p = ann(x + Q) 
for some x € K <m M. As x+Q € kn(&) we have (x + Q)/1 = 0/1 € U~1(M/Q) and 
this means w(z + Q) = 04+ Q for some w € U. That is w € U annihilates x + Q such that 
w €ann(a2 +Q)NU =pnu. But as p € S we have pNU =. This contradiction can only be 
solved, if there is no p € Sann(A’/Q) which means Sann(/Q) = 0. Using (5.8.(vi)) again this is 
kn(%) = K/Q =0, such that & is injective. 


Using both injectivities we find @ = P (see below). And as @ has been any submodule of M 
satisfying Sann(Q) = Sann(M)\S and Sann(Q)M Sann(M/Q) = 0 this proves the uniqueness of 
Q. Also P inherits these properties from Q. 


Q = kn(g) = kn(Reg) = kn((U~'g)K) = kn(x) = P 


Proof of (5.13): 
Let S := Ry abbreviate the localisation of R in p, then S is noetherian, too, according to (2.124). Also 
My # 0, as p € Supp(M) such that Sanns(My) 4 @ is non-empty, by (5.8.(vi)). But (5.12.(ii)) tells us, 


that there is a one-to-one correspondence between the sets 
Sanng (My) <> {a € Sannr(M) |an(R\p) =9} 


As the left-hand set is non-empty, so is the right-hand set, that is there is some a € Sann() such that 
an(R\p) =. But the latter property translates into a C p. 


Consider any @ = ann(z) € Sann(M), that is 4 0 and @ is prime. In particular ann(x) C a € Spec(R), 
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such that @ € Supp(/), by construction of the support. From this we see the inclusion 
Sann(M@) C Supp() 


It remains to prove that the minimal elements of these sets coincide. If } € Supp(/) is minimal, then we 
choose some @ € Sann(/) such that a C p. As a € Supp(), too and p is minimal in this set we find 
a = p, in particular p € Sann(M) is an associated prime of M. And clearly it is minimal in Sann(M), 
as any Sann(M) is contained in Supp(/). 

Conversely if @ € Sann(/) is minimal, then we already know a € Supp(/), but have to show, that it 
also is minimal in this set. That is we consider some ~ € Supp(/) such that p C a and have to show 
a@ = p. Again choose some 6 € Sann(M) such that 6 C p C a. As @ is minimal in Sann(M) and 
b € Sann(M) we conclude 4 = and thereby a = P. 

We have just shown, that the minimal elements of Sann(J/) and Supp(J/) coincide. For the grand 
intersection only minimal elements are relevant, though [if p € Sann(M) is not minimal, then there is 
some ~ C gq. And hence g does not contribute to the intersection: pq = p. The same is true for 
Sann(M) of course]. Thus we find 


( )Sann(M) = () (Sann(M)), — () (Supp(4)), = ()Supp(M) 


Proof of (5.11): 


(i) By definition M = M(p)={xe€ M|ine WN: p"x =0}. Yet Yet the condition in this set can be 
reformulated to Sn € IN: p” € ann(x) which in turn is p € \/ann(z). That is 


M(p) = {reM|pe ann(z) } 


Consider any ~ € Sann(M), that is p = ann(x) for some x ¥ 0, then M = M(p) tells us 
p € x/ann(x) which is pR C \/ann(x) = ann(z) - the latter, as ann(z) is prime. Thus we have 


p €ann(a). And as x £0 we know ann(x) # R such that we have found 
pR C ann(xz) A R 


As R is a PID the non-zero prime ideal pR is maximal, according to (2.76.(i)) such that we find 
) = ann(x) = pR by the inclusion above. That is we have shown Sann(/) C {pR}. On the other 
hand M 4 0 is finitely generadet (by assumption) such that from (5.8.(vi)) we have Sann(M) 4 0. 
But this leaves Sann(/) = { pR } only. 


(iit) By (5.13) we know Sann(R/aR) C Supp(R/aR) and by (5.6.(iv)) this is V(aR) such that we find 


Sann(®/op) ¢ Supp (*®/oR) 


= V(aR) = {pR|peR prime, aR C pR} 


{pR|peéR prime, p | a} 
For the converse inclusion we start with any prime p € R such that p | a, that is pu = a for 
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some uc R. Asa #0s0 is u #0. Now let « := u+aR. Suppose x = 0, then u € aR, say 
u = ab for some b € R, then u = ab = pub such that 1 = pb (as u # 0) which would be p € R*, in 
contradiction to p being prime. Thus x 4 0 but px = p(u+ aR) = pu+aR=a+aR=0-+aR. 
That is p € ann(z), te. pR C ann(x) # R (as in (i) above) such that we find ann(xz) = pR again. 
In particular ann(z) is prime and hence pR = ann(x) € Sann(R/aR). 


Proof of (5.14): 


e First consider the case M = 0, then statement (2) is void and statement (1) is trivial for n = 0 and 
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Mo = 0 = M. So let us now deal with M # 0, as R is noetherian and M is finitely generated, 
M is noetherian, too, according to (3.105.(vi)). Hence we consider the set of all submodules of MZ 


that do satify properties (1) and (2) of the claim. 


First of all, this set is nonempty: As M # 0 there is some p € Sann(M/), due to (5.8.(vi)). Say 
p =ann(z) then R/p =, Ra : a+ az is an isomorphism of R-modules and thereby Fz satisfies 
properties (1) and (2), as we may take 0 = Mp C M, = Ra such that M,/Mp =m Rae =m R/P. 


Hence Rx <, M is one of those submodules. 


As the set of submodules satisfying (1) and (2) is non-empty and M is noetherian, there is a 
maximal submodule N satisfying (1) and (2). In particular there are some N; and ), as in (1) and 
(2). We need to prove N = M, so suppose this was not the case: N Cc M. Then M/N #4 0 and 
therefore Sann(M//N) 4 0 again. Let p = ann(a + NV) be an associated prime ideal of M//N, then 


we find the chain of submodules 


0=N CN c... C Nv, = N C N+Re 


Also we have R/P =, R(a+N): a+) ax+N as before. And as (Rx+N)/N = R(x+N) we 
have found an extension of the chain 0 = No C ... C Nn =N in contradiction to the maximality 
of N. But this only leaves 1//N = 0, in other words N = M. 


We prove Sann(M) C {),,--.,,, } by induction on n: In case n = 0, which is M = 0, we have 
Sann(M) = 0. Now consider n = 1 which is 0 = Mp C M, = M. Then we get 


Sann(M) = Sann(M,) = Sann (4 Mo) = Sann (Ys. = {p,} 


Now suppose we have already ae the claim for all modules with filtrations of length less than 


n. That is we have Sann(M, =10,, atthe Dea by induction hypothesis and then we find 


Sann(M) = Sann(M,,) CG Sann(M,_1) )U San (4 "My :) 


= Sann(Mn—1) USann (#/, ) c G eres Dae Ok ume 


For the inclusion {,,...,),, } C Supp(V) we start with any i € 1...n: By property (2) there 
is some isomorphism ®; : M;/M;-1 > R/p,; such that we may pick up 2; € M; C M such that 
®; (2; + Mj_-1) =1+),. If now a € ann(a;) then ax; = 0 such that az; + Mj-1 = 0+ Mj_1 and 


a+p, = a(14+)p,) = a® (a+ Mii) = Oi(az,+ Mi-1) = ©(0+ Mi_-1) = 0+), 
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such that a € p;. As a € ann(x;) has been arbitrary, this means ann(z;) C p,; and thereby 
p, € Supp(/) according to the definition of the support of M. 


In the last step we will prove that the x; constructed in the step before generate M. In particular 
this means rank(/) < n. So consider any y © M = M,,. Then ®,(y+ Mn_1) = an +P,, for some 
Gn € R. Then we define y,_1 := y — Gn and find that 


®y (Yn—1 + Mn-1) = On (y+ Mn-1) — Gn ®n (tn + Mn—-1) = (An 4 P,,) Qn (14 P,) =D 


In particular we have y,—1 + Mp1 = 0+ Mp_1 which is yp_1 © Mp_-1. Continuing that way 
we recursively construct y, € M;, (where k > 7) and ay € R (where k > 7 + 1) such that 
Yk—1 = Yk—ApLp. Then we continue with picking up any aj € R such that ®;(y;+Mj-1) = aj +), 
and let y;—-1 := yj — ajx; again. We then conclude y;_; € M;_ in exactly the same way, as for 
j =n. In particular yo € Mo = 0 such that 0 = y, — a1. That is we end up with y; = a,x, and 
now work our way up again: We claim that y; = a1yi +---+a; +2; and proceed inductively: From 
Yj—-1 (= Yj—ajx; we get y; = yj-1+a;2x; and by induction hypothesis yj; = ayy. +--+ -+aj;—1+2j-1 
that’s it already. In the end we get y = Yn = a1y1 +--+ Gn%py and as y € M has been arbitrary, 
this finishes M C Lh{a1,...,¢an} C M. 


Proof of (5.16): 


(i) 


(iii) 


We start with (a) ==> (b): By (5.8.(vii)) zD(Z) is the grand union of Sann(J/) and by (5.14) this 
is a finite set. That is @ is contained in a union of finitely many prime ideals. By prime avoidance 
(2.13.(iii)) we find that @ already is contained in one of them and this is (b). 


So for (b) ==> (c): Let p = ann(x) for some e £0. Thena C p={ae R| ax =0} translates 
into: For all a € G we have ax = 0 and hence az = { 0}, which is (c). 
Of course (c) == (d) is trivial so we close the circle, proving (d) => (a): By assumption for any 


a € @ there is some x 4 0 such that a € ann(x) € Anns(/). That is @ is contained in the grand 
union of Anns(J/). But by (5.7.(iii)) this is zo(Z) already. 


Let us first prove (a) ==> (b): By assumption for any ~ € Sann(M) we have a C P such that 
p € V(a). Conversely (b) == (a): Any p € Sann(M) is contained in V(@) such that a C p. 
As this is true for any p € Sann() we conclude that a is contained in the grand intersection of 
Sann(M). It remains to verify (a) <= (c): By (5.13) the grand intersection of Sann(J/) is the 


same, as the grand intersection of Supp(J/). Thus by the same reasoning as for Sann(J/) we find 
ac ( )Supp(M) = ( )Sann(M) <— > Supp(M) Cc V(a) 


But for Supp(Z) we have shown the equivalency of Supp(MZ) C W(Q) and (c) in (3.133.(vii)) 


already. Combining these equivalencies we conclude that (a) is equivalent to (c), too 


Supp(M@) C VQ) — JAneN: a"M=0 


The proof will feature two,t he first loop goes like (a) (c) (b) (a) and the second 
loop like (e) =— >» (d) = > (c) = = (e). As the loops are interlocked in (c) this grants the 
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equivalency. We start with (a) == (c): Given a € R let us distinguish two cases: If a € p, then 
Ra C p =f)Sann(M) such that by (ii) there is some n € IN such that (Ra)”M = 0. But clearly 
(Ra)” = Ra” and 0 = Ra"M =a"M =im(A?). In particular Aq is nilpotent. And in case a ¢ P 
then we use (5.8.(vii)) to find a ¢ p = UJSann(M) = zp(M) which means a € NzD(M). That is 
ax = 0 implies x = 0 and hence kn(Aq) = 0, which is the injectivity of Ag. The most difficult part 
(c) => (b) comes next: Let us denote the following subset of R 


p := {ae R|AneWN:a"M=0} 


Note that a” M = 0 is equivalent to \7’ = 0 such that a € P is equivalent to A, being nilpotent. In 
a first step we will prove, that p is an ideal of R. Clearly 0 € p by taking n = 1. Also if b € p and 
a € R, then there is some n € WN such that 6° M = 0. But then (ab)”"M = b"a"M C b"M =0 
such that ab € Pp, as well. And if now a, b € p, then we have a” M = 0 and b°M = 0 for some m, 


n € IN. The binomial rule enables us to rewrite 


mtn _ — m+n kypm+n—k 
(a+b) = Se k a”b 


k=0 
“(m+n Kees m+n 
_— pn kym—k qa” k—-mz,m+n—k 
ECP erie E Ces 
k=0 k=m+1 


Thereby (a+ b)™*"M C b"M +a™M =0 such that a+b € P again. Altogether, we have found 
p <j R. Next we verify that (c) makes this ideal a prime ideal: Consider a, b € R such that ab € P. 
If we had a ¢ P and b ¢ P then by assumption (c) both, Ag and A, would be injective. But then 
Aab = AaAy would be injective, too. And this contradicts ab € P (i.e. Agy being nilpotent). Hence 
we have a € Pp or b € P which is the prime property of P. 


It remains to prove \/ann(a) =p for any 2 € M with 2 40. Hereby ann(x) = {a € R| ax =0}. 
If a € p then there is some n € WN such that a” M = 0. In particular ax = 0 which is a” € ann(x) 
which turns into a € /ann(2). That is we have shown Pp C /ann(2). Conversely, if a € ann(z), 
then Aq is not injective and hence A, has to be nilpotent, by (c). That is there is some n € IN such 
that A” = 0, in other words 0 = im(A”) = a” M. But this is a € Pp such that we have ann(x) C p. 
As = is prime we find /ann(a) C /p =p. Altogether /ann(a) =p 

We close the first loop, by proving (b) ==> (a), but this is easy: Consider any g € Sann(J), in 
particular ¢ = ann(x) for some x # 0. As q is prime we have g = \/9 = ann(a) = p. That is 


Sann(M) C {p}. But as R is noetherian and M is finitely generated we use (5.8.(vi)) once more 
to find Sann(/) 4 @. Thereby we gain (a). 


This has been the hard part, the second loop is far easier: We take the back door and begin with 
(e) => (d): We distinguish two cases again, if a ¢ zD(/), then by assumption (e) there is some 
x € M such that for any n € WN we have a”x ¥ 0. In particular a” M = 0 is false for all n € IN. 
In the second case we consider a € zD(M), then by (e) given « € M we find some n € N, such 
that a"x = 0. We have required IM to finitely generated, say M = Lh{ 2,...,x, }. Then for any 
i€1...r we may pick up n(i) € IN, such that a” x; = 0. And if we let n := max{ n(1),...,n(r) } 
we get a”x; = 0 for anyi € 1...r. But as the x; generate M/ we conclude a” M = 0, which was 


required by (d). 
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The implication (d) = > (c) is trivia zo(M) = {ae R| dere M : a2F4O0andar=0}. So 
suppose Aq is not injective, then kn(A,) 4 0, ie. there is some x € M with x £0 and ax = 0. But 
this means a € zD(M). Then by assumption (d) there is some n € IN such that a” M = 0. This of 


course is nothing but A? = 0, so Aq either is injective or nilpotent. 


It remains to verify (c) == (e): Consider any a € R, if Aq is injective, then ax = 0 implies 
x = 0 which is a ¢ zD(M). So suppose for all « € M there was some n € N, such that a”x = 0. 
Choose any x ¥ 0 and let m be the minimal power, such that ax = 0. In particular m > 1 
and a™~tz £0. Then \,(a™ tx) = a™ax = 0, which contradicts A, being injective. That is both 
sides of the equivalency in (e) are false. If Aq is nilpotent, then there is some n € IN such that 
a” M = im(A?) = 0. In particular for any « € M we get a”x = 0. With the same reasoning, as 
before we find some y = a™~!x 4 0 with ay = 0. That is a € zD(M) and hence both sides of the 


equivalency in (e) are true. 


Proof of (5.18): 
Let us first assume, that @ is a primary ideal, then p is a prime ideal, due to (2.86.(ii)). Now, for any 


a € Rwe regard the homothety 
Neo Bi, Bf, >: b4+aab4+4 


We will prove that Aq either is injective or nilpotent. If Aq is injective, we are done. Else there is some 
b+a40+4 such that ab+0=0+4. That is b ¢ 4, but ab € a. As @ is a primary ideal, by (a), there is 
some n € IN such that a” € a. Therefore a”(1+a) =0+4 such that A!’ = 0, that is A, is nilpontent. This 
is property (c) in (5.16.(iii)). Thereby Sann(R/a) = {p}, where p= {ae R| dine WN:a"(1+a)=0} 
which isp={aeER|ineWN:a"ecas=Va. 

Conversely suppose Sann(R/a) = {p} for p = V4, then we need to show that a is a primary ideal. 
That is we consider a, b € R with ab € a but b ZG and need to show a € V4 =). But as b Za we 
have x = b+ #40 and hence by property (b) in (5.16.(iii)) we find \/ann(x) = p. Yet ab € a implies 
ax = a(b+a) =0 such that a € ann(z), in particular a € p. 


Proof of (5.20): 


(i) As R is noetherian and M is finitely generated, M is noetherian again. Hence P <m M is finitely 
generated and P 4 0 by assumption, such that Sann(P) 4 9, according to (5.8.(vi)). But by (5.7.(i)) 
we also have Sann(P) C Sann(M/) = {p}. Together this can only mean Sann(P) = { p }. 


(ii) Let us abbreviate P := P) +---+ Py, <m M, then we use (5.8.(ii)) on P to find that the set of 


associated primes of P is just { p } again 


Sann(P) = J Sann( Px) = LU {p} = {Pp} 
k=l 


k=1 
(iii) By assumption any M/P, is p-primary (for k € 1...n). But from (5.8.(iv)) we hence find that the 
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direct sum of this residue modules is p-primary, too 
Sann (b/s) = LU Ssann (4/7, ) = Bee = {Pp} 
k=1 k=1 k=1 


Let us abbreviate P = P,---MFP,, the intersection of the Py, then there is a monomorphsim of 


R-modules of the following form 


n 
k=1 


From this (5.7.(i)) implies Sann(M7/P) C {p}. But as M is finitely generated, so is M/P. And 
as Sann(M/P,) 4 @ there is some x € M with «+ P}) 40+ Py. In particular x ¢ P such that 
M/P #0, as well. As R is noetherian we get Sann(M/P) 4 0 from (5.8.(vi)) again. And this can 
only be Sann(M/P) = {Pp}. 


(iv) If L and N are p-primary we find Sann(1Z) = {)}, as well, since (5.8.(i)) applied to the chain 


0— L— M > N — 0 already reads as 


{p} = Sann(L) C Sann(M) C Sann(L)USann(N) = {p}U{p} = {p} 


Proof of (5.22): 


(i) As M is finitely generated, so is M/P. This together with R being noetherian (5.8.(iv)) implies 
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a 


that Sann(M/P) # 9. It remains to prove, that there only is one associated prime of M/P: Hence 
we consider any two p, ¢ © Sann(M/P), say p = ann(x + P) and q = ann(y+ P). Then we let 
U := Ra+Pand V := Ry+P. Asx+P40+P we have x € U but x ¢ P such that P Cc U. 
Likewise we have P Cc V (as y € V \ P) and clearly 


PC UNV 


As P is irreducible, by assumption, and U, V £ P this means P C UNV and hence we may choose 
any z © UNV with z Z P. That is z+ Pe U/P = (Rxe+ P)/U is of the form z+ P=ar+P 
for some a € R. Suppose we had a € P = ann(x+ P), then z+ P=ar+P=a(x4+P)=0+P 
in contradiction, to z ¢ P. Thus a ¢g P = ann(x + P) and as P is prime (3.24.(ii)) implies 


ann(z+ P) = ann(az+P) = ann(x+P) = p 


In complete analogy we find ann(z+ P) = ann(y+P) = q such that both p and q equal ann(z+ P). 
In particular p = q. That is Sann(//P) is non-empty, but all its elements are identical, meaning 


it only contains a single element. 


Consider the set of all submodules of R, that do not have an irreducible decomposition. We claim 
that this set is empty. Suppose this was not the case, i.e. there was a submodule that has no 


irreducible decomposition. As M is a noetherian module, there then would be a maximal element 
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(iii) 


in this set. Let N <, M be such a submodule, that is maximal among the submodules of 


without irreducible decomposition. 


In particular N cannot be irreducibe itself, as then Py = N would be an irreducible decomposition. 
Therefore there are submodules P, Q <m M such that N = PNQ but PAN and QFN. 
Therefore we have N C P and N Cc Q. But by maximality of N this means that P and Q do 
have an irreducible decomposition, say P= P,N---N P, and Q=Q,N---NQ,. But then N 


N = PNQ = Pin: -NP.NQIN-:-NQs 


also has an irreducible decomposition. This clearly is a contradiction that can only be evaded, if 


there is no submodule of M that does not have an irreducible decomposition, in the first place. 


Pick up an irreducible decomposition L = Q1M---M Qn of L, which exists, according to (ii). We 
may scratch all Q; from this list that are not really required for L. That is we may assume this 


decomposition to be minimal in the sense, that for any i € 1...n we get 


Ds () Qi 
ixj 


ae 


Next we note that due to (i) any Q; 
q,; € Spec(R) such that Sann(M//Q;) = {4q, }. Now, for any p € Spec(R), we may define 


s coprimary in M, that is for any 2 € 1...n there is some 


I(p) = {i€1...n]q;=9} 
S := {pe Spec(R) | 1(p) #0} 


That is S is the set of prime ideals of R, that occur as associated prime ideals of the decomposition 
Q;. Clearly s := #S <n such that S is finite. Choose an arbitrary numbering S = {,,...,), } 
of this set, then for any 7 € 1...s we define 


That is P; is the intersection of all @; who belong to the same associated prime ideal q; = ;. As 
such P; is P;-coprimary in M, according to (5.20.(iii)) - this is property (3). And by construction, 
different P; have different associated prime ideals p, - that is property (4). Also we have property 


(1), as we have just rearranged the intersection of the Q; 
L = Qin-::-NQ, = () () Q: = (Qez 
J=1iel(P;) y=" 


But by minimality of the @; we also get property (2): For ease of notation say we had L = 
P2--+- Ps, then we would be missing those Q; that belonged to 4, = Pj, in particular 


(je See Sk 


jAL GAP, 
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(iv) Using (3.119.(i)) we find an isomorphy of the U-!R-modules U-'M/U~'P, and U~!(M/P;). And 
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by (5.12.(ii)) there is a 1:1 correspondence of the associated prime ideals, of the form 


Sanny-ir (UM atte) = Sanny-ir (u ip.) 
+> {p Sang (™“/p,) Ipnu =o} 


By assumption (iii) Sann(//P;) contains the single element p,, therefore there only are two cases: 
If p, 7U = 0, then then U-!M/U~'P, contains the single element U~'p, by (5.12.(ii)). That is: 
U~'P, is U~!p,-primary in U-!M. Alternatively, if p; 7U 4 @ recall that M/P, is ),-primary. 
Therefore by (5.16.(iii)) we have /ann(a + L) =), for any x + P; 4 0+ P;. From this we find 
some u © ann(a + L)N U, hence there is some power n € IN such that u” € ann(x + L), which 
is u"(a@ +L) =04+L0=u"(0+4+L). As U is multiplicatively closed u” € U, as well, such that 
(c+ L)/v = (0+ L)/1 for any v € U. And as this is true, for any v € U and any 1+ P; 40+ P; 
we find U-!(M/P;) = 0, in this case. Let us summarize 


pnu=0 — Sanny-ig (UY "M/y-1p) = {U~'p, } 


-1 


In particular this is property (3) of the reduced primary decomposition of U~'L. And by (2.122) 
p +> U~'p is a 1:1 correspondence between the prime ideals p of R with pNU = @ and the 
prime ideals of U-'R. Therefore, as the ), are pairwise distinct, so are the Up, and this also is 
property (4) of a reduced primary decomposition. Now, as in (3.121) let us denote k: P+s U-'P 
the surjective map, that turns R-submodules of / into U~!R-submodules of U~!M. We have also 


seen there, that & respects finite intersections, that is 


k(L) = (A r) = ()k(P) 
i=l i=l 

But as we have argued above, whenever p; 7U #4 @ we have U-!M/U~!P, = 0 and hence 

k(P;) = U-'P; = U~'M, such that these k(P;) do not contribute to the intersection. That is we 


find property (1) of reduced primary decompositions 


CS ae 
p,nUu=0 
It remains to verify property (2): To do this we prove that for any P; with p,U = 0 we have 
kk(P;) = P;. As we have seen in (3.121) it suffices to show the following: Consider any 2 € M and 
any u € X such that ux € P;, then we have to show x € P;. Now ux € P; means u € ann(a + P,) 
and as before we have ann(x+P;) © ,/ann(a + P;) =), which is u € p, such that u Ep,NU = 0. 


From this contradiction we conclude kk(P;) = P;. 


For ease of notation say the submodules with p, 7U = @ are U~'P, where i € 1...r and for 
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r<i<swehave U-'P; =U~!M. Property (3) of reduced primary decompositions then reads as 


Viele 2 (0 RA UL 
ij 
By symmetry of the argument it suffices to regard the case j = 1. U-'P2N---NU-!P, =U'!L 
is equivalent to U-'P,N---MU~!P, C U~'P, according to (0.1). But as for any iE 1...r we 


have kk(P;) = P; and k respects intersections we would then get 
PoN++:0P, = kk(Po)M---Okk(Po) = k(k(P2)N---Nk(P,)) C kk(P,) = P; 


This again is equivalent to P}N--- AP, = P2N---AP,. But then we could omit P, in the primary 
decomposition of L = P, M---M Ps. But as this decomposition is reduced, this cannot be. We 
conclude that the decomposition U-'L = U-!P,N-:-U7'P, satisfies property (2) of reduced 


primary decompositions, as well. 


Proof of (5.23): 


(it) An M/L > M/P;: 24+ LH «+P, is well-defined, as L C P;. Thusx+Lv (4+ FP) isa 


(ii 


(iii 


i) 


a 


well-defined homomorphism of R-modules. But the injectivity is easy to see: If (c+ P;) = (0+ Fi), 
then for anyz € 1... we have x € P; such that 2 € P}N---NP, = L. Again this isx+0=0+2. 


Due to (i) and (5.7.(i)) the associated prime spectrum of 1//L is contained in the associated prime 
spectrum of the direct sum of the //P;. But by (5.8.(iv)) this is 


Sann(M¥/7,) © Sann (O"/x,) = Usem (™/n) = Ue 


Thus we have Sann(M//L) C {)j,,...,), }. For the converse inclusion we prove ~p, € Sann(M/L). 


Due to the symmetry of the argument this does suffice. To do this regard 
yp: Petey “5 es :2@+Leet+P, 


As L C P, this is a well-defined R-module homomorphism. And given x € P2M---M Ps; with 
x+P, = 0+ P, we had x € P, as well, such that x € P/N (P2N---AP,) = L. Thus 
x+L£=0+ 12, which is the injectivity of y. Yet, as the P; are a reduced decomposition of L, we 
have L C PM... Ps that is there is some x € PN... P; with x ¢ L. Therefore (P2N...P;)/L 4 0 
is not the zero-module. Thus by (5.8.(vi)) Sann((P2...P;)/L) 40, yet as ¢ is injective 


0 F Sann (P20 NPs; C sann (“4/p,) = {Pi} 


such that we conclude Sann((P29---7 P;)/L) = {~, } once more. But as (P2%---9 P;)/L is 
a submodule of M//L this implies p, € Sann(M/ZL), too - all by (5.7.(i)) - and as we could have 
done this with any 7 € 1...s we see {P,...,), } GC Sann(M/LZ), as well. 


Suppose p, is minimal and take U := R\p,. Suppose we have p; 1U = 0, then we had p C p, 


and as p, is minimal, this is p; = p,. Now, as the p, are pairwise distinct, this implies i = k. Thus 
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we have p; 1U = 9 is and only if i = k. By (5.22.(iv)) we have a reduced primary decomposition 
of U-!L, given by 
{UP | te l..8, NU =O) = 107} 


In particular U-'L=U"'!B (considered, as subsets of U-1!M). Also we have seen there, that P, 
is 6 1(U-1P,) = « 1(U“!L) - in the proof of (5.22.(iv)) we have used the notation P, = kk(L). 
But by (3.121) this already is given, to be 


P, = kk(L) = {rE M|JduceU: ure L} 


We could end here, as in particular P; is uniquely determined by ZL, but in literature this usually 
is given as the kernel of x + L+> (2 + L)/1. So when do we get (x + L)/1 = (0+ L)/1? Clearly 
iff there is some wu € U such that u(x + L) = u(0+ L) = 0+ ZL, which is ux € L. And this is 
precisely the condition in the set kk(L) above. 


Proof of (5.26): 

Item (i) is purely definitional, there is nothing to prove. In (ii) we claim that for an integral domain R the 
hull Hull(P) is a submodule of M again: Thus consider x, y € Hull(P) and r € R. By definition there 
are some a, b € R such that a, b #0 and az € P and by € P. But then a(ra) = r(ax) € P again, such 
that ra € Hull(P), as well. And (ab)(a + y) = b(ax) + a(by) € P is plain, as well. As a, b #0 and Ris 
an integral domain we have ab 4 0 and thereby x + y € Hull(P) again. If p € P, then lp € Pandas R 
is an integral domain we have 1 4 0. Therefore we have the inclusion P C Hull(P). Now if a € tor(M) 
is a torsion element, then by definition there is some a € R with a 4 0 such that ax =0 € P. Thus we 
also have tor((/) C Hull(P). And as Hull(P) is a submodule this implies P + Tor(M) C Hull(P). 


In item (iii) we have to check the well-definedness of the content: First of all- as M #0 the basis is non- 
empty J 4 @ and thus we may apply the greatest common divisor. So let us check the independence of the 
basis: If {m;|7¢ I} is a basis with « = >), aym; and {n; |i € I} is a basis with x = 5°, bjn; then let 
us denote A := {a;|ie¢J}and B:={b; |i € I} respectively. We need to verify that gcd(A) = gcd(B). 


To do this let 
m= Pc, 
jel 
for any i € I. If now c € gcd(A) and d © gcd(B), in particular c | a; for any i € J. Then we have 


a; = ca’, for some a, € R and thereby 
C= ) QM; = ) ca’, ) a4 iN; = ) -( ) cos) nh; 
iel iel jel jer \ier 


As the n; form a basis we can compare coefficients to find b; = c)°, aaj; such that c | 6; for any 7 € I. 
This is c | B and as d is a greatest common divisor of B this implies c | d. In complete analogy we find 


d | c such that c and d are associate c & d. This again implies 


gcd(A) ch dR* gcd(B) 
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Proof of (5.28): 


(i) Let us start with zp := x and ag := 1. We will recursively construct x, € M and a, € R such that 


(iii 


~a 


L =GAnLn, ann(x,) = 0 and 
Ray C Raz Cc... C Ray 


For n = 0 everything is granted, so suppose we already have z,, and ap. If xp is primitive, then 
we are done, as we can take p := 2, and a := ay. If x, is not primitive, then there are some 
be Rand y € M such that 2, = by and b ¢ R*. We will now prove that Rx, C Ry: First of all 
at, = aby € Ry such that Rx, C Ry is clear. And since ann(z,,) = 0 we also have ann(y) = 0: 


If we have ay = 0 then az, = aby = bay = b0 = 0 such that a = 0. Suppose we even had 
the equality Rx, = Ry, then y € Rx, would mean y = ax, = aby for some a € R. But this is 
(1 — ab)y = 0 and thereby 1 — ab = 0, as ann(y) = 0. But 1 = ab would imply 6 € R* which 
is untrue. Thus we have y ¢ Ra, and thereby Rx, C Ry. Now we may take 7,41 := y and 


An41 = And then @n41%n41 = Anby = anty = &. 


Thus we have seen: If z, is not primitive, then we may append the strictly increasing chain 


Rap C Ray Cc... C Re, by another link Rr, C Rryj+1. But as M is noetherian there is no 
infinitely ascending chain of sumbodules, so this has to stop at some point m € IN. But this only 


is the case if 2m is primitive and % = @m2m. 


Let {m,; |7€JI} be a basis of M and let A:= {a; |i eI} C R be the coefficients of the basis 


representation of x, that is 
ae » aAyMN; 


tel 
If c € cont(x) = gcd(A) then for any 7 € J there is some ai € R such that a; = ca’, and thereby we 
find x in the form 
x = cp where p = So aj 
wel 
We will now prove 1 € cont(z) => 2 primitive: We have to regard b € R and y € M such that 
x = by. Writing y = >°; bim; we find 


such that a; = bb; for any 7 € I by comparing coefficients. In particular b | A such that b | c= 
gcd(A). But as 1 € cont(x) = cR* we have c € R* and then b | c implies b € R* such that x truly 
is primitive. As 1 € cont(p) by construction this already implies that p is primitive. Conversely for 


x primitive = > 1 € cont(x) we may use x = cp to find c € R* and hence 1 € cR* = cont(z). 


We will distinguish several cases: First of all, if dim(J/) = 1, then there is a basis { y; } of MW. As 
pe M = Ry, we get p = ay for some a € R. But as p is primitive we get a € R*. And this means 
x ++ ax is an automorphism of M that maps p to y. In particular {p} is a basis of M, as well. 
Next consider the case dim(M) = 2, then there is a basis { y1, yo } of M. As pe M = Ry, + Ry2 
there are some a, b € R such that p = ay; + bye. As p is primitive (ii) tells us, that 1 € gcd{ a,b }. 
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(iii) 
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That is there are some u, v € R such that 


au+bv = 1 
Now define m, := p and m2 := —vy; + uy2, we will prove that { 71, mz } is a basis of M, starting 
with Lh{ m1, m2} = M: 
up —bmz = ulay; + by) — b(—vy1 + uy2) 


= (au+bv)y + (ub—bu)ys = y1 


vp tamzg = v(ay, + bye) + a(—vyi + uy2) 


= (va—av)yo+(but+au)y2 = yo 


Thus we have y; and yo € Lh{ m1, mz } and as these generate M we already get M = Lh{ m1, mz }. 
That is { m1, m2} generates M. It remains to show, that {771,mz2 } also is linearly independent. 
Thus consider some c, d € R such that cm; + dm2 = cp + dmz = 0. That is 


II 
a) 


c(ay1 + by2) + d(—vyi + uy2) 
(ac — dv)y1 + (be + du)ys 


II 
a) 


As {yi,y2} is a basis and hence linearly independent we find the following system of linear 


equations, as the coefficients in front of y; and yo have to vanish 


II 
=) 


ac — du 


II 
o 


bc + du 


Multiplying the upper equation with u, the lower with v and then adding the results leads to 
0 = acu—duv+ bev + duv = (au+ bv)c = c and multiplying the upper equation with —b, the lower 
with a and then adding the results leads to 0 = —abc + bdv + abc + adu = (bv + au)d = v. Thus 


we found c = 0 and d = 0 which means that { ™m1, mz } is a basis of M that contains p, as p = m4. 


Next we consider the case dim(M) < ov, that is M is finitely generated. Let n := dim(M), by 
induction we may assume, that the statement is true for all modules of rank n—1 or lower. So pick 
up a basis { y1,.--,;Yn } of M and define Q := Lh{ y,.-.,Yn—1} <m M. Then we clearly have 


M = QGRyn 


Let p = )0, aiy; be the representation of p in this basis. If a, = 0 then p € Q and as dim(Q) = 
n — 1 <n this would mean there is some basis {m1,...,7™n—1} of Q that contains p. But then 
{m1,.--,Mn—1, Yn } would be a basis of M containing p, which we needed to find. So this case 


is done and we continue with a,, 4 0. Now let 


n-1 
y i= p—antn = days € Q 
i=1 
If y = 0, then p = anYyn and by the case n = 1 above this would mean, that p is a basis of Ryn. 


18 Proofs - Commutative Algebra 


(iii) 


In particular { y1,..-,Yn—1,p } would be a basis of M containing p. So this case is done, as well 
and we continue with y 4 0. Then by (ii) there is some primitive g € @ such that y = bq where 
b = cont(y) = gcd{ a1,...,@n—1 }. By induction hypothesis there is a basis {7™m1,...,7™n—1 } of Q 
containing Q. Without loss of generality we have g = m1. Then {q,mo,...,™n—1, Yn } is a basis 
of M and we have 

M = Lh{meg,...,mMn-1}® Lh{¢, yn } 


Note that p = y+ QnY¥n = b+ AnYn is a basis representation of p in that basis. And as p is 
primitive we therefore have 1 € cont(p) = gcd{ b, a, }. Let P := Lh{q, yn }, as p is primitive and 
dim(P) = 2 the case n = 2 above tells us that there is a basis { p,m, } of P. That is we can 
exchange P = Lh{ q, Yn } in the above inner direct sum by Lh{ p,m, } and thereby get a basis 
{p,ma2,.-.,7%n—1, Mn } of M that contains p. Thus item (iii) is proved for any finitely generated, 


free module M. 


Now if M is not finitely generated dim(J/) = ov, then we still pick up a basis { y; |i € I} of M. 
Then there is a finite subset 92 C I such that p € M has the basis representation 


Be = So aiyi 
tEQ 
Now let P := Lh{y | i € Q} and Q := Lh{y; | 7 € 1\ Qh, then it is clear that p € P 
and M = P@®Q. As P is finitely generated and free, we already know that there is a basis 
{mi |i € OQ} of P containing p. But then we have found a basis of M containing p, namely 


pe {m|tEeN}bUf{y |Z ET\Q} 


Let n := rank(P), by assumption P is finitely generated and hence n € NN, such that we can use 
induction on n. But first of all, if m = 0 then P = 0 and there is nothing to prove. If n = 1, then 
there is a basis { x } of P and we write x = dp for d = cont(p) and some primitive p € M. Then by 
(iii) there is a basis { m,; | i € I} of M that contains p € {m;|i€ I}. Letting pi := pand d; :=d 
this already is property (1) and property (2) is void in the case n = 1. Thus n = 1 is complete and 


we may proceed with n > 2: 


For n > 2 we start with M; := M and P,; := P and consider the following set A of ideals 
in R. Thereby cont(a)R denotes the ideal generated by cont(z) C R. Yet if c € cont(x) then 
cont(z)R = cR, as cont(x) = cR* C cR. Thus we have cont(7)R = cont(y)R if and only if 
cont(x) = cont(y). Now let 

A := {cont(z)R| xe P,c 40} 


Note that R is a PID and hence a noetherian ring such that A contains a maximal element. Let 
x € P, = P be an element, such that dR = cont(x)R € A* is maximal. As x 4 0 we may write 
x = dp for some primitive p € M according to (ii). And by (iii) there is a basis M; := {m,; | j € J} 
of M, = M such that p € My. Take Mz := M,\{p} and Mz :=Lh(Mg2). That is: If p = mz, for 
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some k € J then we have Mz = {m; |i ¢ I} where J := J\ {k}. Then 
M, = M= Rp ® Mo 


Also let Pz := PM M2 <m Mg. The central part of this proof is to establish the following inner 
direct sum 
P = P = R«r@P 


First of all we have x = dp and hence Rx = Rdp C Rp. And by also Py C Mz by construction. 
Therefore we have Ra 1 P2 C Rpm Mz =0 such that Ra M P2 = 0. So for now we have to prove 
P, = Ra + P,. To do this consider any y € P, and use a basis representation of y in terms of 
M,={p}UMa: 
Y=. “pet S> Ay; 
tel 
Let b € gcd{ c,d}, then there are some u, v € R such that b= uc+ ud. If z:= ua + vy then z has 


the following representation in M, 


z = uxtvy = udpt+vy 
= (ud+vuc)p+ Ss" vajm; = bp+ LS VaiMj 
ier ie 


As x # 0 we have d # 0 and thereby b ¥ O such that z # 0. Also note that x € P, and 
y € P, such that z © Py. So we have cont(z)R € A by definition of A. But cont(z) is the 
greatest common divisor of 6 and the va;, so in particular cont(z) divides 6 which divides d, that 
is Rd C Rb C cont(z)R. By maximality of Rd in A this implies Rd = cont(z)R and thereby 
Rd = Rb. Thus d= 6 | c implies d | c, say c= dc’ for some c’ € R. That is 


y= da +S ~ aim € Rar+ Mo 
wel 
And as >, a;m; = y — cx € P, this is >, aym; € Pi) NM Mz = P». As y has been arbitrary, this is 


P, = Rx+P, as desired. Thus we have established the decomposition of P; as the inner direct sum. 


Now n = rank(P,) = rank(Rx @ Pz) = rank(Rx) + rank(P2) = 1+ rank(P2) such that rank(P2) = 
n-1<n. Also Py <m Pi = P <m Me and Mz is a free R-module. So we may use the 
induction hypothesis to find a basis OQ = {q;|i€ I} of Mo, a subset {po,...,pn} C Q and 
scalars { d2,...,dy,} C R such that {djq; |i €2...n} is a basis of Py and d;_; | d; for any 
i €3...n. We now let py := p and d; :=d. Then d,p; = dp = x such that {djq; |i € 1...n} is 
a basis of P; = P. This is property (1) already. For property (2) we still have to show dj | do. 
To see this let s := dyp; + dap2 € P. Note that this already is the representation of s in the 
basis Mj, and thereby cont(s)R = gcd{ di, d2}R. As dj = d £0 again, we have s £ 0 such that 
cont(s)R € A. But by construction cont(s) divides d; such that dR = d,R C cont(s)R. By the 
maximality of dR in A again, this is d;R = cont(s)R and thereby d2R C cont(s)R = di R which 
is dy | dg. This has been the last piece to fit in and the proof is complete. 
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Proof of (5.31): 


(i 


(iii) 


(vi) 


For any j € 1...r let us denote the generator of the submodule R/d;R — T by t;. That is t; is 
the following element 
ty c= (Oi, + d;R) €e T 


As dj_-1 | d; for any i € 2...r it is clear (by induction) that d; | d, for any i € 1...r. Therefore 
we have d;(1+d;R) = d-+d;R = 0+d;R such that d,t; = 0 for anyz € 1...r. As the t; generate 
T this means d, € ann(T). If conversely a 4 0 with at; = 0 for any i € 1...r, then in particular 
at, = 0. But this means 0+ d,R = a(1+d,R) =a+d,R such that d, | a. In particular we get 
ann(T’) =d,R. 


As d-T = 0 and d, £ 0 it is clear that Of 6 T C tor(M). Conversely consider any 2 € M such 
that az = 0 for some a 4 0. As any element x € M is of the form x = (u,v) where u € Rf 
and v € T we in particular have au = 0. For u = (w,...,ur) € RJ this means au; = 0 for any 
7e€1...f. But as a 4 0 and R is an integral domain, this implies u; = 0 such that u = 0 and 
thereby x = (0,v) € Of OT. 


If we take F :-= RF OO" <p, M then M = F' OT. And T is generated by {t1,...,t, } which 
we defined in (iii). As djt; = 0 any set {t;} is linearly dependent (recall d; 4 0). In particular 
F U{t;} is linearly dependent and hence (3.96.(v)) implies that free(/) = dim(F’) = f. 


If r = 0 then clearly Rf is free, as it admits the Euclidean basis. If conversely M is free, then 
is torsion-free (R is an integral domain) according to (3.23.(ii)). And this implies J’ = 0 such that 
r=0. 


If f =0 then d,M = 0 according to (iii) such that M is a torsion-module. Conversely if M/ is a 
torsion module then M = tor(M) = 0f 6 T due to (iv). Comparing this to M = R/ @ T we find 


f=: 
As {t1,...,t- } generates T it is clear that rank(T’) < r. Now suppose g := rank(T’) < r, that is 
there is a set { g1,...,9q } C T such that there is an epimorphism of R-modules 


q 
y: RI +» T : (a1,...,ag) Sande 
k=1 


In particular for any 7 € 1...r there has to be some u; € R®% such that t; = 7(ui). Now regard the 


U = Uy UQ =... Up € mat,,,(R) 


Then by (4.72.(i)) we have c-rank(U) < q < r and this means that the columns of U have to be 


following matrix 


linearly dependent. In particular there are some aj,...,a, € R that are not all zero [say a; 4 0], 
such that 
ss 
So aii =.0 
i=1 
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(vii) 


We will now prove that in general, that for any aj,...,a, € R we always have the following 
implication 

r 

So ais =0 = Viel...r:id | Aj 

i=1 


To see this simply compute 


0=y (> on) = S > aiy(us) = So aiti = (a; + d;R) eT 
i=1 i=1 i=1 
This means 0+ d;R =a,;+d,R for any i € 1...r and thereby d; | a;. But by assumption we have 
d;—1 | d; for any i € 2...r such that by induction we find d; | d; for anyi€1...r. Now dy | dj 
and d; | a; together imply d; | a;. That is there are some aj,..., a). € R such that dja, = a;. So 


we have proved the implication above. But from this we also get 


r r 
0 = So ait = dy (> un) 
i=1 i=1 


Let us abbreviate d := d; and recall that d ¢ 0 by assumption. Then this equation can only hold 
true, if the sum in brackets is zero. This however enables us to repeat this construction indefinitely 


however and thereby arrive at a contradiction: 


Starting with co := a; we would find some c, := a; € R such that co = dey. As we can repeat 
the construction there is some cg € R such that cy = deg which again is cp = d?cp. Iterating we 
find cm € R such that co = d™cm for any m € N. That is d” | a; 4 0 for any m € NN. But 
d ¢ R* has a prime factor, so the fact that m can be increased indefinitely contradicts the primary 
decomposition of a; which only admits finitely many prime divisors. The only way to avoid this 


contradiction is to have a; = 0 which falsifies gq < r. 


As M = F @T and rank(F’) = f and rank(Z’) = r according to (vi) it is clear that rank(M/) = f+r 


by construction of the direct sum. 


Proof of (5.32): 


(iii) 
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As M is finitely generated we have N := rank(M) € IN. And as M # 0 we also have N > 1. If 
{a;|7E1...N} C M is a generating set of 1, then we have an epimorphism of the form 


N 
py: RN — M : (b1,...,b~) 4 So diay 
i=1 


Let us take P := kn(w) <m RY, then by the first isomorphism theorem of modules (3.73.(ii)) we 
find an induced isomorphism 
Fe N 
U : R |p s+ M: (b1,...,bn) +P KH So bias 


i=1 


But as R% is a free R-module we may apply (5.28.(iv)) to find a basis {m,...,my } of RN and 
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subsets { p1,..-,Pn} C {m1,...,my } and {dj,...,dn} C Rsuch that {djp; |ie1...n}isa 
basis of P and d;_; | d; for any i € 2...n. Without loss of generality we may assume p; = m, for 


anyicl...n. 


Let us now define M; := Rm; <m R% for anyz€1...N. Then RN is the inner direct sum of 
the M;, as the m,; form a basis of RN. Also let P; := Rdjm; <m M,; for any i € 1...n and 
P;:=0 <m M; for j € (n+1)...N. Then 


SOP. = Unfdiigcs, dig} SP 


Thus by (3.35) we obtain another isomorphism of R-modules, this time 


N N 
®@ : @™/p, > ane : (y; + P;) + (Su) +? 
i=l i=l 


Let us denote d; := 0 fori € (n+ 1)...N then [as any m; 4 0 and R is an integral domain, even 
a PID] it is clear, that for any 7 € 1... N we have the isomorphy R/d;R~ M;/P; of R-modules 


given by a; + d;R +> aym; + P;. Thus we can reformulate this isomorphy, as 


N N 
Oo’ : Dar + aa: : (a; + dR) th (doen +P 
i=1 


t=1 


Note that }*,a;m; is some element (bi,...,bv) of RN. Thus we can compose W®’ to find the 
isomorphism we desired 

N 

we! : DF ip >M 

i=l 
All we need to do is analyze the structure of the module on the left-hand side. If ¢ > n then we 
have d; = 0 and hence R/d;R =m R canonically. However these are the only d; with d; = 0, 
since: If we had dj = 0 € R then we had dip; = 0 € P such that { dp; } would be linearly 
dependent. As { dip; |i € 1...n} is a basis of P, this cannot be and hence we know d; # 0 for 
anyz€1...n. Thus we may take f := N — n and have 


Uo! : DP/ypor! 4M 
i=1 


And if d; € R* then dj_1 € R* as well: By assumption dj_1 | d; we have dj_1a; = d; for some 
a; € Rand hence d;-1(aid; *) = 1 such that dj_; € R* as well. By induction we see there is a 


maximal number z € IN such that d; € R* for any i < z that is 


Re ifiel...z 
d; € 
R° ifie(z+1)...n 


However if d; € R* then R/d;R = 0 so we might as well omit these direct summands. And if we 
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ma 


define r := n — z then the above isomorphism may be rewritten once more, into 


Uo! :; DP/ spor ~ M 


i=1 


Thus renumbering the d; := dz4; we have found the invariant factors of M that have all the 
properties we asked for. Note that since R is a PID it also is an UFD by (2.76.(ii)) and hence 
the additional statements concerning M are just taken from (5.31). Note that N = rank(M) = 
r+f=n-—z+N-—n=N — z, that is z =0 which means that by minimality of the generating 
set {21,...,vN } there are no d; € R* in the first place. 

By (iii) we have an isomorphism of the form [for some r, f € IN with n = rank(M) = f +r according 
to (5.31.(vii)) and some invariant factors d; € R such that d; | dz until d,_1 | dn] 


®: (B "/ase) ~~ M 


For ease of notation we let d; := 0 for any i € (r+ 1)...n, such that R is isomorphic to R/O = 


R/d;R and we can rewrite the isomorphism 


 : DP ar 4M 
4=1 


Let us then denote g; := (14+ d,R,0+d2R,...,0+d,R) and so on, until g, := (0+ d,R,...,0+ 
dn—1R,1+d,R). Then it is clear, that 


R—-> Rg: av ag; 


has the kernel d;R. But as this is the annihilator of g; we find ann(g;) = d;R. If we now let 
m; := ®(g;) € M, then we will see, that 


M = Rm 8-:-BRm 


As the g; generate M and © is surjective the m; generate M. Conversely if x € Rm; Bree Rm; 
then, as © also is injective, its preimage is contained in ®-!(x) € Rg N viz; Roi = 0, such that 
x = 0. But these are the two properties required for an inner direct sum. 

As ® is an isomorphism we have ann(m;) = ann(g;) = d;R and thereby the ascending chain of 
divisibilities d;-; | d; turns into a descending chain of ideals ann(m;1) = dji-1R D d;R = 


ann(m,). In particular 
ann(M) = () ann(m;) = ann(mn) 
i=1 
Also for any i < j € 1...n we have d; | dj and thereby djm; = 0. For any « = 0, aim; € M 


this means djz = 5°, a;djm; € M where all summands with 7 < j are deleted. Therefore we have 
d;M © Rmj41+--:+ Rm, such that we have 


dj © ann Gare picts Ree.) 
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And as the annihilator is an ideal it already contains d;R. Conversely if am; + (Rmj4i +--+ + 
Rm,) = 0 then am; € (Rmj;)N (Rmj41 +--+: + Rm) = 0 such that a € ann(m;) = d;R. That is 


we also have 
= M 
djR = ann ( eee ee 


Let us first consider R/dR for some d € R. As the PID R is a factorial ring, according to (2.76.(ii)), 


we find a primary decomposition 
d = a [J] pu) 
j=l 


of d, where a € R* and m(j) € WN and the p(j) € R are pairwise non-associated primes of R. In 
particular: If we abbreviate a; := p(j)'" and pick up some prime q € R, then q | a; and q | ay 
would imply g | p(j) and q | p(k) such that p(j) © q © p(k), which is untrue. Therefore we have 
1 € gcd{ aj, a; } and as R is a PID we find that the ideals 4; := ajR and O, = a;,R are coprime 
a; +4, = R, according to the lemma of Bezout (2.79.(iii)). 

But the intersection of all these ideals is dR: By definition b € 4; = a;R is equivalent to a; | b 
such that d € 4; for any j € 1...s. This is dR C (),;4;. Conversely if pj)" = a; | b, then 
m(j) < (p(Z) | 6) and if this is true for any 7 € 1...s, then d | 6, such that (],a; C dR, as well. 


Now the Chinese remainder theorem (1.96.(iii)) yields the isomorphism 
Var > DP/ygmOr | b+ AR (b+ 0G)"R) 
j=l 


After these preparations, let us turn to the claim at hand: If we pick up a primary decomposition 
of d. = a, p(1)™™ ...p(7)™G), then by assumption we have d; | d, for any i € 1...r. And 
by (2.61.(iii)) this means (p(j) | di) < (p(s) | d;) = m(y) which means, that we find a primary 


decomposition of any d; in terms of the same prime factors 


where m(i,7) = (p(j) | di) (where we allow m(i, 7) = 0 here). It is clear then for any j € 1l...s 
the powers m(1,7) < +--+ < m(r,j) form ascending chains. And as we have seen above, we have 


the isomorphies 
R Tt) R a eee 
/ air oa © / (gym R » b+d;R> (b+ pj)" R) 


All we have to do is rearrange the summands in the exterior direct sum (obviously transposing the 
direct sum preserves the isomorphy) 
if R - y s R 7 7 s af R 7 
SP) lair =n OBO / gym R -O@ J otgymea)p 
i=1 i=1 j=l j=l i=l 
This almost is the representation of the claim: All we have to do is reverse the order of m(1,7) < 


-++< m(r,7), by taking to the powers n(i, 7) := m(r+1—i,j) fori e1...r andj eE1...s. That 
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is the n(z,7) are the same powers, but now n(1,7) >--- > n(r,j). Note that there may still be 
some n(i,7) = 0, but in this case p(j)"J) = 1 such that R/p(j)"¢2) R = 0. Hence we can omit 
the direct summands with n(i,7) = 0 and define [(7) := max{ie1...r| n(i,j) #0}. Then we 


arrive at the isomorphy of 


i sor s Ij) 
@*/ aR =n BH */ pGMIR = BH */ pj@OR 
i= j=l i= j=l i= 


And clearly this isomorphism can be extended by the free module R/, such that we finally have the 


desired isomorphy of 


r s Ij) 
R ~ R - 
Danek OO*/yjrvop or! 
i=l j=l i=1 
Consider the following R modules, where the elements d),...,d, € R and e1,...,e; € R are 


invariant factors of a common module 
M := R® D lar 
_— Pg st 
N: RY ® Sy, ejR 
By assumption we have M =,, N, the base ring Ris a PID and hence an UFD so that according 


to (5.31) this is f = free(M/) = free(N)) = g and f+r=rank(M) =rank(N) =g+s. Since f =g 
the latter implies r = s. But according to (3.23.(v)) we then have TorR(M) =m Tor(V) which now 


® Nike =m ® wee 


This isomorphy implies e, € ann(tor(M)) = d,R and conversely d, € eR such that e, = urd, 


is 


for some unit u, € R*. Recall that we denote this by writing d, ~ e,. We now use induction on 
the length ¢(e;) of the primary decomposition of e;, that is on the number of prime divisors of e; 


(counting multiplicities). 


If we start with any prime p € R and let F := R/pR then F is a field, since pR <j Ris a maximal 
ideal of R. Also by (3.45) we have 


s "{ Fifp | e 
M,. i B(*/cin), =m Oli 


Note that (3.45) also tells us, that M, is an F'-vector-space and by definition (a + pR)m = am 
any R-linear map automatically is F-linear, too. Hence the above isomorphism of R-modules also 


is an isomorphism of F’-vector-spaces, such that we find 
dim(M,) = #{i¢€1...r|p|e} 
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In complete analogy dim(M,) = #{iE€1...r|p | e;}. So if we start with a prime divisor of e1 
we get from e; | e2 and so on until e,_; | e, that p | e; for any i € 1...r. That is we conclude 
r = dim(M,) for any prime divisor of e;. In turn this implies p | dj. Reversing the argument 
we find that e; and d; have the same prime factors (but they do not necessarily share the same 


multiplicities), yet we do not requires this observation for the rest of our proof. 


We are now ready to present the foundation of our induction: Suppose ¢(e1) = 1, te. p := ey is a 
prime itself. As e; ¢ R* and e; | e2 and so on until e,_1 | e, = p we find e; S p for anyie€ 1...r. 
As we have already argued d, ~ e, = p such that in complete analogy we have d; * p for any 


a €1...r. And in particular this implies d; © e; for anyi €l...r. 


For the induction step we start with any prime factor p of e1, that is p | e; which is possible, since 
neither e; € R* nor e; = 0. Then we have p | e; | e; and hence p | e; for any i € 1...r again. 


Let us write e; = pe; for some ¢; € R. Now (3.45.(v)) constructs a new isomorphy 


ToR(M) =m Ber —= pror(M) =m DB "/er 
i=1 i=1 


As we have seen above, p | e; also implies p | d; and as d; | dz and so on until d,_1 | d,. this 
is p | d; for anyi € 1...r. So let us write d; = pd; for some 6; € R. Repeating the argument of 
(3.45.(v)) yields 

B Rl sp ~, ptToR(M) =m B Tp 

i=l i=1 
Note that &(e,) = &(e,) — 1 < &(e,) such that the induction hypothesis implies ¢; = u;6; for some 
ui € R* for any2z € 1...r. Multiplying this by p we arrive at e; = ud; which had to be shown. 


Thus we conclude the induction step and hence the proof. 


Since M is the (inner) direct sum of the submodules Rp; the p; generate M and hence there is an 


epimorphism @ of the form 
m 
ao: R™ 4M: (ai) 4 S© api 
i=1 


As Ris a PID we may pick up some d; € R such that for any i € 1...m we have ann(p;) = dR. 
It is clear, that d; ¢ R* as we would else have ann(p;) = R and hence p; would not not occur at 
all and hence the sum of the Rp; would not have been direct. Let r := max{i€0...m|d; FO}, 
then we have d; € R® for any i € 1...r and d; = 0 fori € (r+1)...m. As we have d;R = 
ann(p;) C ann(p;i_-1) = dj_1R we also see d;_; | d;. So the d; satisfy all the properties required 


for elementary divisors. We now claim that the kernel of @ is given to be 
kn(o) = dRO---6d,RGVG---G0 


Clearly if a = (a;) € R™ such that a; € d;R for any i € 1...m, then a;p; = 0 and hence o(a) = 0. 
Conversely if e(a) = 0 then a;p; = 0 for any i € 1...m, as the sum of the Rp; has been direct. 


But this again means a; € ann(p;) = d;R. Now the first isomorphism theorem of modules applied 
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to @ induces an isomorphism of the form 
D*/i,n 0 R! = Dar ee ae ane (ai + diR) HS aii 
i=l i=l i=l 


where f := m-—r. The same arguments can be applied to the direct sum of M factored into Rq; 


where 7 € 1...n. That is we obtain another isomorphy of the form 


DF/powr : SM: (o +e)R) 9 2 byq 
j=l ae 


where e;R = ann(q;) and s := max{j €0...n|e; #0} and g :=n-—s. In particular the direct 
sums of the R/d;R and R/e;R are isomorphic and hence we may invoke (iv) to find r = s and 


f =g and some u; € R* such that e; = ud; for any i € 1...r. But this means ann(p;) = d;R = 


e,R = ann(q) for anyi € 1...r already. Alsom=r+ f =s+g=nand for any 7 € (r+1)...n 


we have ann(p;) = 0 = ann(q;). Altogether the uniqueness has been established. 


Reversing the construction in (v) we let r := max{ J(7) | 7 € 1...s} and n(i,7) :=Oforl(j) <i<r 
and finally for anyz El...r 


a = [Ip 
j=l 


That is we reconstruct the invariant factors from the elementary divisors. Then we have d; 4 0 (as R 
is an integral domain) and d; ¢ R* as at least one n(r, 7) > Lis non-zero. As n(r,j) <-+- <n(1,7) 
we find that d; | dz and so on, until d,_; | d,. The arguments of (v) apply again, so we end up 


with the following isomorphy 


I(j) 


BO "Vunor ~ BOY yg moeek MM 


i=l j=l i=l 


Likewise we take q := max{ K(é) | £€1...t} and define e; to be the product of the q(¢)™+!-*4 


where £ rund from 1 to ¢. Then we get the second isomorphy 


qd 
D *®/ RoR =~, M 
k= 


As both are isomorphic to M we can invoke (iv) to see that r = q, f = g and e; = uj;d; for some 


uj € R* for anyi € 1...r. Explicitly that is (for any 2 €1...r) 


t 


[leone = ui [[ pyre) 
j=l 


l=1 


That is we have found two prime decompositions of e;, but these are essentially unique, that is we 
may apply (2.55.(viii)). Applying this to 2 = r this theorem tells us that any p(j) is the associate 
of some q(@). As the p(j) (likewise the g(¢) are pairwise non-associated the s distinct primes 


q(j) correspond to the t = s distinct primes q(). l.e. there is a permutation o of 1...s such that 
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p(j) © g(o(7)). And if g(j) appears n(r +1 —i,7)-times in d; then g(a(j)) appears just as often in 
e; (this includes the cases where d; does not appear at all, i.e. when n(r+1—7,7) = 0). That is we 
have m(r+1—i,0(j)) =n(r+1—i,7) for any © 1...r and any j € 1...s. Reversing the order 
by going to h = r+ 1-7 we have m(h,o(j)) = n(h, 7) for any h € 1...7, as claimed. And as the 
minimum h € 1...r such that n(h, 7) = 0 is the same for m(h,a(j)) we see I(7) = K(o(j)). That 


is all the uniqueness properties of the claim are satisfied. 


Proof of (8.1): 

In (i) we have to check that @ truly is a homomorphism of rings. First of all we have y(1lr) =1lrla=1a 
due to property (M.4) of the R-algebra A. Next we see y(a+b) = (a+b)l4 = (al4)+(b14) = a(a)+a(b) 
by property (M.2) of A. And lastly by properties (A) and (M.3) of A we also have 


(a14)-(b14) = a(1a(b1a)) 
= ¢(b1a)-= (a7) la = alas) 


(a) - (0) 


Conversely for (ii) the properties (R) of an R-algebra are granted, as A has been assumed to be a ring. 


It remains to verify properties (M) and (A), as well. But these are straightforward, too: 


a(s+t) = a(a)-(s+t) = (a(a)-s)+(a(a)-t) = (as) + (at) 
(a+b)s = a(a+b)-s = (a(a)+a(b))-s 

= (a(a)-s) + (a(b)-s) = (as) + (bs) 
(a-b)s = a(a-b)-s = (a(a)-a(b))-s 

= a(a)-(a(b)-s) = a(bs) 

lps = alg)? s = lass = s 
(as)-t = (a(a)-s)-t = a(a)-(s-t) = a(s-t) 
s-(at) = s-(a(a)-t) = (s-a(a))-t = (a(a)-s)-t 
‘t) 


= a(s-t) 


It remains to prove (iii): If S is R-torsion free we consider any a, b € R such that alg = blg. Then we 
have (a — b)lg = 0, as S # 0 we have lg # Og and as S is torsion-free, this means a = b. But this 
already is the injectivity of a. Conversely if S is an integral domain and a is injective we consider any 


aé Rands€S such that as = 0. If s = 0 we are done, otherwise 
Orls = Og = as = a(lg-s) = (alg)-s 


As s £0 and S is an integral domain we conclude alg = 05 = Orlg and by the injectivity of a this is 
a = 0. That is we then find, that S truly is R-torsion-free. 


Proof of (8.4): 


e We first want to show that for any w1,...,Un € S the set R[ui,..., Un], defined explicitly as the 
set of all polynomial expressions f(ui,...,%n) where f € Riti,...,tn], is an R-algebra. To see 


this we note that in a ring extension S : R both rings have been required to be commutative. Hence 
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for any multi-indexes a = (a1,...,@,,) and 8 = ((1,...,8n) € IN” we find 


yore = II hres _ I] uck ub = I] uct . I] ub = y%.y? 
k=1 k=1 k=1 k=1 

Thus the map o : IN” + S: a+ u* is a homomorphism of monoids. Alsoy: R> S:arralgisa 

homomorphism of rings, even of R-algebras. Therefore o, : R[ty,...,tn] 2S: fro f(u,...,Un) 

is a homomorphism of rings, according to (7.26). But the property o,(af) = y(a)-o,(f) = 


alg -oy(f) = ao,(f) means that it even is a homomorphism of R-algebras. 


By construction we have Riw1,...,Un] = im(ay), such that this set is the image of an R-algebra 
homomorphism to S. In particular it is an R-algebra in itself - it is an R-module, according to 
(3.67) and a ring, according to (1.74). 


e From here it is easy to see, that generally R[U] is an R-algebra, as well. Given any two x, y € R[U] 
we find that x € R[ui,...,Um] and y € R[v1,..., Un] for some u,; and v; € U respectively. But then 
both are contained in R[w1,...,Um,vV1,---,Un] C R[U]. And hence the sum x+y and product xy 
are contained in Ri[wy,...,Um,V1,---,Un] and thereby in R[U] again. Thus R[U] is an R-algebra. 


e As R[U] is an R-algebra and clearly U C R[U] we find the inclusion (U), C R[U]. Conversely 
consider any Q <a S with U C Q. If now a = f(u1,...,un) € R[U] then any ue U C Q 
and hence x € Q. Thus we have R[U] C Q and as this is true for any such Q we also find 


AIO) es. 
‘= 
Proof of (8.5): 
If S : Ris a ring-extension and w1,...,ugz € S are elements of S, then by construction of polynomials 
f € Riti,...,t,] and the evaluation of f on the u;, the elements of Riu ,..., ux] are of the form 
Fitts tig) = » flea sas? 

ac INk 
Let us abbreviate the intermediate ring A := R[w1,..., uz] of S : R for the time being. Then consequen- 
tially, if uzii,..-,Un € S are another elements of S (not necessarily distinct from w1,...,u,) then an 
element of Aluz4i1,..., Un] is of the form 

glterty--5%m) = >. glBlubhit...ub 
BeINr-* 


where g[G] € A = R{u1,..., ux]. That is every g[S] is of the form above and inserting this into 


g(Uk+1,--+-,Un) we find an element of S, of the form 


De es g{B]lo] uy... acral ts .. ube 


BEIN™-* acINk 


Letting y := (a, 8) € IN” we see, that this g(up41,.--, Un) is an element of Riui,..., Un], as it is of the 
form 
Gp ayy) = Ss" g[B][o] uy"... unr 
yEIN” 
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So this is any g(ug41,---,Un) € Riui,..., ug] [Ue+1,---,Un] also is an element of R[uz,...,uUn] and 
hence the respective inclusion. Conversely it is clear, that any element of h(ui,...,Un) € Rlui,..., Un] 
can be rearranged in such a way, that we see that it also is an element of Riwi,..., ux] [Ue41,---, Un], 


as it can be written in the form 


x S> Riley, 6 iy nae, ay ..upn 


BEIN™-* \acINk 


That is we have see the following identity of intermediate rings of S : R given arbitrary, but finitely 


many, elements w1,...,Un of S 
Riu, ae -, Up] [R415 ae - Un] = Riu, ie , Un] 


In other words, we have R[U][V] = R[U UV] for any finite subsets U, V C S. However, if U, 
V C S are arbitrary subsets of S, then any element h € R[U UV] is contained in some R[Up U Vo] 
for some finite subsets Up GC U and Vo C V. Thus we have seen h € R[Uo|[Vo] C R[U][V] and 


hence RIV UV] C RU][V]. Conversely if g € R[U][V] then g € R[U][Vo] for some finite subset 


Vo = {v1,.--,Un } C V. That is g is of the form 


— S> glBlupt .. ube 


BEN” 


where only finitely many g[3] € R[U] are non-zero. For any such g[(3] there is a finite subset Ug C U 
such that g[3] € R[Ug] (if g[f] = 0 we can take Ug = 0). Now let 


Uo = Up SU 
BeEIN” 
By construction this is a finite subset of U and we have g € R[Uo][Vo] which is g € R[UQUVo] C R[UUV 
as we have seen above. That is we also have R[U|[V] C R[U UV] and hence the equality of these 


intermediate rings. 


Proof of (8.6): 


(i) Consider any z € JT, as Y generates T' as an S-module there are some yi,...,% € Y and some 
81,+++,8n € S such that 


n 
2 = Di siyj 
j=l 


But S is generated by X, as an R-module, that is for any j € 1...n there are some 21,5,..-,;U%m(j),j © 


X and 41,j,.--,4m(j),j © FR such that 


m(j) 


sj = Do agai, 
t=1 


Combining these equations we find that z is an R-linear combination of elements of the form 
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(iii) 


(iv) 
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Lijyj € XY and hence T is generated by XY, as an R-module 


n m(j) 
z=) 04,5 Ui GY i 
j=l i=l 
Consider some a1,...,@, € R and some pairwise distinct z1,...,2n € XY (that is z, = xpyx for 


some x, € X and yz € Y) such that 
n 
S| an2% = 0 
k=1 


Renumbering we may assume w.Lo.g. that y1,..., Ym is a collection of distinct elements of { yi,..., Yn } 
and for any i € 1...m we denote Kj :={keE1...n|yx=y}. That is { Ky,..., Km } is a par- 
tition of 1.... Then we find that 


n m 
0 = y Anz, = y y an@E | Yi 
k=1 4=1. kek; 


As Y is S-linearly independent and the y; are pairwise distinct we conclude that for anyz € 1...m 


0 = a AnXk 


kek; 


we necessarily have 


For any 7 € 1...m and any two indices p £ q € K; the elements x, and xg are distinct 7, A Xq, 


as else 2 = Upyi = LqYi = Zq in contradiction to the pairwise distinctness of the z,. Yet as X 


is R-linearly independent we conclude that for any k € K; we must have a, = 0. And as any 


k €1...n is contained in one of the K; we have a, = 0 for anyk €l...n. 


A basis is a linearly independent set, that generated a s a module. Thus this statement is an 


immediate consequence of (i) and (ii) combined. 


Let X C S bea set of generators of S as an R-module, of minimal cardinality, that is |X| = [S': R]. 
Likewise pick up Y {7} such that |Y| = [7 : S]. By (i) we know that XY generates T as an 
R-module and hence [T’: R] < |XY|. But clearly X x Y + XY : (x,y) +> wy is a surjective map 
and hence |XY| < |X x Y| =|X|-|Y|. Thus we have the chain of inequalities 


Pen] < |xy| = [ex VY] = [xlel¥| = [sears 


Which proves the first part. If now R and S are fields, then we may even choose an R-basis 
X C Sof S and an S-basis Y C T of T. By (iii) XY then is an R-basis of T’ and hence we 
have [T’: R] = |XY|. Yet, as XY is R-linearly independent the elements zy € XY also have to 
be pairwise distinct. That is the map X x Y <> XY: (x,y) zy is bijective, in this case. And 


therefore all the above inequalities turn into equalities 


(T:R) = |XY| = |XxyY| = |X|-|Y| = [S:R]-[7: 8] 
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Proof of (8.8): 
As A C awe have a(A) C a(a) C aS such that (a(A)); C aS is clear. For the converse inclusion we 
start with some f € S, that is there are some sz € S and by € G such that 


f = s1-a(b1) +--+ + 5n-a(dn) 


But as (is generated by A, for any k €1...n there are some 7; € R and a; € A such that all the b;, 


are of the form 
m(k) 


bh = S TEEOLE 


i=1 
Combining these equations we find that f € (a(A) )j, as well, since any a(a;,,) € a(A) such that f is 


just an S-linear combination of elements of a(A): 


g 
= 
3 

3 


k) 


— S > spar(by) — S- sk Ari n)a(ark) = ) ShQ(Ti,k)Q(Gi,k) 


Proof of (8.9): 
Given the homomorphism a: R — S and an ideal a <j R we defined the ideal aS to be aS = (a(a) | 
a € R);. In particular we have a(a@) C aS. And for an ideal U <i, S we defined UN R= a7 !(u). Now 
(0.6) yields 

a CC a la(a)) C a '(aS) = (AS)NR 


And if U <i. S is an ideal in S then by definition any x € (UN R)S is of the form x = sya(a1) +: +-+5na(ap) 
where sz, € S and a, € 4M R. But the latter is a(ax) € U and as WU is an ideal this means x € U again. 


As «x has been arbitrary, this is the inclusion we aimed for 
(UNR)S CU 


Now we assume that d = UNM R for some ideal U <j S and need to show the equality (a5) R =a in 
this case. By assumption we get 
Cs =. Gok) Ss. Se A 


This means 0S C W and combined with the other inclusion we have just proved yields the following 
chain of inclusions: 
@ COS\nRk C Unk =o 


Now as (0.51) R includes and is contained in @ this has to be the equality (a.5) MR = 4 which we had 
to show. And this already is the implication (b) == (a) for prime ideals. In the converse direction (a) 
=> (b) we have Pp = (pS)M R and need to find some q such that p = 4M R. To find this note that 
U := R\P is multiplicatively closed and hence a(U) C S is multiplicatively closed, too. We now argue, 
that 

anps = @ 


Suppose there was some a € U with a(a) € pS, then this would mean a € a! (pS) = (pS)NR=Y. 
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But by construction of U this is absurd. We now denote Sy := a(U)~'S and let U:= (PS) Sy <i Sp 
be the ideal pS pushed further to Sy. Suppose we had U = Sp, then 1 € U, where 1 in Sp is 1s/1s. By 
construction of WU this would mean that there would be some s1,..., 5, € 5S, Uj,...,Un € U and some 


G1,--+,Gn © PS such that 


lg = $1 . qa | aa Sn, . dn _ tigi +--+ +tndn 
lg a(ui) lg a(un) 1g a(uz)...a(un) 
where t; := s,a(u2)--+-+-@(un) and so on, until ty := s,a(ui)--+++a(un_1). As pS <j; S is an ideal 


q:=tiqit:::+tndn € PS and using u := uy-+--:Uy, the equation above turns into a(v)a(u) = a(v)q € pS 
for some v € U. But a(uv) € PS cannot be, as a(U) NPS = 0 and hence we get 


Woi= (pS) Sp # Sy 


And thereby there is a maximal ideal 1 <j Sy that contains UW C fl. And for this ideal we then find the 


following chain of inclusions 
pS CC (PSp)NS C uns Cc Ns 


In the end we have PS C 7S. Let us denote g := MS. We will see that this is the proper candidate 


for (a). To do this, as a next step, we claim 
qna(U) = 0 


Suppose there was some a € U with a(a) € q. This would mean a(a)/1g € 1 and as A(a)/1g is a unit 
in Sp this would imply 1 = Sp. But as fl is a maximal ideal this is not the case. We can now use the 


assumption on Pp and the inclusion pS C q to find another inclusion 
Poa (PSs ei 


But as NM a(U) = 0 we also have 0 = a~!(q) Ma *(a(U)) D (4A R)NU. This can be reformulated, 


as ¢ C R\U =} (by construction of U). Thus we also have the converse inclusion 


qnak ¢C Pp 


Together Pp C GN Rand qNR C P yield property (a) Pp = qM R which had to be derived from (b). 


Proof of (8.11): 


(i) By definition of the scalar multiplication in S : R we have as = v(a)-s. And as 7 is a homomorphism 


of rings, this turns into 


(ii) By definition 7~1(a) = {s € S| r(s) € a} and the ideal aS is generated by (a) = { 1(a) | a € a}. 
Thus if we start with s = 1(a) € v(a), then we have m(s) = m(a) = a € Q, such that s € 7 (4). 


Hence we have (a) C 7~!(q), but as the letter is an ideal, the same is true for the ideal generated 
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by this set aS C 7m ~1(Q). 


(iii) This is trivial, if we just look at the definition UN R=." !(u) = {ae R|v(a) EU}. If we start 
with some a € R such that v(a) € U, then a = mu(a) € 7(U) such that UN R C (Ul). 


Proof of (8.12): 
By definition of the pull-back we have ((AS)NR =a !(«n$) =a 1(8-1(c)) = (Ba) “1(€) =€NR. Thus 
the second identity is done already. For the first let us begin with the inclusion aT C (aS)T: Given 
any g € QT there are some tj,...,t, € T and ay,...,@, € @ such that g = t1Ga(a1) +--+: + tpBa(an). 
With f; := a(a;) € aS this means g = t18(fi) +--+: +tnO(fn) and hence g € (aS)T. 

Now for (aS)T C aT we start with some g of the form g = t)6(fi) + --- + tnB(fn), where t, € T 
and f, € aS. That is the fj, are of the form fx = 51,40(a1,b) ++ ** + Sm(k),hO(@m(k),k) Where si, € S and 
a; € 4. Combining these we find g € aT’, as 


n n_m(k) 
= >> teB(fe) = 2 >> teB(six)- Ba(ain) € OT 
k=l k=l i=l 


Proof of (8.13): 


(i) We prove the well-definedness and injectivity of a+@+> a(a) + at the same time: Consider 
any a,b € Rwitha+a=b+4, this is equivalent, tob-a€a=UNR=a7!(u). And this is 
just a reformulation of a(b— a) € U. Now, as a is a homomorphism this again is equivalent, to 
a(a) +U = a(b) + so altogether we have 


a+aq=b4+a0 <= a(a)+U =a(b)+U 


In this equivalency ==> is the well-definedness and <= is the injectivity of the map. So we are 
done in case of O=UNR. 


(ii) Again consider a, b € R such that a+a = b+4. Again this is b—a € G and hence a(b—a) € a(a) C 
aS =u. Thus we have a(a) + U = a(b) + U which means a+ +> a(a) + U is well-defined. Now 
suppose 4 = (4S) R =U R then we also need to show the injectivity: If a(a) +U =a(b)+U 
then we get b—a€ UNM Ras in (i) before. Thus we have b — a € @ by assumption on a and hence 
a+@=b+4 which is the injectivity. 


Proof of (8.15): 
As usual let a: R > S be the structural homomorphism of S : R, that is a(a) = a-1g. Then we will first 
prove the identity and inclusion for the pull-back and then the identity and inclusion for the push-out - 
in this order. Let us commence: 

(i) Consider any a € R then we will prove that a is contained in the intersection of the U), 1 R if and 


only if a is contained in the pull-back of the intersection of the Uy. This will be the first identity: 


aéf}(nR) = VAEA: G@EWNR 
EA 


987 


(i) 


988 


<=> VAEA: ala) € UW 


<= a(a) € () Uy 
AEA 


=> ae (a)or 


AEA 


Let U be the sum of all the U, and consider some a contained in the sum of the pull-backs UM R. 


The sum is generated by the union of the 4, 7 R and hence a is of the form 
a = bya, +--+ + bray 


for some bj € Rand a; € Uy) OR for some A(z) € A. That is a(a;) € Ug) and hence we insert a 


into a. If we denote s; := a(b;) € S then we find (as a is a homomorphism of rings) 
a(a) = s,a(a,)+---+5,a(a;) 


As any a(a;) € Uyg) C Wwe see, that a(a) is contained in U again. And by definition this means 
a € UM R, which had to be shown. 


By definition of the product of ideals, the elements c € (UM R)- (0M R) are of the following form 
(for some ax, by € R, such that a(ay) € U and by € b) 


n 
a ) apd: 
k=1 


Therefore find a(az)a(b,) € U-Y, so if we apply a to c and use its homomorphism properties, we 
find that a(c) € U-, as well (see below). But this just is c € (U-) NR again 


n 


a(c) = «(Sat = S © a(ax)ar(be) 
k=1 


k=1 


Let us denote the set of all s € S that are finite sums of elements of the form s; a(a;) where s; € S 
and a; € A, where A := ()) dy is the union of all dy, by 


f= { Sesota 


i=1 


nemanesiaes| 


We will prove that both sums are identical to this set. In both cases one inclusion is obvious: If 
a; € My then s;a(a;) € @\S and hence any s € fis contained in the sum of all @). Also any a; € A 
is contained in the sum of the Q) such that any s € f also is contained in the push-out of the sum 
of the @). We will see, that the converse inclusions are true, as well and in particular the sums are 
equal: Consider any element s of the sum of the @) S, that is there are some u; € S and h,; € Ay (i) S 
such that s is of the form 

6 = uyhyt---turh, 


By construction any h; is a sum of elements of the form v;,; a(ai,j) where aj; € Qy(;) for some 


18 Proofs - Commutative Algebra 


A(i) € A. That is s is an expression of a form that is contained in f, since 


r r n(i) r n(t) 
= Vouhi = Youd vigetag) = D7 dp uivig a(ais) € f 
i=l i=l j=l 


i=1 j=l 


Hence the sum of the a) S equals f. Let us also demonstrate that the push-out of the sum of the a) 
also is contained in f: That is we consider any s € 4S where @ is the sum of the dy. In particular 
s is of the form 

s = uja(a) +--+ +u,a(a,) 


for some uj € S and a; € A = (A)j. That is there are some rj; € Rand aj € Qn (,j) for some 


A(i, 7) € A such that a; is the sum of the r;,;a;,;. And thereby we find that s is contained in f again 


i r n(i) 
cs So ua(a) = Ye sore a So So uj a(rij) o(ai,j) e'f 
i=l 


j=l i=1 j=1 


(ii) Let a be the intersection of all the @). It remains to prove that any s € 0S already is contained in 


the intersection of all the d,.S. That is s is of the form 
s = wja(ai)+---+u,ra(ar) 


for some u, € S and a; € a. Fix any 4 € A, then a; € @ C A) such that we have s € 4) S, too. But 


as this is true for any A € A we see that s is contained in the intersection of the a) already. 


(ii) By definition of the product of ideals, the elements w € (0S) - (6.9) are of the following form (for 
some uz € OS and vz; € OS) 


n 
y UkUk 
k=1 


That is ux is a finite sum of elements of the form fj, ;a(a,,;) for some fi,,; € S and az; € a. Likewise 


vp is a finite sum of some gz j;a(bp,;) where 9,7 € S and by; € b. Inserting this into w we find 


n [1k) J(k) n I(k) J(k) 
eae SS fe (ax) 2 959 (bx.,;) Sy Sage (ax,idk,;) 
k=1 \i=l k=1 i=1 jg=1 


As ax ide € 4 -6 we hence find that w is an S-linear combination of elements of a(a- b). This 


again means, that w is contained in (a-6)S again, by construction of pushed-out ideals. 


Proof of (8.18): 
Let us assume f splits over S in the form f(t) = lc(f)(t—s1)...(t— Sn) € S{t] and expand this product 
denoting the (& € IN)-th coefficient of (t — s1)...(t— sn) by 


n 
Ci (515282 (Sh - (I (9) 
k=1 
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By the theorem of Vieta (7.57) we even know the exact shape of e,(s1,...,5n) to be the (n — k)-th 
elementary symmetric polynomial in n-variables e¢(51,...,5n) = (-1)"-¥s"), (s1,...,5n) but this is 
irrelevant here. We only need, that e,(s1,...,5n) is a uniquely determined polynomial in the s, again. 


By remark (8.17) lc(f)(t — 51)...(t — 5n) = f has to be decoded in the following form 
VEEN : a(le(f))-ex(s1,---55n) = a(f[k]) 


As £ is a homomorphism of rings, it commutes with polynomials and hence we may insert e,(s1,..., Sn) 


into 8 and thereby find the following identity 
Il (t B(sx)) — Ck (8(s1), ate , B(8n)) = B(ex(s1, S820) Sn) 
k=1 


If we insert a(f[k]) into 6 we can again use its homomorphism property and the equation above, to 
find f[k] = le(f)(t — B(s1))...(t — B(Sn)) as an equation in the ring extension Tt] : R{t] induced by 


Ba: R-+T. In particular f splits over 7’, too, as we can compute 


Ba(f{k]) = Ba(le(f)) - B(ex(s1,---.8n)) = Ba(lte(f))- [] (t- B(sx)) 


k=1 


Proof of (8.19): 


(i) Let us denote x := t+ fR[t] and M := {a*|0<k<n}. We will first prove that M is a 
generating set of S as an R-module: If g € Rit] is any polynomial, then we may use division with 


remainder (as f is monic) to find some gq, r € Rit] such that 

GS gp et 
and r = 0 or deg(r) < n. Thereby g + fRit] =qf+rt+ fRi{t] =r+ fRit] and as deg(r) < n this 
means g + f Rit] = r[0Ja° + r[lJat+---+r[n — Ja"! such that g + f Rt] can be generated as 
an R-linear combination over M. As g has been arbitrary this is 


SS tite ae LS {+ fRih|O<k<n} 


To complete that M is an R-basis of S, as an R-module, we have to prove the linear independence 


of M: Suppose there were some apo, @1,...,@n—1 € R satisfying a relation of the form 
n—-1 n-1 
SS ape*® = S agt + fRie] = 0+ FREE] 
k=0 k=0 


That is r(t) := aot? +.ayt! +-+++a@n_1t” + € fR[t] such that r = fg for some polynomial g € Rit]. 
Suppose we had g £0, as f is monic the leading coefficients of g and f cannot cancel each other, 
such that deg(r) = deg(fg) = deg(f) + deg(g) > deg(f) =n - refer to (7.30) for more details on 
this. However deg(r) < »—1 <n. This contradiction yields g = 0 and hence r = 0. But this 
again is a, = 0 for any k € 0...(m—1) and hence ™ is linearly independent. 
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(iii 


~a 


a 


In particular: As n > 1 we find that { z} is R-linearly independent. Hence suppose a(a) = a(b) 
for some a, b € R. Then ax = bx such that (a — b)a = 0+ fRi[t]. As we have seen above, this 


implies a — b= 0 and hence a = 8, such that a is injective. 


As deg(f) > 1 there is some k € IN such that f[k] 4 0. In particular R # 0 is not the zero-ring. 
Let us now use induction on n: In case n = 1, as f is monic, it is of the form f(t) =t+ f[O]. That 


is we may take S = R and s, := —f|0] and are already done. 


For the induction step we consider deg(f) = n and may assume the claim for any polynomial 


q € Rit] of degree deg(q) < n. So we start out with 


Som FB party 


Again we abbreviate x := t; + f(t1)R[ti] then we have seen in (i), that S': R is a ring extension 
undera: RR S:a++ az and that [S : R] =n. Also, as g} g+ f(t1) R[t1] is a homomorphism 
of R-algebras, we find that 


fw) = f(t +fG)RIb]) = ft) + fe) Ria] = 0+ fe) Ri 


That is f(x) =0 € S and hence (t — x) divides f in S[t], according to (7.47.(iii)). That is there is 
some g € S|t] such that f(t) = g(t)(t— x). And as f is monic, (7.47.(i)) tells us, that g thereby is a 
monic polynomial of degree n — 1. Hence we may use the induction hypothesis on gq to find another 
ring extension JT’: S under 6: S — T such that [T’: S] < (n—1)! and q splits over 7’. That is 


q(t) = (t—s2)...(t— Sn) 


for some sufficient s; € T. Let s; := 8(a) € T. By definition of the scalar multiplication of T’ we 
have xq = B(x) -q = 81q such that f = (t— x)q = tq — xq = tq — iq = (t — 81)q. Replacing qg 
with its factorisation again, we have proved property (3) 


f(t) = (t—s1)(t—59)...(t— sn) 


Also property (1) is a given: Just take J’: R under the monomorphism Ga: R — T. We have 
[S : R] = n by (i) and [T: S] < (n—1)! by induction hypothesis. Now use the degree-formula 
(8.6.(iv)) to also find property (2) 


(TAR) < [(FeS]-[(S:R]) < (-TD!-n =] xn 


Obviously we use induction on the number r of polynomials given. The case r = 1 has already 
been dealt with in (ii) so we continue with the induction step right away: By (i) there is a ring 


extension a: R — S such that f; splits over S. That is there are elements x; € S such that 


n(1) 


fit) = (t — 25) 


Note that [S : R] < n1! < oo is finite. And as we have to compare these polynomials in S{¢], on a 
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formal, set-theoretic basis, this identity reads as 


n(1) 
a(fil(t) = [] @-2;) 
j=l 
Let us now consider a(f;) € S/t] in the sense of (7.24.(iv)) for any i € 2...r. Now, by induction 
hypothesis, there is another ring extension 3: S < T such that all the a(f;) split simultaneously. 
That is there are elements s;,; € T (where i € 2...r and j € 1...n(z)) such that 


n(i) 
aft) = J] t-si,) 
j=l 
By definition these identities compare the coefficients Ga(f;[k]) of the left-hand side, with the 
coefficients of the right-hand side. But if we consider f; € R[{t] and the ring extension T : R under 


Ba: R © T, then the same is true for the identities 


ft) = TT @- sis) 
j=l 


That is the f; € Rit] fori € 2...r split over T. Let us denote s1,; := 6(x;) € T, as f; splits over 
S and T': S is an extension of S (8.18) tells us, that f; also splits over TJ’ in the just the same form 


n(1) 
fi(t) = (t = sl,;) 
j=l 
Thus if we take Ga: R @ Tas a ring extension, properties (1) and (3) are already satisfied. Now 
recall that by induction hypothesis we have [T': S] < oo, as well. Thus the degree formula (8.6.(iv)) 


grants property (2) again, as we get 


dt)” Se (P SGlis [Sep 26 466 


Proof of (8.22): 


(i) Note that IN” = IN* x IN™-*, this enables us to rewrite any polynomial f € R», as a polynomial 
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over R;, in the variables t; where 7 runs over k+1...m. That is using (7.24.(vi)) we rearrange the 


polynomial ring R,,, in the following way 
Ryo = Rit; |i€ Taal = Rx [ti |i€ k+1...m] 


In this sense the @; are nothing but degree-zero polynomials and hence we get €(a;) = a; where 
é: Ry — Ry is the Ry-algebra epimorphism e(f) := f[0] of (7.35.(i)) where we used Ry instead 


of R. In other words still, € is given by 
E: Rm > Ry, : feof CE ikeens bp Osers sO) 
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But this is an R,-algebra homomorphism and hence we find the claim by taking b; := e(fi) as we 


had e(@;) = a; and thereby compute 


a= €(@) = e(frdi +--+ + fray) 
— é( fi) €(@1) +--+: + e(f,) e(G,) 
= bay +-:-+b,a, 


(ii) Let us consider Ry» : Ry and @:= aR, <i R;. Then by (8.9) we have @ C (@Rm) AR. But by 
(8.12) we also have @ Rm =4R; Rm =4Rm. Therefore we generally have 


aR, C (QRm)NR, 


So we only need to check the converse inclusion: That is we start with an element a € (QR,,)N R, 


and have to prove a € GR). To do this we first recollect the definitions of the transferred ideals 
(A Rm) OR, = (ef) *((eg(@) )) 


By this a is of the following form: There are some fi,..., f/f, € Rm and aj,...,a, € a, such that, 


using the abbreviations @ = 1/"(a) and a; = 1;"(ai), we find 
@ = Adit + hd 


Note that cj”v = v7” such that @; = v?(ch(a;)). Now by virtue of (i) the above equation implies 


that there are some polynomials b;,...,b, € R; such that a is of the following form 
a = bella) +s + bb (a,), € OR; 


For the second equality we regard Rm : Ry and leta:=6M Ry <j Ry. Then by (8.9) we have 
aC (ARm) A Rg. ASARm = (OO Ry)Rm C b by (8.9), as well, this means that we generally have 


DAR, C (OR) Nn Re 


such that we only need to check the converse inclusion again. That is we start with some element 
a € (OR) Ry, and need to show a €bM Ry. If we let @ = 7”"(a) this means that there are some 
fi,---s fr € Rm and aj,...,a, € 6 such that 


0 fig, +--+ + fra, 


for some fi,...,f- € Rm and ay,...,a, € b, where we let a; = uj" (ai) again. But as for the first 


equality before, from (i), we once again find b; € R; such that 


th (a) = ba,+---+b,a, € b 


(iii) Let us first prove, that for k < / we truly have (€N Ry) Roo C (AN R;) Roo, that is that these ideals 
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(iii) 


form an ascending chain. Consider some element f € (AM Ry) Roo, that is f is of the form 


f = fiep(ar) +--+: + fr eg (ar) 


where f; € Roo and a; €4M R, C Ry. By definition the latter is v2°(a;) € @ again. In particular, 
if we let @; := uh (a;) € AM R; we have 1 (G;) = 1%(a;) and thereby we get f € (AN R)) Roo from 


f = fieR(ai) +--+: + free (Gr) 


The inclusion (AN R;) Roo C a is true for any ring-extension by (8.9) again and hence we find the 
inclusion "C" for the (infinite) sum. The converse inclusion ">" is clear: As any f €@ C Ro only 
has finitely many non-zero entries f[a] 4 0 and any a € N® only has finitely many a; 4 0 the 
polynomial f is contained in a finite polynomial ring R;. That is there is some J € IN and some 
a € R, such that f =v7°(a). As f € a that is a € aN R; and in particular f € (AM Ry) Roo. 


Proof of (8.24): 


994 


Let f € Q[oo], then by construction of Aloo] there are fi € Roo and a; € Ay(;) such that (where we 


denote a; := Le (i)) (a) again) we get 
f= fia, +---+ fp a, 


Now define J := max{ /(A(1)),...,2(A(r)) }, then we get A(i) € All] and hence (for any i € 1...7r) 
GE DV yeaqy Roo = all], in particular f € all]. 


Consider any \ € All], then by definition there is an @, <j; R; such that 4) Roo = 4) Ro. Now 
simply define the ideal 


G1] = S> a di OR, 


AE ATI] 
Recall that by (8.15) the push-out of ideals is compatible with taking sums of ideals (and the 


pull-back is compatible with taking intersections), then we may compute 


Qi) Ro = | Soa] Ro = JOR. = SY) Ry 


NEATH] AEATI] EAT 


The next equality is due to the following two straightforward inclusions 


IM 


alm] < aloo] => [J alm] Q[oo] 
m=0 


IM 
a 


[0%] 


=> 2 afm 


AE A= LAM = Re C Lalm| 
m=0 m=0 
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a) 
Ce 
3 
a 


= LU a, Rx 


AEA m=0 
[o-e) 
= YiaR. © SY -alm| 
AEA m=0 


e Since R; is a polynomial ring (in finitely many variables) over a noetherian ring, it is noetherian 
again, by Hilbert’s basis theorem (2.39). Hence the ideal 6 <j R; is finitely generated, say 
b = (b,,...,0s) <i Rj. As we have seen in (8.8) already, the ideal b R, is generated by precisely 
the elements bR = (b1,...,bs) where b; := upf°(b;). To commence with the proof, we have to 


distinguish between the two implications: 


The assumption of the first reads as Q[oo] = (br, oa 


,bs) and hence (for any j € 1...8) bj € Aloo}. 
Thus there is some /(j) € IN such that even b € all( 
| 


I(j)]. Now choose m := max{I(1),...,/(j) }, 
then we clearly get (for any 7 € 1...s still) b € a[m], as the A[/] form an ascending chain. But 


this now implies 


The proof of the second implication follows precisely the same lines as the proof of the first - 


however from b EbRe C Vb Ro = v/Alco] we only get 


Vj €1...s 4k(j) € IN. such that oe € Aloo] 


Again there is an /(j) € IN such that pv € all(j)] and we let m := max{/(1),...,/(j) } and 
k := max{ k(1),...,&(j) } once more. Then by the same reasoning we get (for any 7 € 1...s) 
oF € alm] and hence b, lies in the radical of a/m]. Thus in complete analogy we find 


(b1,.. C alm) Cc Valco] 


Proof of (8.28): 


(i) As a € S is integral over R there is a monic polynomial f € R[t] such that f(x) = 0. In particular 
f #0, as f is monic and deg(f) > 1, as f(x) = 0. Let n+ 1 := deg(f) and k := ord(f) that is 
f[k] 4 0 but for any 0 < 7 < k we have f[j] =0. In other words we write f in the form 


f(t) = t+ finer tee + flee = th out + f[njer-*F 4 int”) 


As x € NzZD(R) is a non-zero-divisor and f(x) = 0 this means that the above polynomial in brackets 
already has to vanish at a. And as f[k] 40 we have found a monic polynomial m € Rit] such that 
m(x) = 0 but m(0) = f[k] 4 0, as claimed 


mt) = tPF + fine?’ +--+ fl + Yet fk] 


(ii) If a € R* then a(a) € S* and a(a)~! = a(a') have already been shown in (1.74.(ii)). So 


conversely assume u = a(a) € S* that is, there is some u~! € S, such that u-tu=1g5. As S:R 
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is integral there is an equation of the form 
—~1\n+1 ~1\n aif 
(ut) + an(ut) +++-+au7-*+a9 = 0 


for some coefficients a, € R. Let us multiply this equation by wu” (from the right, but this is 


1 


irrelevant), then only one u—~ remains and hence we can turn this into 


ut = —(a,+---+au"! + agu”) 


However u = a(a) € a(R) = R1g and a(R) is an R-subalgebra of S. Then the equation above 


implies ut € a(R), too, say u-' = a(b). Then a(ab) = a(a)a(b) = uwu-! = 1g = a(1p). As a is 


injective we get ab = 1p and hence a € R* with inverse a! = b. 


(iii) Suppose there was some x € Ul such that also x € NzD(S). Then by (i) we find some m € R[t] such 
that m(x) = 0 but m(0) 4 0. Leta: R— S:a+> alg be the structural homomorphism again, 
that is as =a(a)-s foranyae Rs eS. 


0 = mz) =2"1+ 5° a(mlk))-2* + a(m(0)) 
k=1 


Then, as x € U, we find that a(m|0]) is contained in U from the following equation, below. But this 
means m|0] € UN R = 0 such that m(0) = m[0] = 0. But this contradicts m(0) 4 0 and therefore, 
there could not have been any x € UM NzD(R) and hence U C zp(R). 


a(m[0]) = -—a [ + S| a(m|k]) . =) Ee wu 
k=1 


(iv) Let us abbreviate a := UM R. We have already seen in (8.13.(i)) that this is a well-defined ring 
extension and that @ is injective, in this case. It remains to verify, that S/U : R/d is integral again. 
So consider any x +U, as x € S there is a monic polynomial m € Rit] such that m(x) = 0. 


Inserting m(zx) into the canonical homomorphism z +> x + U we find 


O+uU = m(x)+U = ot +S" (mk) -2* +0 


k=0 
= (tur? + S° (a(mfk]) + 4) -(@+u)f 
k=0 
=) eye: : (a(m[k] +4)) - (a +u)* 
k=0 


That is x + € S/U satisfies the monic polynomial t”*! + (m[n] + a)t” +---+(m[0]+a) € R/alt] 
and as x has been arbitrary, this means, that S/U/R/d is integral, again. 


(v) Consider any x/u € U-'S, as « € S and S: R is integral there is a monic polynomial f € R[t] 
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such that f(x) = 0. Say n + 1:= deg(f), then we define another monic polynomial over U~! R: 


eo) gid 
g(t) = t +e itl zt 


Then the following computation shows g(x/u) =0 € U~'S and as x/u is arbitrary this shows that 
the ring extension U-!S' : U~!R is integral, too: 


a ak 1 n+1 “ k f(x) 0 
ca °? A Sa kyk yn ( +> Slat = a ogee 


k=0 


Proof of (8.29): 


(i) Let m be a monic polynomial, n := deg(m) and X := {x* |0<k <n}. Then we need to show 
that any element y € R[x] can be written as a linear combination in terms of X. To see this note 
that y is of the form y = f(x) for some polynomial f € R[t]. As m is monic we may use division 
with remainder (2.64) to find polynomials g and r € Rit] such that f = gm+r and deg(r) < n. 
Then we find y = r(x) from y = f(x) = q(x) -m(x) + r(x) = q(x) -0+ r(x) = r(x). Now due to 
the degree of r we have 


n—1 
ee a Ce r[kja* © Lhr(X) 
k=0 
(ii) In case n = 1 this is just (i). In case m > 2 we use induction on n: Let us denote P := 
Rix1,...,%p—1] then S = P[x,] according to (8.5). And as x, is integral over R it also is integral 


over P, since R C P. So by (i) again, we have 
[SP]! ee [Pigg aP |. << ee 


By induction hypothesis we also have [P : R] < co. Combining these we may use the degree 
formula (8.6.(iv)) to find the claim 


[SiR] <. [S=P]-|P28]- < oo 


(iii) Let n := [S : R] be the degree of the extension and let { 51,...,5n } C S be a generating set of S 


a 


as an R-module. For any i € 1...k choose a representation of xs; in term of this generating set 


and define the matrix A := (a;;) € mat,(R). For any other element y = 0151 +---+ bnsn we let 
b:= (b1,...,6,) and thereby get 


n 


ry = eYohs = = Yo hes = — Noy lanes = S [Ad ]isi 


i=1 j=1 i=1 
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By induction it is clear, that 2*y = [A*b],s; + +--+ [A*d]nsn. Thus for any polynomial f € Rit] 
we have f(x)y = [f(A)blisi +--+: + [f(A)b|nsn. Let m := ca be the characteristic polynomial of A 
- recall that this is m(t) = det(tl,, — A). Then the Cayley-Hamilton theorem (5.44) tells us, that 
m is a monic polynomial of degree n satisfying m(A) = 0 € mat,(R). By what we have argued 
this means that m(x)y = [m(A)b]isi +--+ + [m(A)b]nsn = 0. By choosing y = 1g we find that 


m(a) = 0 and hence we have found the monic polynomial required. 


Alternate proof, that S : R is algebraic, only: Let n := [S : R] be the degree of the extension. 
Given any x € S we consider the set X := {ak |\0<k< nh. If #X <n then there are some 
i<j€0...n such that x' = x. In this case we may take f(t) :=¢/ — t* € R[t] to find f(x) =0. 
lf #X =n-+1 then we may invoke lemma (3.93.(i)) to find that X is R-linearly dependent. That 


is there are ay, € R (not all zero) such that 
Anz” +---+ajr+ag-1 = 0 


Thus we have found a polynomial f € R{t] of degree n at most, by taking f[k] := a, such that 


f(x) =0. And as not all aj, are zero we have f #0 and this means z is algebraic over R. 


Consider any s € S, as S = R[X] there are finitely 71,...,2, € X such that s € Rixy,..., 2p], 
according to the construction (8.4). As all the x; are integral by assumption R[x1,...,2n] is finite, 
due to (ii). But a finite extension is integral by (iti), that is there is a monic polynomial m € R{t] 


such that m(s) = 0. Yet as s has been arbitrary, this means S': R is integral. 


If S : R is integral and finitely generated, then it is precisely the statement of (ii) that S : R also is 
finite. Conversely if S : R is finite, say S = Lhr{ s51,..., 5% } for some s1,...,5, € S, then clearly 


S = R{s1,..., 5%], as we have the chain of inclusions 
S= Lig{Sijusss Set c Rl siz. <5 8p] Cc S$ 
Hence S: R is finitely generated and also integral, according to (iii). 


For any a € R it is clear that m(t) :=t—a € R[t] satisfies m(alg) = 0 and hence a € R, such 
that Rlg C R. In particular 1g € R. It remains to prove, that R is a subring if S: Given z, ye R 
we see that R[x, y] is finitely generated by integral elements and hence R[x, y] : R is finite by (ii). 
Then again R[x, y] : R is integral, by (iii). In particular « + y and xy € R[x, y] are integral, that 


is a+y, xy € R and hence this is also is a subring of S. 


Nota the proof of {(S : R) = R already uses the next lemma (8.30). Note however, that in the 
proof of this lemma we did not use this property. We only placed this property here, in order to 


present the statements in thematic order. No logical loop has been made. 


Let us now prove {(S : R) = R. That is we regard some s € S such that s is integral over R and 
have to prove that s already is integral over R. Yet as s is integral over R, the extension R[s] : R 
is finite, by (i) and hence integral by (iii). Also R: R is integral (by definition of R) such that from 
(8.30.(ii)) we find, that R[s] : R is integral. In particular s is integral over R, which is s € R. 
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(vii) 


(viii) 


(viii) 


Take a look at the homomorphism ¢, : Et] —» E[a]: f ++ f(a), which is surjective, by definition 
of E|a] and let us denote its kernel by ), := kn(ez) = { f € E[t] | f(z) =O}. Then we find an 
induced homomorphism 


Fld/,, Elz]: f+. f(z) 


As Ela] <, Et] is a subring, E[t] is a prime ideal, by (2.11). And as x is algebraic over F there 
is some f € ), with f 40. As E|t] is a PID, any non-zero prime ideal 0, of E[t] is maximal, by 
(2.68) and (2.76). But as , is maximal, the quotient ring E[t]/0, is a field, by (2.5). And due to 


the above isomorphism, this means Ez] is a field. 


In (a) = > (b) we first prove, that S is torsion-free, as an R-module: Consider any a € R and 
s € S such that as = 0. If a = 0 there is nothing to do, else for a £ 0 - as RF is a field - there is 


an inverse a! of a such that we get s = 0 from the computation 
0=a 10 = a ‘(as) = (a *a)s = lps ='s 


It remains to prove, that S' even is a field: Consider any x € S such that x 4 0. As S: Ris integral 
we can choose a minimal n € IN such that there are some ax € R such that we have an equation 
of the form 


Ani” +--+» +agr7+ajr+aglg = 0 


(in fact, there even is an equation with a,, = 1). As n is minimal we clearly have a,, # 0. Suppose 
we had ag = 0 then we might pull out an x to arrive at 2(a,2" !+--++agx+a;1g) = 0. But as 
x £0 and S is an integral domain this would mean anx” | +...a2% + a11g = 0, in contradiction 
to n being minimal, as well. Hence we have ag # 0 and, as R is a field, this means ag has an 


inverse a,,! € R. Thus the equation above can be turned into 


2 


lg = —ap* (ana +-++ +022 +012) = —ag* (a) + ania”? +--+ agr+a1) 2 


That is we have found —ap *(2"-1 + ...a9% + a1) to be the inverse element of x. And as x has 


been arbitrary, this means any x € S is invertible and hence S is a field. 


In (b) == (a) it is clear, that S is an integral domain, as we even assume S to be a field. Now 
consider any a € FR such that alg = 0. As S £0 we have lg #0 and as S is torsion-free, as an 


R-module, this implies a = 0. That is we have established the implication 


alg 0 a 0 


In other words: If we start with some a £ 0 we have x :=alg € S is x £0, non-zero, again. And 
as Sis a field x thereby has an inverse y = x! € S, that is ry = lg. But as S': R is integral 


there also is an equation of the form 
yt + any” +++ aay? +a1yt+aols = 0 
Multiplying this equation by x”, bringing all but y on the right-hand side and replacing «”~* by 
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a1, again, we arrive at 


y = —(anlg +--+ +agt"? + a,x"! + apzx") 
= —(a,+---+aa"? +a,a""! + apa") 1s 


That is we find that y is of the form y = blg for some b € R and thereby 1g = zy = (alg)(bls) = 
(ab)1ls. Now (ab — 1r)1s = 0 yields ab = 1p by the implication above and hence a € R* with 


inverse a! = b. As a has been arbitrary this shows, that RF is a field. 


Proof of (8.30): 


(i) Consider any x € T = S[t),...,t,]. That is there is a polynomial g in n variables over S, such that 
x = g(ti,...,tn). This again means is there are finitely many big] € S and multi-indices v[qg] € IN” 


such that 
N N 
S- oft” = S~ B(blq)) 2° 
q=1 q=1 
Now for any b[q] € S = Ris1,...,%m] there is another polynomial f, in m variables, such that 


bg] = fa(S1,---,5m). Again there are finitely many alp,g] € R amd multiindices pu[p, gq] € IN” 
such that 

M M 

= S—alp, qjstiel = S- a( alp, q]) ) - shlp-al 

a p=. 
Note that @(s#l?-41) — B(s)#lP-4), as B is a homomorphism of rings. Then - combining these equations 
- we find an expression that shows, that x can be expressed as a polynomial in the elements 
B(s1),.--,8(Sm) and t1,...,tn. And as x has been arbitrary this means that 7’: R is generated 


by these elements, as an R-algebra: 


N 


x = S28 (fq) -° 


q=l 
N M 


= 28 S- a alp,q]) - shlpal |. ¢v(q) 


=1 
N M 


S-S- Bal alp,q]) - B(s)" [p.] 4vlal 


eee 


575 alp,q)6¢ Hlp.a] 4vlal 


q=1 p=1 


(ii) Consider two ring extensions a: R— S and 6: S + T such that Ga: R — T is integral. Then 
we will first prove, that 7’: S is integral, too: So pick up any « € T. By assumption there is some 


polynomial m € R{t] such that m is monic and m(a) = 0. Let us denote 


SS a(m{[k]) t* € Sit] 


k=0 
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(ii 


a 


(iii) 


(iii) 


Clearly n := a(m) is a monic polynomial over S. And by construction the R-algebra T uses the 
scalar multiplication az = Ba(a)- a. Likewise we have sx = {3(s)- a in the S-algebra T and 
therefore 


0 = m(x) = Ba(m)(x) = B(n)(x) = n(@) 


Thus we have found a monic polynomial n € S/t] such that n(a) = 0 which means that z is integral 


over S. As x has been arbitrary we truly have an integral extension 7’: S. 


We will now prove that (supposed that Ga: R — T is integral and £ is injective) S : R is integral, 
too. Thus consider any s € S and let x := G(s). By assumption there is a monic polynomial 
m € R{t] such that m(x) = 0. We need to verify that m(s) = 0, too: 


0 = m(x) = >> Ba(mfk)) - B(s)* 
k=0 


k=0 


Now, as £3 is injective, this implies m(s) = 0 and as s has been arbitrary this means, that the whole 


extension S : R is integral. 


Conversely suppose both a : R + S and 8: S — T are integral, then we will prove that 
Ba: R—- T is integral, too: So pick up any x € T, by assumption there is a monic polynomial 
n € S{[t] such that n(x) = 0. Let d := deg(n) and take N := R[n[0], n[1],...,n[d]] C S. By 
construction we have n € N{t] and still n(x) = 0. So by (8.29.(i)) we have [N[z] : N] < oo. 
But as N is generated by finitely many elements, that are integral over R (8.29.(v)) also tells us 
[N : R] < co. Therefore, due to (8.6.(iv)), we get 


[Niele] se [Niele] +N eR), << 66 


That is N[z] : R is finite and hence integral - by (8.29.(v)) again - such that there is some monic 
polynomial m € Rit] with m(x) = 0. Now, as x has been arbitrary this means T : R is an integral 


extension. 


If S is a finitely generated R-module, say S = Lhr{ s1,...,5m} and T is a finitely generated 
S-module, say T = Lhg{t,...,tn }, then we have seen in (8.6.(i)), that T = Lhe{ sit; | i € 
1...m,j €1...n}. In particular T is finitely generated as an R-module. 


Conversely suppose 7" is a finitely generated R-module, then it is easy to see that T also is 


a finitely generated S-module: Say T = Lhe{ti,...,tn} and consider any x € T. That is 


= ajty +... Qnty for some aj,...,an € R. By definition of the scalar multiplications on T’ this 
means x = syt; +--+: + Sptn, where we let sz, := a(az). That is x € Lhg{ti,...,t, } and as x 
was arbitrary we have found that {t1,...,tn } also generates T as an S-module. In particular T 


is finitely generated as an S-module. 


We now assume that R is a PID and that £ is injective and need to show, that in this case S is 
a finitely generated R-module. To do this note, that 3(.S) C T is an R-submodule of T. But as 
T is finitely generated (as an R-module) and R is a PID, (3.98.(ii)) tells us that 3(S) is finitely 
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generated as well. That is there are some 51,..., Sn € S such that 6(s1),...,8(sn) generate 6(S) 


as an R-module. If now x € S is any element, then there are aj, j;a, € R such that 


B(s) S54 B(8z) = S_ Boar) - B(sx) 
k=l k=l 


(Soar) (Su 


k=1 


As £ is injective we conclude s = a,s1 +---+@nSn. And as this is true for any x € S, we see that 


{ 51,...,5n } generates S as an R module, that is S: R is a finite ring extension. 


Proof of (8.32): 
By (8.19(iii)) there is a finite ring extension 7’: S such that the structural hohomorphism 8: S <> T is 


injective and p and q split over 7’. That is there are u; and v; € T, such that 


(tw) 


a 
I 


ll 
an 


(t — vj) 


Q 
— 
oo 
an oll 
I 
— 


— 
ll 
faa 


By assumption both p and qg are monic and hence pq is monic, too. Also we have (pq) (ui) = p(us)q(ui) = 
0+ q(u;) = 0. That is u; € T satisfies pq and in particular, it is integral over R. Yet by (8.29.(vi)) this 
means that wu; already is integral over R: u; € int(Z’: R). But as int(T : R) is an intermediate ring of 
T : R also any polynomial expression f(w1,...,Um) where f € Rit,...,tm] is integral over R. By the 
theorem of Vieta (7.57) the coefficients of p are elementary symmetric polynomials in the roots u; and we 


have just argued, that these are integral over R again 
pik) = (-1)™-* 8 (uy,...,t0m) € int(T: R) 


for any k € 0...m. In particular p[k] € int(T: R)AS and hence p|k] € int(S : R) = R. Altogether we 
have p € R[t] and q € R{t] follows in exactly the same manner. 


Proof of (8.31): 


(i) Let us first prove the following statement: Given any prime ideal q <j S the pull-back U(q) =qnR 


is a prime ideal of R again. Formally that is the implication 
q € Spec(S) = > QNR € Spec(R) 


First of all 9M R = a 1(q) is an ideal again, as a is a homomorphism of rings. Also, if a,b € R 
with ab € 4 R then we have a(a)a(b) = a(ab) € g. But as q is prime we have a(a) € q or 
a(b) € q. But this again is ae qn R or b€ GN R, such that (MR is prime again. In particular © 


is well-defined. 
(iit) Next we deal with the following statement: Given any maximal ideal N <j S the pull-back X(N) = 
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(ii 


a 


NO Ris a maximal ideal of R again. Formally that is the implication 
nN € Smax(S) => NNR € Smax(R) 


To do this, let us abbreviate M:=NMR <j R. Then we regard the ring extension S/N over R/M. 
As S:: R is integral (8.28.(ii)) tells us, that 


Sly : Bly is integral 


too, under the injective structural homomorphism @ : a+M+> a(a) +N. Now, as Nl is maximal, 
S/N is a field. But @ is injective such that R/M is a field, as well, according to (8.29.(viii)). But 
this again means M = N/M R is maximal, as well. In particular the restriction of & to the maximal 


spectra is well-defined, as well. 


Conversely let N € Spec(.S') be a prime ideal, such that M := 1M R is a maximal ideal. Then we 


need to show, that fl is a maximal ideal of S. Again we regard 


ae : Bly is integral 


As M is maximal, R/m is a field. But as 1 was assumed to be prime, S/N is an integral domain. So 


by (8.29.(viii)) again, we find S/N to be a field. This in turn means, that 1 is a maximal ideal. 


We are now able to prove, that (under the assumption that S : R is integral) & is surjective. That 
is we are given any prime ideal p <j R and need to find some prime ideal q <j; S, such that 
p= qn R. To do this let U := R\p, which is multiplicatively closed, as P is a prime ideal. As 
S: Ris integral (8.28.(iv)) tells us, that 


U~'S:U™!R is integral 


too, under the structural isomorphism U~'a(a) = alg/u. Note that U-'R = Ry is a local 
ring with maximal ideal PRy according to (2.130). We thereby obtain a commutative diagram of 


homomorphisms of rings 


ge: AS J OOR ea eS 7 
1 + 
ae 7 oS +> US os a 


where the vertical maps are given by a: a++ alg and U-'a: a/1 + alg/1 respectively. From 
this explicit description it is clear, that this dieagram truly commutes. As S ¢ 0 and 0 ¢ U we have 
U~!S £0 and hence we can choose any maximal ideal U <j; U~'S. Then by (ii) above, UNU-!R 
is a maximal ideal ideal of U-'R = Ry. But as this ring is local it only has one maximal ideal, 
such that we find 

UNUTR = PRp 


Let 9 := Kg (UW) <i, S. As Wis a prime ideal (even a maximal ideal) q is a prime ideal of R, by (i) 


above. It remains to prove, that ¢ R = }, which is reduced to the following computation: 
= fie -1 = =i 
INR = at) =a Teer (i) = (ksa) (u) = (U Lay KR) (U) 
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(ii) 


(iii) 
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= «!(U-la)"(u) = Kgi(unU7!R) = Kz (PRp) = PRyENR =P 


But from this we find that the restriction of © to the maximal spectra is surjective, too: Consider 
any maximal ideal M of R, in particular M is prime and hence by the surjectivity (i) of &, there is 
some prime ideal f of S, such that 1M R =m. Now, as M is maximal, we find that N is maximal, 


too, by the second item (ii), so the restriction of & is surjective, as well. 


Let us denote Pp := UM R, then by assumption we also have p= R. As S': R is integral, so is 
(S/u) : (R/p) under the injective structural homomorphism a(a+ ) = a(a) +H, by (8.28.(iii)). And 
by the correspondence theorem (1.69) )/U is a prime ideal of R/U. Let us evaluate its pull-back 


yn ®/, = {a+Ppla(a)+Uev/u} = {a+p|a(a) ev} = Se 


As 0M R =f, too we find that 0/UM R/p = 0. So by (8.28.(ii)) the pull-back is contained in the 
set of zero-divisors 0/U C zp(R/p). Yet p is a prime ideal and hence R/P does not have any 


zero-divisors. And thereby we get U = ¥ from 
un B/y = {0+} 


Consider any ideal 6 <; S and leta:=bAR. As S: Ris integral, (8.28.(ii)) once again tells us 


5/5 : ae is integral 


under the injective structural homomorphism @ : a+ +4 a(a) +b. Thereby we get from (i), that 


X := Spec(a@) is surjective. Now take a look at the following diagram 


© : Spec($/b) —- Spec(R/a) 


i 
rs: Vb) > Va) 


where the vertical maps are q ++ q/b and p +> p/@ respectively. These are bijective, due to the 
correspondence theorem (1.69). And if q is a prime ideal of S, with 6 C q, then it is clear that 
a=bOR C INR=X(q). Hence the lower row of this diagram is well defined, too. This diagram 


is commutative, as we find 
(4/5) ae (4/5) = {a+a | a(a)+be V5 
= {a+a]|a(a)Eeq} = of = 0 /q 


But as this diagram commutes, © is surjective and the vertical maps even are bijective, we conclude 
that the bottom line ©: V(b) —» WV(a) is surjective, as well. And this is ©(V(6)) = V(aq). 


Ifqe=u-t(p), then p = 4(q) =O R. Then we get pS = (4M R)S C q from (8.9). And as there 
is some g with Pp = 9M R the same proposition implies p = (PS) MR. It remains to prove the 


minimality: Consider any prime ideal q’ <i S such that pS C q’ C q, then the pull-backs inherit 
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these inclusions 
Y= OS)NR CAYnR CANR => 


such that 9/0 R=qM Rand q’ C q. But according to (iii) this implies q/ = q, as claimed. 


Proof of (11.9): 
(c) => (b) is trivial, (b) = > (a) also is trivial, just take x := y, as well. For the converse implications: 
(a) = > (b) we have yow = lly and wow = Ly by assumption. It suffices to show x = y, so we 
compute 

X = xollx = xo(~oy) = (xov)oy = lyoy = ¢ 
For the second conversion (b) ==> (c) we need to prove that y is uniquely determined. So let us suppose 
we have v1 and yo that are both inverses of 7, then we need to show y; = Yo. But this can be done in 


the same manner as before: 


yi = giolx = gio(woge) = (yiow)og2 = yoy. = 


Proof of (11.10): 
We first need to show, that Uo ® is an isomorphism again with inverse ®-!o W~!. Yet this can be done 


by a straightforward computation 


(Vod)o(@tow!) = Wo (bo( “tow-)) 
= o((d001) ov) 
= Wo(lyow') 
= Wot! =z 

(B1oW)o(Wob) = ((@1oW) ov) oo 
= (P1o(WloW))o@ 
= (@'oly)@ 

S506 oO = Ty 


This second claim are the properties of an equivalence realtion of =. (1) Is easy, asy:X = X 
clearly is an isomorphism, due to ly oly = ly. (2) If 6: X |= Y is an isomorphism, then ® is 
the inverse of ®~!, as well. Hence 6-1: Y & X is the isomorphy that was claimed to persist. (3) If 
®:X = YandWvU:Y ©& Z are isomorphisms, then we have shown above, that Vo®: X = Z is an 


isomorphy, as well. Hence all three properties are satisfied. 


Proof of (11.12): 

As U is universal there is a unique morphism ® : U — V, likewise as V is universal there is a unique 
morphism UY : V + U. Hence ®Y : U + U is a morphism and as lly : U > U is another morphism the 
uniquess (U is universal) implies ®Y = lly. Likewise we find U® = lly and hence ®: U - V is an 


isomorphism, with inverse morphism W : V — U. For terminal objects we can argue in complete analogy 
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or simply note that terminal objects S and T’ of C are universal objects in C°P such that S = T in C°? 
and therefore S = T inC. 


Proof of (11.15): 
The first equality is easy: WoO =Wo(0+0) =Y~o0+Wo0. Subtracting one wo 0 from this equation 
we end up at 0 = 7~o 0. In complete analogy we can prove 0 = 00 . 

Using the first two equations we can also prove the second two equations: 0 = wo0 = wo(y+(—y)) = 


poy+wo(—y). Subtracting wo y from this equation we end up with —(7 oy) = yo (—y) and in 


complete analogy we can prove —(70 vy) = (—w) oy. 


1006 18 Proofs - Commutative Algebra 


